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—— Abstract

We obtain several results on sampling product distributions in a local and randomness-efficient
fashion:

1. Let D = (D1, D2,...,Dy) be a product distribution where the D; have constant support and
have dyadic probability masses (i.e., of the form a/2° where a,b are integers). Then D can
be sampled in constant time in the bit-probe model (equivalently, in NCO) and randomness
complexity (h(D) + €)n, up to an exponentially small statistical error. The dyadic requirement
is necessary.

2. Every p-biased distribution can be sampled in constant time in the cell-probe model with
randomness complexity h(p)n 4+ /n - polylog(n), up to a polynomially small statistical distance.

3. We determine the tradeoffs between locality and statistical distance for sampling the 1/4-biased
distribution using non-trivial randomness complexity (e.g., 1.99n). For 2 bit probes, essentially
no non-trivial approximation is possible; for 3 bit probes, we give a sampler with 1/poly(n)
statistical distance and show that this is best possible; finally, 4 bit probes suffice for exponentially
small distance.

Our constructions rely on pseudorandom distributions that are bounded uniform on average.
These distributions are obtained using various tools from low-density parity-check codes, and recent
results on succinct and retrieval data structures by Hu, Liang, Yu, Zhang, and Zhou (STOC 2025).
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Local Samplers for Product Distributions

1 Introduction

Shannon’s source coding theorem [40], see for example [12, Theorem 3.2.1], says that n
ii.d. samples from a source D can be compressed into about nH (D) bits, from which the
samples can be decoded with high probability. In Shannon’s original result, the decoder is
not explicit; efficient source decoding algorithms were developed in subsequent works (see,
for example, [35] and the references therein).

However, source coding places no requirement on the statistical distance between the
decoder’s output distribution and the source distribution. Later, Knuth and Yao [31] initiated
the study of “source simulation,” more commonly known as sampling. Formally, given a
distribution D, say supported on {0, 1}*, the goal is to design a mapping f: {0,1}™ — {0, 1}*
such that for a uniformly random x € {0, 1}™, the distribution of f(z) is equal (or close) to
D. Knuth and Yao proved optimal bounds on the ezpected number of uniform bits required
for this task.

By a simple concentration argument, one can extend their result to construct samplers
for n ii.d. samples from any distribution D with worst-case randomness complexity close to
the information-theoretic optimum nH (D). The sampling question has since been studied
extensively in both information theory and computer science theory, leading to time- and
space-efficient samplers in various settings. We refer readers to [32, Chapter 9] for a brief
survey, and to [16] for a summary of more recent developments.

However, achieving randomness complexity close to nH (D) using samplers that run in
constant time per output symbol has proved elusive. Somewhat surprisingly, we show that
this is possible in various settings. For example, Theorem 1 establishes such a result in the
bit-probe (a.k.a. NC?) model for any dyadic source, a restriction that prior work has shown
to be necessary.

More broadly, a main motivation for this paper arises from the study of the complexity
of distributions. We now elaborate on this perspective and then present our results.

Recent years have witnessed substantial progress on understanding the complexity of
sampling distributions, motivated in part by earlier work showing that sampling can be easier
than computing. In contrast to the standard task of computing a function, sampling does
not require f to output any specific value on a given input x; rather, the focus is solely on
the distribution induced by f(x) when @« is chosen uniformly at random.

For a concrete example, consider the parity function. While classical results in the
80s [24, 41] showed that AC" circuits have small correlation with the parity function, the
works [2, 8] showed that the uniform distribution on n-bit strings with the same parity can
be sampled exactly by the following 2-local function on n — 1 bits:

(@1, &no1) = (1,21 B X2, 22 B X3, ..., T2 D Tp_1,Ln_1)-

Other surprising examples include sampling the inner-product mod 2 function [27] and
random permutations [34, 22, 42]. For background and more discussion we refer the readers
to [42].

The work [42] initiated a study of the complexity of sampling using restricted computa-
tional models and established several lower bounds. Since then, a large body of works have
established many exciting unconditional results on sampling distributions in several restricted
models, including local functions [42, 45, 17, 28, 29, 30], small-depth circuits [33, 4], one-way
space-bounded computation [9], and communication protocols [20, 50]. By now, this line of
research has found a wide range of applications in various areas such as randomness extrac-
tors [43, 10, 11], data structures [42, 45, 50, 1], low-distortion embeddings [5, 7], quantum
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and classical separation [48, 21], and coding theory [39]. In fact, jumping ahead, this work
will also further develop some of these connections (in particular, to data structures). We
refer the readers to the blogpost [46] for more details on these connections.

In this work, we study the complexity of sampling product distributions. The special
case of p-biased distributions on n bits, denoted Ber(p)”, is already omnipresent in computer
science. For example, the complexity of sampling p-biased distributions has been studied
in a series of recent works including [45, 17, 28, 29]. Some of the motivation for this line
of research comes from a connection with data structures from [42], discussed more below.
Such distributions also arise as noise or random restrictions in various areas ranging from
distributed computing, to Boolean function analysis, coding theory, randomized algorithms,
and learning theory. For example, in cryptography the Learning Parity with Noise (LPN)
problem [6] or its cousin the Learning With Errors (LWE) problem [38] are considered
standard hardness assumptions. Instantiation of cryptographic primitives based on these
assumptions typically requires perturbing a binary vector with p-biased noise. Hence very
efficient (or parallel) implementations typically require correspondingly efficient ways to
sample such noise. In pseudorandomness, recent approaches to constructing generators
involve summing bounded-independence generators with p-biased distributions, see the
monograph [25] and the works [13, 14]. Again, efficient implementations of these generators
require efficient samplers for p-biased distributions.

Our main interest in this work is to understand the tradeoffs between locality, input length
which we also call seed length or randomness complexity, and statistical distance for sampling
product distributions.

To illustrate, let us consider the task of sampling the 1/4-biased distribution on n bits,
denoted Ber(1/4)™. On the one hand, the distribution Ber(1/4)™ can be sampled with
randomness complexity 2n and locality 2. This trivial construction partitions the 2n input
bits into n pairs, and for each pair computes AND of the two bits. On the other hand, the
result by Knuth and Yao [31] implies that any p-biased distributions on n bits can be sampled
with randomness complexity h(p)n + o, (1), where h(p) = plog,(1/p) + (1 —p)log,(1/(1 —p))
is the binary entropy function, which is best possible. However, their result and follow-up
works do not take locality of sampling algorithm into account. It is natural to ask whether
one can simultaneously achieve small locality and low randomness complexity. This question
was explicitly posed in a blog post [44] nearly a decade ago; yet, to the best of our knowledge,
the tradeoffs involved remain poorly understood. In particular, the following basic question
has remained open:

Can you sample Ber(1/4)™ with constant locality and randomness complexity
(h(1/4) 4+ €)n?
Can you even get randomness complexity 1.99n with constant locality?

