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—— Abstract

Estimating the second frequency moment F> of a data stream up to a (1 £ ¢) factor is a central
problem in the streaming literature. For errors ¢ > Q(1/y/n), the tight bound © (log(EQn)/SQ)
was recently established by Braverman and Zamir. In this work, we complete the picture by
resolving the remaining regime of small error, ¢ < 1/4/n, showing that the optimal space complexity
is © (min (n, E%) . (1 + ‘log(azn)’)) bits for all & > 1/n?, assuming a sufficiently large universe.
This closes the gap between the best known ©(n) lower bound and the straightforward O(nlogn)
upper bound in that range, and shows that essentially storing the entire stream is necessary for
high-precision estimation.

To derive this bound, we fully characterize the two-party communication complexity of estimating
the size of a set intersection up to an arbitrary additive error en. In particular, we prove a tight

Q(nlogn) lower bound for one-way communication protocols when & < np~1/2700

, in contrast to
classical O(n)-bit protocols that use two-way communication. Motivated by this separation, we
present a two-pass streaming algorithm that computes the exact histogram of a stream with high
probability using only O(nloglogn) bits of space, in contrast to the ©(nlogn) bits required in one
pass even to approximate F> with small error. This yields the first asymptotic separation between

one-pass and O(1)-passes space complexity for small frequency moment estimation.
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1 Introduction

The streaming model of computation is fundamental for processing massive datasets and has
been extensively studied in both theory and practice. A central challenge in this model is the
frequency moment estimation problem, in which an algorithm observes a sequence of elements
from a universe U and must approximate a function of their frequency distribution using
limited memory. Denote by f, € N the number of times an element € U appeared in the
stream; the algorithm aims to return, with probability higher than 99%, a (1 £ ¢)-estimation
of F, := > cy f? — the p-th frequency moment of the stream. We generally denote the
length of the stream by n and assume that |U| = poly(n). In fact, we can usually assume
that |U| = O(n?) as hashing the elements into a set of size ©(n?) is expected to not change
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the frequencies at all. The primary resource constraint studied in this setting is the amount
of space required for a successful approximation. This line of research originated with the
foundational work of Alon, Matias, and Szegedy [2], which both introduced this problem and
established the first space-efficient algorithms for frequency moment estimation.

Among the frequency moments, the case of p = 2, known as second moment estimation,
has particular significance. This quantity, sometimes referred to as the repeat rate or surprise
indez, plays a key role in applications such as database query optimization [1], network traffic
anomaly detection [24], and approximate histogram maintenance [18]. For Fy, the original
algorithm proposed by Alon, Matias, and Szegedy achieves a space complexity of O(logn/c?)
bits. Only recently, Braverman and Zamir [8] obtained a matching lower bound for a wide
range of error parameters . They showed that for any ¢ > Q(1/4/n) the optimal space
complexity for estimating the second frequency moment is ©(log(s?n)/e?). This leaves the
range of ¢ < 1/4/n as the only range without a tight space bound for the problem. In
that range, the best known lower bound is £2(n) which follows from either [8] or the much
earlier [33] for ¢ = 1/4/n. On the other hand, by simply maintaining the entire histogram of
the input stream in memory we obtain an upper bound of O (n log (2 + I%\)) = O(nlogn)
even for exactly computing the second frequency moment. We note that it suffices to consider
only € > 1/n? as the second frequency moment is a natural number in the range [n,n?]. We
are thus left with a gap between the Q(n) lower bound and O(nlogn) upper bound in the
range of small error 1/n? <e <1/y/n.

In this work, we establish the space complexity of second moment estimation in this
remaining range of error parameters.

» Theorem 1. The space complezity of (1 + €)-estimating the second frequency moment of a
stream of n elements, for any & < e < ﬁ, is

(o)

We observe that this bound implies a phase transition around € = 1/+/n: if the wanted
error is polynomially-smaller than 1/y/n then the space required is the same as needed to
maintain the entire input in memory and compute an ezact answer, while if ¢ = 1//n then
only ©(n) bits of space are needed. Our bounds combined with those of [8] give a complete
characterization of the space complexity needed to estimate the second moment up to any
error parameter €. See Figure 1 for a graph. Note that both lower bounds assume that the
universe of possible stream elements is sufficiently large.

To derive our lower bound, we study and fully characterize the two-party communication
complexity of the Approximate Set Intersection problem. In this problem, Alice and Bob
are given subsets A and B of a larger universe U, of size at most n each, and need to
output |[A N B| up to an additive error en with probability at least 2/3. This is a natural
generalization of several classical problems in communication complexity: Set Disjointness is
a special case of the problem when ¢ = 0, and of Gap Hamming Distance when € = 1/4/n.
When e < 1/4/n a lower bound of Q(n) follows from [33] and a matching upper bound of O(n)
holds for exactly computing the intersection with two-way communication, even when the
element universe U is allowed to be very large [11]. To the best of our knowledge, no tight
bounds were explicitly derived in all other settings and ranges of parameters. In [26] the same
problem was asked and discussed, resulting only in the rather straightforward O(logn/c?)
upper bound obtained by Alice explicitly sending a sample of her elements to Bob. We
obtain the following optimal bounds.
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Figure 1 The optimal space complexity of second moment estimation for all values of e.

Problem Model e<1/\/n e>1/vn
. One-way O(nlog(2/e%n)) O(1/e% + logn)
Approx. Set Intersection Two-way o(n) ©(1/e? + logn)
One-pass O(nlog(2/e2n)) O©(log(e®n) /)

2 Estimation Two-passes  O(nloglogn) O(log(e’n) /%), (1 /e” + logn)

Figure 2 Complexity of Approximate Set Intersection and F» Estimation.

» Theorem 2. Fore < 1/\/n, the one-way communication complezity of Approzimate Set
Intersection is ©(nlog(2/e?n)) and the two-way complezity is O(n). For e > 1/\/n the
communication complexity of Approzimate Set Intersection is ©(1/e? + logn) in both the
one-way and two-way settings.

