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Abstract
We show a linear-size reduction from gap Max-2-Lin(2) (a generalization of the approximate Maximum
Cut, or gap Max-Cut, problem) to γ-CVPp for γ = O(1) and finite p ≥ 1, as well as a no-go theorem
against poly-sized non-adaptive quantum reductions from k-SAT to CVP2. This implies three
headline results:

(i) Faster algorithms for γ-CVPp are also faster algorithms for Max-2-Lin(2) and Max-Cut.
Depending on the approximation regime, even a 20.78n-time or 20.3n-time algorithm would improve
upon state-of-the-art algorithms such as Williams’ 2004 algorithm [TCS 2005] or Arora, Barak, and
Steurer’s 2010 algorithm [JACM 2015]. This provides evidence that γ-CVPp for γ = O(1) requires
exponential time, improving upon the previous exponential lower-bound for γ-CVP2 with γ < 3 by
Bennett, Golovnev, and Stephens-Davidowitz [FOCS 2017].

(ii) A new almost 2(1/2+ε/4ς+o(1))n-time classical algorithm and a new almost 2(1/3+ε/6ς+o(1))n-
time quantum algorithm for (1 − ε, 1 − ς)-gap Max-Cut. This algorithm is faster than the algorithm
of Arora, Barak and Steurer [JACM 2015], as well as the algorithm of Williams [TCS 2005], and the
algorithm of Manurangsi and Trevisan [APPROX 2018] when c0ε < ς < c1ε for constants c0, c1.

(iii) If the Quantum Strong Exponential Time Hypothesis (QSETH) can be used to show a
2δn-time lower-bound for Max-Cut, Max-2-Lin(2), or CVP2 for any constant δ > 0, it must be
via an adaptive quantum reduction unless NP ⊆ pr-QSZK. This illuminates some difficulties in
characterizing the hardness of approximate constraint satisfaction problems and shows that the
post-quantum security of lattice-based cryptography likely cannot be supported by QSETH. This
result complements the no-go results of Aggarwal and Kumar [FOCS 2023], who showed that the
classical security of lattice-based cryptography likely cannot be supported by the classical Strong
Exponential Time Hypothesis (SETH).
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1 Introduction

The Approximate Closest Vector Problem (γ-CVP) is a hard approximate problem whose
asymptotic time complexity TCVP,γ(n) is not well understood for approximation parameters
3 ⩽ γ < 2n. The Approximate Minimum Un-Cut Problem ((ε, ς)-gap Min-UnCut), also
known as the Approximate Maximum Cut Problem, is another hard approximate problem
whose asymptotic time complexity TMC,ε,ς(n) is not well understood for approximation
parameters ε < ς ⩽ ε2. We show a reduction from (ε, ς)-gap Min-UnCut to γ-CVP with
a remarkable combination of properties: the reduction precisely preserves both the size
and the approximation factor of any instance given to it. By possessing both properties at
once, our reduction establishes a tight relationship between the time complexity of γ-CVP
and of (ε, ς)-gap Min-UnCut in the approximation regimes of interest. As we will explain
in Section 1.6, finding a reduction possessing both properties at once was a longstanding
technical hurdle in the way of establishing such a relationship.

Specifically, our main theorem (Theorem 1.1) states that there is a reduction from
(ε, ς)-gap Min-UnCut of size n to p

√
ς/ε-CVPp of size n (where p ⩾ 1 is a constant parameter

from CVP). This implies that

TMC,ε,ς(n) ⩽ TCVP,γ(n)

whenever the following (simplified) inequality between the approximation parameters is
satisfied:

γ ⩽ p
√

ς/ε.

We use Theorem 1.1 to make three major advancements in the time complexity of CVP
and Min-UnCut:

First, Theorem 1.1 directly gives new exponential-time conditional lower bounds (CLBs)
on γ-CVP for γ = O(1) in both the classical and quantum settings. These CLBs are a
win-win-win situation: either there are very strong lower bounds on γ-CVP, or there are
extremely exciting new algorithms for (ε, ς)-gap Min-UnCut, or there are both strong lower
bounds on γ-CVP and exciting new algorithms for (ε, ς)-gap Min-UnCut. This win-win-win
situation is the defining property of fine-grained reductions (see Section 1.7 and the full
version for more on fine-grained complexity). Previous exponential-time CLBs were only
for CVP with γ < 3 or γ = 1 + O(1/poly(n)) in the classical setting from the fine-grained
reductions of [11, 3].

Second, in combination with a new quantum algorithm presented in this paper and a
classical algorithm from [25] for special instances of γ-CVP, Theorem 1.1 implies two new
algorithms for (ε, ς)-gap Min-UnCut, one classical and one quantum, which we present in
the full version. Our classical algorithm is faster than both the fastest exact algorithm [33]
and the previous fastest approximation algorithm [26]1 for all instances where c1ε ⩾ ς > c0ε

for some constants c1, c0. Our quantum algorithm is the first to beat Grover search for
(ε, ς)-gap Min-UnCut!

Third, in combination with a new no-go theorem against quantum reductions from k-SAT
to CVP presented in this paper and the no-go theorems against classical reductions in [5], we
show that time-complexity lower bounds conditioned on k-SAT for Min-UnCut, including

1 Note that a Min-UnCut algorithm is listed as an open question in the published version of this article
and is present in the arXiv version which was submitted later.
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exact weighted Min-UnCut, are unlikely in both the quantum and classical settings, assuming
no complexity-theoretic disasters occur, for reasons we will explain in Section 1.4. This result
could help explain why some desired results in the complexity of approximate problems, such
as a proof of the Unique Games Conjecture, have been difficult to obtain.

