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—— Abstract

The Monotone Min-Plus Product problem is a useful primitive that has seen many algorithmic
applications over the past decade. It also generalizes various other structured Min-Plus products
studied in the literature, such as Bounded Difference Min-Plus Product and Bounded Integer Min-
Plus Product. In this problem, we are given two n X n integer matrices A and B, where each row of B
is a monotone non-decreasing sequence of integers from {1,...,n}, and the goal is to compute their
Min-Plus product, defined as the n x n matrix C' with C; ; = ming{A; x + Bx,; }. The fastest known
algorithm for this task [Chi, Duan, Xie, and Zhang, STOC’22] runs in p@T3)/2He() — O(n*085)
time, significantly improving over the brute-force cubic algorithm. However, its main disadvantage
is that it requires randomization, which is then inherited by all downstream applications.

Our main result is a deterministic algorithm for Monotone Min-Plus product with the same
running time p@T3)/2Ho() — O(n2‘686) as its randomized counterpart, improving upon the previous
deterministic bound O(n?¥7) [Gu, Polak, Vassilevska Williams, and Xu, ICALP’21]. Our deran-
domization also applies to previously studied extensions and variants (e.g., [Diirr, IPL’23]), including
rectangular matrices, bounded range [n"], and column-monotone matrices. As an immediate con-
sequence, we derandomize state-of-the-art algorithms for multiple problems, including Language
Edit Distance, RNA Folding, Optimum Stack Generation, unweighted Tree Edit Distance, Batched
Range Mode, and Approximate All-Pairs Shortest Paths.

Our techniques also yield a deterministic algorithm for the Monotone Min-Plus Convolution
problem that runs in n*-°t°® time, nearly matching the best-known randomized time complexity
(5(711‘5) [Chi, Duan, Xie, and Zhang, STOC’22]. This algorithm can be used to derandomize
state-of-the-art algorithms for Jumbled Indexing for binary strings and several variants of Knapsack.
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1 Introduction

One of the most fundamental problems in algorithm design is the All-Pairs Shortest Paths
problem (APSP), which asks us to compute pairwise distances in an n-node weighted graph.
APSP is known to be asymptotically equivalent to Min-Plus product [27], where we are given
two n X n matrices A and B and need to compute an n X n matrix A x B such that

(A% B); = 1;122”{Ai7k + B}
The fastest known algorithm for these problems runs in n3/ 29(\/@) time, due to Willi-
ams [29], and further improving this running time remains a major open problem. In fact,
a popular hypothesis in fine-grained complexity is that APSP, or equivalently Min-Plus
product, does not admit an O(n3~¢)-time algorithm for any £ > 0; see [26] for a survey on
fine-grained complexity.

Despite the difficulty of designing faster algorithms for Min-Plus product, researchers
have identified several structured cases where it admits truly subcubic-time algorithms. For
instance, bounded integer Min-Plus product, where both matrices have entries from [M]! for
some integer M, can be computed in O(Mn®) time [2].23 A generalization of bounded integer
Min-Plus product is bounded difference Min-Plus product, where adjacent entries in the input
matrices differ by at most M. Bringmann, Grandoni, Saha, and Vassilevska Williams [7] first
studied this setting and gave an O(n?2°)-time randomized algorithm and an O(n?-861)
deterministic algorithm for the case M = O(1). They used bounded difference Min-Plus
product as a tool to obtain the first subcubic-time algorithms for Language Edit Distance,
RNA Folding, and Optimum Stack Generation.

An important setting that further generalizes bounded difference Min-Plus product, and

-time

is the focus of this paper, is monotone Min-Plus product; see [19] for a discussion of this
generalization. An n X n matrix B is called row-monotone if

for every 1 <14,j < n, we have B; ; € [n];

for every 1 <¢<mnand1<j<n,wehave B; ; < B j11.

Column-monotone matrices are defined analogously. The task of computing the Min-Plus
product between an arbitrary integer matrix A and a row-monotone matrix B is called
the monotone Min-Plus product problem. The importance of monotone Min-Plus product
is reflected in its wide range of applications, including Language Edit Distance [7], RNA
Folding [7], Optimum Stack Generation [7], Batched Range Mode [28, 19, 14], unweighted
Tree Edit Distance [23, 14, 24], Single-Source Replacement Paths [19, 14], approximate
APSP [13, 14, 25], and k-Dyck Edit Distance [17, 14].

The fastest known algorithm for monotone Min-Plus product, due to Chi, Duan, Xie,
and Zhang [11], runs in O(n®+)/2) = O(n2686) time. Unfortunately, this running time
is achieved by a randomized algorithm, making the fastest algorithms for applications of
monotone Min-Plus product randomized as well. More frustratingly, for many of these
algorithms, the only source of randomness is the black-box call to monotone Min-Plus
product; see Tables 1 and 2 for examples. Thus, prior to our work, obtaining deterministic

L For a positive integer m, [m] denotes {1,2,...,m}.

2 In this paper, we use O to hide n°®) factors and O to hide poly log n factors.

3 w<2372 [1] denotes the square matrix multiplication exponent; that is, w is the smallest constant
such that the product of two n x n matrices can be computed in (5(71“’) arithmetic operations. More
generally, we use w(a, b, c) to denote the smallest constant such that the product of an n® x n® matrix
and an n® x n® matrix can be computed in 6(%“(“’b’c)) arithmetic operations.
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Table 1 Applications where the monotone Min-Plus product oracle is the only source of random-
ization in the fastest known randomized algorithms. Previous best deterministic running times are
also listed. The O-notation is omitted.

Problem Randomized Runtime Deterministic Runtime
Language Edit Distance nB+w)/2 < 2686 17 19) n?861 7]

RNA Folding n3+w)/2 < 2686 17 17) n2861 [7]
Optimum Stack Generation n3+w)/2 < 2686 17 19) n?861 7]

Batched Range Mode pBH2)/BHw) < 1442 [1y)  p(I8+20)/(184w) < 1480 [1g]
Unweighted Tree Edit Distance n(3+@)/2 < 2686 [94) n?951 [23]

k-Dyck Edit Distance n+ k1515 17, 14) n 4 k4854 [17]

Table 2 Fastest known algorithms for +2k-approximate APSP on unweighted undirected graphs.
The algorithms of [25] use the monotone Min-Plus product oracle as their only randomized component.
The O-notation is omitted.

