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—— Abstract

We prove several new results concerning the pure quantum polynomial hierarchy pureQPH. First,
we show that QMA(2) C pureQX,, i.e., two unentangled existential provers can be simulated by
competing existential and universal provers. We further prove that pureQ¥, C QX3 C NEXP. Second,
we give an error reduction result for pureQPH, and, as a consequence, prove that pureQPH = QPH.
A key ingredient in this result is an improved dimension-independent disentangler. Finally, we
initiate the study of quantified Hamiltonian complexity, the quantum analogue of quantified Boolean
formulae. We prove that the quantified pure sparse Hamiltonian problem is pureQX;-complete.
By contrast, other natural variants (pure/local, mixed/local, and mixed/sparse) admit nontrivial
containments but fail to be complete under known techniques. For example, we show that the
3V-mixed local Hamiltonian problem lies in NP4 N coNPOMA,
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1 Introduction

The polynomial hierarchy (PH) [32] plays a central role in complexity theory. It has been
instrumental in understanding the power of computational models such as BPP [31, 28], low-
depth classical circuits [14], counting classes [34], and non-uniform computation [24]. More
recently, PH has been used to provide evidence for the hardness of simulating quantum circuits
and has underpinned theoretical foundations for quantum supremacy demonstrations [8, 1, 7].

Quantum generalizations of the polynomial hierarchy have been explored intermittently
over the past two decades [36, 22, 15, 13, 18, 2, 5], and have recently begun to find broader
applications within quantum complexity theory [3]. Given the central role of PH, it is natural
to study its quantum analogues and their role in quantum complexity theory.
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On the Pure Quantum Polynomial Hierarchy and Quantified Hamiltonian Complexity

As with most prior work, we focus on the quantifier-based definitions of the quantum
polynomial hierarchy. In this setting, the ith level, denoted QX;, consists of promise
problems that can be decided by a quantum polynomial-time verifier interacting with ¢
rounds of quantum proofs, where the quantifiers alternate between existential and universal.
More concretely, QX; (resp. QI;) consists of problems where the interaction begins with
an existential (resp. universal) quantum proof, followed by alternating quantifiers over
polynomial-size quantum states, with the verifier required to accept with high probability
in the YES case and reject in the NO case. The union over all levels defines the quantum
polynomial hierarchy QPH. The pure quantum polynomial hierarchy pureQPH is defined
analogously, except that the quantified quantum proofs are restricted to be pure states.!

A central challenge in defining a quantum analogue of the polynomial hierarchy is
determining the “right” formulation among several possible variants. This question has been
raised before [15, 2], but it remains unresolved. This work tackles the problem directly: we
prove several new results about pureQPH that, taken together, provide compelling evidence
that it is the most natural quantifier-based definition of the quantum polynomial hierarchy.

At the same time, each of our results is interesting in its own right. Our first contribution
gives a new upper bound on QMA(2), placing it in the second level of pureQPH. This shows
that two existential provers can be simulated by competing provers and recasts QMA(2) as a
min-max optimization problem (rather than a nonconvex optimization over separable states).
Our second and most technical result is an error reduction procedure for pureQPH, which
in turn implies pureQPH = QPH; the key tool is a new dimension-independent disentangler,
extending recent work of Jeronimo and Wu [21]. Finally, we initiate the study of quantified
Hamiltonian complexity, a quantum analogue of quantified Boolean formulae. These problems
capture robust ground-state questions, such as whether there exists a state on one subsystem
that ensures the overall system remains low-energy regardless of perturbations to the rest.

1.1 Our Results

Our first result establishes that QMA(2) C pureQX, C QXg3, i.e., that the second level of
pureQPH is sandwiched between QMA(2) and the third level of QPH. Prior work has shown
that QX3 C NEXP [15].

» Theorem 1 (Combination of Theorems 14 and 15). QMA(2) C pureQX, C QX3 C NEXP.

Informally, QMA(2) is the class of promise problems decidable given two unentangled
quantum proofs. Since its introduction in 2001 [27], it has been known that QMA C
QMA(2) € NEXP. However, whether QMA(2) is “closer” to QMA or to NEXP remains a
central open problem in quantum complexity theory.

What Theorem 1 contributes to this question is nuanced. Our result shows that QMA(2)
can be captured by a one-round quantum refereed-game model with an existential prover
followed by an (adversarial) universal prover who has perfect knowledge of the first message.
Conceptually, this recasts the nonconvex “maximize over separable witnesses” view of QMA(2)
as a single alternation

max min tr I([y )Xl @ [oXeD)

L There is also a third natural variant: the entangled quantum polynomial hierarchy, where the provers
are allowed to entangle their proofs across rounds. Grewal and Yirka [18] showed that this variant
collapses to its second level.
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that is, a saddle-point optimization problem. This perspective opens the door to applying
techniques from min—max optimization, game theory, and the study of quantum refereed
games to better understand the true power of QMA(2). Moreover, in closely related models
where provers are allowed mized-state strategies, the game value can be approximated in
PSPACE [20]. We view this as qualitative evidence that QMA(2) is perhaps not equal to
NEXP.

Our second result is an error reduction result for pureQPH, resolving an open problem of
Gharibian et al. [15] and Agarwal et al. [2].

» Theorem 2 (Restatement of Theorem 16). pureQX, C QX7 (¢, s") with >1—1/q(n) and
s’ < 1/q(n), where q is an arbitrary polynomial.

That is, we show that any protocol in pureQX, can be converted into one in Q¥7, whose
completeness (resp. soundness) is 1/poly-close to 1 (resp. 0) at the cost of a constant-factor
increase in the number of alternations.

Observe that Theorem 2 says that every level of pureQPH is contained in some level of
QPH, i.e., that pureQPH C QPH. The reverse containment pureQPH O QPH is easy to see:
the provers can simply send purifications of the proofs in the QPH protocol. Hence, the
following corollary is immediate.

» Corollary 3 (Restatement of Corollary 17). pureQPH = QPH.

We emphasize that the equivalence of pureQPH and QPH is far from obvious. To illustrate,
consider the following simple two-player game: Player 1 sends a state to the verifier, and
Player 2, after learning Player 1’s message, must send the same state.2 The verifier runs a
SWAP test, declaring “Player 1 wins” if the test fails and “Player 2 wins” if it passes. If the
players are restricted to sending pure states, then Player 2 can always win with probability 1,
by perfectly replicating Player 1’s state. By contrast, if mixed states are allowed, Player 1
can send the maximally mixed state, in which case Player 2’s winning probability drops to
approximately 1/2.

Indeed, Theorem 2 and Corollary 3 are our most technically involved results. To establish
them, we construct a new dimension-independent disentangler.

» Lemma 4 (Restatement of Lemma 23). Let H =Ch @ ---®@C%, k € N, and § > 0. There
exist parameters £ € poly(6~—1, k),m € O(6~2) and a quantum channel

I': D(H®Y) — D(HF),

with the following properties: for all states p1, pa, p3, pa € D(H®Y), there exists a distribution
{pi}™, over product states |(;) = |Cia) @ -+ @ [Cis) s |Girj) € CY such that

T(p1 @ p2 @ p3s @ pa) — 3 pi [Gi}Gil*"
i=1

<. (1)
1

PFurthermore, for every pure product state [)) = |1h1)®- @ [ihs) € H, T(|¥)eb|®*) = [)w|®F.

Our construction builds on the disentangler of Jeronimo and Wu [21], but strengthens it
in a key way. While the Jeronimo-Wu channel guarantees closeness to a convex combination
of product states, our disentangler ensures that the output is close to a convex combination

2 All of the protocols and proof systems we study can be viewed as games of perfect information, meaning
that each prover (or player) is fully aware of all moves made in the game so far. Indeed, even PH has
this game-theoretic interpretation.

103:3

ICALP 2026



103:4

On the Pure Quantum Polynomial Hierarchy and Quantified Hamiltonian Complexity

of only m = O(6~2) product states, where § is a parameter that can be chosen. In other
words, not only is the disentangled output structured, but it is also supported on a small set
of product states, which is crucial for our amplification procedure. The tradeoff is that we
use four unentangled input states whereas the Jeronimo-Wu channel only uses two.