Next we will define γ-CVP and (ε, ς)-gap Min-UnCut, state our main theorem, and then
we will explain each advancement and its related work in more detail.

1.1 γ-CVP, Min-UnCut, and our main theorem
First we will define γ-CVP. Given a lattice L, a target vector t, and a distance r, γ-CVP is
the problem of deciding if L is r close to t. If L is not r close to t, then it is promised to be
more than γr far from t. A lattice L ⊂ Rd is a set of all the linear combinations of linearly
independent basis vectors b(1), . . . , b(n) ∈ Rd with integer coefficients,

L = L(b(1), . . . , b(n)) :=
{

n∑
i=1

cib
(i)|ci ∈ Z

}
.

Here n is known as the rank of the lattice L and d is known as the ambient dimension of
the lattice L; they are main parameters governing the input size of γ-CVP. The usual way
we specify a lattice L in the input to γ-CVP is by a choice of basis vectors for L, which

we represent as a matrix B :=
(

| |
b(1) ··· b(n)

| |

)
that relates every lattice point v ∈ L(B) to

its coordinates y ∈ Zn by v = By. The distance dist(L, t) from a lattice L to a target t is
given by the distance of the closest point in L to t in the ℓp-norm. From now on we will call
the problem γ-CVPp and the distance function distp to emphasize that different ℓp-norms
give us different problems. γ-CVPp is known to be NP-complete for γ ⩽ nc/ log log n (where
0 < c < 1

2 is a constant) [14], to NOT be NP-complete (unless P=NP) for all γ >
√

n [7],
and to be in P for γ ⩾ 2n [30].

Next we will define (ε, ς)-gap Min-UnCut. Given a weighted list of pairs between binary
variables and two constants 0 ⩽ ε < ς ⩽ 1, (ε, ς)-gap Min-UnCut is the problem of deciding
if there is an assignment to the variables such that at most a ε-fraction (by weight) of
the variable pairs have equal values. If there is no such assignment, then it is promised
that for every possible variable assignment at least a ς-fraction of pairs have equal values.
This makes (ε, ς)-gap Min-UnCut a weighted 2-CSP (constraint satisfaction problem) where
either at most an ε-fraction of the constraints are unsatisfiable or at least a ς-fraction of
the constraints are unsatisfiable. Min-UnCut is a long-studied problem – the exact case was
on Karp’s original list of 21 NP-complete problems [22]. (ε, ς)-gap Min-UnCut is known to
be NP-hard for constant 0 < ε < 1 and ς ⩽

√
ε under a widely accepted conjecture about

the hardness of approximation [24], but in P when ε ⩽ 1
log n or when ς > C

√
ε (for some

constant C) [12, 13]. Note that CSPs are sometimes framed in terms of maximizing satisfied
constraints instead of minimizing unsatisfied constraints, in which case the gap is given as
the fraction of satisfied constraints. For example, (1 − ε, 1 − ς)-gap Max-Cut is an alternate
name which refers to the same problem as (ε, ς)-gap Min-UnCut.

Our main theorem actually works with a slight generalization of (ε, ς)-gap Min-UnCut
known as (1 − ε, 1 − ς)-gap Max-2-Lin(2), which allows each constraint to specify whether
the variables should be equal or unequal. Now we are ready to state our main theorem:

▶ Theorem 1.1 (Main theorem). There is a linear-time classical reduction and a linear-time
quantum reduction from (1 − ε, 1 − ς)-gap Max-2-Lin(2) to p

√
ς/ε-CVPp with p ∈ [1, ∞) that

uses at most one basis vector per variable.

ICALP 2026
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This reduction has the remarkable property that, for any fixed instance size, the ap-
proximation factor γ of the output instance increases without limit as the gap of the input
instance increases. This means our reduction can produce γ-CVPp instances of any size with
any approximation factor! Previous reductions to γ-CVPp had some inherent upper limit
on the γ of the instances they can produce with n basis vectors for each n. See Section 1.6
for a summary of the difficulties involved in overcoming this longstanding limitation. Note
also that our reduction maps (1 − ε, 1 − ς)-gap Max-2-Lin(2) instances with n variables to
p
√

ς/ε-CVPp instances with exactly n basis vectors; this fact is critical for the tightness of
our conditional time bounds on γ-CVPp, which we will describe next. After that, we will
describe our two other major advancements and their related works.

1.2 Our conditional lower bound for γ-CVPp and related works

1.2.1 Previous work
The way that we show a conditional lower bound (CLB) for the time-complexity of γ-CVPp

is via a reduction that links the time-complexity of γ-CVPp to the time complexity of a well-
studied problem. This gives us a win-win situation: the lower bound on γ-CVPp conditioned
on an assumption about the well-studied problem holds unless there is a breakthrough on
the well-studied problem. The assumption is necessary since without it we’d be proving that
P ̸= NP. Reductions from well-studied problems to γ-CVPp have a long history: [32] showed
a reduction to exact CVPp and a sequence of works including [9, 15, 14, 20]2 gave reductions
to γ-CVPp for greater γ, with the greatest approximation factor (γ = nc/ log log n for some
constant c > 0) first achieved by [14]. These reductions showed that γ-CVPp is NP-hard for
γ ⩽ nc/ log log n.

However, these reductions only provide a very weak link from the time complexity of their
well-studied problems to the time complexity of γ-CVPp, because they produce instances of
γ-CVPp with too many basis vectors. A strong link would require a reduction that uses n

basis vectors or less – even using 2n basis vectors would meaningfully weaken the link (see
Section 1.7 for why). These works use O(nk) many basis vectors for some (often large and
unspecified) constants k > 1, and the reductions in [9]3 for γ-CVPp with super-constant γ

even use super-polynomially many basis vectors! So at best, these results can establish a
2 k

√
n-time conditional lower bound on γ-CVPp. For practical values of n these bounds can

be even weaker than they appear: at just k = 33, the inequality 2 k
√

n < n holds true for
1 < n ⩽ 1080 (that’s the number of atoms in the visible universe).