Additive error 42k  Runtime for +2k-approximate APSP

+2 n?22%48 (randomized) [21]
+4 n? 1613 (deterministic) [21]
+6 n?19260 (deterministic) [21]
+8 n?0727 (randomized) [25]
+10 n?0619 (randomized) [25]

- (randomized) [25]

algorithms for these applications required replacing the randomized monotone Min-Plus
product algorithm with a slower deterministic one, such as the O(n?87)-time algorithm
of [19], or the O(n?-861)-time bounded difference Min-Plus product algorithm of [7].

» Remark. We briefly explain how some of the randomized running times in Tables 1 and 2
are obtained. The randomized running times for Language Edit Distance, RNA Folding,
and Optimum Stack Generation in Table 1 are obtained by replacing the bounded difference
Min-Plus product algorithm of [7] with the monotone Min-Plus product algorithm of [11].
For every positive integer k, the algorithm of [25] for +2k-approximate APSP in Table 2 runs
in O(n?+*/(++1)) time, where  is the solution to 1+ 2z = w(1 — ﬁﬁm 1—z,1— k+1 x), and
uses the monotone Min-Plus product oracle as its only source of randomness. For additive
error +2k with 2k > 8, this is the fastest known algorithm. The work of [21] improves
the running times of the +4- and +6-approximation algorithms of [25] using deterministic
algorithms, and further improves the running time for +2-approximation using a randomized
algorithm whose randomness does not come from the monotone Min-Plus product oracle.

A problem closely related to Min-Plus product is Min-Plus convolution. In the Min-Plus
convolution problem, the input consists of two length-n arrays A = (Aj, As,..., A,) and
B = (B4, Bs,...,By), and the output is an array Ao B indexed by k = 2,...,2n, where

(Ao B)y = 1<Izn<1£1 1{A  Bi-ik
with out-of-bounds entries set to co. The fastest known algorithm for Min-Plus convo-
lution runs in n?/ 20(V/logn) time, which can be obtained by combining Williams’ APSP
algorithm [29] with the reduction in [3]. A popular hypothesis in fine-grained complexity is
the Min-Plus convolution hypothesis, which postulates that Min-Plus convolution cannot be
solved in O(n?~¢) time for any ¢ > 0; see [12, 22]. It is known that the Min-Plus convolution
hypothesis implies the Min-Plus product hypothesis [3].
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Table 3 Applications of monotone Min-Plus convolution for which, after applying known deran-
domizations where needed, the only remaining source of randomization is the monotone Min-Plus
convolution oracle. The table also lists the previously best-known deterministic running times. For
Knapsack problems, wmax and pmax bound item weights and profits, respectively; W is the capacity
and OPT is the optimal profit. The O-notation is omitted.

Problem Randomized Runtime Deterministic Runtime
Jumbled Indexing for Binary Strings n'? (9, 11] n'-864 [9]
Unbounded Knapsack 7+ Wmax+/Pmax (0] 1+ (Pmax + Wmax) 5% [5]
0-1 Knapsack n+ W+/OPT [6] n+W.-OPT"%" |5, §]
Weakly-Approximate Unbounded Knapsack n+1/e'5 [5] n 41/ [5]

Similar to Min-Plus product, Min-Plus convolution admits significantly faster algorithms
when the input is structured. A length-n array A is called monotone if
for every 1 < i < n, we have A; € [n];

for every 1 <1i < mn, we have A; < A;4;.

When both input arrays are monotone, Chan and Lewenstein [9] gave an O(n!859)-time
randomized algorithm and an O(n!'®%%)-time deterministic algorithm. Chi, Duan, Xie,
and Zhang [11] improved the randomized running time to 5(n1'5). Bringmann, Diirr, and
Polak [6] generalized this result to a randomized O(n'*#/2)-time algorithm for arrays with
entries in [n*] and with only one of the input arrays being monotone.

Monotone Min-Plus convolution also has a wide range of applications, including Jumbled
Indexing [9], Knapsack problems with bounded weights and profits [5, 6], and weak approx-
imation schemes for Knapsack problems [5, 10].* Due to the gap between the best-known
randomized and deterministic algorithms for monotone Min-Plus convolution, the best-known
running times for all these applications are achieved by randomized algorithms. For some
applications, the monotone Min-Plus convolution subroutine is the only remaining source of
randomness; see Table 3.

» Remark. We explain how some of the running times in Table 3 are obtained. The
randomized running time for Jumbled Indexing for Binary Strings follows by replacing
the monotone Min-Plus convolution algorithm in [9] with the faster randomized algorithm
of [11]. For Unbounded Knapsack, the randomized O(n + (wmax 4 Prmax) > )-time algorithm
of Bringmann and Cassis [5], combined with the rectangular and [n*]-bounded generalization
of [6], yields the refined bounds (5(n + Winax+/Pmax) and (5(n + Pmaxy/Wmax)-

For 0-1 Knapsack, the randomized O(n + W+/OPT) bound follows from [6, Theorem 12].
We state this bound, rather than their stronger (5(71 + W /Pmax) bound, because it is the one
to which our derandomization applies. The deterministic 0-1 Knapsack bound shown in the
table is not explicitly stated in the literature. The 0-1 Knapsack algorithm of [5] has another
source of randomness, namely the random partitioning technique originating from [4, 12].
This additional source of randomness was recently derandomized by [8]; see [8, Appendix A]
for a deterministic reduction from 0-1 Knapsack to Min-Plus convolution in [12]. The same
derandomization also applies to the random partitioning step used in [5]. More specifically,
if monotone Min-Plus convolution with [n#]-bounded inputs can be solved deterministically
in O(n't®#) time, then the results of [8, 5] imply a deterministic 0-1 Knapsack algorithm

4 These Knapsack results use Max-Plus convolution instead of Min-Plus convolution, but the two are
equivalent up to a sign change.
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running in O(n + W - OPT®) time. The previously known deterministic algorithm for [n*]-
bounded monotone Min-Plus convolution can be obtained using the deterministic O(n!-864)-
time algorithm for the [n]-bounded case [9] as a black box, together with blocking and
balancing (details omitted). This yields a deterministic O(n!+21/(4=1.864)) — & (y1+0.937u)_
time algorithm for [n#]-bounded monotone Min-Plus convolution, and therefore yields the
deterministic O(n + W - OPT®97) bound shown in the table.