The gap between the optimal bounds for Approximate Set Intersection in the one-way
and two-way communication settings implies that our lower bound for F5 estimation in the
range € < 1/4/n does not extend to multi-pass streaming algorithms. Motivated by that, we
present a streaming algorithm extending the ideas from the communication protocol of Brody
et al. [11], that computes an exact histogram of a stream (and in particular its exact F)
using only two passes and O(nloglogn) = o(nlogn) memory.

» Theorem 3. There exists a streaming algorithm that in two passes and using O(nloglogn)
bits of memory computes, with high probability, an exact histogram of the stream.

Woodruff and Zhou [35] recently showed that for p > 2 and € = o(1), there is an asymptotic
separation between the space complexity of F), estimation in one-pass versus O(1)-passes.
Their work leaves open the question of whether such a separation also holds for “small”
frequency moments (that is, p < 2). We show that indeed there exists such separation for Fs,
at least in the range ¢ < 1/4/n. In the full version of this paper, we generalize this streaming
algorithm for any constant number of passes r and conclude that @(n log(@(mn) bits of
memory are both necessary and sufficient for exact histogram computation, where log(k) n
denotes the k-fold iterated logarithm.
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See Figure 2 for a table summarizing the best-known bounds for the communication and
streaming problem we discuss, with results in bold being those presented in this paper.

The space complexity of frequency moment estimation was extensively studied in many
settings, and for many parameter choices [12, 33, 5, 20, 7, 27, 9, 23, 16, 17, 4, 34, 25, 3, 10,
21, 28], we refer the reader to the introduction of [8] for a more exhaustive overview of the
existing literature.

2 Overview and Organization

In this section, we outline the main technical ideas behind our results and describe the
organization of the rest of the paper.

Section 3: Communication lower bounds and streaming implications, in
the € < 1/4/n range

We prove that any one-way communication protocol that approximates |AN B| up to additive
error en requires )(nlog(1/e%n)) bits when e < 1/y/n. This is shown via an information-
theoretic construction inspired by the construction used by [14] to obtain a lower bound for
the one-way communication complexity of Set Disjointness. We construct a large family of
inputs for Alice and a small set of inputs for Bob, and show that every Alice input is uniquely
identified by the answers of the communication protocol to all of Bob’s possible inputs. In a
one-way communication protocol though, Alice’s message depends only on her own input
and should thus intuitively encode enough information to answer any possible Bob input —
which in this case results in having to fully encode her own input. Our main contribution is
proving the existence of such input families, which becomes more involved in comparison to
the exact problem of Set Disjointness. We then reduce from this communication problem to
streaming F5 estimation using a standard concatenation protocol, implying the same lower
bound for streaming algorithms.

Section 4: Matching upper bounds via hashing

We complement the lower bounds with a simple estimator for F5 that matches the bound up
to constants. The algorithm hashes the universe into a domain of size m = ©(1/£?) using a
4-wise independent hash function, and stores the exact multiset of hash values. Here the
main observation is that while the hashing induces too many collisions, we can analytically
subtract the expected number of hash collisions from the observed number of collisions to
obtain a significantly better estimator for the number of collisions in the original stream. We
analyze the variance of the estimator and show it concentrates around the true F; value,
yielding an estimate with additive error e Fy using O(nlog(1/e%n)) bits of memory.

Section 5: The high-error regime

We analyze the case € > 1/4/n and prove that the communication complexity of approximate
set intersection is ©(1/e% + logn) in both one-way and two-way models. Both the lower and
upper bounds are essentially reductions to the e = ©(1/4/n) case which is very similar to the
Gap Hamming Distance Problem. The lower bound is then indeed established by a reduction
from the Gap Hamming Distance problem. The matching upper bound is obtained using
subsampling which reduces the problem to the problem of estimating the set intersection
size of two sets of some size k up to an additive error of ©(v/k), a problem which we already
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present an optimal solution for in the previous sections. These simple bounds complete
our characterization of the communication complexity of the Approximate Set Intersection
problem.

Section 6: A two-pass algorithm for exact histograms

Motivated by the one-way /two-way gap in communication, we begin by designing a streaming
algorithm that computes the exact histogram of the stream in three passes using only
O(nloglogn) bits of space. The algorithm uses the first pass to hash elements into buckets
and record “cheap” fingerprint-based histograms in each bucket, then uses the second pass to
verify which of these histograms is correct using a randomized algebraic identity check, and

finally uses the third pass to recompute the histograms of the few incorrect buckets exactly.

Our algorithm builds upon the communication protocol of Brody et al. [11] for computing
the exact set intersection in two-way communication, and transforms it to a streaming
algorithm. One of our main technical contributions in this algorithm is constructing a
streaming algorithm that can verify, in one-pass, an assumed histogram for a multiset of
elements. This verification step is straightforward in the two-way communication setting,
where each party can hash and compare their entire input, but requires new techniques in
the streaming model. We then introduce ideas from sparse recovery to eliminate the third
pass and achieve the same memory bound with a two-pass streaming algorithm. Finally, we
discuss the optimality of this bound, concluding that any constant-pass algorithm for exact
computation of F» (and in particular, exact histogram computation) requires Q(n log® n)
memory for some constant ¢. In the full version of this paper, we generalize our algorithm to
a larger number of passes.

Section 7: Summary

We conclude with a summary of our results and a discussion of open problems. In particular,
we highlight the question of whether a separation between one-pass and multi-pass complexity
exists also in the lower-accuracy regime € > 1/+/n.

3 Lower Bounds in the Low Error Regime

In this section, we prove the lower bounds in Theorems 1 and 2 in the € < 1/4/n regime. We
first establish the communication complexity lower bound for computing set intersection size
up to small additive error, and then show this result implies a lower bound for second-moment
estimation in the streaming model under similar error guarantees. Throughout this section,
we assume the universe U is of large enough (yet polynomial) size in n.

3.1 Approximate Set Intersection

Our proof follows the general framework of Dasgupta et al. [14], who proved a Q(nlogn) lower
bound for the one-way communication complexity of Set Disjointness. We begin by defining a
promise problem that captures the essential hardness of approximate set intersection, which
can be viewed as a refinement of the Gap Hamming Distance promise problem. We then
construct, non-explicitly, a large family of inputs for Alice and a much smaller family for
Bob such that, for every input in Alice’s family, the answers to the promise problem for all
inputs in Bob’s family uniquely identifies it. Such a family implies a lower bound on the
one-way communication complexity.
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» Definition 4 (INT?). Let X,Y C U inputs for Alice and Bob respectively, such that
|X],[Y] <n. We denote by INT*(X,Y) the communication problem of calculating | X NY|
up to an additive error en with probability > 2/3.

