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Abstract
Temporal graphs are a generalisation of (static) graphs, defined by a sequence of snapshots, each
a static graph defined over a common set of vertices. Exploration problems are one of the most
fundamental and most heavily studied problems on temporal graphs, asking if a set of m agents can
visit every vertex in the graph, with each agent only allowed to traverse a single edge per snapshot.
In this paper, we introduce and study always S-connected temporal graphs, a generalisation of
always-connected temporal graphs where, rather than forming a single connected component in
each snapshot, we have at most |S| components, each defined by the connection to at least one
vertex in the set S. We use the model of always S-connected temporal graphs to study subgraphs
of always-connected temporal graphs, with motivation coming from networks with a small number
of “choke-points”, such as rail networks, where all external traffic into a subnetwork comes from
a limited number of external connections. We show that an always S-connected temporal graph
with m = |S| and an average degree of ∆ can be explored by m agents in O

(
n3/2m3∆3/2 log3/2(n)

)
snapshots, and, using this result as a subroutine, we show that any always-connected temporal graph
with treewidth at most k can be explored by a single agent in O

(
n4/3k11/2 log5/2(n)

)
snapshots.
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1 Introduction

In many real-world settings, networks are not static objects but instead have unstable
connections that vary over time. Such examples include public transport networks [15] and
infection control [18]. Temporal graphs provide a model for such time-varying networks.
Formally, a temporal graph G is a generalisation of (static) graphs containing a common
vertex set V and ordered sequence of T snapshots G1, G2, . . . , GT , with the lifetime of the
graph defined by the number of snapshots, by convention denoted T . Unlike some models of
dynamic graphs, we assume that we have full knowledge of the graph, i.e. that we are given
every snapshot as part of the input.

Much work on temporal graphs has focused on the problem of exploration of temporal
graphs. In the temporal exploration problem, denoted TEXP, every vertex must be visited
at least once by one of a set of agents. The movement of the agents is restricted by allowing
only a single move per snapshot. Thus, as the graph changes, the agents’ movement may
become restricted. We assume our objective is to find a set of temporal walks, a generalisation
of walks accounting for the movement restrictions imposed by only traversing a single edge
per snapshot, covering the vertex set, with exactly one walk per agent. We call such a set of
walks an exploration schedule.
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Work on TEXPwas motivated by extending the well-known Travelling Salesman to
temporal graphs by Michail and Spirakis [17]. Since then, there has been a broad span of
work covering reachability [8, 10, 16] and exploration [1, 4, 5, 9, 11, 12, 13, 14, 15, 17]. The
decision version of TEXP in which one has to decide if at least one exploration schedule
exists in a given temporal graph from a given starting vertex is an NP-complete problem [17].
Indeed, this problem remains NP-complete even if the underlying graph has pathwidth 2
and every snapshot is a tree [7], or if the underlying graph is a star and the exploration has
to start and end at the centre of the star [3]. In the optimisation version of this problem, we
ask for the quickest exploration of a given temporal graph, that being the schedule ending at
the earliest snapshot, formally defined in Section 2.

On the positive side, we mention the landmark paper by Erlebach et al. [11], who
show that any always-connected temporal graph (temporal graphs where each snapshot is
connected) can be explored in O(n2) snapshots, where n is the number of vertices. This has
recently been improved by Bastide et al. [6], who have shown that the always-connected
temporal graphs with average degree ∆ can be explored in O(n3/2

√
∆ log n) snapshots,

simplifying to O(n3/2√
log n) for graphs of constant average degree, such as planar graphs,

and to O(n3/2√
k log n) for graphs of treewidth k. At the same time, Baguley et al. [5] have

shown that if each snapshot is a random spanning tree of the graph, then, regardless of the
degree, the graph can, with high probability, be explored in the lower of O(n3/2) or O(m)
snapshots, where n is the number of vertices and m the number of edges.