1.1 Our Results

We close the gap between the deterministic and randomized running times for monotone Min-
Plus product and monotone Min-Plus convolution. Our work is inspired by the randomized
algorithm of Chi, Duan, Xie, and Zhang [11]. However, our presentation is more streamlined
due to several reductions. Moreover, our algorithm for monotone Min-Plus product applies
to rectangular matrices and to the case where the entries of B lie in an arbitrary range
[n#], rather than only in [n]. This matches the extensions studied in the randomized setting
by [14, 17, 25], which generalized the framework of [11].

» Theorem 1. There is a deterministic algorithm that, given an n® x n® integer matrizc
A and an n® x n° row-monotone matriz B with entries in [n*], computes their Min-Plus
product in time O(na+e 4 pbte 4 platbutw(ab.e)/2),

Note that the terms n*t¢ and nbt¢ above are necessary due to input and output sizes. As
in [11], our algorithm also extends to the case where B is column-monotone. Owing to our
more streamlined algorithm, this extension is more modular than in prior approaches.

» Theorem 2. There is a deterministic algorithm that, given an n® x n® integer matriz A
and an n® x n° column-monotone matriz B with entries in [n"], computes their Min-Plus

product in time O (n“*b + nbte 4 n(“+c+“+“’(a»b»c))/2)_

Very recently, Fischer [15] showed, unless the APSP hypothesis fails, there is no O(n?°~¢)-
time algorithm for column-monotone Min-Plus product for any e > 0 whena =b=c=pu = 1.
Thus, if w = 2, our algorithm is near-optimal in this case under the APSP hypothesis.

As in [11], our techniques also extend to monotone Min-Plus convolution. Our algorithm
for monotone Min-Plus convolution applies when the array entries lie in [n#]. Its running
time essentially matches the best-known randomized running time [11, 6].

» Theorem 3. There is a deterministic algorithm that, given two length-n monotone arrays
A and B, both with entries in [n*], computes their Min-Plus convolution in time O (n1+“/2).

Using the reduction of [6, Theorem 8] from the case where both arrays are monotone to
the case where only one array is monotone, our algorithm also applies when only one of the
two arrays is monotone.

Our algorithms directly derandomize the best randomized algorithms for many problems.

» Corollary 4. All problems in Tables 1 and 3, as well as +2k-approzimate APSP for 2k > 8
in Table 2, can be solved by deterministic algorithms with the listed randomized running
times, up to an ne factor.

In fact, we can derandomize the +2-approximate APSP algorithm of [21] shown in Table 2.
This algorithm does not use monotone Min-Plus product, so its derandomization is not
an immediate consequence of our algorithms; nevertheless, it can be derandomized using
standard techniques. A proof can be found in the full version.

119:5
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2  Technical Overview

In this technical overview, we focus on row-monotone Min-Plus product in the parameter
regime originally considered by [11], where both input matrices have dimension n x n
and entries from [n]. The extensions to rectangular matrices, larger entry ranges, column-
monotone matrices, and monotone Min-Plus convolution are handled in the main body.
Our algorithm is a derandomization of the algorithm of [11]. The only source of ran-
domization in their algorithm is to pick a random prime @ from some appropriate range.
Hence, it may appear straightforward to derandomize their algorithm because there is now
a standard recipe for derandomizing the choice of a prime (see, e.g., [9, 16]): Instead of
choosing a prime from a relatively large range, one can take @@ to be the product of several
smaller primes from a smaller range, which are found one by one. For each such prime, one
can afford to deterministically enumerate all primes in the smaller range and choose one that
works. However, this approach faces several difficulties when applied to the algorithm of [11].

A. The intuition for why [11] needs a random prime @ is the following. There is an implicit
set S of roughly n® nonzero integers, and we want only a small number of integers in S
to be divisible by @; call this quantity fg. When @ is a random prime from [M], the
expected value of fg can be upper bounded by roughly n®/M. If we aim to use the
standard approach to derandomize the choice of @), we would keep finding primes p; from
a smaller range [R], and maintain @ = H;l pi, where t is the current number of primes
we have determined. For each additional prime, we expect fg to drop by a factor of
roughly R. In theory, one can show that such a prime exists, and even a random prime
likely works. However, in order for a deterministic algorithm to pick p;, it would naively
need to compute the value of fg for each choice of p;. Unfortunately, there does not
seem to be an efficient algorithm for this task, which marks the first difficulty in applying
this derandomization approach.

B. In addition to the previous role, the prime @ in [11] also serves another role: it is used
to separate an integer x into a high-order part (|z/Q]) and a low-order part (z mod Q).
If we use the standard approach to derandomize the choice of @@ by multiplying small
primes one by one, the high-order parts and low-order parts of the integers keep changing,
making it difficult to derandomize the algorithm.

Standard Reductions

To address Item B, we separate the two roles played by Q. As it turns out, it suffices to pick
an arbitrary integer from an appropriate range to separate the integers into high-order parts
and low-order parts. Let M = O(n(3-«)/2) be such an integer. By standard reductions, it
suffices to solve the following problem.