» Definition 5 (INT-P“ Promise Problem). Let a = a(n) € (11293, %), and X,Y C U inputs
for Alice and Bob respectively, such that | X|,|Y] < n.
We denote by INT-P?® the communication problem of distinguishing with probability > 2/3
between

Yes-instances: Pairs (X,Y) such that |[X NY|>n'~® + 1v/nl-c.

No-instances: Pairs (X,Y) such that [X NY| < n'~* — 1v/nl-o,
For brevity, we write (X,Y) € YES or (X,Y) € No, always referring to this promise problem.

We observe that any protocol solving INT® also solves INT — P as long as en < %\/7@1*“,

2 —
or equivalently, a < w. We thus first establish an Q(anlogn) lower bound

for INT — P® and then deduce from it an Q (nlog (1/ (¢2n))) lower bound for INT®. We
begin by constructing a large family X of possible inputs to Alice, and a small family )
for possible inputs to Bob, such that the answers to INT — P® on all inputs of ) uniquely
identifies any input X € X.

» Definition 6 (Design). A family X of subsets of U is a design if:
VX € X, we have | X| =n,
VX # X' € X, we have | X N X'| < 455

» Definition 7 (Block-Uniform Distribution D,, ). Fiz an integer n > 1 and a parameter
a=an) € (%, 1). Partition the universe [n'T®] C U into n disjoint blocks B, ..., By,
each of size n®. The block-uniform distribution D,, o is the uniform distribution over sets
X C [n'T9),|X| = n obtained by the following sampling procedure:

1. For each block B; independently, pick one element x; € B; uniformly at random.

2. Output the set X = {x1,22,...,Zn}.

1000 1

» Lemma 8. For a sufficiently large integer n and any a = a(n) € (3,7, 5

design of size exp(c- anlnn) for some constant c.

), there exists a

Proof. We give a non-explicit construction using the probabilistic method. Independently
and uniformly sample N := exp (ﬁan In n) =exp (c- anlnn) sets from D,, 4.

Let X, X’ be two sets sampled from D,, o. Let Y := [XNX’|, and note that Y ~ Bin(n, -%)
and p:==E[Y] =n- -5 =n'~® Using a standard Chernoff bound we have

el a
PrlY > (1+)u] < (W) 5

with (1+6)p = 45, s0 § = 7050 — 1. Note that as o > 129§ > 0 and the Chernoff bound

can be applied. Thus, we deduce that

n 1
— < - < -
nPr[y > 400} < (6= (1+9)In(1+9) < —p- (),
where the last inequality follows as for all § > 0 (which holds for all o when n is sufficiently
large), we have

1
§— (1+6)In(1 +4) 3—6;5.
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Note that ué = nl= "(400 — 1) > % and Ind > ln(GOO) = alnn — In600. For all
sufficiently large n, this gives In§ > %a Inn. The constants here are arbitrary slack constants
chosen to simplify the expressions. Hence,

anlnn
Pr [Y —} .
~ 300) = p( 1600 )
We apply a union bound over all ( ) pairs of sets we sampled, and deduce that the probability
that any pair had too big of an intersection is bounded by

N 1 1 <1
- ex —_— n .
9 ) P\ 1600 "

Therefore, a design of the required size exists for ¢ = 1/3200. <

» Lemma 9 (Random Y distinguishes between X and X'). There exists a universal constant
po > 0 such that the following holds. Let a = a(n) € (2% 1) and a design X, let

Inn>’ 2

X # X' € X be any pair from the design. Then, with' Y sampled uniformly from D, o,

Pyr[((X, Y)e YEsSA (X', Y)e No)V ((X,Y) e NoA (X',Y) € YES)| > po.

We call this event Y distinguishes between X and X'".

Proof. Let p=n"" and p =n'"*. Denote by m = |X N X'| < - and M = n —m > 291
and denote uprs = Mp, pt, = mp. We also denote

Zsame =Y NXNX'|, Zag=|YN(X\X)], Zig=|YN(X"\X)|

Z = |YﬁX| = Zsame + Zdifb 7' = |Y ﬂX’| = Zsame + chiiff'

Note that as X, X', m, M are fixed (and are not random variables), and all probabilities
are taken only over the random choice of Y. Because the m intersecting blocks and the
M differing blocks are disjoint and the choices of Y values in each block are i.i.d, Zsame is
independent of (Zaig, Zig)-

Step 1: Chernoff bound for Zgme. We have Zgyme ~ Bin(m, p) with mean p,, < p/400.

Using a two-sided Chernoff bound with § = \/% we have

Pr[| Zsame — ttm| > 2v/lim) < 2e~ 43 so Pr| Zsame—tim| < 2¢/fim] > 2 == 1—2e~%3 > 0.47.

Step 2: Berry-Esseen tail bound for Zg;¢ and Z/,. Fix an arbitrary ordering of the M
“differing” blocks and write

B; = 1{Y N X’ is not empty in block i} i=1,..., M.

Then B; "% "Ber(p) and Zjg = Zz 1 Bi. Center the variables by setting V; := B; — p and
S o= Zi:l V;, so that Zdlﬁ‘ = pup + Su-

Verifying the Berry—Esseen assumptions. Each V; satisfies E[V;] = 0, 02 := Var(V;) =
p(1—p) >0, and p:=E[[Vi’] = p- (1 —=p)° + (1 —p)-p* =p(1 —p) (1 -p)*+p°) <
p(1—p) =02 R

Normalisation. Let o3, = Var(Sy) = Mp(1 — p) = pm(1 — p) and denote by Sy :
Snr /oy which has cumulative distribution function Fis(x) = Pr[§M < z].

102:7
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Berry—Esseen inequality. By the Berry-Esseen Inequality [15, Ch. XVI, §5, Thm. 1] with
the sharpened constant of Shevtsova C' = 0.4748 [32], where ® denotes the standard normal
CDF, we have

Cp C _ c _ vec
o3VM  /Mp(1—p) /uu(@—p) ~ Vin’

where the last inequality holds as 1 —p > 1/2.