Our final set of results concerns quantified Hamiltonian complexity. We study natural
generalizations of the local Hamiltonian problem, which asks: given a local Hamiltonian
H, decide whether there exists a state i) with energy (¥|H|¥) < a, or if instead all states
satisfy (y|H|y) > b, promised one of these is the case. The local Hamiltonian problem is
well known to be QMA-complete [26, 25].

We extend this to the quantified setting, in analogy with quantified Boolean formulae [6].
For instance, the 3v-mixed local Hamiltonian problem (3V-MLH) is defined as follows: given
a local Hamiltonian H, decide whether there exists a mixed state p such that for all mixed
states o, tr(H(p® o)) < a, or if instead, for all p, there exists a ¢ such that tr(H(p®0c)) > b,
promised one of these is the case. For this problem, we obtain the following containment:

» Proposition 5 (Restatement of Corollary 31). The 3V-mized local Hamiltonian problem is
in NP@MA 0 coNpMA,

Since no complete problems are known for NP NcoNP, we find it implausible that 3v-MLH
is complete for NPOMA A coNPMA, Moreover, hardness for either NPAMA 61 coNPMA would
collapse these two classes, which also seems unlikely.

In addition to the mixed/local case, we also study the mixed/sparse, pure/local, and
pure/sparse variants. These are defined analogously: the “sparse” condition means the
Hamiltonian is row-sparse rather than local, while the “pure” versus “mixed” distinction
specifies whether the quantified states are pure or mixed. For the mixed/sparse and pure/local
variants, our findings parallel the mixed/local case: we can establish containments but are
unable to prove hardness. In fact, existing circuit-to-Hamiltonian constructions appear
inadequate for obtaining hardness in these settings, suggesting that either new techniques
would be required or that these variants fail to be complete problems for any class studied in
this work.

The pure/sparse variant stands out as the only case where we can establish a completeness
result. To capture this formally, we define the PSH-%; and PSH-I1; problems (generalizing
the QMA(2)-complete separable sparse Hamiltonian problem [12]), in which the input is a
sparse Hamiltonian and the problem quantifies over ¢ quantum proofs (see Definition 26). In
this setting, we obtain the following completeness theorem:

» Theorem 6 (Restatement of Theorem 37). PSH-Y; is pureQX;-complete and PSH-I; is
pureQrll;-complete.

These completeness results show that pureQPH admits natural complete problems, in
contrast to the other variants of the quantum polynomial hierarchy. This highlights pureQPH
as perhaps the most natural quantifier-based definition of the quantum polynomial hierarchy.

1.2 Main ldeas

Proving QMA(2) C pureQX; C QX3. The proof that QMA(2) C pureQX; is similar to
the simple two-player game described earlier: one player sends a pure state, and the other
must reproduce it exactly. With pure states, honesty can be enforced by a SWAP test. If the
second player deviates, the SWAP test detects the inconsistency with constant probability.

A structural result of Harrow and Montanaro [19] ensures that in QMA(2) the two
unentangled proofs may be taken to be identical. Thus, in pureQX,, the existential prover
sends one copy of this proof [¢), while the universal prover is challenged to send the same
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state. The verifier first applies a SWAP test and, if the test fails, immediately accepts (since
the universal prover failed its task). If the SWAP test passes, the verifier then runs the
QMA(2) verification on the two states. Interestingly, the QMA(2) verification procedure is
run on the post-measurement states after the SWAP test is applied; a careful analysis shows
that this simulation succeeds.

The second inclusion, pureQ¥, C QX3, also relies on the SWAP test, but now it is used to
enforce purity rather than equality. In the QX3 setting, the verifier receives three states: p;
and p3 from the existential prover, and p, from the universal prover. The goal is to simulate
the pureQX; protocol, where one prover supplies a pure state |11) and the other supplies a
pure state |¢)q).

A simple observation is that the universal prover in pureQX, has no incentive to send a
mixed state, since they move last; hence, we can safely take ps to play the role of |¢9). To
certify that p; is effectively pure, the QX3 verifier asks for two copies, p; and p3, and with
some probability runs a SWAP test between them (rejecting if the test fails, and accepting
otherwise). Otherwise, the verifier simulates the original pureQX, verification using p1, pa.

Amplification and pureQPH = QPH. Our amplification procedure is the most technically
involved part of this work. As a first step, we transform the standard alternating-proof system
— where the provers take turns sending states in the order 3v3... — into a system where,
in each turn, a prover sends four unentangled proofs simultaneously. We achieve this by
increasing the number of rounds by a factor of 7. In seven rounds the verifier receives states
p1,- .-, p7, where the odd-indexed states (p1, p3, ps5, p7) come from the existential prover and
the even-indexed states (p2, p4, pg) come from the universal prover. The verifier discards the
even-indexed states by default, leaving a block of four unentangled states from the existential
prover, p1 ® p3 ® ps ® pr. An analogous construction handles the universal prover’s turns. In
this way, each turn of the game is simulated by a block of seven rounds, giving us a protocol
where the verifier receives four unentangled proofs per prover per turn.

Our goal now is to simulate pureQX, in this r-round system where each prover sends
four unentangled mixed proofs per turn (which, as explained, can be simulated in QXz,).
For each block of four proofs, the verifier applies our disentangler (Lemma 4) to reduce
the input to a convex mixture over a small set of product states. Conceptually, in the ith
round, each product state in the mixture can be viewed as |T') [¢), where |T) encodes a
transcript of the first ¢ — 1 rounds and |¢) is the candidate response for the current round
given that transcript. In this way, every round can be interpreted as producing a distribution
over transcript—answer pairs, and the verifier’s job is to make sure the prover sends a pair
consistent with the ongoing interaction.

The verifier maintains a “canonical transcript” that grows round by round. At each
step, the disentangler outputs a mixture of possible continuations, each consisting of a
transcript prefix and a candidate answer. The verifier checks consistency between the
candidate transcript and the actual transcript accumulated so far using repeated SWAP
tests; if the tests succeed, the answer is appended to the canonical transcript. If they fail,
the current prover loses the round (accepting if it is the universal prover’s turn, rejecting
otherwise). After r rounds, the verifier runs the original pureQX, verifier V,, on fresh copies of
the canonical transcript and performs standard majority amplification to decide the outcome.

Quantified Hamiltonian Complexity. Our approach to proving Proposition 5 proceeds in
two steps. First, we show that IV-MLH lies in NPQMA and, similarly, that Y3-MLH lies
in coNP@MA This step uses the fact that checking consistency of local density matrices —
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given local reduced density matrices, decide whether they arise from some global quantum
state — can be solved with a single QMA query [29]. At a high level, the NP prover supplies
classical descriptions of the reduced density matrices for the first witness p. A single QMA
oracle call is then used to check that these matrices are indeed consistent with some global
state. Once this is certified, the verifier can “compress” the Hamiltonian H into a smaller
Hamiltonian H’ that only acts on the Hilbert space corresponding to the universal prover’s
state. Deciding whether all states o satisfy tr(H’'c) > b can then be handled with a coQMA
query, which is equivalent to a QMA query. The proof concludes by observing that 3v-MLH
and V3-MLH are equivalent by a minimax theorem.

We now turn to our completeness proofs of PSH-%; and PSH-I1;. These problems can
be viewed as the 3V- and V3-pure sparse Hamiltonian (PSH) problems generalized to an
arbitrary constant number of quantifiers. The containment is relatively straightforward. We
use the techniques of Aharonov and Ta-Shma [4] to efficiently simulate the dynamics of
sparse Hamiltonians in BQP, which places PSH-X; and PSH-IT; inside pureQX; and pureQIlT;,
respectively.

The hardness direction requires extending the circuit-to-Hamiltonian framework to the
quantified setting. Our construction generalizes the Hamiltonians of Chailloux and Sat-
tath [12], who proved that 33-PSH is QMA(2)-complete.> We extend their approach to
handle an arbitrary constant number of alternating quantifiers, ensuring that the Hamiltonian
faithfully encodes the transcript of the underlying quantified proof system.