» Problem 1. Let A, B,C be n x n integer matrices with nonnegative entries bounded by
O(n), where both B and C are row-monotone. In addition, all entries x of the matrices
satisfy © mod M < M/10. For every i,j € [n], determine whether there exists k € [n] such
that Ai,k + Bk’j = Ci’j,

At a high level, the reduction has two steps. First, by recursively halving the entries of A
and B, the product of the halved instance gives an approximation to each entry of A x B: if
(' is the product of the halved instance, then each true value (A B), ; must be one of 2C£1j,
QCZ(J- + 1, or 207, ; 2. Thus, a verifier for candidate values can recover the full product by
testing these three candidates. Second, using a standard residue-shifting reduction similar
to [11], we transform the verification instance into constantly many promised instances in
which the relevant residues of A, B, and C lie in a small interval modulo M.
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These standard reductions were also present in the algorithm of [11], appearing as a
recursive step. By explicitly applying the standard reductions first, we move the recursive
step outside the main algorithm, making the algorithm more streamlined. In addition, this
helps unify the algorithms for the row-monotone and column-monotone cases. As it turns
out, the column-monotone case can also be reduced to a version of Problem 1, where for
every i, k, we need to determine the existence of such a j; see Section 5 for details.

Main algorithm

Define A?fkgh = |A; /M|, and define B"&! and Cheh analogously. The algorithm first finds
a modulus Q satisfying M < Q < Mn°M); we defer the additional properties required of Q,
as well as the description of how to find it, until later in the overview. Then the algorithm
computes the following quantities:

sij, the number of k € [n] such that A; ; + By ; = C; ; (mod Q);

s; j» the number of k € [n] such that A; + B ; = C; ; (mod Q) and A?i§h+B£jjgh # C’;jijgh.

It is not difficult to see that A;, + By ; = C;; if and only if A;x + By ; = C;; (mod Q)
and Ai”kgh + Bhlgh C;f ijgh. Hence, for each pair (i, j), there exists a witness k if and only if
5i; > s, i Therefore, it suffices to compute s; ; and s;J for every pair (i, ).

Using an approach similar to [2], one can compute all values s; ; in 5(an) = @(n(3+‘“)/ 2)
time. To discuss how to compute s _j» we define segments, similarly to [11], and a special
type of segment called active segments. Let l,ax := [log(M/20)].

» Definition 5. For 0 < £ < lyax, a level-l segment is a tuple (i, k, [jo,j1]) such that, for
every jo < j < ji, we have | By j,/2°| = | By,;/2*] and |C;;,/2°| = |Ci;/2], and [jo, j1]
cannot be further extended.

» Definition 6. For 0 < ¢ < ly,ax, a level- segment (i, k, [jo, J1]) is called active with respect
to Q if A" + B — jlf)h #0 and Ai g+ Bij, — Cij, mod Q € [—4-2¢,4-2%). Let Sy(Q)
be the set of active level-f segments.

Since B and C' are row-monotone, the number of level-¢ segments is O(n?/2°).
We will find a modulus Q so that, for every 0 < £ < lax, |5:(Q)| < O(n3/Q). For now,
assume that we have such a modulus ). We show how to compute s’i, ; under this assumption.
To see why active segments help compute s; ;, consider a triple (7, j, k) such that Ai,k +
By ; = Ci; (mod Q) and A?‘kgh + Bhlgh # C’hlgh that is, k& contributes one to s; ;. Let
(i, k, [jo, j1]) be the unique level-0 segment where J € [jo, j1]. Tt is not difficult to see that
this segment is active. Hence, we proceed by computing Sy(Q):
First, we find Sy, ., (Q) by enumerating all level-£,,,x segments and checking whether
each segment is active. The number of level-£,.x segments is O(n3/2fmax) = O(n(3+«)/2),
Hence, this part takes O(n(3++)/2) time.
Suppose we have computed the set Sp;1(Q) of active level-(£ + 1) segments. For every
segment L € Sp11(Q), we enumerate all level-£ segments contained in L and check
whether they are active. Here, a segment (4, k, [Jo, j1]) is contained in another segment
(@' K [, 1) if i = 4/, E = K, and [jo,71] C [4),41]- It can be shown that every
segment in Sy(Q) is contained in some segment in Syy1(Q), so this procedure correctly
computes S¢(Q). Moreover, each level-(¢ + 1) segment contains only a constant number
of level-£ segments. By the assumption |S;(Q)| < O(n3/Q) for every ¢, this step takes
O(n*/Q) = O(n*+)/2) time.

119:7
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Recall that the segments in Sp(Q) contain all triples (7, j, k) that can contribute to s} ;. For
every level-0 segment (i, &, [jo, j1]) € So(Q), the values By ; are constant over j € [jo, j1],
and the values C; ; are also constant over this interval. Hence, either all triples (i,k, j)
with j € [jo,j1] contribute to s ;,
structure to compute all values s; ; from Sp(Q) in O(1S(Q)]) = O(nB3+2)/2) time.

or none of them do. We can therefore use a simple data

Finding a Good Modulus

It remains to find a modulus Q € [M, Mn°®)] such that |S,(Q)| < O(n3/Q) for every
0 < ¢ < /lpax. To do so, consider the following multiset of numbers for every level £:

Xe :={A; x+Br j, —Cijo—s : (i, k, [jo, j1]) is a level-¢ segment, s € [—4-2Z,4-2£]}Q(Z\{0}),

and let Xy o denote the number of elements in X} that are divisible by Q. Clearly, |X,| <
O(n?/2%) - 0(2%) = O(n®). When Q > M (and hence @ > 4-2°), X, g is exactly the number
of level-¢ segments (i, k, [jo, 71]) such that A;x + By j, — Cij, mod Q € [—4-2° 4 -2 and
Aik + Bij, — Cijy ¢ [—4-2%,4- 2%, Using the assumptions in Problem 1, it is not difficult

high 7& Chlgh

to show that one can equivalently replace the second condition with A?ikgh + B, o ide -

Hence, Xy ¢ is exactly |S¢(Q)].

To summarize, we have several multisets X, each containing O(n?) nonzero integers, and
we need to find a modulus @ such that, for every £, the number of elements of X divisible by
Q is at most (5(n3 /Q). This is exactly the setting where the standard recipe of constructing
Q@ as a product of smaller primes applies. More precisely, we construct @ as the product of
primes py,po,...,p; from [R/2, R], for some relatively small R = n°()). Let P be the set of
primes in [R/2, R]. At each step, we find an additional prime p; € P by enumerating all
primes in P and choosing a suitable one. We stop once the product of the chosen primes
exceeds M. By a standard probability analysis, there exist primes p1,p2,...,p: € P such
that if Q; = [J'_, pi, then X, ¢, is bounded by roughly n®/R? for every /. Since R ~ Q,
this gives X, g, < n3/Q; for every ¢, as desired. Hence, it remains to find these suitable
primes deterministically.