1.1 Our Results
The primary result of this paper is a generalisation of the work by Bastide et al. [6] for
always-connected temporal graphs to S-connected temporal graphs, temporal graphs such
that there exists a set S where every vertex is connected to at least one vertex in S in
each snapshot. In doing so, we use our generalisation as a tool to obtain faster exploration
schedules for graphs of bounded treewidth, even when restricted to a single agent. Our
primary result is the following theorem:

▶ Theorem 1. Let G = G1, G2, . . . , GT be an always S-connected temporal graph with lifetime
T = Ω

(
nm2∆3/2

√
|X| log(m|X|) log(|X|) + nm3)

where m = |S| and ∆ is the average degree
of the underlying graph. Then any subset X ⊆ V of vertices can be explored by m agents.

▶ Theorem 2. Any always-connected temporal graph whose underlying graph has treewidth k

can be explored in O
(
n4/3k9/2 log5/2(n)

)
snapshots.

2 Preliminaries

We first define the notation used in this paper. Let [i, j] = i, i + 1, . . . , j denote the (ordered)
set of integers between some pair i, j ∈ N, where N is the set of natural numbers. Note that
if i = j, then [i, j] = {i}, and if i > j, [i, j] = ∅. For notational conciseness, we us [i] as
shorthand for [1, i].

We define a graph G = (V, E) by a set of vertices, by convention V = {v1, v2, . . . , vn},
and a set of edges, by convention E ⊆ V × V , each a tuple of vertices. Note that we may
write the edge e between the vertices vi and vj as either e = (vi, vj) or e = (vj , vi). When
an edge is given explicitly as (vi, vj), we call vi the start point and vj the end point. A walk
in a graph is an ordered sequence of edges W = (vi1 , vi2), (vi2 , vi3), . . . , (vim−1,vim

), where
the end point of the jth edge is the start point of the (j + 1)th edge. The start point of the
first edge in a given walk is the start point of the walk and, analogously, the end point of



D. Adamson and P. G. Spirakis 20:3

the walk is the end point of the last edge in the walk. The length of a walk W , denoted
|W | is the number of edges in the walk. A graph G = (V, E) is connected if there exists,
for every pair of vertices v, u ∈ V , a walk starting at v and ending at u. Note that a single
walk W may contain multiple copies of the same edge without contradiction. On the other
hand, a path is a walk where no vertex is in more than two edges, and both the start and
end vertices belong to a single edge, the first and last respectively.

A temporal graph is a generalisation of a graph, herein called a static graph whenever
confusion may otherwise arise, where, rather than having a single edge set, the graph contains
an ordered sequence of snapshots, by convention G1, G2, . . . , GT , each of which is a static
graph over a shared set of vertices. We assume that Gt = (V, Et), for every t ∈ [1, T ]. An
edge e is active at snapshot t if e ∈ Et. In our definition, an edge e may be active in any
number of snapshots.

The underlying graph of a temporal graph G = G1, G2, . . . , GT , denoted U(G), is the static
graph U(G) = (V,

⋃
t∈[1,T ] Et), i.e. the static graph formed with the edge set corresponding

to the union of all snapshots in the graph. For simplicity, given a vertex v in a temporal
graph G we use ∆(v) to denote the neighbourhood of v in the underlying graph U(G). A
temporal graph G = G1, G2, . . . , GT is an always-connected temporal graph if the static graph
Gt is connected, for every t ∈ [T ].

▶ Definition 3 (Always S-connected temporal graphs). A temporal graph G = G1, G2, . . . , GT

is Always S-Connected, for a given subset of vertices S ⊆ V , if, for every vertex v ∈ V and
snapshot Gt, there exists at least one vertex u ∈ S such that there is a walk from u to v in Gt.

Temporal Walks and Exploration. A temporal walk is a set of edge-snapshot index tuples,
W = ((vi1 , vi2), t1), ((vi2 , vi3), t2), . . . , ((vim−1 , vim), tm−1) such that:

(vi1,i2), (vi2 , vi3), . . . , (vim−1,vim
) form a walk in the underlying graph U(G),

the edge (vij , vij+1) is active in snapshot tj , and,
1 ≤ t1 < t2 < · · · < tm−1 ≤ T .