The fine-grained complexity of γ-CVP2 has recently gained the interest of cryptographers
because breaking the lattice-based post-quantum cryptosystems [29, 28, 18] currently in
widespread use [31] can be done by solving instances of γ-CVP2. A small change in its
quantum time complexity (e.g. from 20.5n to 20.05n) can make cracking a secret meaningfully
faster, and the previously discussed reductions can give very little evidence for or against
such a change. This motivated [11] to show the first result in the fine-grained complexity of
γ-CVPp: a reduction from (1−ε, 1− ς)-gap unweighted Max-2-SAT or unweighted Max-Cut
on n variables to γ-CVPp on n basis vectors for p ∈ [1, ∞) where

γ = p

√
1 + ς(3p − 1)
1 + ε(3p − 1) < 3. (1)

2 Note that while some of these reductions as written are to a slightly different problem γ-SVP, by [18]
they are also reductions to γ-CVPp and the same principles and difficulties apply.

3 If reading [9], be aware that the problem they call “Label Cover” is very different from (and much easier
than) the problem that Label Cover usually refers to today ([27]).
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(1 − ε, 1 − ς)-gap unweighted Max-2-SAT is a 2-CSP like (1 − ε, 1 − ς)-gap unweighted Max-
Cut, but with constraints that are satisfied when at least one variable is 1 instead of when
exactly one of the two variables is 1. [11] also showed another reduction which was improved
by [3] to go from k-SAT on n variables to almost exact CVPp (γ = 1 + 1/poly(n)) on n

basis vectors, but only for non-even p. From now on we will refer to the former reduction as
the [11] reduction and the latter reduction as the [3] reduction for the convenience of the
reader. [11] also gave a reduction from exact Min-UnCut on n variables to exact CVPp on n

basis vectors.
While there have been no better reductions to γ-CVPp with even p or larger γ since [11]

and [3], there is a good reason why. [3] and [5] found that, unless the polynomial hierarchy
collapses, any classical reduction to γ-CVPp with even p or larger γ will likely need to both
be from a problem dissimilar to k-SAT and use different techniques from the [11] and [3]
reductions. We also find similar restrictions against such quantum reductions in Section 1.4.
This is why our reduction is from Max-2-Lin(2) and uses different geometric gadgets to
implement the Max-2-Lin(2) constraints.

We summarize the CLBs on γ-CVP2 in Figure 1.

1.2.2 Our contribution
We show a reduction from (1 − ε, 1 − ς)-gap Max-2-Lin(2) on n variables to γ-CVPp with n

basis vectors for p ∈ [1, ∞) with γ = p
√

ς/ε in both the quantum and classical settings. It
allows us to give the general CLB on γ-CVPp in Corollary 1.2 which follows directly from
Theorem 1.1. It implies that if one believes a 2δn-time lower bound for some specific constant
δ > 0 for (1 − ε, 1 − ς)-gap Max-2-Lin(2) or (ε, ς)-gap Min-UnCut, then one must also believe
a 2δn-time lower bound for p

√
ς/ε-CVPp.

▶ Corollary 1.2. Any O(f(n))-time classical algorithm for p
√

ς/ε-CVPp, where f(n) is lower-
bounded by the dimension of the lattice and p ∈ [1, ∞), is an O(f(n))-time algorithm for
(1 − ε, 1 − ς)-gap Max-2-Lin(2). The same holds for quantum algorithms.

Our reduction makes several improvements over the previous state-of-the-art fine-grained
reduction to γ-CVPp by [11]: it considers the quantum setting in addition to the classical
setting, it works for both weighted and unweighted input instances, and there is no hard
limit on how large γ is. Using our reduction, we can give interesting CLBs on γ-CVPp for
approximation factors up to γ = O(1).

The increase in the range of approximation factors our reduction works for is very
significant. Not only does this tell us something new about the time complexity of many
γ-CVPp problems that we did not previously have good CLBs for (since [11] only works
for γ < 3), but it also applies a much broader scope of existing and future research on
lattice problems to the gap CSPs Min-UnCut and Max-2-Lin(2). For example, while our
reduction gives us new faster classical and quantum algorithms for (ε, ς)-gap Min-UnCut and
Max-2-Lin(2) in Section 1.3 using algorithms for general O(1)-CVPp, these improvements
cannot be applied to (1 − ε, 1 − ς)-gap unweighted Max-2-SAT because the [11] reduction
does not work for general O(1)-CVPp.

In Table 1 we compare our lower bounds to those given by [11] under a stronger version
of the above conditions and the conditions used in [11]. The conditions are stronger
because we use unweighted Max-Cut instead of Max-2-Lin(2) since [11] wouldn’t work with
(1 − ε, 1 − ς)-gap Max-2-Lin(2). In Table 2 we show the maximum possible γ with interesting
time bounds for some other CLBs.