Applying the bound. We want a lower bound for Pr[Z}q < pua — 0.603/maz). Put
k= par —0.603y/par and z, = (k—par)/op = —0.603/y/1T —p € (—0.853, —0.603). Because
® is decreasing, ®(z.) > ®(—0.603) = 0.2736. Applying (BE) and assuming that n is large
enough so ups > 100,

[Fu(z) — @(z)] <

(BE)

B V2 -0.4748

Pr[Zyg < pa — 0.603 /s | = Fur () > ®(x,) 7
M

> 0.2736 — 0.067 > 0.2.

Hence,
Pr([Zig < par — 0.603\/par] > ¢ := 0.2.

By symmetry the same constant bound holds for Pr [Zdiff > par + 0.603 /1 M].

Step 3: Combining bounds. Let R := py; + 0.603,/tas and L := pps — 0.603/tias- When
all three of the above events hold, we get

Z >R+ Zgame > b+ 05, Z' <L+ Zgame < p— 0.5\/p1.
Which implies
Pr{(Z > p+05p) ANZ' < u—0.5/p)] >
Pr |(Zain = B) A (Ziug < L) A (Zoame € [t — 2/t + 24/Fim)
=Pr{(Zaig > R) NM(Zyg < L)] - Pr[Zsame € [pm — 2/Fans i + 2/1im) ]

where the last equality holds as Zggme is independent from Zg;;p and Z), £

Step 4: Negative correlation between Z4; ¢+ and Z(’ﬁff. For every differing index ¢ define
the indicators E; = 1{Y; = X;} and F; = 1{Y; # X/}. Because the random choice of Y is
block-wise independent, the collection {(E;, F;)};Z; is also independent. Consider the two
increasing events

A= {Z B> s +0.603 g}, B = {Z(l ~ F) < piar — 0603 /it |

Since F; = 1 implies F; = 1, both A and B are monotone in the same direction. By the
Harris (binary FKG) inequality [19] we thus have
Pr[A A B] > Pr[A] Pr[B].

Rewriting A and B in terms of Zgig and Zj;4 gives

Pr[Zaigr > par + 0.603\/fiar A Zig < par — 0.603/fia |
> Pr(Zair > par + 0.603/iinr] - Pr{Zlig < par — 0.603/pg] > €.
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Step 5: Symmetry. Swapping X and X’ gives a disjoint event of equal probability. So the
total distinguishing probability is at least

Pr[Y distinguishes X, X'] > 2c3cy =: py > 0. <

» Lemma 10 (Existence of family ) fully distinguishing a design X). Let o = a(n) € (1220 1)

and let X be a design of size exp(c- anlnn). There exists a family Y C U such that:
Y|=mn foralY €Y.
|V| < k-anlnn for a universal constant k.
Forany X # X' € X, some Y € ) distinguishes them.

We call this behavior ) describes X .

Proof. We draw a set ) of the desired size uniformly and independently from D, ,. Note

that the amount of pairs X # X’ € X is smaller than exp(c-anlnn)? = exp(2c- anlnn).

As described in Lemma 9, for some X # X', the probability that a single y € Y distinguishes

between X and X' is at least pg, (where pg is the constant probability bound from Lemma 9).

As the sets in ) are chosen independently,
P[VY € Y,Y does not distinguish between X and X'] < (1 — po)?!.
Therefore, by a union bound,

P[EX # X' € X : VY € Y, Y does not distinguish between X and X']
<exp(2¢-anlnn) - (1 —po)!,

2
and for || > fﬁ -anlnn, this probability is smaller than 1. Meaning, when
n{l —=po

——

E
randomly choosing Y of size ko - nlnn, the probability that it differentiates between every
pair X # X' € X is positive. Therefore, by the probabilistic method, a family ) that meets
the conditions exist. <

We are now ready to prove the desired lower bound.

» Lemma 11. For any large enough n, and for any ¢ < 1/(2e%°°\/n), the randomized
one-way communication complexity of INT® is Q(nlog(1/e%n)).

Proof. Any algorithm that solves INT® with probability > 2/3 can be amplified to fail with
probability at most § for any constant § by repetition. We thus assume the algorithm has a

small enough failure probability, to be specified later. Denote by o = a(n) :

logn

For this choice, en < %\/nlfa, and thus an algorithm that solves INT® can easily be used
to solve INT-P*. Note that for n=3/* < e < 1/(2¢°°°\/n) we have 1290 < o < 1. We may
ignore the range ¢ < n=3/* as for ¢ = 2n=3/* we already we get a lower bound of Q(nlogn)
which matches the upper bound even for € = 0.

By Lemma 8, there exists a design X of size exp(c- anlnn). By Lemma 10, there exists
some set-family ) of size k-anlnn that describes X'. Consider the input distribution in which
Alice gets a random set X from X and Bob gets a random set Y from ). Applying Yao’s
minimax principle [36], it suffices to lower-bound the distributional one-way communication
complexity of any deterministic protocol that fails on this distribution with probability less
than 4.

— log(l/(azn))72 '
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As |X| = exp(canInn), a uniformly sampled X € X has entropy

canlnn
n2 ’

H(X) = log, | X| =

and for simplicity we modify the constant ¢ to “absorb” the factor ﬁ By Lemma 10, the
sequence {INT-P*(X,y) : y € Y} uniquely determines X, therefore

H ({INT-P*(X,y)}yey) > H(X) > c-anlnn.

Let A(X) be the message sent by Alice in a deterministic one-way protocol. Let § be small
enough that § < 1/3 and H(J) < 57, and let t = |V| = kanlnn. Then,

H(8) > H(INT-P*(X,Y) | A(X),Y) by Fano’s inequality
= 33 HONT-PS(X,y) | A(X),Y =y)
yeY
= % > H(INT-P*(X,y) | A(X)) since X LY
yey
1
> < H ({INT-P*(X, ) byey | A(X)) by sub-additivity
= % (H ({INT-P*(X,y)}yey) — H(A(X))) by the chain rule

> - (H (INTP*(X,9)}yey) ~ [A(X)]).
Rearranging, we have that the message size is at least
A(X)| > H ({INT-P?(X, 1) }byey) — tH(5).
Since H ({INT-P*(X,y)}yey) = H(X) > c¢-anlnn and tH(J) < Sanlnn, we get,

JA(X)| > = -anlnn = Q(aninn) = Q(nlog(1/%n)). <

oo

3.2 Second Moment Estimation

» Corollary 12. The space complezity of (1 & €)-estimating the second frequency moment of

a stream of n elements from U, for any = < e <

nr << g S
1
Q (nlog (2>) .
en

Proof. Given a streaming algorithm that (1 & ¢)-estimates F» using s bits of memory, we
obtain a one-way communication protocol for INT?* that uses s + O(logn) bits.