1.1 Our results

We resolve the aforementioned basic question in the affirmative. Somewhat surprisingly,
we show that with constant locality we can sample any product distribution (in particular,
Ber(1/4)™) with nearly optimal randomness complexity. This result requires the distribution
to be dyadic, i.e., all probability masses are of the form a/2° for integers a,b. The dyadic
requirement is necessary: for example, Ber(1/3)" cannot be sampled locally, even approxi-
mately. This follows from the techniques in [45], though the result there is stated for the
Hamming slice; alternatively, see [28, Theorem 1.10]. Thus, our results illustrate a stark
contrast between sampling Ber(p)™ for dyadic and non-dyadic values of p. Henceforth, we
denote statistical distance by dist.
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» Theorem 1 (Special case of Theorem 8). Let D = (D1, Da, ..., D,) be a product distribution
where each D; is dyadic and supported on {0,1}". For every € > 0, there is a Oy, ¢(1)-local
f with input length H(D) + ewn such that dist(f(U), D) < e~ %w.(®),

By increasing the locality to O(log n), we can approximate any distribution by a dyadic one
and sample any arbitrary product distribution to within distance 1/poly(n) (see Corollary 9).

The above result is in the bit-probe model. Our next result is in the cell-probe model,
where the input randomness is organized in words of O(logn) bits, and one probe reads an
entire word. We show how to sample Ber(p)™ with randomness complexity h(p)n + O(yv/n)
to within distance 1/poly(n), in constant time.

» Theorem 2. The distribution Ber(p)™ can be sampled using h(p)n++/n-polylog(n) uniform
bits within statistical distance 1/poly(n) with O(1) word-probes.

Returning to the bit-probe model, recall the trivial sampler of Ber(1/4)™ that is 2-local
and uses randomness complexity 2n. We ask ourselves what can be achieved using constant
locality and non-trivial randomness complexity (2 — €)n. We determine the tradeoff between
locality and statistical distance: For 2 bit-probes, no non-trivial approximation is possible;
for 3 bit-probes, we give a sampler with 1/poly(n) error and show that this is best possible;
finally, 4 bit-probes suffice for exponentially small distance. We state these results in two
theorems, the first focusing on negative results, the other on positive.

» Theorem 3 (Theorem 19 and Theorem 25). For e > 0 and f: {0,1}2=9" — {0,1}" be
any d-local function. We have

. . 1—e M ifd=2
dist(f(U), Ber(1/4)") > {n—O(l) ifd=3.

» Theorem 4 (Theorem 23 and Theorem 28). For d € {3,4}, there is an € > 0 and a d-local
sampler f: {0,132~ — 10,1} such that

Q1) rg_
dist(f(U), Ber(1/4)") < {”Q:n; yd=s
e ifd=4.

Our constructions are explicit in the following sense. The claimed samplers (viewed, for
example, as circuits) can be constructed by an efficient randomized algorithm, with a small
error probability. Jumping ahead, the error probability arises from the need of constructing
certain matrices (cf. Lemma 11) for which we do not know of a deterministic construction.
However, at least in the cell-probe model we also obtain a deterministic construction of the
sampler (see full version of this paper).

While we have focused on product distributions, we mention that a body of works has
established strong negative results for sampling distributions in NCY or even AC® regardless
of the input length of the sampler. For example, [33] has shown the existence of linear maps
that cannot be sampled in AC?. Still, there remains some interesting open questions. For
example, it would be interesting to sample random walks on graphs (equivalently, Markov
chains), a problem studied in [47].

1.2 Proof overview

We now give an overview of the proofs. We focus on sampling Ber(1/4)™, which captures all
the key ideas in our arguments.
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Broadly speaking, we obtain Theorems 1 and 2 by concatenating independent blocks of
local samplers with variable input lengths that are close to optimal on average, followed
by sampling their inputs locally and randomness-efficiently. The latter relies on sampling
distributions that are bounded-uniform in an average-case sense. Henceforth, we call a
sampler for each block a block-sampler.

Overview of Theorem 1

A building block of our construction is a (possibly inefficient) block-sampler of Ber(1/4)®
with ezpected randomness complexity close to the optimal h(1/4)b. Such construction dates
back to the work of Knuth and Yao [31]. To illustrate the basic idea, consider sampling one
bit, i.e., Ber(1/4)!. We can do so as follows. First, read an input bit. If it’s 0, output 0;
otherwise, read another input bit and output it. This samples perfectly Ber(1/4)!. While
in the worst case we use a trivial randomness complexity 2, the expected number of input
bits read is only 1.25, which is much better. This idea can be realized using a prefix-free
encoding so that the expected number of bits read is close to optimal.

Given such a block-sampler, we divide the n output bits in blocks of length b = O(1),
and consider sampling each block with an independent copy of the block-sampler. By
concentration inequalities, with high probability over the randomness of the input bits, the
actual number of random bits used to sample a typical output is close to optimal.

We next derandomize this construction. To do so, we sample the inputs to the block-
samplers pseudorandomly via a local linear transformation. Specifically, we take a nearly
optimal number of uniform bits and multiply them by a sparse matrix that expands them
into input bits of the block-samplers.

The key property we need from the matrix is that most small subsets of its rows,
corresponding to the coordinates read by the block-samplers, are linearly independent. This
condition is strictly weaker than bounded uniformity, which requires every small subset of
rows to be linearly independent. Indeed, the Plotkin bound implies that no matrix satisfying
the stronger requirement can achieve optimal seed length. So exploiting this weaker condition
is crucial in our construction.

Although the required matrix property seems relatively basic, we are not aware of any
result in the literature that can be applied directly. So, we give a self-contained analysis
showing that a suitable random construction satisfies this property with high probability.

Overview of Theorem 2

Theorem 2 is obtained via a new connection between sampling and succinct data structure.
While a link between these two areas was already observed in [42] (see Claim 6 below) and
used in a number of following works, our connection is different. The work [42] pointed out
that a succinct data structure is immediately a non-trivial sampler, but the statistical distance
can be quite large and close to 1. This connection can be used to establish data-structure
lower bounds from sampling lower bounds that rule out even such large statistical distance,
but it is not clear how one can use it to obtain useful samplers, even with statistical distance
1/2. Indeed, we are not aware of any construction of samplers that is based on data structure.
Moreover, as our target distribution is not uniform on a set, it is not clear we can use
any existing data structure directly in a blackbox way. Instead, we leverage and adapt the
techniques used in recent exciting progress on the set membership (and dictionary) data
structure problems [26], in particular the use of retrieval data structures.
To explain we begin with a key concept, originating in [37] (see also [15]).
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» Definition 5 (Spillover representation). Given an injective map from a set S to {0, 1}M x [K],
the spillover representation of an element in S is its corresponding element (m, k) € {0,1}M x
[K], where k is called the spill.

The work [42] observed the following connection between sampling the uniform distribution
over a set and membership data structure.

> Claim 6. Suppose a set of n keys in a universe U can be represented by a spillover
representation (m, k) € {0,1} x [K] with M + log, K < log, (g) + €. Then a uniform key
can be sampled from {0, 1} x [K] with error e.