2 Preliminaries

For matrices, ||-||; denotes the Schatten 1-norm (also known as the trace norm or nuclear norm).
For quantum states p, o, define the trace distance between p and o as di.(p,0) = % [|p — o],

If p = [Y)X] and o = |p)¢|, then di (|¢0) ,|d)) = /1 — [{(¥|$)]2. Let D(H) denote the set of

density operators on Hilbert space H. The following is a basic fact about trace distance.

» Fact 7. Let p and o be quantum states with dy.(p,0) < e. Then for any POVM element
0<M<1, |tr(Mp) —tr(Mo)| <e.

We also make use of two standard tools in quantum computation and quantum information,
the SWAP test and the Gentle Measurement lemma, which we record below.

» Lemma 8 (SWAP test [10]). The SWAP test between two quantum states p and o fails

with probability % — @_

» Lemma 9 (Gentle measurement [35]). Consider a quantum state p and a measurement

VMpVM e,

operator 0 < M < 1 where tr(pM) > 1 —¢e. The post-measurement state p’ = )

satisfies di(p, p') < 24/e.

Finally, we turn to the formal definitions of QPH and pureQPH. We begin by specifying
the individual levels of these hierarchies.

» Definition 10 (QX;). Let A = (Ayes, Ano) be a promise problem. We say that A is in
QXi(e, s) for poly-time computable functions ¢, s : N — [0, 1] if there exists a polynomial p(n)
and a poly-time uniform family of quantum circuits {Vy}zefo,1}+ such that for every n-bit
input x, V, takes in quantum proofs p1,...,p; € D((Czp(n)) and outputs a single qubit, such
that:

3 In the terminology of Chailloux and Sattath [12], the separable sparse Hamiltonian problem is QMA(2)-
complete. In our language, this corresponds exactly to the 33-PSH problem.
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Completeness: © € Ayes = 3p1Vpa ... Qip; s.t. Pr[Vy accepts p1 @ --- ® p;] > ¢(n).
Soundness: x € Ano = Yp13p2...Q,p;i s.t. Pr[V, accepts p1 @ --- @ p;] < s(n).
Here, Q; is 3 when i is odd and ¥ otherwise, and Q; is the complementary quantifier to
Qi. Finally, define QY; := Uc(n)—s(n)eQ(l/poly(n)) QXi(¢, 8). Define pureQX; analogously,
restricting p1, ..., p; to pure states.

» Remark 11. All messages being p(n) qubits is without loss of generality, even for pureQX;,
as the verifier can project messages onto a smaller subspace and let the sender lose if the
projection fails.

QPH and pureQPH are the union over all levels of their hierarchies.

» Definition 12 (QPH and pureQPH [15, 2]). The quantum polynomial hierarchy is defined
as QPH = {J;2, QXi, and the pure quantum polynomial hierarchy is defined as pureQPH :=
Ui, pureQX;.

One has to be careful when discussing oracles to promise problems, e.g., NPMA  We
say a deterministic Turing machine M with access to a promise oracle O = (Oyes, Ono)
accepts/rejects robustly if M accepts/rejects regardless of how invalid queries are answered
(see also [16, Definition 3]).

» Definition 13 (NP with promise oracle [2, Footnote 3]). Let O be a promise problem. We
say A € NP© if there exists a polynomial-time deterministic Turing machine M, such that

T € Ayes = Jy: MO(z,y) accepts robustly.
T € Ape = Yy: MO(x,y) rejects robustly.

This definition may be considered the weakest “reasonable” definition for NP with promise
oracle, without outright forbidding invalid queries.
3 Sandwiching the Second Level of pureQPH

We prove the inclusions QMA(2) C pureQX, C QX3, i.e., that the second level of pureQPH
lies between QMA(2) and the third level of QPH. It is known from prior work that QX3 C
NEXP [15]. We begin by establishing the first inclusion, showing that any QMA(2) protocol
can be simulated within the second level of pureQPH.

» Theorem 14. QMA(2) C pureQX,.

Proof. Let A € QMA(2). By [19], there exists a verifier V, such that

Yz € Ayes, 3|1) ¢ tr(Ha ([¥)Y]4 ® [WXY[5)) 21—, (2a)
YV € Apno, VoVo: tr(Hy(pa ®op)) <e, (2b)

where H,, denotes the POVM element corresponding to acceptance on input z, and e € 2-9(7),

We now construct a pureQX verifier V' as follows. On input x, V' receives two states |¢) ,
and |¢) ; and acts as follows:

1. Perform a SWAP test on registers A and B. If the SWAP test fails, then accept.

2. Otherwise, run V on registers A and B, and accept only if V' accepts.

We let H! denote the POVM element corresponding to acceptance on input z for the
verifier V.

103:7
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First, we prove the soundness of V', which is straightforward. Suppose z € A,,. By
Equation (2b), we have V [¢) : tr (H,(|¢)Xv]| ® [9)¥])) < e. In this case, the no-prover will
always send |¢) 5 = |¢) 4, which ensures the SWAP test accepts with probability 1 (Lemma 8)
and leaves the state undisturbed. The verifier then proceeds to run V" on [¢)) , ® [¢) 4, which
will accept with probability at most e. Therefore, the overall acceptance probability of V' is
at most €.

Now suppose = € Ayes. We will show 3|¢) V@) : tr (HL(|¢)XY| @ |¢)Xp|)) > ¢ for some
constant ¢ > 0, which suffices to complete the proof. Let |¢)) be the witness guaranteed by
Equation (2a). For an arbitrary state |¢), define § == di,(|¢), |¢)), so [(|#)]> =1 — 62. By
Lemma 8, V' accepts in step (1) (i.e., the SWAP test fails) with probability 1 —%|(1|¢)[* = %.
If the SWAP test succeeds, let pap = |Y) 9| ® |¢X¢|, and let p/4 5 be the post-measurement
state conditioned on the SWAP test succeeding. By the Gentle Measurement Lemma
(Lemma 9), di.(p, p') < v/26. Let p* = [¥)¢| @ |)X1)|. By the triangle inequality,

dir(p*, p') < dix(p*, p) + dix(p, p') < 6+ V20 = (14 V2)8. 3)
Thus, by Fact 7 and Equation (2a), V accepts p’ with probability at least
tr(Hyp') > 1—e —du(p*,p/) > 1—e — (14+V2)6. (4)

Therefore, the overall acceptance probability of V/ on pap is

52 52
tr(H;p):EJr <12> max{0,1757(1+\/§)5}. (5)
Consider the case where ¢ > 11_\%. The max term vanishes, so the acceptance probability

. . 2 . . . . . . — .
is simply %, minimized when ¢ is as small as possible, i.e., § = 11+j§ Now consider the

case where ¢ < 11‘\%. The expression becomes 1 —e — (1 + \/5)5 + %52 + 14-7\/5537 which is

. . 1—e - _ d—¢
decreasing on the interval [0, IJ{ \/5], so the minimum also occurs at § = 3 In both cases,
the minimizing value is §* = 1_;\%, giving

/ _ (1_5)2 _ §_ IPAY”
tr(pr)—2(1+\/§)2—<2 \/§> (1—¢)* > 0.085, (6)

for sufficiently large n. |
We now show that the second level of pureQPH is contained in the third level of QPH.
» Theorem 15. pureQX, C Q3.

Proof. Let A € pureQX,. Then there exists a verifier V' with completeness ¢, soundness s,
and ¢ — s > n~ 9 together with a POVM element H,, for each input x, such that

Yz € Ayes, 3[0) V[9) : tr(Ho([0)v] 4 © [9X0]p)) = ¢, (7a)
Yz € Ano, V) 3[¢) : tr(Ha([0Xv]4 @ [9)0l5)) < s. (7b)

Define a QX3 verifier V' with POVM H., on input z as follows. Let p; be the proof sent by

the yes-prover in the first round, ps be the proof sent by the no-prover in the second round,

and p3 be the proof sent by the yes-prover in the third round. V’ then proceeds as follows:

1. With probability p, run V' (p1, p2), accepting or rejecting according to V’s output.

2. With probability 1 —p, run a SWAP test between p; and p3, and accept only if the SWAP
test passes.
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We must exhibit completeness/soundness paramters ¢, s’ with ¢/ — s’ > n~?1) such that

Vi € Ayes, 3p1 Vp2 3pg: tr(Hy(p1 @ p2 @ p3)) > ¢ (8a)
V€ Ano, Vo1 Ip2 Vps: tr(HL(p1 © pa @ p3)) < 5. (8b)

Suppose z € Ayes. We have ¢ = (1 —p) +p-c=1—p(1l —¢), because the yes-prover
can send p; = p3 = |¢)X¢| from Equation (7a) and the no-prover gains no advantage from
sending a mixed state by convexity.