Alice feeds her set X (each element once) into the streaming algorithm, obtaining memory
image M. She sends (M, |X|) to Bob. Bob resumes the algorithm on his set Y, obtains an
output Z, and returns

_Z-|X| -]y
-

Let S be the concatenation of X followed by Y. Each element in X AY has frequency 1 in
S, each element in X NY frequency 2, so

F(S) = | XAY|+4|XNnY|=|X|+|Y|+2/XNnY]|.
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The above implies that F» < 4n, hence |Z — F5(S)| < F5(S)e < 4en, which in turn gives
1
lm — X NY|l = i‘Z—FQ(S)‘ < 2en.

Thus the protocol computes INT?® with the same success probability as the Fy estimator
(say 2/3), using s + O(logn) bits. Applying Theorem 11 now yields the claimed streaming
lower bound for F5. <

4 Upper Bounds in the Low Error Regime

In this section we present matching upper bounds to the lower bounds established in the
previous section, for both problems of interest: approximate set intersection in the one-way
communication model, and second-moment estimation in the streaming model. These results
establish the upper bounds required for Theorems 1 and 2 in the € < 1/4/n regime.

4.1 Second Moment Estimation

» Lemma 13. Let n be large enough, 1/n? < e < 1/\/n, and U a set of size |U| = poly(n).
Then, we can (1=£¢)-estimate the second frequency moment of a stream of n elements from U,
with probability larger than 99%, using space

o(on(2)

We first observe that any unordered multiset of n elements from a universe of size m can
be stored using log (”+f_1) = O (nlog (2 + )) bits of space. This immediately implies, for
U]

example, the O (n log 7) upper bound when |U| > 2n. The algorithm we present to prove

Lemma 13 is rather natural: we choose m ~ e~2 and draw a hash function h : U — [m] that
maps our element universe to a smaller one, and then maintain exactly the image of the
input stream through h. Finally, we directly compute the Fy of the stream. When ¢ =~ 1//n
and hence m ~ n, and thus, our hash table is expected to contain roughly ©(n?/m) ~ ©(n)
hash collisions. The crucial observation is that, as we only care about the number of (actual)
collisions in the table, we may subtract from it the expected number of hash collisions and
thus vastly reduce the error caused by the hashing.

Algorithm A

Denote by m := [231].

Draw a hash function h : U — [m] from a 4-wise independent hash family, and store it in
mermory.

When receiving the elements of the stream S, maintain in memory the exact multiset h(.S)
of images of stream elements through h.

Finally, directly compute F := F5 (h (S)) the second frequency moment of the maintained
multiset, then output F’ := -2 . (F —n

m—1 m

We note that the space complexity of A is as desired, as h can be stored using O(logn)
bits of memory and the multiset h(S) using O (nlog (2 + 2)) bits of space.

> Claim 14. E[F] = Fy(S).
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Proof. Denote by z1,...,z, the elements of the stream S. Denote by X;; the event
that h(z;) = h(z;). Wehave F' = 3", ., X; j. We observe that if 2; = z; then Pr(X; ;) = 1,
and if @; # x; then Pr(X;; = 1) = L. By linearity of expectation we thus have E [F] =
F2(5)+(n2—F2 (S)) % and in turn E[F’] = F»(S5). <

> Claim 15. Var(F') < 1&s - (eF» ().

Proof. We begin by bounding Var(F). Denote by P := {(i,j) € [n]?|z; = z;} the set
of F»(S) pairs of indices such that the two corresponding stream elements are equal. Denote
by P¢ = [n]?\ P all other indices. We have

2
E[F? =E > X
(i.d)€[n)?
2 2
=E|| X X | +2| > Xy o X |+ DD Xiy
| \Ga)er (i.d)€P (i.)€PC (i.)€PC

2
=F(S)°+2R(S) E| Y Xi;| +E > X,
(i.5)ePC (i.)€PC
2

1
:FQ(S)2+2F2(S) (n2—F2(S)) E—FE Z Xi,j
(i,5)€PC

Let (i,7), (k,£) € PC. Note that z; # z; and x), # 4. The set I := {z;, 2,2}, 7¢} can thus
be of size 2, 3, or 4. If its size is |I| = 2, then Pr(X;;Xy,) = L. Also, without loss of
generality z; = @y, z; = xy and thus (i,k), (j,£) € P. In particular, there are at most 2|P|?
such pairs. If |I| € {3,4}, then Pr(X; ; Xy ) = -3z. We therefore have

2
1 1 1 2 1
2 C|2 _ 2 2
E > X, PP — +|POP - — = 2Fy(S) -E—i-(n ~F (9)) =
(i,5)ePC
Combining the inequalities above we deduce
1 2
Var(F) = E[F?] — E[F]? < 2F,(S)? - — <o (P (9))?
We conclude that
m 2 1 2
!
= (=) . < _—.
Var(F") (m — 1) Var(F) < 100 (eF» (9))7,
for any sufficiently large n (and in turn m). <
We conclude the proof of Lemma 13 by using Chebyshev’s inequality. |

4.2 Approximate Set Intersection

» Corollary 16. For any € < 1/y/n, the randomized one-way communication complexity of
INT® is O(nlog(1/e2n)).
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Proof. By the same argument as in Corollary 12, any algorithm that (1 & ¢)-estimates
F, can be converted to a communication algorithm solving INT?® with the same success
probability, at an added communication cost of O(log n), which doesn’t change the asymptotic
communication bound and implies the desired upper bound. |

5 Approximate Set Intersection in the High Error Regime

In this section, we establish a tight ©(1/&2? +logn) bound on the communication complexity of
the approximate set intersection problem, for both the one-way and two-way communication
models. Combined with the results from the low-error regime, these bounds complete the
proof of Theorem 2.