Proof. The error is at most the probability that a uniform element from {0, 1} x [K] is not
a spillover representation of any keys. Using 1 — 1/ < log, « for & > 0, this probability is

()

M.
,2M.K§10g2(

WA

n

We divide the n bits into blocks of B = polylog(n) bits, as opposed to O(1) bits in
Theorem 1. To sample a block with constant word-probes, we now use a succinct membership
data structure by Yu [49]. It shows that one can represent B-bit strings of Hamming weight
s by spillover representations in {0, 1} x [K] so that each string can be retrieved using
O(1) word-probes to the representation. Moreover, the redundancy M + log, K — log (f ) is
1/poly(n) small.

A critical point here is that to sample Ber(1/4), the weight s is not fixed, but a random
variable distributed according to the binomial distribution Bin(B,1/4). Consequently, both
M and K are random variables induced by s.

To sample Ber(1/4), as in [26] we encode a distribution B that is close to Bin(B,1/4)
into the first O(1) words in each representation with a 1/poly(n) increase in redundancy.
This gives us a block-sampler for Ber(1/4)5: we first sample the first O(1) words to determine
the Hamming weight s ~ B, followed by sampling a uniform string of Hamming weight s
using the spill representation in {0, 1}M(S) x [K(®)]. One can show that M(®) 4+ log, K(*) <
h(1/4)B + 1/poly(n) in expectation over s ~ B. Now we can apply Claim 6 to obtain a
O(1)-word-probe block-sampler for Ber(1/4)5.

Our plan is to concatenate the L := n/B independent copies of the block-sampler to
sample the n bits. However, as the size of a representation depends on s ~ B, sampling the
L representations (my, k;) ~ {0, 1}M“" x [K(#)] together with small redundancy becomes
a challenge. The issue here is what we alluded to before. The M) and K(%) are both
random variables, so we need to put together data structures of varying length, which is not
obvious: where are the relevant input bits for a specific output bit?

The work [26] addressed this challenge using augmented retrieval data structure. We
will not define it here, but the key observation behind their construction is that the random
variable M(®) typically is at least My, = log (3/4?}32/3) = h(1/4)B — ©(B'/3), which
is much larger than its deviation An,.x = log, (}54) — Mpuin = O(B'Y3). Based on this
observation, [26] constructs random sparse matrices to concatenate the L representations
with polylog(n) redundancy. Here, we use the same random sparse matrices to sample the
L spillover representations for the block-samplers. However, unlike [26], our construction
does not achieve polylog(n) redundancy, because in contrast to the data structure setting, a
(local) sampler cannot first sample the sizes M(®) (and K(*)) for the L block-samplers and
then decide which portions of input bits are read by each block-sampler.
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Also, the data structure in [26] requires switching between spillover representations over
symbols with different alphabet sizes with small redundancy. In the sampling setting, we
also have to ensure these transformations also maintain closeness to the uniform distribution
(see Lemma 14).

We refer the readers to Section 3.3 for more details.

Overview of Theorem 3 and Theorem 4

Our 2-local lower bound is based on a win-win argument. Given a sampler f: {0,1}" —
{0,1}™ where m = (2 — ¢)n. We consider the bipartite graph representing the input-output
dependency of f.

Suppose there is a subset of m’ inputs which connects to n’ := 100m’ neighbors, then for
every fixing of these input bits, f restricted to the n’ bits is a 1-local, which can be shown to
be exponentially far from Ber(1/ 4)”,, and this remains so after summing over all om’ fixings
of the inputs.

Therefore, if m’ = Q(n), then the result follows. Otherwise, by removing these input
vertices and their neighbors, we are left with a 2-local map from (2—Q(e))n” bits to n” = Q(n)
bits where every input has bounded degree. So we can decompose the outputs into 2(n)
groups so that each group depends on disjoint inputs. We show that each group has some

constant distance away from the 1/4-biased distribution. So the overall distance is at least
1 —e S,

Our 3-local lower bound (Theorem 25) is shown by finding a set of output coordinates of
size k = O(log(n)) which depend on at most 2k — 1 inputs. Indeed, by granularity it follows
that we see all zeros on these k coordinates with probability either 0 or at least 2~ (21 = 2
while Ber(1/4)* outputs all zeros with probability 4. Therefore, the statistical distance of
our sampler to Ber(1/4)™ is at least 7. In order to find such a set, we consider the bipartite
graph representing the input-output dependency of the sampler. Noting that the degree of
each output vertex is at most 3, the problem essentially reduces to finding a cycle of length

O(logn) in any graphs whose average degree is bounded above by 2.

The construction of our 3-local and 4-local samplers (Theorem 4) is inspired by the recent
iterative framework in constructing pseudorandom generators [25]. Recall that the output
of the trivial 2-local sampler is the bitwise AND z A, y for two independent uniform n-bit
strings = and y. The work [23] suggested the following equivalent view of x A, y.

> Claim 7. Let @,y ~ {0,1}" be independent, where x is uniform. Then

dist (x A, y, Ber(1/4)") < sfc)f ][ys is not uniform on {0, I}S].

Proof. We can think of sampling Ber(1/4)" by first sampling a uniform x follows by sampling
an independent uniform string on the subset S of the 1-coordinates of x. <

Therefore, to get close to Ber(1/4)", it suffices for y to be uniform on a uniform subset S
of its n coordinates with high probability. To generate such y, our 3-local sampler assigns each
¥; to two input bits z;, z; according to a 3-regular expander graph G, where y; corresponds
to the edge (z;, 2}
random subgraph of G has no cycle with probability 1 — 1/poly(n). That means the y;’s are
uniform when restricted to most subsets chosen by z, and the result follows.

). Then we let y; be z; @ z,. To analyze the construction, we show that a
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Our 4-local sampler construction follows the same idea. Again, we use n uniform bits
to select a random subset S C [n]. Then to sample y, we use a 3-local LDPC code by
Gallager [18] instead of an expander. By analyzing the weight distribution of the code, we
show that a random subset of rows in the corresponding parity-check matrix is full rank with

probability 1 — e~ ("),

2 Local sampler for product distributions

In this section, we prove Theorem 1.

» Theorem 8. Let q be an integer and Dy, ..., D, be n distributions on {0,1}", where
the probability D;(s) is an integer multiple of 2= for every i € [n] and s € {0,1}". Let
D =Dy x---x D, be the product distribution of the D;’s.

For every € > 0, there exists a sampler f:{0,1}"™ — ({0,1}")" with input length

FSTI,
m = H(D) + eqn and locality O(% log(1)) such that dist(f(Un),D) < 27CZ)  The
sampler f is adaptive, in the sense that for each output query, f makes O(% log(%)) sequential
queries to the inputs, where each query may depend on the previous queries.

The following is an almost immediate corollary from Theorem 8.

» Corollary 9. Let Dy,...,D, be n distributions on {0,1}" for w = O(logn). The product
distribution D = Dy X -+ X D,, can be sampled using H(D) + O(nlogn) bits with locality
O(logn) and error 1/poly(n).