Now suppose x € Ap,. Let 1 — g be the probability that the SWAP test between p;
and ps passes. Then, by Lemma 8, tr(p;1ps) = 1 — §, which implies Apax(p1) > 1 — 6 by
Holder’s inequality. Let [¢)) be the corresponding eigenvector. By Equation (7b), there
exists a “refutation” |¢) (depending on [t))) such that tr(H,(|Y) ], ® [¢)é|5)) < s. Let the
no-prover send ps = |¢pX¢|. Using linearity and that 0 < H, < 1, we get

tr (Ha(p1 ® p2)) = Amaxtt (Ha([9X¢)] @ p2)) + (1 = Amax)tr (He (0 © p2))
<A

_ (9)
max - S+ (1 = Amax) - 1 =84+ (1 = Apax)(1 — 8) < (1 = 0)s + 6,

where, in the first line we use the fact that p1 = Amax |[¥X%¥] + (1 — Amax)o for some state o,
and, in the last line, we use the fact that Apnax > 1 — . The overall acceptance probability
s’ of V' is thus

¢ = g (1= 91 = )4 001 - 0)54))

(10)

1-— 1

:1—p+ps+5(p(1—s)— 2]9) = max <1—p+ps, —;—p)
We choose p = z-o—, which ensures that p € (0,1] because s € [0,1]. Then

1 S 3—2s—1+s 2—s
pEps 325 3 _2s 3 2s 3-2s° (11)
T+p 1+sty  558E 4-25  2-5 12

2 2 2 23-25) 3-2s5

so the two terms in the max function become equal. Therefore, s’ = 32:255. Our completeness

parameter ¢’ becomes

l—c 3-2s—(1-¢) 2-2s+c

'=1-p(l—¢c)=1- = = 1

¢ p=c) 3 2s 3 2s 3 2s (13)
Therefore, the completeness/soundness gap is

C,_s,:2—2s+c 2—s:c—s (14)

3-2s 3-2s 3-2s

-0(1)

Because ¢ — s > n by assumption and 3 — 2s < 3, we have ¢ — s’ > €5 > p~0(1)

which completes the proof. |

4  Amplification of pureQPH via Disentanglers

In this section, we give an error reduction result for pureQPH. We show that any protocol in
pureQX, can be converted into one in QY7, whose completeness is arbitrarily close to 1 and
whose soundness is arbitrarily close to 0 (up to 1/poly(n)). In other words, we can amplify
the gap between YES and NO cases at the cost of a constant-factor increase in the number
of alternations.
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103:10 On the Pure Quantum Polynomial Hierarchy and Quantified Hamiltonian Complexity

» Theorem 16. pureQX, C QX7 (c,s") with ¢ >1—1/q(n) and s’ <1/q(n), where q is an
arbitrary polynomial.

Theorem 16 shows that every level of pureQPH is contained in QPH. The reverse inclusion
QPH C pureQPH is straightforward: given mixed-state proofs, the provers can instead send
purifications, and the verifier can trace out the auxiliary registers to recover the original
mixed states. Putting these two directions together, we conclude that the hierarchies are
equal.

» Corollary 17. pureQPH = QPH.

The remainder of this section is devoted to proving Theorem 16. Before presenting
the proof, we construct a disentangler tailored to our purposes, building on the dimension-
independent disentangler of Jeronimo and Wu [21].

» Theorem 18 (Disentangler [21]). Let d,¢ > € N and H = C?. There exists an efficient
quantum channel A : D(H®%%) — D(H®"), such that for all states p1,p2, there exists a
distribution pi on pure states [1) € C¢, such that

1 <0 ((’f)l/4> : (15)

Furthermore, A(y¥®%) = ¢®* for all [¢) € H.

HA(m ® p2) —/w®"du

Note that by Carathéodory’s theorem [11], we always have
/Qﬂ@ﬁdu = pit™" (16)

for some distribution p; on pure states |t;).

We also use the following facts about the SWAP test and the product test of Harrow and
Montanaro [19]. We let Pyyap(p, o) and Pproa(p, o) denote the acceptance probability of the
SWAP test and the product test, respectively. We let Pprod(p) == Pprod(p; p)-

» Lemma 19 (Product Test [19, Theorem 3]). Given [¢)) € CT @ -+ ®@ C», et

1—e =max{|($|¢1, ..., ¢n)|* | |¢:) € C¥,i € [n]}. (17)
Then Pyroa(¥) =1 —O(e).
» Lemma 20 ([19, Proof of Lemma 5]). Pproa(p; ) < £ (Pprod(p) + Poroa(c)).
» Lemma 21. P,04(p,0) < Piwap(p,0).

To proceed, we need the following combinatorial lemma about distributions. Intuitively,
it says that if a certain event happens with non-negligible probability, then a small “hitting
set” of outcomes suffices to capture the event with high conditional probability. The proof is
given in the full version [17].

» Lemma 22. Let p = (p;),q = (q;) be independent probability distributions over [N]. Let
S C [N)? satisfy Pr[(i,j) € S] = e. Then there exists a set X C [N] of size m < [1/eg],
such that Pr[3k € X : (i,k) € S| (4,5) € S] > 1—1.

We now combine our combinatorial lemma with the dimension-independent disentangler
of Jeronimo and Wu to obtain a new disentangler suited for our setting.
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» Lemma 23. Let H = Ch @ ---®@C%, k € N, and § > 0. There exist parameters
¢ € poly(6~1, k),m € O(672) and a quantum channel T': D(H®Y¥) — D(H®®), with the
following properties: for all states pi,...,ps € D(H®Y), there exists a distribution {p;}",
over product states |(;) = |Ci1) ® -+ @ [Cis) s Gij) € C4 such that

T(p1 @ p2 ® p3 @ pa) — i |GXGIZ" (18)

Furthermore, for every pure product state |¢) = [11)®- - -®|1s) € H, F(|¢><¢|®4e> _ |w><¢|®l€'

Proof. Let A: D(H®*) — D(HE(+5)) denote the channel from Theorem 18, now para-
meterized to output x + ' copies rather than x, where x’ will be chosen later. We define
T(p1 ® p2 ® p3 ® py) as follows:

1. Apply A twice to obtain o1 = A(p; ® p2) and g2 = A(p3 ® p4) on registers Ay, ..., Axtn

and By, ..., By, respectively.
2. Fori=1,...,x/, perform a product test between A; and B;.
a. If all product tests accept, output registers A.ri1, ..., Axin -

b. Otherwise, output [0)®", where |0) = |04,...,0,) € H.
Let n = T'(p1 ® p2 ® p3s @ psg) be the output of our channel. Note that, by Theorem 18
and Equation (16), o1 and o2 in step 1 can be approximated as

M M
loy @02 — o @ablly <2en, of =Y pilwakei 2T oh = gjle) 02T, (19)

where 4 denotes the error due to A (Equation (15)). We will eventually choose ¢ so that
25A < %

Let T's be the channel corresponding to step 2 in the definition of I' above. By con-
tractivity, we have || — T'2(0] ® 05)||; = |[T2(01 ® 02) —T'a(0] ® 05)|; < 2ea. Let pace be
the probability that all product tests accept in step (2a). If pace < §/4, then

|1~ loyol®"

S 25‘:A + 2pacc S 5 (20)
1
Hence, assume pace > d/4. It holds that

Pacc = ZPZQJ prod |1/}z><wz‘ ‘¢J ¢j szQJCZJ (2]—)