In this overview, we illustrate our approach by showing how to find the first prime p € P
such that X, , = O(n®/R) for every £. The same idea extends easily to finding the remaining
primes. Since R = n°")| we can afford to enumerate all primes in P and choose one that
works. However, even when p is fixed, it is unclear how to compute X, efficiently: the
straightforward approach requires enumerating all level-¢ segments, which takes O(n?/2¢)
time. When ¢ is small, this bound can be as high as O(n?). This reflects the first difficulty
mentioned in Item A, although the setting here is already somewhat different.

Instead of computing X, ,, we take a more indirect approach. Let

Yo :={Air+ By j, — Cij, — s: (i, k, [jo, j1]) is a level-£ segment, s € [—4 - 24,4 . 26]}.

This multiset has the same definition as X, except that we do not remove the zero elements.
Let Y7, denote the number of elements in ), that are divisible by p. As it turns out, one
can compute Yy, efficiently in @(2571‘”) = @(M n®) time, following the high-level idea of [2].
Next, observe that Y;, — X, , is exactly the number of pairs ((i, k, [Jo,j1]), $) such that
Aik + By j, — Cij, — s =0, where (i, k, [jo, j1]) is a level-£ segment and s € [—4 - 2¢,4 - 24].
In particular, Yz, — X;, does not depend on p; denote this quantity by Z,.

In our algorithm, we compute Y,* := min,ecp Y7, for every ¢, and then choose a prime
po € P minimizing max,{Y;,, — Y,*}. This prime py can be found deterministically in
Mn@t°() time, since this procedure only uses the computable values Yy p, rather than the
values X ,. Note that Y," — Z, is exactly X; := minyecp X, . Hence, py minimizes

Yy, — Vi) = X, — X*).
ot Wep =Yih = max {Xep— X7}
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By a standard probabilistic argument, X; < (5(713 /R) for every . Thus, py minimizes
maxo<s<r,. {Xep} up to a O(n®/R) additive error. Again by a standard probabilistic
argument,

i X,,} < O(n®/R).
min e {Xeph < O/

Therefore, Xy, < O(n?/R) for every ¢, as desired.

3 Preliminaries

Notations

For integers a and M > 1, we write a mod M for the unique integer b € {0,1,..., M — 1}
such that a = b (mod M). For a positive integer =, we write [z] := {1,2,...,2}. For integers
x <y, we write [z,y] :={z, 2+ 1,...,y}.

Min-Plus Product
Let A be an n® x n® integer matrix and let B be an n® x n¢ integer matrix. The Min-Plus

product of A and B is the n® x n® matrix A x B defined by

(A% B); ;= 1§rr]ii§nnb{Ai,k + B ;}  for (4,7) € [n?] x [n°].

Min-Plus Convolution

Let A and B be arrays of length n indexed from 1. The Min-Plus convolution of A and B is
an array A ¢ B indexed by 2,...,2n, defined by

(Ao B)y, == | Jnin {A; + Bi_;}, for k € [2,2n].

1<i,k—i<n
Monotonicity

An n x m matrix A is row-monotone if for every i € [n] and j € [m — 1], A;; < A; j11.° It
is column-monotone if for every i € [n — 1] and j € [m], A4; ; < A;41,;. An array A of length
n is monotone if for every i € [n — 1], A; < A;44.

Rectangular Matrix Multiplication

For a,b,c > 0, let w(a,b,c) denote an exponent such that the product of an n® x n® matrix
and an n® x n° matrix can be computed in O(n“(*?¢)) arithmetic operations. The best
known upper bound is w(1,1,1) < 2.372 [1]. It is known that w(a,b,c) = w(a,c,b) [20].

Polynomial Multiplication

Let P, Q € Z[xz,y] be bivariate polynomials whose degree in x is at most d, and whose degree
in y is at most d,. We can compute P + Q and P — @ in O(d,d,) time, and compute P - Q
in 6(dxdy) time using FFT. Let P(x) € (Z[x})"axnb and Q(z) € (Z[a:])”bx"c be polynomial
matrices whose entries have degree at most D. Then the matrix product P(z) - Q(z) can be
computed in O(D n®(@29) time.

5 Unlike in the introduction, where boundedness is included for readability, monotonicity here only refers
to the ordering condition; boundedness is stated separately.
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Prime Number Theorem

Let m(x) denote the number of primes at most . The prime number theorem states that
m(x) = x/logx £ o(x/logx). As a corollary, for any sufficiently large integer R, the number
of primes in the interval [R/2, R] is n(R) — n(R/2 — 1) = © (R/log R).

4 Deterministic Monotone Min-Plus Product

In this section, we present a deterministic algorithm for row-monotone Min-Plus product,
whose definition we recall below.

» Problem 2. Let A be an n® x n® integer matriz. Let B be an n’

matriz with entries in [n*]. Given (A, B) as input, compute A % B.

X n® row-monotone integer

4.1 Reduction to a Verification Problem

We start with a standard reduction that transforms the problem into a simpler form. Consider
the following verification problem.

» Problem 3. Let A be an n® x n® integer matriz with nonnegative entries bounded by O(n*).
Let B be an n® x n® row-monotone integer matriz with nonnegative entries bounded by O(n*).
Let C be an n® x n® row-monotone integer matriz with nonnegative entries bounded by O(n*).
Given (A, B,C) as input, for every (i,7) € [n%] x [n¢], decide whether there exists k € [n®]
such that A;  + By j = Cy 5.

» Lemma 7. If there is a deterministic algorithm for Problem 3 that runs in T'(n®, n® n¢;n*)
time, then there is a deterministic algorithm for Problem 2 that runs in O(T(n®, n® nc;nH))

time.