The length of a temporal walk W, denoted |W| is the snapshot tm−1 associated with the
final edge. We refer to the ith tuple of a temporal walk as the ith step in the walk. A walk
explores a static graph G if, for every vertex v ∈ V , there exists an edge containing v in at
least one edge of the walk. Analogously, a set of temporal walks explores a temporal graph G
if, for every vertex v ∈ V , there exists an edge containing v in at least one edge of one of the
walks. An exploration schedule is a set of temporal walks that explores a temporal graph.

▶ Problem 1 (Temporal graph exploration problem). Given a temporal graph, G = G1, G2,
. . . , GT , and a k-tuple of start vertices from V , V ′ = (v1, v2, . . . , vk), does there exist a set
of k temporal walks W = {W1, W2, . . . , Wk} that explores G such that Wi starts at vi?

Note that under the above definition, there is no requirement that the vertices in V ′ are
unique, i.e., there may exist some pair i, j ∈ [k] where i ≠ j and vi = vj . In general, we
assume that an exploration is undertaken by a set of k-agents, each starting at some vertex
in V ′, and matched uniquely to some temporal walk. When the temporal graph is always
S-connected, we assume that we have (at least) one agent starting on each vertex in S. We
do so to ensure that the graph can be explored, as otherwise there exist trivial examples of
temporal graphs which can not be explored, e.g. when some vertex in S is never connected
to any other, thus being trivially unreachable.
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2.1 Tools
In this section, we briefly note some of the key tools used in this paper in deriving our main
results. We note that we have slightly adapted the language of some of these lemmas to
bring them inline with the terminology used within the remainder of this paper, without
altering the meaning.

▶ Lemma 4 (Reachability, Lemma 2.1 in [11]). Let G be a temporal graph with a vertex set
V . Given a pair of vertices v, u ∈ V such that there exists a sequence of |V | snapshots
Gi1 , Gi2 , . . . , Gi|V | where v and u are connected in each snapshot, and i1 < i2 < · · · < i|V |,
then there exists a temporal walk from v to u in the temporal graph Gi1 , Gi2 , . . . , Gi|V | .

▶ Lemma 5 (Multi to single agent exploration, Lemma 2.2 in [11]). Given a class of always-
connected temporal graphs that can be explored by k agents in O(T ) snapshots, the same class
can be explored by a single agent in O((T + n)k log n) snapshots.

3 Exploring Always S-Connected Graphs

In this section, we provide our primary result, namely that any always S-connected graph
can be explored by m = |S| agents in at most O

(
n3/2m3∆3/2 log3/2 n

)
snapshots, where ∆ is

the average degree of any vertex in the underlying graph, i.e. ∆ =
∑

v∈V ∆(v)/|V |. We note
this directly generalises the results from [6], with the key difference being the generalisation
from always-connected temporal graphs to always S-connected temporal graphs.

We assume, for the remainder of this section, that S contains m vertices, that the temporal
graph contains n vertices, and that the average degree of the underlying graph is ∆. We will
restate this notation within the key theorems of this section. We begin with a small Lemma
that provides an immediate tool for exploring such graphs in O(n2m) snapshots.

▶ Lemma 6. Let G = G1, G2, . . . , GT be an always S-connected temporal graph. Then, given
a set of m agents positioned on the vertices of S and vertex v ∈ V , there is at least one agent
that can reach v and return to its starting location in O(nm) snapshots.

Note that Lemma 6 allows for an exploration of any always S-connected temporal graph
in O(n2m) snapshots by exploring each vertex, one after another, each requiring O(nm)
snapshots, with the key property that, after exploring a given vertex, the agent returns to
its starting vertex in S, allowing the repeated application of the lemma. We now provide our
key combinatorial tools for lowering the upper bound on the number of snapshots needed to
explore the graph, based on those provided in [6], for exploring always S-connected temporal
graphs with a fixed number of components defined by a subset of vertices.

▶ Lemma 7. Let G = G1, G2, . . . , GT be an always S-connected temporal graph with average
degree ∆ and T ≥ 2∆n/(|X| − (m − 1)) + 1. Then, given any subset of vertices X ⊆ V where
|X| ≥ m + 1, there exists at least one pair of vertices v, u ∈ X such that there is a temporal
walk starting at v and ending at u within the lifetime of the graph.