Proof. We can approximate each D; with a distribution D} whose probability masses are
integer multiples of 2~ (w+Mos2(n/M1) guch that |D;(s) — Di(s)| < -5 for all s € {0,1}%,
and in particular dist(D;, D}) < v/n for all i € [n] (cf. [42, Lemma 5.2]). Setting v = 1/n®
for a sufficiently large constant C, the two distributions D and D’ :== D} x --- x D!, are

1/poly(n)-close in total variation distance. Note that for each i € [n] we have

H(D]) — H(D;) < X:PMﬁJ%JDLQD@Vb@@ﬂgM

se{0,1}w
Since |D;(s) — Di(s)| < %, each term in the sum is at most % log, (%), and hence
2y n-2% 2y n- 2%
H(D)) < H(D;) +2* - 1 = .
(D) < HD) +2° o tom, (M52 ) = 2o (257

Therefore, H(D') < H(D) + 1/poly(n), and the corollary follows by applying Theorem 8 on
D' )

We now turn to the proof of Theorem 8. We first apply the following lemma, which is a
special case of [31], which gives optimal bounds on the average-case randomness complexity
of sampling an arbitrary distribution.

» Lemma 10 ([31]). Let D be any distribution on {0,1}*, where there is some ¢ € N such
that D(s) is an integer multiple of 272 for all s € {0,1}*. Then D can be sampled exactly by
a decision tree f: {0,1}9 — {0,1}", where the expected depth of a leaf is at most H(D) + 2.

Lemma 10 and its more general statement in [31] follows from an application of Kraft’s
inequality. (A proof can be found in [32, Theorem 55].) For the proof of Theorem 8, we also
need a sparse matrix with the following properties.
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» Lemma 11. Fiz k € N and a sufficiently small o > 0. Let d = [In(1/a)/«a] and
m > max{%h(a),an}. Let § be any distribution supported on subsets S C [n] of size k.
There ezists a matriz M € F3*™ with at most d ones in each row, such that if we sample a
subset of its rows S according to S, then the corresponding submatriz Mg € ngm is full
rank with probability at least
Slirs [Mg is full rank] > 1 — 9~ O(alog(z)n)

» Remark 12. In Lemma 11 we are looking for a matrix M such that most subsets of k rows
are linearly independent, where most is with respect to the distribution S. We note that
with the required parameters we cannot possibly hope for a binary matrix where any k rows
are linearly independent, as such matrix would correspond to a parity-check matrix of a
linear error correcting codes with block length m, minimum distance k, and dimension at
least m — k, which is impossible over small alphabet (e.g., by Plotkin’s bound, stating that a
linear code of length m with minimum distance k& has dimension at most m — 2k + o(1)).

The proof of Lemma, 11 is available in the full version of the paper.

Proof of Theorem 8. Divide the D;’s into n/t blocks each of size t = [8/€]. Let DU
be the product of the D;’s in the j-th block. Note that DU is supported on {0, 1}
and its probability mass on each outcome is an integer multiple of 279t. We first apply
Lemma 10 to sample each DU) independently with a gt-local block-sampler using gt bits.
Let f: {0,1}7" — {0,1}*™ be the concatenation of the n/t block-samplers. We will sample
the gn-bit input of f’ pseudorandomly by applying the sparse matrix from Lemma 11 to a
seed of some length m.

For each input z € {0,1}9" of f’, let S, C [¢gn] denote the subset of positions read
by f’ to evaluate f'(z) € {0,1}"™. We emphasize that S, are the only positions read
by f’ to evaluate f’(z). Note that S, can be written as S, = S - LI S?/t, where
ST C{(i—1t+1,(j —1)t+2,...,jt} is the subset of bits read by the j-th block-sampler.
By Lemma 10, for a uniform z ~ {0,1}9", we have E[|S1|] < H(DY)) + 2 for every j € [n/t].
Therefore,

n/t
E.[|S:|] <Y H(DY)+2- (n/t) < H(D) + (¢/4)n.
i=1
Let k := H(D) + (¢/2)n. By Hoeffding’s inequality, we have

(en)? 3

Pr[|S.| > k] > Pr[|Sz| > E.[|S.[] + en/4] < e_Q(W/f)'(qt)?) < eiﬂ(%n).

Define a > 0 so that ﬁh(a) = (14 ¢/2) (and therefore @ = O(¢/log(1/¢€)). Let

m =k 1():k~(1+5):<H(D)+ﬂ)(1+§)gH(D)+eqn,

1 2h( 2 2
where the last inequality follows from H(D) < log,(|supp(D)|) < gn.

Let M be the gn x m matrix obtained by applying Lemma 11 with S equal to the
distribution of S, conditioned on |S;| < k and our choice of a. Our sampler f: {0,1}"™ —
{0,1}*" takes an input = € {0,1}" and output f'(Mxz).

Clearly the input length of f is m = H(D) + en. The locality of f is at most ¢t - d =
O(% log? (1)), where d = O(log(1/a)/a) = O(log®(1/€)/e) is row-sparsity of M given by
Lemma 11.

ICALP 2026



109:10 Local Samplers for Product Distributions

We now analyze the error. By Lemma 11, we have
Pr[Ms, is full rank | [S,| < k] > 1 — 27 %@loe()an) > 1 _ 9=Rean),

Let us condition on the event that both |S;| < k and Mg, is full rank. Then for a
uniformly random input x € {0,1}™ to f, the < k bits in the coordinates in S, of Mz are
uniformly random, and thus in each of the n/t blocks the output is distributed according to
D). Therefore,

Q(5n)

dist(f(Un), D) < {%’1"1}%[|Sz|2k}+2*ﬂ(eqn)§e_ 2"

as required. <

3 Sampling p-biased distributions from static dictionary

In this section we prove Theorem 2, restated below.

» Theorem 2. The distribution Ber(p)™ can be sampled using h(p)n++/n-polylog(n) uniform
bits within statistical distance 1/poly(n) with O(1) word-probes.

In Section 3.1, we establish several claims that will be used in our construction. In
Section 3.2, we show how to construct a local block-sampler with near-optimal average-case
randomness complexity. In Section 3.3, we show how to concatenate these block-samplers in
a local fashion.

3.1 Changing bases

In this subsection, we establish local transformations between uniform distributions on
sequences over different domains with little overheads and errors.

> Claim 13. The uniform distribution over [K| can be sampled by m elements in [q] with
error K/q™.

Proof. We think of [¢]™ as {0,...,¢™ — 1}. Given a uniform u ~ {0,...,¢™ — 1}, we output
| #]. The statistical distance is at most the probability that w lies in the last ¢" mod K
elements, which is at most K/q™. <

» Lemma 14. Given p,q < poly(n), there is a function f: [q|™ — [p]™ such that
m < nlog,p+ O(log,n);
each output coordinate depends on O(logq n) many input coordinates;
for every subset S C [n], if the coordinates f(U)gs depends on are e-close to uniform, then
f(U)s is (e + 1/poly(n))-close to uniform over [p]°.

Proof. We modify the proof in [15, Section 4] as follows. They showed that one can represent
, € [p]" by a spillover representation (z,,y) € [¢]™ x [K] where K = poly(n) and

m’logy q + logy K < nlogyp + oly (1)
Moreover, each element of [p]™ only depends on O(log,n) coordinates of (g™ x [K]. Tt
follow from Claim 6 that the uniform distribution on [p]” can be sampled from the uniform
distribution on [¢]™ x [K] with error 1/poly(n), with each output coordinate depending on
at most O(log, n) of the input coordinates. Finally, we use Claim 13 to sample the uniform
distribution over [K] using O(log,n) elements of [g] with error 1/poly(n). <
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3.2 Sampling p-biased distributions on polylog bits

In this subsection, we show how to sample polylog(n) many p-biased bits with O(1)-word
probes.