Proof. First, by a simple observation of [11], we may assume that all entries of A are
nonnegative integers bounded by O(n*): for each i, subtract d; from every entry in the i-th
row of A, where ¢; is the minimum value in that row. Then any entry of A greater than 2n*
can be set to 2n* + 1, since it can never participate in an optimal solution. After computing
the Min-Plus product of the modified matrix A and B, we simply add §; back to the i-th
row of the result.

Let Aj; := [A;;/2] and B]; := [B;;/2|. Flooring preserves row-monotonicity, so
the rows of B’ are also row-monotone. We compute C’ := A’ x B’ recursively. The base
case occurs when both A and B are zero matrices, in which case we can compute A x B
trivially. Now define three n® x n¢ candidate matrices C©, ¢V, C?) by Ci(;) =207 +s
for s € {0,1,2}. Since the rows of B’ are monotone, one can prove that the rows of C” are
also monotone. Therefore, the rows of each C*) are monotone as well, and we can run the
algorithm for Problem 3 on the instance (A, B,C(*)) for each s € {0,1,2}.

Since (z —1)/2 < |z/2] < x/2 and C' = A’ x B’, we have

’ . Azk Bkj . Azk+Bk] (A*B)7J
L= 2 —_ < > > — ’
Ci; mkln{L 5 J + { 5 min 5 5 ,

and
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Together, these inequalities imply (A x B); ; — 2C; ; € {0,1,2}. Thus, for each fixed pair
(i,7), there exists at least one s € {0, 1,2} such that Ci(z) = (A B); ;, and we can recover

(A % B); ; by taking the minimum value among CZ-(:}) for which the verifier accepts (i, )
on (A, B,C®)). Moreover, if the verifier accepts (i,j) on (A4, B,C®)) with witness k, then
Ci(’sj) = A, + By,; > (Ax B); ;. Therefore, taking the minimum accepted value among the

C’i(’sj) returns exactly (A B); ;.

For the running time, we make O(1) calls to the T'(n®, n?, n¢; n*)-time verifier per recursion
level. The recursion depth is O(log(n*)) = O(logn). The additional costs of forming A’, B’,
and the matrices C®) are dominated by T'(n®, n’, n%n*). Hence, the total running time is

O(T(n®,n®,ne;nt)). <

Using an approach similar to that of [11, Lemma 3.5], we further reduce Problem 3 to
the following problem and focus on solving it efficiently. Since the reduction is standard, we
defer the proof to the full version.

» Problem 4. Let (A, B,C) be an instance of Problem 3, and let M be a positive integer that
is a multiple of 100 and satisfies M = O(n*). Additionally, assume that for every i € [n],
k € [n®], and j € [n¢], we have A; mod M, By j mod M, C;; mod M < M/10. Given
(A, B,C) as input, for every (i,7) € [n?] x [n¢], decide whether there exists k € [n°] such that
Aix+ By =Ci;.

» Lemma 8. If there is a T(n®, n®, nn*, M)-time algorithm for Problem 4 for every such
M, then there is an O(T(n®,n® n¢;nH, M))-time algorithm for Problem 3.

4.2 Algorithm for Problem 4

Suppose we are given an instance (A, B, C) of Problem 4 with M = ©(n?) for some constant
0 < d < . Define

. A ) B, . _ C
high i,k high k,j high i,]
AivkLMJ’ B’W’{MJ’ Cm'LMJ‘

We also define

oV =Ajrmod M,  BPY =Bpjmod M,  Ci% =C;;mod M.

The high-level outline of our algorithm is as follows:

1. Find a “good” modulus Q with M < Q < Mn°M). The definition of “good” is deferred
to Definition 16.

2. For every (i, j) € [n%] x [n], compute s; ;, the number of k € [n’] such that A; ; + By, ; =
Ci,j (HlOd Q)

3. For every (i, ) € [n%] x [n°], compute s ;, the number of k € [n°] such that A; x + By ; =
Cyj (mod Q) and A" + Be" £ Ce,

4. For each (7, ) € [n%] x [n°], output YES if and only if s; ; > s ;.
We first prove two simple facts that bound |A; ;, + By ; — C; 4|, depending on whether

high high high . .
AR+ Bknf =C; }g , and then prove the correctness of the algorithm assuming that our
subroutines are correct.

» Fact 9. For every (i, k,j) € [n%] x [n®] x [n°], if Azikgh +B,}3f§h # C’Eijgh, then |A; ;. + By j —
Cis| = TM/10.
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119:12 Deterministic Monotone Min-Plus Product and Convolution

Proof. We dgcompos§ A g+ By j— Cz‘_,j =M. '(A}iti,fh + B,};ffh — Cl,}tijgh) + (Aiolzv 4 B}:?’ — C}OJW)
If AMEh 4 B,}:l?h — C’E}gh #0, then |AME" 1 B,i“]gh - C;j}gh| > 1. By the promise of Problem 4,

| AN + By — O | < [AY |+ By |+ [Cior| < 3M/10. Therefore, using |a +b| > [a| — 0],

we have
) ) o high high high low low low
|Aik + Brj — Cij| = M- |AF + BS" — C 8| — [A% + By — €

> M — 3M/10 = 7M/10. <

» Fact 10. For every (i k,j) € [n?%] x [n%] x [n°], if A?)i,fh + B,l:;?rh = C’Eijgh, then |A; , +
By — C; ;| <3M/10.

. high high high _ _ low low low
Proof. Since A; >+ B, 5" —C;>" = 0, we have [A;  + By j — C 5| = [A;5 + By — G| <

3M/10 by the same argument as in Fact 9. |

Recall that s; ; is the number of k € [n’] such that A; . + By ; = Cy; (mod @), and s
is the number of k € [n®] such that A4; ; + By; = C;; (mod Q) and A?’fh + B:ffh + Ciijgh.
We now prove the correctness of our algorithm.

» Lemma 11 (Correctness). For every (i,7) € [n?] x [n€], there exists k € [n®] such that
Aii + B = Cij if and only if s; ; > sg’j.