5.1 Lower Bound
» Lemma 17. Let ¢ > 1/+/n. The randomized communication complezity of INT® is Q (E%)

Proof. We show a reduction from the Gap Hamming Distance (GHD) communication problem.
In GHD, Alice and Bob receive binary strings = € {0,1}* and y € {0, 1}* respectively, and
output (with probability > 2/3) “Yes” if A(z,y) < %k —Vk, “No” if A(z,y) > %k—l— Vk, and
any answer is acceptable if neither condition holds (where A denotes the Hamming distance).
Chakrabarti and Regev ([13]) proved that any randomized protocol solving GHD requires
Q(k) bits of communication, even with two-way communication.

Let k£ = 1/¢2 and let 2,y € {0,1}* be some input to GHD. Assume, without loss of
generality, that k | n (otherwise pad n up to the next multiple of k). We construct two sets
A’, B’ as follows,

k-1
.n n
A ::H){(xi-n—i—z-k—&—t) ‘0§t<z},
fan n n
B’ = U{(yi'n+i-E+t) ‘O§t<E}.
i=0

Each coordinate i of the GHD strings is “blown up” into a block of 7 distinct elements.
Hence, A', B’ C [2n],|A’| = |B’| = n, and for every ¢ the two blocks are equal (meaning,
they contribute n/k to the intersection size) iff x; = y;. Note that

ZA(@,y)

> g +VE- % = g +en (“Yes” instance),

A(x,y)<g—\/% = |A'NB'|=n—

Az, y) > g—l—\/E = |A'NB| :n—%A(a:,y)

< g —Vk- % = g —en (“No” instance).

Let TI(A’, B") be some communication protocol that solves INT®. The following algorithm
will hence solve GHD: Alice calculates A’ and Bob calculates B’, then they run II(A’, B')
and answer “Yes” iff II(A’, B) outputs anything larger than n/2. As shown above, if the
GHD answer is “Yes”, this will indeed be the case, and if the GHD answer is “No”, it will
not. As the only communication required by this protocol is the one required by II, by the
above, II requires Q(k) = Q(1/£2) bits of communication. <
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Similarly, a reduction from Equality yields a lower bound of Q(logn) for private-
randomness two-way communication protocols, even when € is constant: encode each input
as a distinct block of size 2en + 1, so equal inputs give intersection size 2en + 1 and unequal
inputs give intersection size 0.

5.2 Upper Bound

» Lemma 18. Let e > 1/\/n. The one-way randomized communication complexity of INT®
is O (Eiz) in the public-randommness model, and O (E% + log n) in the private-randomness
model.

Proof. We work in the public-randomness model and remark the changes needed for private-
randomness at the end. We present three solutions, each improving on the last.

Algorithm 1 (One-way, O((logn)/e?) bits). Define p = -, ¢ = 40. Alice samples A’ C A
such that Va; € A : a; € A’ with probability p, independently. If |A’| > 10p|A|, the algorithm
aborts, which by Markov’s inequality happens with probability < 0.1. Otherwise, Alice sends
(JA], A"). Bob outputs % -|A"N Bj.

Correctness: Denote C = AN B,C" = A’ N B, and note that Ve € C : Pr[c € C'] = p. Denote
m = |C|,m’ =|C’|. As E[m'] = mp, and Var[m'] < mp, by Chebyshev’s inequality,

/
Pr 1m’fm > = pr “m/*pm\ > @] < Varlm'] < dmp < 1 < L
D 2 2 e?n2p?/4 ~ 2n?p2 ~ ¢ T 10
By a union bound, the algorithm fails with probability < 0.2.
Communication cost: Each element in A’ can be written using O(logn) bits, and |A| is logn

bits long. As |A’] is bounded by 10p|A| < 10c/?, the communication cost is O(logn/c?).

Algorithm 2 (Two-way, O(1/e?) bits). Reusing the notations from Algorithm 1, we replace
the method for sampling A’: Alice and Bob, interpret their shared randomness as a random
hash function h : U — [n]. Using h, they construct the samples,

A"'={a€ A:h(a) <pn}, B' ={be B:h(b) < pn}.

We note that C' = A’'NB = A'NB’ as any element in the intersection is either in both samples
or neither. Therefore, as before, Pr[c € C'] = p = Pr[c € A’ N B’]. If A’ or B’ have size
> 10c/e?, the algorithm aborts, which happens with probability < 0.2 by the same analysis
as above. After constructing the two sets, Alice and Bob run a two-way communication
algorithm for computing |A’ N B’| exactly using O(|A’| + |B’|) bits of communication and
fails with probability at most 0.01, e.g. using the protocol of Brody et al. [11]. As both
sets are of size O(1/g?), this is also the required communication. As before, they output
Ly = %\A’ NB’|, which is a correct response with probability > 0.9. Therefore, the algorithm

p
fails with probability < 0.31 < 1/3, as claimed.

Algorithm 3 (One-way, O(1/£?) bits). We construct A’, B' as in Algorithm 2, but replace
the two-way intersection sub-routine by the one-way estimator presented in Corollary 12,
that computes the same intersection size up to a small additive error: For k = @(E%), with
O(k) transmitted bits it outputs z ~ |4’ N B’| up to an additive error 55k = O(1/Vk) - k,
and fails with probability < 0.01. As Algorithms 1 and 2 gave an error < %sn, the triangle
inequality shows we end up with error < en if both Algorithm 2 and the sub-routine succeed.
The overall failure probability is thus < 0.2+ 0.1 +0.01 = 0.31 < 1/3.

Private randomness. Newman’s Theorem [29] replaces shared randomness by private
randomness at an additive cost of O(logn) bits, resulting in O(1/e% + logn). <
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6  Multipass Histogram Streaming

In this section we present a two-pass streaming algorithm that, with high probability,
computes the exact histogram using O(nloglogn) bits of space. Afterwards, we consider
streaming algorithms with a constant number of passes r and show that, for any fixed
constant r, @(n log(@(r))n) bits of memory are both necessary and sufficient for exact
histogram computation.