ICALP 2026
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O(1)

( )

Our CLB
(Max-Cut)

Lattice
PQC Security
Assumptions
[ABB+23]

Hoped-for
 bounds

(Conditional)

Our Lower Bound
(Conditional)

Figure 1 (Color online.) The classical time-complexity of γ-CVP2 as a function of the approxima-
tion factor γ. Conditional lower bounds: (solid black line) [11] gives an exponential-time lower bound
from γ = 1 to γ ≈ 1.5, which quickly transitions to a O(1)-time lower bound and ends at γ = 3.
This corresponds to the transition into the O(1)-regime of (1 − ε, 1 − ς)-gap unweighted Max-2-SAT
as ς tends towards 1. γ = 3 corresponds to ς = 1, which is equivalent to deciding if there is a
variable assignment that satisfies at least one constraint (there always is). (solid red line) We
give an exponential-time lower bound from γ = 1 through γ = O(1), which then transitions to a
polynomial-time lower bound that continues past γ = exp(n). This corresponds to the transition
away from the exponential-time regime of (ε, ς)-gap Min-UnCut which begins as the approximation
ratio ς/ε exceeds O(1), and the transition into the poly(n)-time regime of (ε, ς)-gap Min-UnCut
which starts when ς increases past

√
ε or ε decreases past 1/ log n. (black dot) [14] gives a 2nδ

-time
bound when γ = nc/ log log n. (dashed black line) lattice based post-quantum cryptosystems assume
an exponential-time lower bound for γ = poly(n). The line is intended to correspond to the regimes
listed in [2]. Upper bounds, left to right: [4, 6] give a 2n+o(n)-time algorithm for γ near 1. [16] gives
an exponential-time algorithm for γ less than some unspecified constant. [30] gives a polynomial-time
algorithm for exponential γ.

The main reason our CLB applies to γ-CVPp with large approximation factors while also
giving tight time bounds is that our reduction uses a novel geometric gadget to represent
Max-2-Lin(2) constraints that only uses two basis vectors, while allowing the ratio between
the “cost” when a constraint is unsatisfied and the cost when a constraint is satisfied to
be fully parameterized. We label this parameter as ι, and our gadget forces the γ-CVPp

instance to “pay” a cost of ι when a constraint is unsatisfied instead of a cost of 1 when

4 Gap-ETH can be applied to (1 − ε, 1 − ς)-gap unweighted Max-2-SAT and (ε, ς)-gap unweighted Max-
Cut via the first two reductions in [17]. However, these reductions restrict the size of the gap of their
output instances. Since the resulting γ is so small, we decided that, as in [11], the effort required to
calculate it exactly is not worthwhile.

5 a gap variant of SETH
6 0 < δ, c < 1/2



J. A. Huang, Y. K. Ko, and C. Wang 111:7

Table 1 Comparison of [11]’s and our CLBs for γ-approximate CVP2, demonstrating that our
reduction allows many lower bound conditions to apply to a much wider range of γ-CVPp problems
than before. Note that while we list unweighted Max-Cut here to allow comparison with [11], our
CLBs give the same time bounds under the much weaker condition that the equivalent gap regime
for (1 − ε, 1 − ς)-gap Max-2-Lin(2) (a weighted problem) requires 2Ω(n) time.

Condition Our CLB [11]’s CLB
Name ε ς Time γ Time γ Time

unweighted Max-Cut O(1)
√

ε 2Ω(n) O(1) 2Ω(n) √
2 2Ω(n)

[33] Optimal † ⋆ O(1) c0ε 2ωn/3 √
c0 2ωn/3 min(

√
2,

√
c0) 2ωn/3

Gap-ETH 4 † 0 O(1) 2Ω(n) < 1.115 2Ω(n) < 1.115 2Ω(n)

†) These are the conditions used in [11] and assume a classical setting.
⋆) [33] is only optimal when ς ⩽ c0ε for some constant c0; thereafter the algorithm presented in

Section 1.3 is faster. The time complexity of [33] depends on the matrix multiplication constant
2 ⩽ ω.

Table 2 Some conditional lower bound results for γ-approximate CVPp, presented so as to
maximize the value of γ while still maintaining interesting time lower bounds.

Result Condition Lower Bound Maximum γ p
Our Result gap Max-2-Lin(2) exponential 2Ω(n) O(1) finite

[11] gap Max-2-SAT exponential 2Ω(n) < 3 finite
[3] gap-SETH5 2n < 1 + 1/poly(n) non-even

[14]6 ETH 2nδ

O(nc/ log log n) finite

it is satisfied. In the previous state-of-the-art reduction due to [11] this ratio is 3, and it
cannot be increased as the family of geometric gadgets they use is inherently limited to a
small constant dependent on the choice of norm and the number of variables in a constraint.

The value γ given by the unweighted version of our reduction, shown in Equation (2),
helps illustrate the significance of the ratio ι.

γ = p

√
1 + ς(ιp − 1)
1 + ε(ιp − 1) (2)

Comparing it to the value of γ for [11] given in Equation (1) clearly shows that fixing the
ratio at 3 constrains the contribution of the (ε, ς)-gap to the approximation ratio while
allowing the ratio to be an arbitrarily large parameter which can depend on n and p allows
us to maximize the contribution of the gap to γ. But it can go further: when the ratio is
constant, that places a constant upper bound on the possible values of γ, even when we
make the input problem trivial by setting ς = 1. But when the ratio is a parameter we can
get any arbitrary γ we want by varying ι and setting ε ≪ ς (or even ε = 0) and keeping
ς ≪ 1, which gives us a non-trivial, polynomial-time conditional lower bound for γ-CVPp

for all γ. This showcases our reduction’s unlimited approximation-ratio preserving property,
which as far as we can tell is unprecedented in the literature.

1.2.3 Subsequent work
Recently [1] showed an algorithm (related to [33]) for exact CVPp which can solve the CVPp

instances created by our and [11]’s reductions in the same amount of time as [33] solves their
input Max-2-CSP instances. This means that the [33]-based CLBs for exact CVPp shown
by us and by [11] are perfectly tight – any reduction to CVPp on fewer basis vectors would
result in a faster algorithm for an exact Max-2-CSP than [33].

ICALP 2026
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That concludes our overview of CLBs for γ-CVPp. Next we will discuss our new algorithms
for (1 − ε, 1 − ς)-gap Max-2-Lin(2).