» Theorem 15. Let B = polylog(n) and C > 0 be any constant. The distribution Ber(p)?
can be sampled from {0,1}M x [K]| with error 1/poly(n), where K < poly(n), with the
following properties:

A distribution B supported on [pB — B?/3,pB + B?/3] that is n=*()-close to Bin(B, p)

can be sampled using the first t := C'logy n bits of {0,1}M.

Given a sample s ~ B, the lengths M® .= M and K®) .= K are fized and

S S 1
E..z [M< ) +logy, K®| < h(p)B + =

Given both s and K®), each output coordinate of a sample can be computed from o(1)
many words of m ~ {0,1}M.

The proof of Theorem 15 follows [26], where we encode the distribution of s into the
succinet data structure in [49] with a small increase in redundancy.

» Lemma 16 (Lemma 28 in [49]). Let B := polylog(n), and C' > 0 be any constant. A size-s
subset S C [B] can be represented by a spillover representation (m', k') € {0,1}M" x [K']
such that

K' = poly(n),

M’ +log K <log (%) +0(1/n°),

each query can be answered with O(1) word probes to m’ and k'.

The proof of Theorem 15 is similar to [26, Lemma 4.2]. We include a proof sketch in the
full version of the paper.

3.3 Concatenation

In this subsection, we explain how to sample the inputs of the L = n/B copies of the
block-sampler in Theorem 15. Specifically, we will sample the L spill representations
(m;, k;) € {0, 1}M(Si) x [K(*)] in a local and randomness-efficient way.

To illustrate the conceptual idea, let us for simplicity consider sampling only the m;’s
but not the k;, using LE[M )] 4+ O(/n) bits.

Recall that in Theorem 15, B is a distribution that approximates Bin(B,p) and is
supported on [pB — B%/3, pB + B?/?]. For every fixed s in supp(B), the sampler will sample
from the uniform distribution on {0, 1} “ % [K(®)] a spill representation of a size-s subset
in [B]. Without loss of generality, we will assume M (*) is an integer multiple of the word
size w = O(logn) and K) > n® for a large enough C. This can be achieved by moving
O(w) bits in M) to the spill, which can only change the spill size K(*) by a factor of at
most 29(") < poly(n).

We now make some observations about M) for s € supp(B). Henceforth, we will
treat bits as words, and view {0, l}M(S) as W) == %(S) Fyw-elements. Note that we have
W) € [Winin, Winax), where

— 1 B _ 1/3
Won = 10 (g Py = W) (B/0) - (5 fw) and

Wons = 10, ( 11) < W) (B /).
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Thus, we can write W) = Wi, + A®) where Wi, does not depend on s and A®) <
Anmax = Wmax — Win = @(Bl/ 3). Therefore, we can make the following conclusion on the
concatenation of the L samplers:

it always reads a fized set of Woin = LWin coordinates;

it reads at most A, = /L Togn additional coordinates with probability 1 — 1/poly(n);

it reads at most Apax = LAnax additional coordinates in the worst-case.
Moreover, the maximum deviation A,y is much smaller than W,;,. Specifically, we have
Apax < Wonin /logn. Based on this observation, we can apply the following sparse matrix
used in the augmented retrieval data structure in [26] to sample the W (1) 4 ... 4 W(sz)
input elements to the L block-samplers.

» Lemma 17. Let | be a finite field of size at least n©. Let S C [Amax] be a random subset
of size at most Age. Suppose Wnin > Apaxlogn. Then there exists a (W min + Amax) X
(W i + Agnr) matriz G over F with O(1) nonzeros in every row such that

1

P;r G <S s full rank| > 1—W.

[Wmin]

The parameters in our lemma are slightly different from the one in [26], so, we give a
proof sketch in the full version of this paper.

Here the random subset S in Lemma 17 corresponds to the random subset of the LW .«
coordinates read by all L samplers modulo their first Wy, elements. By concentration
bounds, S has size at most v/Llogn with high probability. It follows from Lemma 17 that
the number of uniform words used by the sampler is Winin + Amax < LE[W(S)] + 5(\/5), as
desired.

We now briefly discuss how to sample the L spills using the same idea. First, we will
assume that K (®) is prime and treat [K(®)] as a field, by embedding [K(*)] into the closest
prime field, which has little effect on the error and seed length (see Claim 13).

Note that the K(5:)’s depend on s;’s and therefore are not all identical. Nevertheless, as
B is supported on [pB — B3 pB 4 B?/3], there are at most 2B2/3 + 1 = polylog(n) many
possible values for K(*). Let us denote these values by K, ..., K, for some ¢ < 2B%/3 41,
and define p; = Prg[K(®) = K;] = > sik—r,; B(s). Let Nj = Nj(s1,...,s.) denote the
number of K©)’s equal to K;. Over the random choice of si,...,s; ~ B, the random
variable IN; is distributed close to Bin(L, p;), and thus is at most p,; L + O(y/Llogn) with
probability at least 1 — 1/poly(n).

One complication is that p;L can be smaller than y/Llogn. So, in order to apply
Lemma 17, we will sample the IN; Fy;-elements together with a fraction of the W min
Fow-elements. (We will convert the Fow-elements to F K ,;-elements via Lemma 14.)

3.3.1 Proof of Theorem 2

Our goal is to sample random elements
w = (wy,...,wr) € (Fym=)l and k; € [K;]F:j € [q],

so that with probability 1 — 1/poly(n) over (si,...,sr) ~ BL, each w; is 1/poly(n)-close
to uniform on the first W (%) elements, and k; is 1/poly(n)-close to uniform on the first
N ; elements, using h(p)n + y/n - polylog(n) uniform bits. Moreover, each output element
depends on O(1) words of size w = O(logn) bits.

We first partition these elements into g + 1 parts and sample each part individually using
Lemma 17. For each block i € [L], let I; be the first Wi, = ©(B) positions of w;, and I; its
remaining Apmax = Winax — Winin = 9(31/3) positions. We then partition their union UiL:l I;
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into ¢+ 1 sets JoU Jy U---UJ,, where |J;| == %{;‘““ for i € [g] (and so |Jo| = 2E%min). Note

that the coordinates in J;’s are always read by the sampler, and the rest may not be. We
will apply Lemma 17 to sample

1. (Words) the Faw-elements in Jo and J7_, I;.
2. (Spills) [K;]* and the Fauw-elements in J; for each j € [q].

Let Wonin = LWpin and Wax = LWihax.

Sampling the words

Let Awd.max = LAmax, Awd.the == vLlogn, and AL = W) — W, for every s € supp(B).

Note that E[Zle AG)] = LEW®) — W] = o(v/Llogn). By Hoeffding’s inequality, we

have

L
Pr {Z ABD < de,thr >1—1/poly(n).