,J

Define €g = apacc for o € (0,1) to be determined later. Let S = {(¢,7) | ¢;j > €s}. Then
Pace = Blci;j| < eg Pr[S°] +Pr[S] = Pr[S] > (1 — &)pace- (22)

We will use Lemma 22 to approximate [¢;) with (i, j) € S with a small distribution. However,
there is still a chance that the product tests in (2a) accept (event A) even if (4,7) ¢ S:

A N Sc Z Dig;Cij < sz% €5 = QPacc (23)
ijese

For all (i, §) € S, Poroa(|i)(ti] , 6)¢5]) = ¢}/ > (e)"/~ = 7, where &' > —tIn(ad/4) >
—tIn(eg) gives 7 = (eg)/* > e 1/t > 1—1/t for t > 1 to be determined later. By Lemma 22
with parameters € <— Pr[S] and « to be determined later, there exists a set X C [M] of size

m=0(1/((1 — @)pacey)) < O(1/(67)) (recall paec > §/4) such that

Prlic S |(i,j)eS]|>1—~, S ={ie[M]|3j;eX:(ij)eS} (24)
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For all i € S’, define |n;) = |¢;,) for some j; with (7,7;) € S. These |n;) must be close to
product as Pyrod(|¥i )W, [ni)ni]) > 7 > 1 —1/t. By Lemma 20,

Poroa ([9:)tsl [m)mil) < 5 (Poroa (19:)Xti]) + Povoa(Ini)mil)) == Poroa(|mi)mil) = 1-2/1.

DN | =

By Lemma 19, there exists |(;) = [¢i1) ® -+ - ® |(.s) € H such that [(n;|¢;)]? > 1 — O(1/t).

Additionally [(4;[n:)[* = 2Pawap ([7:)mi] s [iXti]) =1 2 2Pproa(|miXnil » [hi)abi]) =1 > 1 -2/t
by Lemma 21. Hence, for an appropriate constant C,

[l - lGxgi®

< s = s |+ ([t = 16 =
= 2/ T= [P~ + 2/ 1= [ IGI P < /O,

where the last step uses Bernoulli’s inequality.
Finally we approximate the idealized output state n’ = I's(0] ® 04) as 1 (with small
support):

o= D piay (1= i) 001" + ey h)asn| ") (26)

Lo(25)

=Y. pag ((1 — ¢i5) 00" + ¢ |Ci><C¢\®H) + ) P 0Xo1*T (27)

(i,7)€SNieS’ (i,5)¢SVigS’

To bound ||’ — 7||;, we need to bound three sources of error: (i) Accepting (i,7) ¢ S, which
occurs with probability Pr[A NS¢ < apacc < a by Equation (23); (ii) Getting (4, j) € S, but
i ¢ S', which occurs with probability Pr[(¢,5) € SAi ¢ S| <Pr[i ¢ 5" | (i,7) € S] < ~; (iii)
Approximation error 1/Ck/t from Equation (25). Therefore, we get

7" =7l < > pigicis (Wi><¢i|®N - |Ci><§i|®ﬁ)

(2,7)ESNAIES’ 1

X g (™ - oxol*") (28)

(i,§)gSVigs’ )

[l & = 1GXGI®"  F2Pr[An S+ 2Pr[S N 57
<2 (VCrft+a+).

We set t = Ck(8/6)%, a = v = §/16, ' = [—tIn(ad/4)], £ = O((n+n')3/54). Thus,
epx < 6/4 by Theorem 18, and the overall error is

< max
i€S’

I — 7l < 2en +2 (\/Cﬂ/t ta+t 7) <5/2+2(5/8+6/16 + 6/16) < 4. (29)

Using the above lemma, we now show the containment pureQPH C QPH. The main
challenge is that a mixed state behaves like a probability distribution over pure states. For
instance, when Bob sends a mixed state proof p = >~ | p; |; )], Alice does not know which
|1h;) the verifier will actually observe. The disentangler of Lemma 23 resolves this issue. If
each proof is required to be product across four registers, then, after running the disentangler,
the proof can be written in the form Y /", p; 16X |®", where each [G) = [Ci1) @ - ® [Cis),
and, crucially, the number of terms m is polynomially bounded.

This structure means that Alice no longer needs to know which |(;) the verifier observes.
Instead, she can provide a response to every possible |(;) simultaneously, encoded in tensor
product form. Concretely, the ith message contains a table (in tensor product form) listing
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Amplified verifier V! on input x
Input: Messages p1, ..., pr, where each p; is a product across 4 registers.

1. Selection of canonical transcript (rounds i = 1 to r):
Disentangle: Apply the channel I' from Lemma 23 to p; to obtain a state p} close to
a mixture of only poly-many pure states |().
Response table: The disentangler ensures that |¢) has the tensor product structure
[¢) = ®]Nil (|T;;) ® |14;)), where |T;;) represents a candidate history and [¢;;) is the
proposed response.
Select player response:
Perform W SWAP tests between the current canonical transcript |C;—1) and the
candidate history |T;;).
If all tests accept for some index j, update the transcript |C;) = |T};) ® [1i;) -
If no index passes all SWAP tests, the current player loses immediately.

2. Verification: Run the original verifier V,, on T copies of the final transcript |C,.).
Accept if at least T(c + $)/2 runs accept.

Figure 1 Informal description of the amplified verifier protocol. Intuition: Since the provers send
mixed states, there does not exist a deterministic history of states sent so far. Thus, the verifier
forces the provers to send a “lookup table” of responses for every possible history. The verifier
maintains a specific path called the canonical transcript |C;) and uses SWAP tests to query the
lookup table for the consistent extension of that path.

all possible transcripts of rounds 1,...,7 — 1 together with Alice’s corresponding responses.

The disentangler ensures enough copies of each transcript are available, and the verifier
can then use SWAP tests to select which transcript to use. See Figure 1 for an informal
description of the full verifier protocol.

To enforce that each message is a product across four registers, we increase the number of
rounds by a factor of 7. In other words, we show pureQX, C Q¥ ,,. Within each block of seven
quantifiers, we discard every other quantifier (positions 2,4,6) and bundle the remaining
four into a single quantifier ranging over product states:

Ip1Vp23psVpaTpsVpsIpr  —  Fp = (p1 ® p3 @ ps @ pr) (30)

Thus, by increasing the number of rounds by a factor of 7, we simulate a proof system where
the provers send states that are in tensor product across the four registers.

» Theorem 16. pureQX, C QX7 (¢/,s") with ¢ > 1—1/q(n) and s’ < 1/q(n), where q is an
arbitrary polynomial.

Proof. Let A € pureQX,. Then there exist functions ¢,s : N — [0, 1] with ¢(n) — s(n) >
n~9W  a polynomial p(n), and a polynomial-time uniform family of verifiers {Va}aego,1y
such that, for every z € {0,1}", we have

@ € Ayes = 1) V[ih2) - Qp [Pr—1) Qrltr): Po(l1)thr| ® - ® [y )ty ]) > e(n),  (3la)
@ € Ano = VY1) 3[2) - Qr 1) Qulthr) : Po(l)(n] @ -+ @ [ )fbr]) < s(n),  (31D)

where Q. = V if r is even and @, = 3 if r is odd. Here P,(p) denotes the acceptance
probability of V,, on input state p € D(H®"), with H = c? ™.
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We prove that A € QX7,(c¢/, s") by constructing a verifier V] that receives 7r messages in
D(H®"), where ¢ will be determined later (and depend on our application of Lemma 23). As
described in Equation (30), the verifier V! discards 3r of these messages and simulates an
r-round protocol in which each round-i message has the product form p; = p; 1 ® - -+ ® p; 4.
Thus, it suffices to prove

d(n), (32a)
s'(n), (32b)

IGAyeS = 3/)1-..Q7_pr: P;;(p1®®p7_)
r€An = Vo1 Qupr: Po(pp®---®p,)

where P, (p) denotes the acceptance probability of V! and each p; is restricted to the four-
register product form above. Given py, ..., p, € D(H®*) as input with p; = Pil @ @ pja,
the verifier V acts as follows (see Figure 1 for an informal description):