1.3 Our Min-UnCut algorithms
Exact Min-UnCut was one of Karp’s first 21 NP-complete problems [22]. The current best
classical algorithm for it is due to [33], who gave an exponential-sized reduction from Min-
UnCut and Max-2-SAT to a graph problem in P and a way to solve that problem using
matrix multiplication. This means that the time complexity of [33]’s algorithm is given in
terms of the matrix multiplication exponent 2 ⩽ ω. The complexity of [33]’s algorithm is
O(2ωn/3) which is approximately O(20.79n) using the current best exponent ω ≈ 2.371 due
to [8]. The current best algorithm for (ε, ς)-gap Min-UnCut with constant approximation
factors α = ς/ε in the conjectured NP-hard regime is exp(n/2Ω(α2))-time [26]7. [10] give
a sub-exponential algorithm for gap Max-2-Lin(2) in the region where ς = C

√
ε for some

constant C which gets slower as C → 1, reaching O(2n) time when C = 1. The current
best quantum algorithm for exact Min-UnCut and Max-2-Lin(2) is naive search over the
variable assignments using Grover’s algorithm [19], which takes O(2n/2) time. For more
about (ε, ς)-gap Min-UnCut, Max-2-Lin(2), or the Unique Games Conjecture, see Section
2.4 of the full version of this paper or the survey [23].

We give a new O
(

2
(

1
3 + 2

6γ2−3
+o(1)

)
n
)

-time quantum algorithm for a special case of

γ-CVP2 and then use our reduction from Theorem 1.1 to give an almost O(2n( 1
3 + ε

6ς +o(1)))-
time algorithm for (1 − ε, 1 − ς)-gap Max-2-Lin(2). This is the first quantum algorithm
to improve upon naive search for (1 − ε, 1 − ς)-gap Max-2-Lin(2). We also get an almost
O(2n( 1

2 + ε
4ς +o(1)))-time classical algorithm for (1 − ε, 1 − ς)-gap Max-2-Lin(2) by starting with

a O(2
(

1
2 + 1

4γ2−2
+o(1)

)
n)-time classical algorithm from [25].

Our classical algorithm is faster than [10] when ς ⩽
√

ε and it is faster than [33] when
c0ε < ς for some constant c0 ≈ 3 which depends on the sub-constant factors in the exponent
and on ω. Due to large implicit constants in [26], our algorithm is faster when ς < c1ε for some
large constant c1. That makes it the best known classical algorithm for (1−ε, 1− ς)-gap Max-
2-Lin(2) or (ε, ς)-gap Min-UnCut when c0ε < ς < c1ε. Our quantum algorithm is faster than
our classical algorithm, and is faster than naive search when ς > cqε for some constant cq

dependent on the sub-constant factors in the exponent, so it is the best known algorithm for
cqε < ς < c1ε.

When ε = o(1), our quantum and classical algorithms have complexities O
(

2
(

1
3 +o(1)

)
n
)

and O
(

2
(

1
2 +o(1)

)
n
)

respectively. So our algorithms are also faster than all other known
algorithms when ε = 1/f(n) for f(n) ⩽ log n and ς ⩽

√
ε.

Next we will give an overview of our last major advancement: the no-go results against
quantum reductions from k-SAT to CVP2 or Min-UnCut.

1.4 Our no-go theorems
After [11], attempts were made to circumvent the barriers against extending those reductions
so that they are able to produce γ-CVPp instances with greater approximation factors γ or
with even p. Although those attempts failed, they also found good reasons why the barriers

7 Note that a Min-UnCut algorithm is listed as an open question in the published version of this article
and is present in the arXiv version which was submitted later.
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are likely insurmountable and created a new area of fine-grained complexity in the process.
The focus was first on extending the reduction from k-SAT to CVP2; [3] found that the
geometric gadget used in the reduction ((p, k)-isolating parallelepipeds) to represent k-SAT
clauses does not exist for even ℓp-norms when k > p, then [5] found that (most) reductions
from k-SAT on n variables to CVP2 on poly(n) basis vectors would collapse the polynomial
hierarchy! This also helped explain the difficulty in extending the reduction to work for
larger γ: [5] found that since for every p there is a constant γp such that γp-CVPp can be
reduced to CVP2 (a result due to [16]), any reduction which produces γ-CVPp instances
with γ ⩾ γp could still be subject to no-go theorems for CVP2.

Although unweighted Max-2-SAT isn’t k-SAT, these no-go results can also help explain
the limitations of the [11] reduction from (1−ε, 1−ς)-gap unweighted Max-2-SAT to γ-CVPp.
If k-SAT can’t be reduced to γ-CVPp with larger γ, then the geometric gadgets which could
be used to represent k-SAT must fail for larger γ just like how [3] found that they fail for even
p. Since the [11] reduction from unweighted Max-2-SAT is reliant on the same geometric
gadgets (isolating parallelepipeds) used in their reduction from k-SAT, it makes sense that it
would face limitations similar to what it would face if it were a reduction from k-SAT.

[5] realized that since tight conditional lower bounds (CLBs) hinge on reductions with a
specific numerical relationship between instance size of the input problem and the instance
size of the output problem (also known as fine-grained reductions, which we explain in more
detail in Section 1.2), their no-go theorems mean that conditions about the time complexity
of k-SAT like the Strong Exponential Time Hypothesis (SETH) probably can’t be applied to
CVP2.