81,..+,8L
i=1
Conditioned on this event, let S be the subset of coordinates in UiLﬂTZ— (determined by
$1,...,8y) that are read by the sampler (in addition to UiL:1 I;). We have |S| < Ayd,thr,
and

q
Z|TL‘ log” = de,max log n S %Wmin = |TO|
i=1

By Lemma 17, there is a (%Wmin + de’max) X (%Wmm + de’thr) matrix M over Fouw
with O(1) nonzeros in each row such that for a uniform w, we have

L
l?gr [Mu is uniform on L_Jl I; U S] >1—1/poly(n).

Note that Wi, < W] for any s € supp(B), and thus W, < LE[W(®)]. Therefore,
the number of uniform bits used to sample this part is at most

3Win  — 3LE[M(®)
(T + Awd’thr) cw < # + \FLlog?’/2 n. (1)

Sampling the spills

We now explain how to sample the spills and the remaining words. We will use the following
result from number theory [3].

» Lemma 18. For every sufficiently large n, there is a prime between n and n + n%>25.

For each j € [q], let Ajh == p;L + /Llogn, and P; be the smallest prime that is at
least K, which, by Lemma 18, is at most K; + K;)'525. The sampling procedure consists of
3 main steps:

1. use Claim 13 and Lemma 14 to sample [K;]* and the

D over a tuple of Fp,-elements.

Wi;‘“ word-elements by a distribution

2. use Lemma 17 to sample the distribution D using uniform Fp, elements.
3. use Lemma 14 to sample these uniform Fp, elements using uniform words.
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We now describe each step in more detail. First, by Claim 13, for any subset S C [L], if

a distribution D is e-close to uniform on Flspj, then D is (e + §)-close to uniform on [K;]°,
where
0.525
—0.47
(sgL.méw-Kﬂ ® < 1/poly(n). (2)
J

}szwmin / (4‘1)

Next, we apply Lemma 14 to obtain a local-sampler mapping IFIFD; to with error

1/poly(n), where

Fj = + O(logp, n) = O(n/B*?).

w
4q  logy P;

Recall that N; ~ Bin(L,p;) with E[N,] = p;L and A, = p;L + /Llogn. By
Hoeffding’s inequality, we have

Pr [N; <Aju] =1—1/poly(n).

S15--,8L

Conditioned on this event, let S C [L] be the coordinates read by the sampler. We
have |S| < Ajin. Note that F; > LlogL = ©(%logn). By Lemma 17, there is a
(Fj + L) x (Fj + Ajtne) matrix M over Fp, with O(1) nonzero elements in each row such

. Fi+Aj thr
that for a uniform w ~ Fy 29
J

, we have
P;r [Mwu is uniform on [F}] x S| > 1 — 1/poly(n).

Finally, we use Lemma 14 again to sample u from {0,1}™ with error 1/poly(n), where

mj < (Fj + Ajthe) logy Pj + O(logy 1)

3

42“ -w + p;Llogy Pj + O(\Elogg/2 n)

IN

=

min -y 4 pjLlog, K + O(\FLlogg/2 n).

<
= Tl

Closeness to uniform follows from Lemma 14, and locality follows since each sampler is O(1)
word-local, and thus their composition is also O(1) word-local.

We now analyze the number of uniform bits used to sample this part. Observe that
Zle pjlogy K; =3, B(s)logy K®) = E[K(®)]. Therefore, the number of bits used is

q q
LW in
g mj < 1 cw+ L E pjlogQKjJrBz/S~O(\FLlogg/2n)
Jj=1

j=1
LE[M®)]
L E—

< == +LE[log, K@)+ B2/3.0(V/Llogd? n). (3)

Summing Equations (1) and (3), the number of bits used by the sampler is at most
LE[M® +log, K®] + B?/3. O(\Elog‘;/2 n) < h(p)n + v/n - polylog(n).

This completes the proof of Theorem 2.
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4 A lower bound for a 2-local construction with m = (2 — €)n

In this section, we prove Theorem 19, which says that for any 2-local mapping with seed
length is (2 — €)n, its distance to Ber(1/4)™ approaches 1 as n increases.

» Theorem 19. Let n € N be sufficiently large. Fiz ¢ > 0, and let m = (2 — e)n. Let
f:{0,1}™ — {0,1}" be a 2-local mapping. Then

dist (f(Um),Ber(1/4)") > 1 — exp(—cen),
for some absolute constant ¢ > 0.
Before proving the theorem, we will prove several claims that will be needed later.
» Proposition 20. Let f: {0,1}"™ — {0,1}"™ be a I-local mapping. Then
dist(f(U),Ber(1/4)") >1—2- e /128,
Note that since f is 1-local, we may assume without loss of generality that m < n.

Proof. For each i € [m] corresponding to the input bit x;, let N (i) be the output bits that
depend on z;. Note that we may assume without loss of generality that |N(i)| > 1 for all
i € [m], as otherwise we can remove the ¢’th coordinate. Since f is 1-local, the sets N (i) and
N(i') are disjoint for ¢ # ¢', and the distributions f(z;)n(;) and f(zs)|n () are independent.
Next we consider the following two cases:
If m > n/2, we may pick for each ¢ € [m] one output coordinate j; € N(i). Note
that the corresponding output bit has distribution Ber(1/2), and the joint distribution
FWUm)Gi)icm i Ber(1/2)™. Thus

dist(f(U),Ber(1/4)") > dist(Ber(1/2)™, Ber(1/4)™)
> Pr[Bin(m, 1/2) > 3m/8] — Pr[Bin(m, 1/4) > 3m/8]
> (1 . efm/64) o efm/SG >1-2. efm/64 >1-2. efn/128’

If m < n/2, then [supp(f(Uy,,))] < 2™ < 2%/2. On the other hand for any subset
A C{0,1}™ of size at most 2™ it holds that Pr[Ber(1/4)" € A] < Pr[Bin(n,1/4) < n/8|,
as Ber(1/4)™ assigns higher probability to the elements of lower weight and ( S’:LL/S) >
\% . oh(1/8)n > 9n/2 > 9m  Therefore, we have
n
dist(Ber(1/4)", f(U)) > 1 — Pr[Bin(n, 1/4) < n/8] > 1 — e~ "/%4,
This completes the proof of Proposition 20. |

> Claim 21.  Let f: {0,1}™ — {0,1}? be a 2-local mapping. Let i € [m] be a coordinate
of the input, and let N (i) be the output bits that are influenced by the i’th input bit. If
IN(i)] > 2, then dist(f(Unm)|n(), Ber(1/4)N @) > 1/8.

Proof. Take any two distinet coordinates j, 5 € N (7). These two coordinates depend on at

most three input bits, and hence all probabilities of f(U)(;,,;/3 are integer multiples of 1/8.

On the other hand, the distribution Ber(1/4)? has probabilities (1/16,3/16,3/16,9/16), and
thus, each possible 2-bit string contributes at least % to each term of the summation in the
definition of the distance. Therefore dist(f(Upn)|n (i), Ber(1/4)NW) > 1. (4. Ly=1/8. <«

We are now ready to prove Theorem 19.
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Proof of Theorem 19. Given a 2-local mapping f: {0,1}" — {0,1}" with m = (2 — e)n,
define a bipartite graph G = (I U O, E), where the vertices in I correspond to the m
coordinates of the input, O corresponds to the n coordinates of the output, and (i,0) € E if
the o’th output bit depends on the ¢’th input coordinate. That is, |I| = m, |O] = n, and
|E| = 2n since f is 2-local.