6.1 Two—Pass Algorithm

Our approach is inspired by the two-way communication protocol of Brody et al. [11] for
computing exact set intersection, which repeatedly verifies the equality of large sets and
invokes a more expensive local-refinement step only when a set fails verification. While such
verification is straightforward in the communication setting (each party has full access to its
input), our main contribution is to design an analogous mechanism that operates efficiently
in the streaming model.

At a high level, the algorithm partitions the stream into buckets via hashing and constructs
compact approximate histograms using short fingerprints rather than full element identities.
Most of these histograms are correct, and errors arise only from the small number of fingerprint
collisions. A simpler three-pass warmup version of this framework appears in the full version.

The main idea of the two-pass algorithm is to avoid correcting buckets individually.
Instead, we define a single global discrepancy polynomial that captures all over- and under-
counts simultaneously. Since only a small number of coefficients of this polynomial can be
non-zero, sparse-recovery ideas allow us to reconstruct it with high probability, and then
directly correct the affected histogram entries.

» Lemma 19. Let S = (xg,...,x7_1) be a stream of T < n elements drawn from a universe
U. There is a two-pass streaming algorithm that outputs the exact histogram of S using
O(n log log n) bits of memory and succeeds with probability at least 1 — %

Preliminaries

We use the following hash functions throughout this section.
b:U — {%} is a 6 log n-wise independent hash function. We refer to all elements with
value j in b as the j-th bucket.
RS [%} ,9; U — [21010glogn] g 4 pairwise independent hash function. We refer to

Gb(z;) (i) as the fingerprint of x;.

» Definition 20. Let D denote the family of multi-linear polynomials §(zy,, - . ., zmm) with
at most 6n/(logn)® non-zero coefficients, where all coefficients are integers in [—n,n).

The algorithm
Pass 1 (fingerprint histograms)

For every bucket j € [n/logn], initialize an empty histogram H;. The structure of the
histograms is a list of pairs, each containing a fingerprint and a counter of appearances of
this fingerprint in this bucket. When an element x; arrives, we check if gy, (z;) was already
encountered in bucket b(x;). If it is new, we add it to the histogram with counter 1. If it is
not new, we increment the respective counter. We use the notation H;[y] for the number of
appearances of fingerprint y in the j-th bucket.
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Pass 2 (sparse recovery)

Choose a prime ¢ with 3" < ¢ < 2-3" and pick a random hash function h : U — F,.
For each index i let first(x;) be the first stream element x, such that b(xy) = b(x;) and
fingerprint(z,) = fingerprint(z;). Define two polynomials in Fy [21,..., zj]:

U] |U|
TrueSum (21, ceey Z‘U|) = Z Zais HistSum (zl, ceey z‘U|) = Z Zfirst(zs)-
i=1 i=1

If some pair i < j satisfies x; # x; but gy(.,)(2:) = gb(a,)(7;) (i-e., two distinct elements
in the same bucket share a fingerprint), the coefficients of z; differ in the two polynomials,
hence TrueSum # HistSum (as polynomials); if all fingerprints are unique, the polynomials
coincide. Let A (21, ce Z‘U|) := TrueSum — HistSum.
Evaluate TrueSum and HistSum at the point (h(z))zcpy by maintaining two accumulators,
accTrue and accHist, in Fy:
To evaluate TrueSum, for every element z; we encounter, we add h(z;) to accTrue
(mod q).
To evaluate HistSum, for every element x;, check if the fingerprint(z;) was observed
before in the b(x;)-th bucket. We can differentiate between “new” and “not new” fin-
gerprints by keeping an additional bit next to the fingerprints in the histogram, which
doesn’t change the asymptotic memory requirements of the histogram.
If fingerprint(z;) is new in the bucket, add h(z;) Hy(,,)[fingerprint(z;)] to accHist
(mod q).
If fingerprint(z;) is not a new fingerprint, we ignore it.
At the end, set res := accTrue — accHist € Fy, and note that res = A (h(xl), . h(x|U|)).

Output

Let {;}ic(ip|) be an enumeration of D. For each i, check if &; (h(z1), ..., h(zy))) = res; on
the first match set § = §; (if no matches are found, abort).

For this 0, and for each z, with a positive coeflicient a,, create a new histogram entry (or
increment the existing entry) for gy, («) in bucket b(x) with counter a,; for each z, with a
negative coefficient a,, subtract a, from the histogram entry of g,(,)(x) in bucket b(z).

The following lemmas are used in the correctness proof.

» Lemma 21. Let X C U such that | X| <n. Letb:U — [ n ] be a hash function as

logn
described in the preliminaries. We call b=1(j) the j-th bucket. With probability at least 1 — #,
every bucket contains at most 6logn distinct elements from X.

Proof. Fix some bucket j. The expected number of distinct elements z € X in this bucket is
at most logn. For any z; € X, let Z; be an indicator for b(x;) = j. Let Z := )" | Z; indicate
the number of distinct stream elements in this bucket, and p = E[Z] < logn. Schmidt—
Siegel’s limited-independence Chernoff bound [31] states that the multiplicative Chernoff
bound can be applied on binary variables that are k-wise independent for £ > [1_6%—‘
In our case, as b is 6logn-wise independent, the bound is applicable for § = 5 (for large
enough n), obtaining that the probability that the j-th bucket has more than 6logn distinct
_ 52 logn <
7

stream elements is bounded by eXp( A union bound over all buckets

ﬁ.
implies that the probability that all buckets contain at most 6logn elements is at least
i S <

~ logn
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» Lemma 22. Denote k = 2, and let X1,..., X C U be sets that are pairwise disjoint,

logn’
such that Vi € [k],|X;] < 610ggn. Let g; : U — [210108108 7] pe hash functions as described in
the preliminaries. For x; € X; we call g;(x;) the fingerprint of x;. We say a set X; contains
a fingerprint collision if xy # ., € X; such that g;(z) = gi(xm). Then, with probability at
least 1 — %, less than m of the sets X1, ..., Xy contain a fingerprint collision.