1. (Determine the canonical transcript) For i =1,... r:

a. (Disentangle) Let T' denote the disentangler from Lemma 23 with parameters k = K
and ¢ to be specified later. For the ith iteration, we write I';, since each application will
act on a different-sized Hilbert space. Define p, = I';(p;). By Lemma 23, there exists a
mixed state 7; = >, Pik \ngk))(Ci(k)\@K with m; = O(62) such that ||n; — pl[|, <.
Additionally, each |§i(k)> can be written as |Ci(k)> = ®j\4:l1 |Ti(jk)> |wl(]k)> for M; =
M;_1m;_; (and My = 1), |Ti(f)> € HOU-D), |wz(]k)> € H. For analysis, fix a pure branch
<) = ®]Ail T;;) |i;) from this distribution (pretending the verifier V receives a
random pure state from the mixed state). Each |T};) [1;;) is a transcript-answer pair;
i.e., |1;;) is the prover’s message on the ith round conditioned on |Tj;) being the
transcript for the previous ¢ — 1 rounds. Note that M; grows with each round because
the transcript gets progressively longer each round.

b. (Select player response to current transcript) If i = 1, set |¢1) == |[¢;1) and |C1) = |¢1).
Otherwise, for each j =1,..., M;, perform W (to be determined later) SWAP tests
between |C;_1) and |T;;) (choose K sufficiently large to have enough copies |C;_1)
and |T;;)).* If all SWAP tests accept for some j, set |C;) == |T;;) @ |1i;). Else, let the
current player lose, i.e., accept if i is even and reject if ¢ is odd.

2. Simulate V, on fresh copies of |C,.) T times and accept if the number accepting runs,

Nace, satisfies Ny > T(c+ s)/2.

Completeness. Let © € Ayes. By Equation (31a), Alice (first player, odd rounds) can
always win with probability at least ¢(n), regardless of which pure state Bob sends in the
even rounds. Let |a;) be the best state Alice can choose in round 1. For any Bob message
|B2) in round 2, there exists |as(f82)), such that Alice can win with probability > c(n).
Inductively define |a;(Ba, ..., Bi—1)) as Alice’s best response in round i, given Bob’s messages
|B2),...,|Bi—1) and Alice’s messages |a1),...,|a;—2(Ba, ..., Bi—3)).

We need to show that Equation (32a) holds. We can analyze V, on the disentangled
states as

|Pi(pr @ @py) = Pl(m @ @n)| <rd/2, (33)

where P)(nm ® - - - ®n,) denotes the acceptance probability of V] when each p! is replaced by
;. For Alice’s rounds, we can assume 7; = p; = I';(p;) since Alice can always send a state of
the correct product form. Further, Alice’s answer in round ¢ may depend on 71,...,7;_1,
since p; only depends on p;, and the p;. ~ 1n; approximation is merely an analytical tool and
so Alice can choose any 7; satisfying Lemma 23.

4 Note that each |¢;) contains a copy of each transcript and that we have K copies of |¢;).
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For p;, Alice simply sends 4¢ copies of |a;). Now consider odd round i > 1. There
are M; = M;_1m;_, possible choices for the canonical transcript |C;_1) (which includes
Bob’s message) after round ¢ — 1. Alice sends 4¢ copies of ®§Vi1 |T;) |a(T35)), where |a(T55))
denotes Alice’s best answer given transcript |T};) in the first ¢ — 1 rounds. This let’s Alice
pass the SWAP test in (1b) with probability 1 (in the P)(m ® --- ® n,.) analysis with #;
chosen by Alice).

We argue that V] always chooses a transcript that is accepted with probability al-
most c¢. There are two sources of error. The first is Bob cheating and altering the
transcript, so that the verifier selects |T;;) # |Ci—1) in step (1b) of Bob’s round. For
die(|T5X T35, |Ci=1XCi—1]|) < e, Alice’s chance of winning decreases by at most €. If

dir (T3 XTij 5 1Ci-1XCia|) = /1 = [(Cia|Ti;)[2 > &, then [(Ci1|Ti;)[* < 1 —€* and the

probability of all W SWAP tests accepting is

11 A\ A Y 1
— S [(Cia T <(1-%) <e"rc 4
<2+2|<C 2 J>) < 2) = = dgrM, (34)

for W = [2e72In(4qrM,)] with e = v/4r and v = ¢ — s. The second source of error is (1b)
choosing a wrong |T;;) for |C;) in Alice’s round. Alice does not lose in (1b), but there may
be multiple |T;;) close to |C;_1). Again, Alice’s winning probability decreases by at most
der (T35 XTi5] | Ci—1)(Ci-1]), and the probability of choosing a “bad” transcript is bounded
by Equation (34). We can take the union bound over all rounds and entries in the tables
to bound the probability that a bad transcript is selected by 1/(4q). Thus, Alice’s winning
probability decreases at most re = /4 in total, which gives Pr[P,(C,) > ¢c—~/4] > 1 — 4—1q,

where the probability is taken over the choice of |Ci(k)> in step (1a) and outcome of the SWAP
tests in (1b). Assuming P, (C,) > ¢ —v/4 and thus E[Nac.] > (¢ —v/4)T, the probability of

V. rejecting in step 2 can be bounded with Hoeffding’s inequality

2(T/4)?

T (35)

Pr[Noe < (¢ — 1/2)T] < exp( ) < exp(—7°T/8) <

1
i
for T = [8y~21n(4q)]. Setting § = 1/(rq), and taking into account the disentangler error
1/(2q) of Equation (33), Alice wins with probability > 1 — 1/q. We have now assigned all
parameters to polynomials in n. For all of the SWAP tests and simulations of V,, we need
K > W -rM, + T copies of each message. Note M; grows exponentially in r = O(1).

Soundness. For x € Ay, the analysis is analogous, just swapping the roles of Alice and

Bob, i.e., “3” is now Bob. The only difference is that now the second player wins, which is

insignificant for the above analysis. <

5 Quantified Hamiltonian Complexity

In this section, we initiate the study of quantified Hamiltonian problems. Our primary
motivation is to identify complete problems for the various definitions of QPH to better
understand these classes and the relationship among their different variants. At the same time,
quantified Hamiltonian problems are natural in their own right: they naturally generalize
quantified Boolean formulae from classical complexity theory [33] to the quantum Hamiltonian
setting. From a physical perspective, these problems capture robust versions of ground-state
questions. For example, these problems allow us to ask: “Does there exist a state on one
subsystem such that, no matter how the rest of the system is perturbed, the total system
remains in a low-energy state?”
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5.1 Quantified Hamiltonian Problems

We now formally define the quantified Hamiltonian problems studied in this work. There
are four natural variants we consider, determined by the following choices: (i) whether the
quantified states are restricted to be pure or may be mixed, and (ii) whether the Hamiltonian
is local or sparse. Our definitions generalize the separable local Hamiltonian problem (or 33-
PLH in our notation) and separable sparse Hamiltonian problem (or 33-PSH) of Chailloux
and Sattath [12] to the alternating quantifier setting. Note that pure/mixed makes no
difference in the 33 case due to convexity.

» Definition 24 (3V-k-LH). Let 2n be the number of qubits, k > 1 a fized constant, and
a,b € R satisfying b— a > 1/poly(n). Given a k-local Hamiltonian H as input, the task is to
decide, under the promise that one of these holds:

(YES case): IpVo: tr(H(p® o)) < a, or

(NO case): VpIo: tr(H(p® o)) > b.
We write IV-k-MLH (mized, local Hamiltonian) for the version where p and o may be
mized states and IV-k-PLH (pure, local Hamiltonian) for the version where p = |¢)Xv| and
o = |oX@| are pure states.

To move from local to sparse Hamiltonians, we replace the locality constraint with a
sparsity condition on the input operator.

» Definition 25 (Row-sparse operators). An operator A is row-sparse if:
Each row of A has at most poly(n) nonzero entries, and
There exists a polynomial-time algorithm which, given a row index i, outputs the list of

all pairs (i, Aij) such that A;; # 0.