We fix two large constants C' =99, and d = 4(C' +1)/e = 400/e. Let I* C I be a maximal
subset of I such that |[N(I*)| > C|I*|, and consider the following two cases.

Case 1: |[N(I*)| > n/d. In this case, for any fixing of the inputs (z;);cs+, the mapping
(fj)jen(+) is 1-local. Therefore, conditioning on (z;);cr- being fixed, by Proposition 20 the
1-local mapping satisfies

[N

dist (f(Uyn), Ber(1/4)™) > dist(f(Uz-), Ber(1/4)NUID) > 1 — 2. ¢~ 1z

Accounting for all 217! assignments to the input bits in I* we get

dist (f(Um),Ber(1/4)") >1-2 > 2 e > 1 g ol e P
s€{0,1}11"|

Next, we use the assumption that |I*| < |[N(I*)|/C and |N(I*)| > n/d together with our
choice of C' =99 and d = 4(C' + 1)/e = 400/€ to get

dist(f(Up), Ber(1/4)") > 1—4.2INUDI/C =INUIT)I/128

> 1 4o 1/128—;11(2)/071
> 1 —exp(—Q(en)).

This proves Theorem 19 in case of |[N(I*)| > n/d.

Case 2: |[N(I*)| < n/d. In this case our strategy is the following. We will remove N (I*)
from the output coordinates. The remaining mapping f': {0,1}™ — {0, 1} will satisfy the
property that m < (2 — €/2)n’ and each input coordinate influences at most C' output nodes.
This will allow us to find a collection O of Q(en) disjoint subsets of output coordinates
(0;)ico such that

1. dist(f(Um')|0,,Ber(1/4)I91) > 1/8 for all O; € O,

2. (f(Um/)mi)OieO are jointly independent.

Then, by a Chernoff bound we conclude that dist(f(U,,),Ber(1/4)™) > 1 — exp(—(en)).
We describe the details below.

Note that by maximality of I* we have |[N(:) \ N(I*)| < C for all i € I\ I*. Therefore,
by removing N (I*) from the set of outputs, we get a graph G’ = (I’ = I,0’, E’) such that
the degree of each i € I’ is at most C.

Since we removed at most n/d = en/400 output vertices, the new graph has m’ = (2—¢€)n
inputs and n’ > (1 — €/400)n outputs. Therefore, m’ < (2 — €')n’ for

Therefore, we now have a 2-local mapping f: {0,1}"=2=<)"" _ [0, 1}" with ¢ > ¢/2
such that each input coordinate of f influences at most C' output bits, and f’ has the same
distribution as f on the remaining output coordinates.

Let J={i el :dege (i) >2}.

> Claim 22. |J| > £=n'.
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Proof. The proof is a simple application of Markov’s inequality. Since deg(v) < C for all
1 € I', we have

2 !
(2_72%, = Eicp[deg(i)] < Prldeg(i) < 1] + C - Pr[deg(i) > 1] < 1 + C Pr[deg(i) > 1.
Since deg(7) is an integer, we get Pr[deg(i) > 2] = Pr[deg(i) > 1] > ﬁ > %, as required.

<

Now, since each input coordinate in J has degree at most C, we can find a subset K C J
of size |K| > |K|/(C + 1) such that N (i) and N(i") do not have common neighbours for all
distinct 7,7’ € K. Indeed, this is achieved by taking any i € J, adding it to K and removing
from J all neighbours of N(7).

This gives us a collection of input coordinates K C I’ of size |K| > |J|/(C + 1) >
W/H)n’, such that each i € K has deg(i) > 2 and (f(Un)|n (i), x are jointly independent.

By Claim 21 we have dist(f(Um)W(i),Ber(1/4)|N(i)|) > 1/8 for all i € K. Therefore,
applying Chernoff’s bound on (f(Um)\N(i))ieK we get

dist(f(Up,),Ber(1/4)") > dist(f'(Um),Ber(l/él)”')
_ (/8% K]
> 1-—2e 2
> 11— QQ*WQLCH)
> 1—exp(—Q(en)).
This completes the proof of Theorem 19. |

5 A 3-local construction with m = 1.99n that is 1/poly(n)-close to
Ber(1/4)"

In this section, we show that in contrast to Theorem 19, if we allow the sampler to be 3-local,
we can approximate the distribution Ber(1/4)"™ within distance of 1/poly(n), and this is
optimal up to constant factor in the exponent.

» Theorem 23. Fiz an integer t > 3 and let e = 1/3t. Let n € N be sufficiently large and
let m = (2 — €)n. Then, there is a 3-local mapping f: {0,1}™ — {0,1}" such that

dist (f(Up), Ber(1/4)") < (%)"

In particular, for m = (2 —1/9)n there is a 3-local mapping f: {0,1}™ — {0,1}" such that
. ., 2

Proof of Theorem 23

We start with a graph G’ = (V' E’) that is 3-regular graph with k vertices and 1.5k edges
such that the girth of G’ is > %logQ\V’| = %logQ k. Indeed, such graphs exist [36, Theorem
5.13).

> Claim 24.  Let p = 27" for some t > 3, and let G, = (V,E,) be a random sub-
graph of G’ obtained by keeping each edge in F with probability p independently. Then

2t—5

Pr[G), has a cycle] < k™75 .
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Proof. By the assumption, G’ has no cycle of length < %logQ(k). For any ¢ > %logz k, the
number of cycles of length £ is at most k - 3 - 2¢=2. Therefore,

k
Pr[G), has a cycle of length ¢] <k -3- 2072 pf = 3Z(Qp)z.

Taking the union bound over all lengths ¢ > 2 log,(k), we get

3k — 3k (2p)3losa(k) 1

Pr[G), has a cycle] < T Z (2p)" = T ( pl)i ) < PR (4)
=2 log, (k) ’

as required. <

Given the graph G’ above, we define a graph G = (V, E) by subdividing each edge of G’
into ¢ > 3 edges. The number of vertices in G is |V| = |V/|+ (¢t — D|E'| =k +15(¢ - 1)k =
(1.5t — 0.5)k, and the number of edges is |E| = 1.5tk.

Let n = |E| = 1.5tk and m = |V| + |E| = (3t — 0.5)k = (2 — 1/3t)n = (2 — €)n. Define
g: {0,117 = {0,1}"™ by ¢;(y) = Yu, B Yo,, where (u;,v;) are the endpoints of the i’th edge
in G. By Claim 7, we have

dist (f(Un),Ber(1/4)") < %r[g(y) restricted to the coordinates in S is not uniform],

where S is a uniform subset of [n]. We will show that

P;r[g(y)s is not uniform| < Pr[G /, has a cycle], (5)

where G/, is a random subgraph of G obtained by keeping each edge with probabil-
ity 1/2. This proves Theorem 23 by combining Claim 24 with the observation that
Pr[G1; has a cycle] = Pr[GY . has a cycle].