Proof. For every set X; let Z; be an indicator that there is a fingerprint collision in this set,

k . N Glogn
and let Z := )" | Z;. As g; is pairwise independent, p := Pr[Z; = 1] < ((log2n)1)0 < (logl)s,
18n

Togny" As the different g; hash functions
are independent of one another, the Z; are independent random variables, therefore, by a
Chernoff bound,

and by linearity of expectation, p = E[Z] <

18n 1
Pr|Z>——| <Pr[Z>(01+( Hul < —— | < .
(|22 o] <Prlz > o+ Gownu] o (-t ) < 7
Hence, with probability at least 1 — %, less than m sets have a fingerprint collision. <«

» Lemma 23. |D| < 2™ (for all sufficiently large n).

Proof. Let s :=6n/(logn)®. As throughout the paper, we assume |U| < n for a constant
¢ > 0. Then,

|D| < Zé: <U|)(2n +1)™ < (s+ 1)(|U> 2n+1)° < (s+1) <€|U>s (2n 4+ 1)°.
= \m s s
Using |U| < n¢ and s = 6n/(logn)>,
log |D| < log(s+1) + s(log(e\U|/s) + 10g(2n+1)) = o(n).
Hence log |D| < n for all sufficiently large n, i.e., |D| < 2™. <

Correctness

By Lemmas 21 and 22, with probability > 1 — -%, A has at most s := 6n/(logn)® non-zero
coefficients, and all coefficients are integers in [—n,n], hence A € D. For any D > § # A, by
Schwartz-Zippel and the fact that they are both multi-linear,

hem ] [B(h(z1), ..., h(z)r)) = A(R(z1), ..., h(z)17))] <

Therefore, by a union bound over D, using Lemma 23,

nery T B E DAY 0(h) = Al)] < T2 < (5)"

Finally, if § = A, then TrueSum = A + HistSum, hence all coefficients match and the
correction step yields the exact histogram. Summing the failure probabilities from the two

preliminary lemmas (< 2/n?) and the probability that some § # A coincides with A at h
gives an overall bound of < 3/n?2.
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Representing the hash h

Representing a fully random h : U — I, naively requires too much memory. Instead, we
use Newman’s public-to—private randomness reduction [29], observing that it also works
for streaming algorithms. For any problem with at most N possible inputs, there exists a
set of O(log N) values of the shared randomness such that picking uniformly from this set
preserves the success probability up to a small additive error, simultaneously for all inputs.
In particular, it suffices to only maintain in memory an index of one choice within this family,
which requires only O(loglog V) bits of space. In our case, N = |U|" bounds the number of
possible streams.

Memory cost

Hash functions. The function b is 6logn-wise independent, requiring O(log®n) bits of
memory. The functions g; are % pairwise independent hash functions, each requiring
O(logn) bits to describe, for a total of O(n) bits.

Counters in histograms. The total sum of all counters is n, hence all counters together
require at most O(n) bits.

Fingerprints. Each bucket stores at most 6 logn distinct fingerprints with high probability
(by Lemma 21). Each fingerprint uses 10loglogn bits. Since there are Toan buckets, the
total fingerprint storage is

-6logn - 10loglogn = O(nloglogn).

logn

Second pass. We store two accumulators in Fy, requiring ©(n) bits total, and reuse O(n)
working memory while enumerating candidates § € D.

Summing all contributions gives

O(n) + O(n) + O(nloglogn) + O(n) = O(nloglogn).

6.2 Higher Number of Passes and Further Remarks

We remark that an algorithm using only O(n) memory cannot compute Fy exactly with
probability > 2/3, let alone the full histogram, with any constant number of passes over the

stream. This follows from the r-rounds communication lower bound of §2 (n log("') n) for

the set disjointness problem, established by Saglam and Tardos [30]. For any constant r,
by the standard streaming—communication simulation, their result implies a corresponding

Q (n log(zr_l) n) lower bound for r-pass streaming algorithms. We note that for super-

constant 7, there also exists an algorithm that calculates exact histograms with only O(n/ r+
v/n) bits of memory, by using each pass to compute an exact histogram of another 1/r fraction
of the element identities and finally aggregating it with a succinctly represented histogram
of the elements processed in the rounds so far. This is near optimal, as a lower bound of
Q(n/r) can be obtained from the two-way communication bound of Q(n) for set-disjointness,
and a Q(y/n) lower bound follows from the memory required to represent a histogram.

On the positive side, the set-intersection communication protocol of Brody et al. [11],
on which our streaming algorithm is based, extends naturally to r rounds and yields an
0] nlog(ﬂ(r)) n) upper bound in the communication model. Using the ideas we introduced,
the full version of this paper translates their protocol into the streaming setting and extends
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them to obtain an analogous r-pass streaming upper bound. Specifically, the full version
proves using (2r — 1)-passes, O (n log(r) n) bits of memory suffice for exactly computing the
histogram.

Finally, while our three-pass algorithm is also efficient in terms of running time, our
two-pass algorithm is not. Since our focus is on space complexity, we presented the simplest
solution we could find; however, it is likely that efficiency can be achieved using standard
polynomial sparse-recovery techniques [37, 6, 22].

7 Summary and Open Problems

We provide tight bounds for estimating the second frequency moment F5 of a data stream in
the low-error regime e < 1/4/n. Our results fully characterize the one-pass space complexity
of (1 + e)-approximating F5 for all values of £, matching upper and lower bounds up to
constant factors. Central to our approach is a precise understanding of the communication
complexity of Approximate Set Intersection, which exhibits a sharp phase transition at
e=1/y/n.

We also present a two-pass streaming algorithm that exactly computes a histogram using
O(nloglogn) bits of memory, showing a strict asymptotic separation between one-pass and
constant-pass space complexity for Fy estimation when € < 1/4/n. This naturally leads to
the following question. Is there also a separation between one-pass and O(1)-pass streaming
algorithms for F, estimation in the regime & > 1/,/n? The older Q(1/e% + logn) space lower
bound for F5 is now known to be sub-optimal for one-pass yet holds also for any constant
number of passes. Can either the lower bound or algorithm be improved in these settings?

We also leave as an open problem characterizing the exact trade-off between the number
of passes and memory required for exactly computing a stream’s histogram. For exam-
ple, using two passes we currently have a gap between our O(nloglogn) upper bound
and the Q(nlogloglogn) lower bound implied by the communication complexity of Set
Intersection.
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