We can now extend the quantified local Hamiltonian problems to their sparse-Hamiltonian
counterparts. We define the problems below for an arbitrary constant number of quantifiers,
as we will later prove completeness at every level.

» Definition 26 (Quantified sparse Hamiltonian problems). Let i € N and fiz a polynomial q.
The promise problem MSH-Y; is defined as follows:
(Input): A d-sparse Hamiltonian H on n = ny + -+ + n; qubits with || H||max < q(n),
thresholds a,b € R with b—a > 1/q(n), and H is defined by a circuit that given r outputs
all entries in row r (see Definition 25).5
(YES case): Ip1Vp2 - Qi tr(H(p1 ® - ® p;)) < a.
(NO case): ¥p13ps -+ Qipi: tr(H(pr @ --- @ p;)) > b.
Here, Q; is 3 when i is odd and ¥ when i is even, and Q; is the complementary quantifier.
Each pj is quantified over D(H;) with H; = c?v.
The pure variant PSH-X; is defined identically, except that py,...,p; are restricted to
pure states. Finally, MSH-T; and PSH-I; are obtained by inverting all quantifiers.

Generally, a problem is in pureQX; if and only if its complement is in pureQrll;. Although
PSH-%; is not equal to the complement of PSH-I1;, there is a trivial poly-time reduction.

» Lemma 27. PSH-T; <, PSH-X; and PSH-X; <, PSH-I; for alli € N, i.e., PSH-T; is the
complement of PSH-X;, up to poly-time many-one (aka Karp) reductions. The analogous
statement holds for the mized/sparse, pure/local, and mized/local variants.

5 The parameters d,n are implicitly bounded in terms of input size via the circuit description of H.
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Table 1 Variants of the JV-quantified Hamiltonian problems. All variants are contained in
PSPACE except for the pure/sparse case, where the best known upper bound is NEXP.

Local Sparse
Mixed € NP™MA 0 coNPMA (Corollary 31) € QX (Proposition 33)
Pure € NpPureSuper@MA (proposition 32) pureQX,-complete (Theorem 37)

Proof. (H,a,b) € (PSH-MN;)yes <= (—H,—b,—a) € (PSH-X;),, follows directly from
Definition 26. <

In the remainder of this section, we establish containment and hardness results for the
quantified Hamiltonian problems defined above. The results we obtain for the two-quantifier
versions are summarized in Table 1; generalizing these to more quantifiers is relatively
straightforward.

5.2 Quantified Local Hamiltonian: NP with a QMA Oracle

We begin by analyzing the pure/local and mixed/local variants of the quantified Hamiltonian
problem. In particular, we show that these solved by oracle classes of the form NP? for a
promise class O, and we refer the reader to Definition 13 for a definition of NP with an oracle
to a promise class.

A key step in our proofs is checking the consistency of local density matrices: given
a collection of reduced density matrices, does there exist a global quantum state that is
consistent with all of them? If the global state is allowed to be mixed, checking consistency
is known to be QMA-complete [29, 9]. If, instead, one must decide whether there exists a
global pure state consistent with the reduced density matrices, the problem is pureSuperQMA-
complete [23].6

Because the Hamiltonian is local, each term in H acts on only a constant number of
qubits. This means that for any purported proof state, it suffices for the prover to supply the
reduced density matrices on just those local subsystems. The first witness for the quantified
Hamiltonian problem can therefore be succinctly described by a classical list of local density
matrices. The remaining task — verifying that these matrices are consistent with a true
quantum state — can be outsourced to a QMA oracle. We formalize this now.

» Proposition 28. 3v-k-MLH € NP/QMA[2,

Proof. Let H = ) . H; be the given k-local Hamiltonian. The NP prover provides the
collection of reduced density matrices of the candidate state p on the supports of the local
terms H;.

First, the verifier checks that these reduced density matrices are consistent with some
global state. This can be done using a single QMA query, since consistency of local density
matrices is QMA-complete [29, 9].

Next, for each term H;, the verifier computes an effective operator H] =
> Pij (il Hi [ij) , where p; = 375 pij [¢i;)X¥ij] is the reduced density matrix of p on
the qubits that H; acts upon. Let H' =", H;. Then H' is an operator acting only on the
Hilbert space corresponding to the V-prover’s state o.

5 In pureSuperQMA, the verifier runs poly-many circuit checks on the same pure witness state that all
must accept with probability exactly 1/2 in the YES case. In the NO case, at least one check has
acceptance probability bounded away from 1/2. See [23] for a formal definition.
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Finally, the verifier queries a coQMA oracle to check whether Vo: tr(H'c) > b. Since
the procedure requires only one QMA query (for consistency) and one coQMA query (which
can be implemented using QMA), the entire protocol lies in NPIIQMAL], |

It turns out that NPIOMARZN — NPAMA Tt ig not clear whether a single query in Proposi-
tion 29 suffices to simulate NPQMA, because one query is a QMA-query and the other is a
coQMA-query. The proof is given in the full version [17].

» Proposition 29. NPAMA - NP/IQMAL2]
By Lemma 27, we immediately get an analogous result for V3-k-MLH.
» Proposition 30. V3-k-MLH € coNPMA,

Proof. Because dV-k-MLH is in NPQMA, it’s immediate that 3v-k-MLH is in coNPOMA,
Lemma 27 implies that there is a reduction from V3-k-MLH to 3V-k-MLH, which completes
the proof. |

» Corollary 31. 3V-k-MLH € NPOMA 1 coNPOMA,

Proof. By a min-max theorem (e.g., [18, Theorem 2.2]), we have that IV-MLH = V3-MLH.
Thus, Propositions 28 and 30 implies the result. |

An argument essentially identical to that of Proposition 28 yields the following containment
for the pure/local case.

» Proposition 32. 3V-k-PLH € NP/lPureSurerQMAL]

Here, one query to the pureSuperQMA oracle verifies that the provided local density
matrices are consistent with some global pure state (a complete problem for pureSuperQMA
[23]), and a second coQMA query is used exactly as in the proof of Proposition 28. We omit
the details, since the argument carries over verbatim.

We remark that, unlike in the mixed-state case, we do not obtain containment in
NpPureSuperQMA - o\ pPureSuperQMA 1,0 cause the minimax theorem invoked in Corollary 31
does not apply when the proofs are restricted to pure states.

At present, there is no known approach to proving hardness for the intersection class
NPOMA A coNPIMA, Moreover, such hardness results appear unlikely: we do not know of
any complete problems for even NP N coNP and if the 3V-MLH problem were hard for either

NPQMA PQMA

or coN , it would imply NPAMA — oN PQMA, an equality that seems implausible.

5.3 Quantified Sparse Hamiltonian: Complete Problems for pureQPH

We now turn to the sparse variants of the quantified Hamiltonian problem. Our first result
establishes that the dV-mixed sparse Hamiltonian problem lies in Q¥,. More significantly,
we prove that the quantified pure sparse Hamiltonian (PSH) problems are complete for
each level of the pure quantum polynomial hierarchy. That is, for every i € N, PSH-%; is
pureQX;-complete and PSH-I1; is pureQll;-complete. This gives the first natural family of
complete problems for pureQPH.

» Proposition 33. 3V-MSH is contained in Q.

Proof. The proof is identical to the containment result give in Theorem 37 (below); we defer
the details to that proof. <
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Our completeness result requires the following lemmas. The first lemma is a simple but
useful structural fact: if two registers are almost symmetric, then one register must be close
to containing a copy of the other. This lets us “pull out” a clean copy of a state whenever the

verifier enforces near-symmetry via a SWAP test. The proof is given in the full version [17].

» Lemma 34. Let [¢) € Ha and |¢) € Hp ® He with Ha = Hp, and gy, denote the
projector onto the symmetric subspace. If tr((Ilsym) ap(|U)Y| @ |d)@])) > 1 —e > 1/2, then
there exists |¢o) € He, such that di(|6) , |1, ¢2)) < V/2€.

Next, we recall Kitaev’s circuit-to-Hamiltonian construction, which is the backbone of
essentially all Hamiltonian complexity reductions.