To prove Equation (5), we will index the edges in F with [n], and view each S C [n] as
the corresponding subset Eg of edges in E. Denote by F' the event that the edge set Eg
induces a forest in G, i.e., the subgraph (V, Es) does not contain a cycle. Observe that if
Es € F, then for a uniform y € {0,1}"~", the coordinates g(y)s = (Y., ® Y., )ices are
uniformly distributed. Using the natural correspondence between Eg and Gy, this clearly
implies Equation (5). Therefore,

_5 *

3

1
lgr[g(y)s is not uniform| < Pr[G/, has a cycle] = Pr[G5-. has a cycle] < =

This concludes the proof of Theorem 23. <
In the full version of the paper, we show that Theorem 23 is tight.

6 A lower bound on 3-local constructions with m = (2 — €)n

In this section we prove a lower bound on the distance for all 3-local constructions with
m = 1.99n.

» Theorem 25. Let n € N be sufficiently large. Fiz e > 0, and let m = (2 — €)n. Then, for
any 3-local mapping f: {0,1}™ — {0,1}™ it holds that

dist(f(Un,), Ber(1/4)™) > n=901/9),
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Proof. Let G = (V = I UO, E) be a bipartite graph, where |I| = m = (2 — €)n represents
the input bits of f, |O| = n represents the output bits, and (¢,0) € E if and only if the o’th
output bit of f depends on the i’th input bit.

We prove Theorem 25 by finding a small set of outputs .S C O such that its neighbourhood
N(S) (i.e., the input bits of S) is small. Specifically, we will find a set S C O of size
|S| = k = O(log(n)) such that |N(S)| < 2k — 1. This indeed suffices, as for the distribution
Ber(1/4)% the probability of sampling all zeros in S is exactly 4~%, while the granularity of
the inputs to S implies that f outputs all zeros in S with probability either 0 or at least
2-ING) = 2. 4=k Therefore,

[Pr[f(Un);s = 0] — Pr[(Ber(1/4)") s = 0]] > 4.

In order to find such set S, note that the graph G has |[V| = (3 —¢)n vertices and |E| = 3n
edges. Therefore, |E| = (14 €)|V| for € =¢/(3 —¢).

We use the following lemma, saying that any sufficiently dense graph contains a set of
vertices S that span at least |S| + 1 edges, such that |S| = O(log(n)).

» Lemma 26 (Theorem 2 in [19]). Let G = (V, E) be a multigraph with |V | > 2 vertices and
|E| =m > (14 €)|V| edges for some € = €(|V]) € (0,1]. There exists a set of vertices S CV
of size |S| < 8log(|V]) - [1/€] spanning at least |S| + 1 edges.

Applying Lemma 26 to G, we get a subset of the vertices C C V of size |C| < 8log(|V]) -
[1/€"] that spans at least |C| + 1 edges. By taking the minimal such subset C, we may
assume! that all vertices v € C have at least two neighbours in C.

The key step of the proof is summarized in the following claim.

> Claim 27. Let G' = (V' = I' UO’, E’) be the bipartite subgraph of G induced by C with
I'=INCand O' =0NC, and let k =|0’|. Then |[Ng(0')| < 2k — 1.

Proof. Since |E’| > |V’| + 1, there must be at least one vertex in G’ of degree > 3. Recall
that all vertices in O’ have degree either 2 or 3, and denote by ¢ the number of vertices in O’
of degree 3. Consider the following two cases.
t = 0: Since all vertices in O’ have degree 2, the set I’ must have a vertex of degree > 3
in G'. Furthermore, |E’| = 2 - |0’| = 2k, and hence by counting degrees of the vertices in
I', we have |I'| < k — 1. Finally, note that each v € O’ has at most one neighbour outside
C, and thus [Ng(O)| < |I'|+|0'| < (k—=1)+ k =2k — 1.

t > 1: By counting the degrees of O’ in G’ note that |E’| = 2(k —t) + 3t = 2k + t.

Similarly, by counting the degrees of I’ in G’, we have |E’| > 2|I’|. Finally, there are
exactly k —t nodes v € O' with one neighbour outside C, and ¢ nodes v € O’ with no
neighbours outside C. Therefore,

NGO < |I'|+ (k= 1) < |E'|/2+ (k —t) < (k+1/2) + (k — 1) < 2k — /2.

Since |Ng(O')| is an integer and ¢ > 1, it follows that |[Ng(O')| < 2k — 1.
In both cases we showed that |[Ng(O')| < 2k — 1, as required. N

Therefore, letting S = C' N O, we get a set of size k = |S| < |C] < 8log(|V]) - [1/€'] <
8log(3n) - 3/e such that |[N(S)| < 2k — 1. By the discussion above this implies that

dist(F(U), Bex(1/4)") > [Pr{f(Un)}s = 0] — Prl(Bex(L/4)");s = 0]| = 4~ > (3n) 45/
This completes the proof of Theorem 25. |

I Otherwise, if C has a vertex with de c(v) <1, we can remove v from C, and the remaining subset C’
will also satisfy the property that |C’| < 8log(|V|) - [1/€'] and it spans at least |C’| + 1 edges.
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7 A 4-local construction with m = 1.75n that is exp(—cn)-close to
Ber(1/4)"

In this section we prove that 4-local samplers can approximate the distribution Ber(1/4)™
within exponentially small distance.

» Theorem 28. Let n € N be sufficiently large, and let m = (2 —1/4)n. Then, there exists a
4-local mapping f: {0,1}"™ — {0,1}"™ such that

dist(f(Upm ), Ber(1/4)") <27,
for some absolute constant ¢ > 0.

The proof of Theorem 28 relies on the following lemma.
» Lemma 29. Let m,n be parameters such that n < m < 2n, and let M € F;X(mfn) be
a matriz such that every row of M has exactly d ones. Then, there exists a (d + 1)-local

sampler f: {0,1}™ — {0,1}" satisfying

dist (f(Un),Ber(1/4)") < lér [the rows of Mg are linearly dependent], (6)

5C[n]
where Mg is the submatriz of M obtained by taking only the rows of M with indices in S.

Proof. Define f: {0,1}™ x {0,1}™ ™ by f(x,y) = ¢ A, My. Clearly, f is (d + 1)-local. By
Claim 7, for a uniform subset S C [n],
dist(x A, (My),Ber(1/4)") < Pr[My is not uniform on {0, 1}%]
= Pr[M s is linear dependent}. |
Next we state a result about the existence of a sparse matrix which satisfies the conditions

in Lemma 29. We show the existence of such matrix by adapting Gallager’s result on random
sparse matrices [18]. Its proof can be found in the full version of this paper.

» Theorem 30. For a sufficiently large n € N there exists a matriz M € F3*0 " with
exactly 8 ones in every row and 4 ones in each column such that for a uniform subset S C [n],

Pr[Mg is linearly dependent] < 27005
Theorem 28 immediately follows from applying Lemma 29 to Theorem 30.

Proof of Theorem 28. Let M € F3*%7" be the matrix from Theorem 30, which has 3 ones
in each row. By Lemma 29, there is a 4-local sampler f: {0,1}17" — {0,1}" such that
dist(f(Uy,), Ber(1/4)") < Pr[Mg is linear dependent] < 270-057, <
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