We show that there are no polynomial-sized, non-adaptive, quantum polynomial-time
reductions from k-SAT to CVP2 with two-sided error unless there are quantum statistical
zero-knowledge proofs for all languages in NP. This result shows a substantial barrier against
proving the fine-grained complexity of CVP2 using the Quantum Strong Exponential Time
Hypothesis and fills a gap in [5], which only showed no-go results for classical reductions.
Somewhat counter-intuitively, because we were able to avoid these limitations with our
fine-grained reduction from (1 − ε, 1 − ς)-gap Max-2-Lin(2) to γ-CVPp, we can show that
these limitations must apply to quantum fine-grained reductions from k-SAT to Max-2-Lin(2)
no matter how complex the weights are. Note that since there is a trivial reduction from
(1−ε, 1−ς)-gap Max-2-Lin(2), exact Min-UnCut, and (ε, ς)-gap Min-UnCut to Max-2-Lin(2),
the no-go theorem applies to them as well.

Our reduction also allows us to directly rule out classical reductions from k-SAT to Min-
UnCut based on the results of [5]. In particular, we rule out all fine-grained reductions with
one-sided error and all non-adaptive fine-grained reductions with two-sided error. Surprisingly,
these barriers seem to close off the most tempting approaches toward understanding the
fine-grained complexity of Max-Cut. However, they might help explain the lack of results
in this area. These results could also be derived indirectly from a corollary in [11] and [5],
although this seems to have been unnoticed despite its significance for such a well-studied
problem.

These results mean that there is now a group of problems with fine-grained reductions
to CVP2 in addition to the existing group of problems with fine-grained reductions from
k-SAT, and that there (probably) cannot be fine-grained reductions from the latter group to
the former group. This suggests that the two groups can be considered as two distinct fine-
grained complexity classes. Note that these fine-grained complexity classes are independent of
regular complexity classes since, as demonstrated by [33]’s algorithm described in Section 1.3,
problems in P and problems that are NP-complete can reside in the same fine-grained
complexity class.
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We also show that all “natural” reductions from n-variable 3-SAT to Min-UnCut must
use 4

3 (n − 2) vertices for a definition of “natural” given by [3].
Now we have completed an overview of all of our advancements. Next we will give a brief

overview of our reduction.

1.5 Our Reduction
We first show an abridged reduction from unweighted Max-Cut to CVPp for p ∈ [1, ∞) and
how the approximation factor for the output CVPp instances follows from the gap of the
input Max-Cut instances, without needing to handle the complexity of the full proof for
Max-2-Lin(2). For the full reduction, see the full version of this paper [21].

Given a Max-Cut instance as an ordered set of unordered pairs E ⊆ [n]2 representing
m inequality constraints on n variables v1, . . . , vn, we produce a basis B with n vectors on
2m dimensions and a target t ∈ R2m. We represent B as a matrix in R2m×n with the basis
vectors as its columns. We construct B and t as a series of m vertically stacked blocks, where
each block is 2 rows tall:

B :=


B1:2
B3:4

...
B2m−1:2m

 , t :=


t1:2
t3:4

...
t2m−1:2m

 .

Each pair of blocks (one in B and one in t) makes up one gadget, and each gadget encodes
one constraint from E; specifically, we construct the gadget B2k−1:2k, t2k−1:2k to implement
the kth constraint of E as follows:

B2k−1:2k :=
(

· · · −1 · · · 1 · · ·
· · · ι · · · ι · · ·

)
, t2k−1:2k :=

(
0
ι

)
,

where only the ith and jth columns of B2k−1:2k are shown with (i, j) := Ek, i < j, and the
remaining columns are filled with 0s. We show the columns in order with column i first. ι > 1
is a parameter we use to ensure that the distance to the target is greater when the constraint
is unsatisfied than when the constraint is satisfied. We use two rows per constraint to ensure
that the basis vectors for our lattice are linearly independent – otherwise our reduction
wouldn’t produce valid γ-CVPp instances. We visualize the block in Figure 2 by plotting the
(2k − 1)th and 2kth rows of the vectors B·,i, B·,j , t, and B·,i + B·,j . B·,i represents the ith

column of B, which is also the ith basis vector.
As you can see from Figure 2, B·,i and B·,j are equidistant from the target t, 0 and

B·,i + B·,j are also equidistant from t, and B·,i and B·,j are closer to t. If we interpret the
coefficient of B·,i as the assigned value of vi, we find that the gadget matches the preferences of
the constraint vi ̸= vj exactly: it prefers (vi, vj) ∈ {(0, 1), (1, 0)} over (vi, vj) ∈ {(0, 0), (1, 1)}
and it has no preference between (0, 0) and (1, 1) and no preference between (0, 1) and (1, 0).

▶ Theorem 1.3 (Informal). The above reduction reduces (ε, ς)-gap (1 − ε, 1 − εc)-gap
unweighted Max-Cut to p

√
ς/ε-CVPp.

Proof sketch. We first show that the reduction produces a lattice and target with distance
at most (m(1 + ε(ιp − 1)))1/p when given a set of constraints that is (1 − ε)-satisfied by
some variable assignment v1, . . . , vn (this is the completeness condition for our reduction).
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B�;i+B�;j

e2k

tB�;i B�;j

e2k¡1

Figure 2 visualization using ι = 3 of the kth gadget, which encodes the constraint vi ̸= vj .

Consider the lattice point u :=
∑n

i=1 viB·,i. Then

|u − t|2k−1:2k =
{(

1
0

)
the kth constraint is satisfied(

0
ι

)
the kth constraint is not satisfied

by the construction of the kth gadget (where we use || to denote element-wise absolute
value), so by summing up the blocks corresponding to satisfied constraints and the blocks
corresponding to unsatisfied constraints we get

distp(u, t)p = m(1 − ε) + mειp = m(1 + ε(ιp − 1))

as claimed (note the power of p on the left hand side).
Next we show that the reduction produces a lattice and target with distance greater than

(m(1 + ς(ιp − 1)))1/p when given a set of constraints that is less than (1 − ς)-satisfied by any
variable assignment (this is the soundness condition for our reduction). Assume that there
is always a lattice point with 0-1 coefficients that is at least as close to the target as every
other lattice point (we omit proof of this fact in this sketch). We can construct a variable
assignment v1, . . . , vn from any lattice point with 0-1 coefficients u by choosing vi to be the
coefficient of B·,i. Then by the argument given above for completeness the distance from u

to t is given by the number of constraints satisfied by v1, . . . , vn as

distp(u, t)p = (# of satisfied constraints) + ιp(# of unsatisfied constraints).