Proof. Fix (i,j) and suppose there exists k € [n’] such that A;x + By; = C;;. Then

A+ Bi; =C;; (mod @), so this k contributes one to s; ;. Moreover, under the promise

of Problem 4, we have Ai",ﬁv + B}f}" < 2M/10, so adding the low parts creates no carry across

a multiple of M. Hence, C;Tijgh =|Ci;j/M] = [(Ai)+By;)/M| = A?i,fh + B,}Clj]gh. Therefore,
/

this k& does not contribute to s; ;, and so s;; > sj ;.

i

Conversely, suppose s; ; > SZ] Then there exists k € [n°] such that A4;j + By ; = Ci
(mod Q) and Aiilfh + B,l:fjgh = C'i}tijgh. By Fact 10, we have |A; , + By ; — C; ;| < 3M/10 < Q.
Since A; i + By,; — C; ; is a multiple of @ and has magnitude strictly less than @, it must
be zero. Therefore, A; x + By, ; = C ;. <

In the following sections, we describe how to compute s; ; and sg,j efficiently, and how
to construct a suitable modulus (. To this end, we introduce several objects used by the
subroutines and their analysis. Let £;,.x be such that M /20 < Qbmax < N /10.

» Definition 12 (Segments). For 0 < £ < lyax, a level-l segment is a triple (i, k, [jo, j1]) such
that, for every j € [jo, 1], | Bk.jo/2¢] = | Br,;/2¢] and |Ci /2% = |Ci /2%, and [jo, j1]
cannot be extended further.

» Fact 13. For 0 < £ < lyax, the total number of level-£ segments is O(n®+b+r /2°).

» Definition 14 (Active segment). For 0 < ¢ < {yax, a level-£ segment (i, k, [jo, j1]) is called
active with respect to Q if A?lfh + B};‘Jg.;’ # széh and there exists s € [—4-2%,4- 2] such that
Ai g+ By j, — Cij, = (mod Q).

» Definition 15 (Set of active segments). For 0 < { < {pax, let S¢(Q) be the set of all level-£
segments that are active with respect to Q.

» Definition 16 (Good modulus). We say that an integer @ is a good modulus if M < Q <
Mn°D and |Sy(Q)] < O(n*t*+#/Q) for all 0 < £ < liyax.
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4.3 Computing s;; and s;

Recall that s; ; is the number of indices k € [n®] such that A, + Bi; = C;; (mod Q). We
compute s; ; for all (4, j) € [n%] x [n°] using polynomial matrix multiplication. The technique
is standard, so we defer the proof to the full version.

» Lemma 17 (Computing s; ;). We can compute s, ; for every (i,7) € [n®] x [n°] in time

@(an(a,b,c))‘

Recall that s/ . is the number of indices k such that A, + By ; = C;; (mod Q) and
A?fkgh hlgh + Ch’gh Suppose that @Q is a good modulus as defined in Definition 16; we
show how to find buch a modulus in the next section. For simplicity, let Sy denote the set of
all active level-¢ segments, suppressing the dependence on (). We first prove a property used
by our subroutine, and then prove two lemmas describing the procedure for computing s; -

» Lemma 18. For all 0 < £ < lpax and (i, k, [40, J1]) € Se, the unique level-(€ + 1) segment
(ivka [jOajl]) with U(l)v]ﬂ g [jOajl} is aCtive; Z'.€., (iaka [jOajl]) € Sf-‘rl'

Proof. Fix j € [jo,j1). By definition of a level-(¢ + 1) segment, we have |By ;,/2°t1| =
| Bk,; /2" |. Hence, | By ; — By j,| < 27! < M/10. Moreover, |Bl"W B,LO;VU| < M/10 by the
promise of Problem 4. Hence, if Bhlgh + sz]gf, then

high high W W W W
|Brj = Brgol = |(BR" = Bios )M + (BRY = Biy )| > M — B — By | > 9M/10,

which contradicts the previous bound. Therefore, szjgh is constant for j € [jo, j1], and by a
similar argument, C’Eijgh is constant for j € [jo,j1]. Now, since (4, k, [j(), j1]) € Se, we have
A}.tikgh + B,}:Jgg‘ - Czhi%h # 0. Because j{, € [Jo, j1], we conclude that Aai,fh B,El;gjl Czhljih £ 0,
satisfying the high-part condition of being active.

For the congruence condition, note that [j},71] C [jo,j1] and (i, k, [jo,j1]) is a level-
(€ + 1) segment. Hence, |By j, — By ji| < 241 and |G, — Cijil < 241 which implies
|(Ai ke + Brjo — Cijo) — (Aik + By, ji — Ciajé)| < 221 Since (i, k, [§}, 41]) € Se, we have
Aig+ Bij, — Cijy = ' (mod Q) for some s’ € [—4- 2,4 2"]. Take

s=¢+ (Ai,k + Bk,jo — Ci,jo) - (Azk + Bk,j() — Ci,j[’))-
Then |s| < 4-2°42.25F1 = 4.2 and (A k4 Br jo —Cijy) = 5—5'+(Aix+Brjy—Cijr) = s
(mod @). Thus, the level-(¢ + 1) segment (i, k, [jo, 71]) is active. <

» Lemma 19 (Computing S;). We can compute Sy in O(no4/Q) time.

Proof. We first compute all level-£,,,,, segments as follows. For each (i, k) € [n?] x [n], we
use binary search on j to group maximal consecutive indices on which By ;/ 2fmax | and
LCi; / 2“““] are both constant. We then enumerate all those level-£,,,x segments and filter
the active ones to obtain S, Next, for £ = €y — 1,...,0, we construct Sy from Sy as
follows. Every segment in Sy refines into O(1) level-¢ subsegments, since decreasing ¢ by 1

max *

can split a maximal constant block into at most two blocks for B and at most two blocks for
C. We use binary search to compute these subsegments. For each resulting subsegment, we
test whether it is active at level £ and, if so, insert it into Sy.

For correctness, note that every active level-¢ segment is a subsegment of an active
level-(¢ + 1) segment by Lemma 18; the correctness therefore follows by induction.