» Lemma 35 (Kitaev's circuit-to-Hamiltonian mapping [26]7). Let V = U,, - - - Uy be a quantum
circuit of m 2-local gates with a ancilla qubits and b input qubits. Then there exists a
Hamiltonian HY) that is the sum of O(m) 5-local projectors, such that

Ker H — p{ U0 4 [)5) ® 1107 )

W,%EU [4) € c} (36)

where A is the ancilla register, B is the input register, and C is the clock register. HY) has
a spectral gap of Q(1/m?).

The final tool we need is a variant of the well-known Projection Lemma, which frequently
appears in Hamiltonian complexity.

» Lemma 36 (State Projection Lemma [23]). Let H = Hy+ Hj be the sum of two Hamiltonians
acting on Hilbert space H = S ® S+, where S is the kernel of Hy and the other eigenvalues
are at least J. Let p be a state in H such that tr(Hp) < e. Then there ezists a state o (pure

if p is pure) in S, such that d,(p,0) <6 and tr(Ho) < e+20 ||Hy||, for § = /(e + || H1|)/J.
We are now ready to prove our completeness result.
» Theorem 37. PSH-%; is pureQX;-complete and PSH-I1; is pureQIT;-complete.

Proof. Containment. PSH-L; € pureQY; is completely analogous to the containment of the
Separable Sparse Hamiltonian problem (i.e. 33-PSH) in QMA(2) [12]. Given d-sparse n-qubit
Hamiltonian H with 0 < H < I and error €, [12] constructs a circuit @ (using Hamiltonian
simulation and phase estimation) that runs in time poly(d,n,e~1), such that for all states
1), we have |Pr[Q accepts [))] — (1| H [¢))| < . So all the pureQ¥;-verifier needs to do is
normalize the input Hamiltonian to satisfy 0 < H < I and simulate Q with e = 1/(4¢(n)),
which gives a promise gap of 1/(2¢(n)).

Hardness. Let i € N. We will show PSH-I1; is pureQlli-hard for even i, and PSH-X;
is pureQX;-hard for odd i. The other two cases follow by Lemma 27. Let i be even
and A € pureQIl; (the proof for odd i and A € pureQX; is completely analogous). Given
x € {0,1}", we construct Hamiltonian H, in time poly(n), such that for a, b to be determined
later,

z € Ayes = (H:maab) € (PSH'ﬂi)yes (37&)
€A = (Hg a,b) € (PSH-M)no (37b)

" This lemma is only implicit [26]. A direct proof can be found in [30, Remark 3.3].
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There exists a poly-time uniform family of verifiers {V }, such that

xeAyes = VW1>3|1/12>V|¢171>3|¢1>Pz(¢1®®¢z)2
x EAHO = 3‘1/11>V|1/)2>3|1/)1_1>V|1/)1> Pz(w1®®7f11) S S(’Il), (38b)

where P, (p) denotes the acceptance probability of V, on input p. Let m < n°W be the

number of gates of V,, and p < m (without loss of generality) the number of qubits in

each message. Denote the i message registers of V, by Bi,...,B; of p qubits each. The

Hamiltonian H will act on registers Hy = By,...,H;—1 = B;_1,H; = ABC, where A is the

ancilla register of n4 < m qubits, B = B; ...B; is the input register to V' of ip qubits, and C

is the clock register of m qubits. In terms of Definition 26, we have n1 =--- =n;_; = p and
=1ip + m + ny. Finally define the Hamiltonian

.
H, = [0)0] 4, ® [1)(1]e + J1|0X0le, ® (I — gyma) #s... 1 By By + S H YR, (39)

with H(V=) from Lemma 35, Ilsym the projector onto the symmetric subspace across the cut
Hi...Hi—1 / Bi...B;—1, and sufficiently large 1 < J; < Jo < nPM . H, is O(m)-sparse
since H (V) is local and has O(m) terms, and Iy, is 2-sparse.

Let a=(1—¢)/(m+1)and b = (1 —c+v/4)/(m + 1), where v = ¢ — s. Note that
the gap b — a > 1/q(n) and bound ||H;|lmax < O(Jom) < q(n) for n = ny + -+ 4+ n; can
be achieved by padding the last message (i.e. increasing n;) and letting H, act as identity
on the padding qubits. We lose purity of the last message, but that is not an issue since
Equations (38a) and (38b) are still true when replacing the pure |);) with a mixed p; (by
convexity).

For & € Ayes, we have Equation (38a) we argue that

Vig1) A|oa) -V pi—1) 3] ¢i) : tr(H(r @ -+ @ i) < a, (40)

holds with [¢;) € H; for all j € [i]. For rounds 2,4,...,7 — 2, Alice (taking the game
interpretation with Bob as first player (V) and Alice as second player (3)) can simply send
the same response as in (38a), i.e., |¢;) = |[¢;) for even j < 4. In the last round, Alice sends
a valid history state of the form

1 _
i) = D Ui Ua(0) 4 [n - 1)) © 107 ) (41)
m+ 1=
where [1);) corresponds to Alice’s last message in (38a), and Uy, ..., U,, are the gates of V,

with output register A;. Then we get tr(H,(¢1 @ - ®¢;)) < (1—c)/(m+1) since V,, rejects
|th1, ..., 1;) with probability <1 —c.
Now consider z € A,, and assume

Vig1) A |ga) -V |pic1) I i) : tr(H(d1 @ -+ @ ¢)) <. (42)

We will show that this contradicts Equation (38b). Let |¢) = |¢1,...,¢:), and € = v/(8(m +
1)). By Lemmas 35 and 36 and choosing sufficiently large Jo € poly(Ji,m,y~1), there exists
a state |@}), such that for some input state |n):

3

- UL[0) 4 ) g @ [170™ ),

dtr(|¢ )5 |9% >) S and tr(J1(1 — gym) (1 @ -+ ® i1 @ ¢)) < b+ Jie.
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By Lemma 34 and choosing sufficiently large J;, there exists a state |n;), such that

dtr(|¢1a'~-7¢ifl7ni>>|77>> §57 (44)

and therefore dy.(|¢;) , |¢))) < 2¢, with

/! 1 = m—
|¢7) = T ;Ut UL |0) 4 |01,y dim1, mid g @ (1705 (45)
Hence,
tr(H(pr @ ®¢i1 ®¢))) = %ﬂ(l —Po(¢1 @ @ ¢i_1 @ 1)) < b+ 2e. (46)

Thus, Pp(¢1 @+ @ ¢i_1 ®@1;) > c— /4 —~v/4=c—~/2=s+/2. Therefore,

Vi) 3he) -V |i1) I i) s Pe(p1 @ -+ @1 @mi) > 5+ /2, (47)

which means that Alice can win with probability at least s + v/2 by choosing the even

messages [a) = |P2) ..., |[hi—2) = |di—2), |1:) = |n:) with |p1),...,|¢:) as in Equation (42),
and |n;) as in Equation (44). This contradicts Equation (38b). <

We note that proving that 3V-MSH is QX -hard seems out of reach with current techniques.

Theorem 37 relies on the SWAP test, but this approach fails in the mixed-state setting,
because the SWAP test fails to check equality of mixed states. Any hardness proof would
therefore require fundamentally new ideas.

6 Open Problems

1. Are there complete problems for variants of the quantum polynomial hierarchy beyond
pureQPH? For example, can the pure/local, mixed/local, or mixed/sparse Hamiltonian
problems be shown complete for any class?

2. Tt is striking that the local variants of the quantified Hamiltonian problem only required
quantum computation in the oracle part of the machine. For instance, in Proposition 32,
the base machine is merely NP. A natural direction is to better understand the relationship
between NP?A and QMAMA,

3. Is 3V-k-PLH complete for NP/IPureSuper@MALZI9 A 1 hitive answer would imply that

NP ||pureSuperQMA[2] C pu I’EQ22,

giving the first connection between oracle-based and quantifier-based definitions of the
quantum polynomial hierarchy.

4. Can one construct disentanglers with guarantees stronger than those in Theorem 187 In
particular, is it possible to design a disentangler whose output is always (close to) a pure
state?
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