Since every variable assignment satisfies fewer than m(1 − ς) constraints,

distp(u, t)p > m(1 − ς) + ιpmς = m(1 + ς(ιp − 1))

for any lattice point u with 0-1 coefficients. Applying our assumption applies this bound to
all lattice points as claimed.

By choosing r := (m(1 + ε(ιp − 1)))1/p and γr := (m(1 + ς(ιp − 1)))1/p we get that

γ = (m(ς(ιp − 1) + 1))1/p

(m(ε(ιp − 1) + 1))1/p
= p

√
1 + ς(ιp − 1)
1 + ε(ιp − 1) ≈ p

√
ς/ε

as required, when ι is sufficiently large. ◀
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Next we will give some context on the longstanding technical difficulty our reduction
overcame.

1.6 Difficulty of fine-grained reductions to γ-CVPp with large γ

Our reduction overcomes a longstanding technical difficulty for past reductions to lattice
problems: producing an instance that has a large approximation factor while maintaining a
small number of basis vectors. As you may have noticed in Section 1.2, all past reductions
to γ-CVPp have either produced many basis vectors to get large γ or produced few basis
vectors with small γ. We will try to give some intuition as to why this double-bind occurred.

One way to think about how reductions to γ-CVPp with large γ such as [9, 14, 20]8 work
is that they increase the number of dimensions polynomially while also increasing the number
of basis vectors polynomially. In general, increasing the number of basis vectors produced by
a reduction from a CSP to γ-CVPp decreases the distance to the target, while increasing the
number of dimensions produced by a reduction increases the distance to the target. These
reductions construct their additional basis vectors in a systematic manner which reduces
the distance much more if the input instance is good than if it is bad. When combined
with the fact that the bad instances have a long distance to reduce from this provides a
large approximation factor (remember that the approximation factor is the long distance
divided by the short distance). However, we know from Section 1.7 that this strategy doesn’t
produce fine-grained reductions because it uses too many basis vectors.

Ideally, we would like to produce a reduction from a problem on n variables to γ-CVPp

with exactly n basis vectors. Such reductions to exact CVPp were known at least as far back
as [9], but extending them to work for larger γ is difficult.

To describe these difficulties in constructing problems to γ-CVPp, it is helpful to have a
generalization for the problems we are reducing from. We will use Constraint Satisfaction
Problems (CSPs), which neatly generalize all the well-studied problems mentioned in this
paper. CSPs are about deciding if there is a combination of variable assignments that is
good enough at satisfying a set of constraints (restrictions on variable assignments). An
assignment is considered good enough if it satisfies a 1 − ε fraction of the constraints; if no
assignment is good enough, then it is promised that all assignments can only satisfy at most
a 1 − ς fraction of constraints. The input size is given by the number of variables n and the
number of constraints m.

One difficulty is as follows: these reductions (including our own) always represent the
CSP variables as basis vectors so that they can correspond the integer coefficients of the
lattice points to the values of variables in the CSP9. There are infinitely many integer
coefficients, but only a finite number of possible values for each variable, so to prove that the
reduction faithfully implements the CSP we must show that the valid integer coefficients
that correspond to possible CSP variable values are always further away than the invalid
coefficients. This is usually done by adding a “leashing gadget”: one or more dimensions
where the value of basis vectors and target forces lattice points to be far away when a basis
vector is assigned an invalid integer coefficient. For example, to force a basis vector to only
have valid coefficients 0 and 1 we might set the target to α in the leashing gadget’s dimension
and the basis vector to 2α for some very large α. Since the basis vectors must be allowed

8 Again, while some of these reductions as written are to a slightly different problem γ-SVP, by [18] they
are also reductions to γ-CVPp and the principles described here are the same.

9 This is in contrast to, for example, [14] where there were enough basis vectors to have them represent
every possible combination of constraint and variable assignment.
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at least two valid integer coefficients but the target can only have one value, the leashing
gadgets must add some distance to every γ-CVPp instance, which we can again call α. To
prove that the leashing gadget always works, α must exceed the gap between close and far
instances of γ-CVPp for all the other dimensions combined which caps the approximation
factor at 2.

This specific difficulty was first overcome by [11] which showed a CVPp gadget (2-
dimensional isolating parallelepipeds) that they proved will faithfully implement a CSP
constraint (2-ary binary conjunction) even when “unleashed”, breaking the γ = 2 barrier.
However, the double-bind remained, due to another difficulty: the factor of the distances of
far and close lattice points on an isolating parallelepiped is inherently limited by a small
explicit constant. Even with the most favorable parameters, unsatisfied constraints are
limited to 3 times the distance of satisfied constraints, limiting the overall approximation
factor to γ < 3.

1.7 Why fine-grained reductions must be small
Reductions from some Problem A to some Problem B are commonly used in both “coarse-
grained” complexity, to establish that B is in the same complexity class as A, and “fine-grained”
complexity, to establish a specific numerical relationship between the complexities of A and
B. In general, a reduction from A to B is a procedure which solves an instance of A using
the solutions to instances of B. A reduction R from Problem A to Problem B which solves
any size-n instance of A using the solution(s) to cR(n) many size-sR(n) instance(s) of B in
time TR(n) naturally gives the following upper-bound on time complexity of A TA in terms
of the time complexity of B TB :

TA(n) ⩽ cR(n)TB(sR(n)) + TR(n).