▶ Lemma 8. Let G = G1, G2, . . . , GT be an always S-connected temporal graph with average
degree ∆ where T = 2∆n/k + 1, for some k ≥ 2. Then, given any subset of vertices X ⊆ V

where |X| ≥ 2m + 2, there exists a subset R ⊆ X of size at most 4k log(|X|) such that, for
every v ∈ X there exists some u ∈ R such that there exists a walk from u to v.

▶ Lemma 9. Let G = G1, G2, . . . , GT be an always S-connected temporal graph with average
degree ∆ where T ≥ 2n and |X| ≥ 4m2 + 4m + 4. Then, there exists a temporal walk in G
that covers at least

√
|X|/(∆ log |X|)/32 vertices in any subset X ⊆ V .
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▶ Lemma 10. Let G = G1, G2, . . . , GT be an always S-connected temporal graph with lifetime
T = 2nm2. Then, given any subset X ⊆ V , there exists a subset X ′ of X of size at
least |X|/2m2 such that there exists some t ∈ [2m + 1], and vertex v ∈ S such that, for
every u ∈ X ′, there exists a path from v to u in G1, . . . , G2t(T/(2m+1)), and from u to v in
G(t+1)T/(2m+1)+1, . . . , GT .

We can now prove our main result. At a high level, we combine Lemmas 9 and 10 to
explore the set of unvisited vertices in an iterative manner, exploring

√
|X ′|/(∆ log |X ′|)/16m

in each epoch, while maintaining the key property that, after each exploration, we have
exactly one agent on each vertex in S. This way, we allow ourselves to repeatedly apply the
same approach in each epoch to an increasingly small number of vertices, until we are left
with some set of O(m2), which we may explore via Lemma 6 in O(nm3) snapshots.

▶ Theorem 1. Let G = G1, G2, . . . , GT be an always S-connected temporal graph with lifetime
T = Ω

(
nm3∆3/2

√
|X| log(m|X|) log(|X|)

)
where m = |S| and ∆ is the average degree of the

underlying graph. Then any subset X ⊆ V of vertices can be explored by m agents.

▶ Corollary 11. Let G = G1, G2, . . . , GT be an always S-connected temporal graph with
lifetime T = Ω

(
n3/2m3∆3/2 log3/2(n)

)
. Then all vertices in G can be explored by m agents,

with each starting on one of the vertices in S.

We now adapt the results from [1] to provide improved bounds on the exploration of
graphs of bounded treewidth. First, we provide a bound on the number of snapshots needed to
explore always-connected temporal graphs whose underlying graph contains an (r, b)-division.

▶ Definition 12 ((r, b)-Division of Graphs). A set of vertices S ⊆ V is an (r, b)-Division of
the graph G = (V, E) if there is set of components covering the subgraph G[V \ S] such that
each component satisfies the following:

The size of each component is at most r.
There are at most b vertices in S that are incident to any vertex in the component, called
the boundary vertices.
Given any edge (v, u) ∈ E, either both vertices are in the same component, both vertices
are in S or one vertex is in a component, and one is in S.

An (r, b)-division is strict if there are O(n/r) components of size r in G[V \ S].

▶ Theorem 13. Any always-connected temporal graph whose underlying graph has a strict
(r, b)-division can be explored by b agents in O

(
nr1/2b3∆3/2 log3/2(r) + n2/r

)
snapshots.

▶ Theorem 14. Any always-connected temporal graph whose underlying graph has a strict
(r, b)-division can be explored by a single agent in O

(
nr1/2b4∆3/2 log3/2(r) log(n) + n2 log(n)/r

)
snapshots.

▶ Lemma 15 (Generalisation of Lemma 4.4 [11]). Every graph of treewidth at most k admits
a strict (n2/3, 6k)-division.

▶ Theorem 2. Any always-connected temporal graph whose underlying graph has treewidth k

can be explored by a single agent in O
(
n4/3k11/2 log5/2(n)

)
snapshots.
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