What makes reductions so useful in complexity theory is that this inequality is also a
lower-bound on TB in terms of TA. We can make this clearer by rearranging the inequality
and introducing a change of variables n′ = sR(n):

TA(s−1
R (n′)) − TR(s−1

R (n′))
cR(s−1

R (n′))
⩽ TB(n′).

Note that sR, commonly known as the size of the reduction R, is present in every term.
A common practice is to give a polynomial-size, polynomial-time, many-to-one reduction

and assume that problem A requires super-polynomial time; plugging these parameters into
our inequality gives TB(n) ⩾ superpoly(poly−1(n)) which is a super-polynomial lower-bound
on TB (since TR(n) ∈ o(TA(n)) it does not contribute to the asymptotic complexity of
TB). Thus polynomial-size reductions are an effective way to place Problem B in the same
complexity class as Problem A.

While such reductions can answer some coarse-grained complexity questions, they are too
large to convert a good algorithm for B into a good algorithm for A or a good lower-bound
for A into a good lower-bound for B. This is because the large reduction size converts large
changes on one side of the inequality to small changes on the other side.

Let us demonstrate by a lower-bound example: assume that Problem A requires 2n/2-
time and let C be a many-to-one reduction from A to B with size 2knk for some k > 1 in
polynomial time, and let R also be a reduction from A to B in polynomial time with size 2n.
To emphasize the point, let R also use n10 many instances of B instead of just one. Then by
our inequality, reduction C establishes a Ω

(
2 k

√
n/4

)
lower-bound on B while reduction R
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establishes a Ω(2n/4n−10) lower-bound. Since k > 1, it’s clear that R gives a much, much
better asymptotic lower-bound than C does. Now imagine that a celebrated result shows
large improvement in the lower-bound for A, from 2n/2-time to 2n. How does that change
our lower-bound results for B? The bound given by C improves by only a factor of 2 k

√
n/4 (to

Ω
(

2 k
√

n/2
)

) while the bound given by R improves by a factor of 2n/4 (to Ω(2n/2n−10))!
Next we will demonstrate the importance of the exact constant factor of our linear-sized

reduction. Let reduction R stay as before, and consider another reduction F which is exactly
like R except that it has size n instead of 2n and takes time 2 4√n instead of poly(n). Then
reduction F gives a lower bound of(

2n − 2 4√n
)

n−10 ∈ Ω(2nn−10)

on B instead of the Ω(2n/2n−10) bound given by R! The above comparisons demonstrate that
a reduction which can give good fine-grained complexity results (a fine-grained reduction)
for potentially exponential-time problems must be a linear-sized reduction, that the constant
factor in the reduction size is more important than the complexity of other aspects of the
reduction, and that the constant factor is ideally 1 or less.

1.8 Open questions
We leave the following questions to future research.
1. Can the fine-grained hardness of γ-CVP2 be further extended to show that there are

no O(2n1−δ )-time algorithms with δ > 0 for γ-CVP2 with approximation factors further
into the poly(log n) regime and even beyond it towards

√
n regime used by modern

cryptography?
2. Now that we have identified that fine-grained approximation-ratio preserving reductions

are achievable, can we create other fine-grained approximation-ratio preserving reductions
that help answer questions in the hardness of approximation?

3. Can the fine-grained hardness results shown in this work also be applied to the approximate
Shortest Vector Problem?

4. Do fine-grained reductions to γ-CVPp which utilize the “full power” of γ-CVPp by using
lattice coordinates with many different coefficients instead of just two lead to stronger
lower bounds? Or maybe γ-CVPp is fully characterized by existing reductions, since for
1 < p < ∞ any line formed by a basis vector can only be closest to the target at two
points in the ℓp-norm10? If the former is true, then hopefully we can prove much higher
fine-grained lower bounds on γ-CVPp. If the latter is true, then we can use existing
algorithms to match our current lower bounds. See Section 2.3 of the full version of
this paper [21] for how γ-CVPp problems with different lattice coefficients relate to each
other.

5. The “no-go” results and reductions discussed in this paper suggest that Min-UnCut and
γ-CVP2 belong together in a certain fine-grained complexity class, and that this class is
separate from the much better understood fine-grained complexity class to which k-SAT
belongs. What is the true fine-grained complexity lower bound for this class? How should
we formulate a fine-grained lower bound conjecture for this class, and which problem
should the conjecture be formulated for? One candidate is that there is no O(2n1−δ )-time
Max-Cut algorithm for δ > 0; another candidate in use by some cryptographers is that
there is no O(20.2075n)-time algorithm for γ-CVP2.

10 [3] give a good technical argument for this possibility.
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1.9 Full version of the paper
Our theorems and their proofs are presented in the full version of this paper [21]. What
follows will be the structure of the full paper for the reader’s convenience.

In Section 2 of [21] we introduce the notation used in this paper. We also present
the necessary definitions and known results for fine-grained complexity, lattice problems,
Max-Cut, and approximate nearest neighbor. In Section 3 of [21] we prove our main theorem
Theorem 1.1. In Section 4 of [21] we use this theorem to apply classical and quantum fine-
grained lower bounds on the hardness of γ-CVPp. In Section 5 of [21] we use our reduction
to show barriers against quantum and classical fine-grained hardness results for CVPp, Max-
2-Lin(2), and Min-UnCut based on (Q)SETH. In Section 6 of [21] we show faster classical
and quantum algorithms for (1 − ε, 1 − ς)-gap Max-2-Lin(2) including (ε, ς)-gap Min-UnCut.
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