119:13

ICALP 2026
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By Fact 13, computing all level-f,. segments via binary search and constructing Sy,
takes O(n@ bt [2tmax) = O(natttr /M) = O(na+P+# /Q) time. For the refinement, we note
that Q is a good modulus, so for each £, we have |S;| = O(n®++1/Q), and each active
segment generates only O(1) subsegments. There are O(log M) = 5(1) levels, so the total
time spent in this refinement step is O(na 4 /Q). <

» Lemma 20 (Computing s; ;). We can compute s ; for all (i,j) € [n®] x [n] in time
@(na+b+u/Q + na—i—c).

i j» We aggregate the
contributions of active level-0 segments in Sy as follows. For each fixed ¢ € [n®], we maintain
a difference array D; of length n® 4+ 1, indexed by 1,...,n°+ 1, and initialized to zero. For
each active level-0 segment (i, k, [jo, j1]) € So, we test whether A; , + By j, = C; j, (mod Q).
If the test succeeds, we increment D;[jo] by one and decrement D;[j; + 1] by one. After
processing all active level-0 segments, we compute prefix sums and set s} ; = >, <t<j Di [t]
forall j =1,...,n°

Proof. We first compute the set Sy using Lemma 19. To compute all s

For correctness, fix any triple (i, k, j) counted in s; ;. Then we have A;j + By ; = C;
(mod @) and A?,i,fh + Bzfjgh + C’i}tijgh. Let (i, k, [Jo,j1]) be the unique level-0 segment such
that j € [jo, j1]. Since (4, k, [jo, j1]) is a level-0 segment, the values By, ; and C; ; are constant
over all j € [jo, j1]- Since j € [Jo, j1], we have Aﬁikgh -I—B,}:?;l = A?’i,fh +B£j§5h + C;fijgh = CE;%h
and A; x + Bij, = Aix + Bi; = Ci; = C; 5, (mod Q). Hence, (i, k, [jo,j1]) is an active
level-0 segment in Sy, and the algorithm performs the range update for (i, k, [jo, j1]). This
update increases the reconstructed value sg,j by one for this k exactly when j € [jo, j1]-

Conversely, whenever the algorithm performs a range update for (i, k, [jo, j1]) € So, we
have A; ; + By j, = Ci j, (mod Q). Since (4, k, [jo, j1]) is a level-0 segment, the values By, ;
and C; ; are constant over all j € [jo, j1]. Therefore, A;  + By j = C; ; (mod Q) for every
J € [jo,41]- Moreover, the segment is active, so A?fkgh + Bzf]g-h + Ci}tijgh for every j € [jo, j1],
and the update contributes exactly the intended triples to s; i

For the running time, scanning all segments in Sy and performing the constant-time
test and update takes O(|Sy|) = O(na+*+#/Q). The total time to compute prefix sums
is O(n%*¢), since for each fixed ¢ we scan j = 1,...,n¢ once. Together with the time to
compute Sp, which is O(n®+*+# /Q) by Lemma 19, this yields the claimed running time. <

4.4 Finding a Good Modulus Q

We now construct a good modulus @, namely an integer Q with M < Q < Mn°®) such that
the number of active level-f segments is @(na+b+“ /Q) for every 0 < £ < lppax.

Let 4 < R < n°® be a parameter to be fixed later, and let P be the set of primes in
[R/2, R]. We take @ to be a product of primes p1,pa,...,pr with p, € P forall 1 <¢ < T.
We choose these primes inductively: at step t > 1, we select a prime p; € P and multiply it
into the current modulus Q;_1, obtaining

t
Q= Hpi, where Qg := 1.
i=1

For the analysis, define Xy, as the number of pairs ((i, k, [Jo, j1]), ), where (4, k, [jo, j1])
is a level-£ segment and s € [—4 - 2¢,4 - 2], such that

A,’Jg + Bk,jo — Oi,jo =s (mod Qt) and Ai,k- + Bk7j0 — Oi,jo £ s.
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Our inductive invariant for Q; is that
logZn\"
Xot = potbtu, (’)(i) forall 0 <€ < /lpax. (1)

Later, we choose R so that X, = O(n®+1/Qr). Then, by the following lemma, Q7 is a
good modulus.

» Lemma 21. For every 0 < £ < lyax, we have |S¢(Qr)| < Xy 1.

Proof. Let (4, k, [jo, j1]) € Se(Qr). By definition of an active segment, there exists an integer

s €[—4-2% 4-2% such that A; y + By j, — Cij, = s (mod Qr) and A];ikgh + Bhigh o chigh,

) ‘ ] k,jo 70
We claim that A;  + By j, — Cij, # 5. Indeed, since AMS" B,};‘]g.;l # C’;f)h, Fact 9 implies
|Ai k + Br.jo — Cijo| > TM/10. On the other hand, |s| < 4-2¢ < 4.2fmax < 4M /10 < TM/10,
s0 Ak + Bij, — Cij, # s. Therefore, every active segment in Sy(Qr) yields a pair

((4,k,[jo,J1]), s) counted by X, 7, and hence |S¢(Q7)| < Xy 7. <

We now explain how to choose p; so that the invariant Equation (1) continues to hold.

For the base case t = 0, we have Qg := 1. Since X counts level-¢ segment-shift pairs, we
trivially have X o < n%t*# by Fact 13, and thus Qo satisfies the invariant. Now assume
Equation (1) holds for ¢ — 1 and that Q;_ is fixed. For any prime p € P, let X, +(p) denote
the value of X,,; when @), is set to Q11 - p. Our goal is to find a prime p; € P such that
Equation (1) holds with respect to Xy .(p¢).

First, such a prime exists; applying the following lemma inductively yields the entire
sequence p1,...,pr. The proof is standard, so we defer it to the full version.

» Lemma 22. There exists p* € P such that, for every 0 < £ < liax,

log? n
Xealp) = Xu-1 - O ). @

Moreover, for every 0 < £ < lnax, if p is chosen uniformly at random from P, then
Epp[Xe:(p)] = X1 - O(logn/R).

We now discuss how to deterministically select these primes. For this, it is convenient to
track the following additional quantities.
1. Let Y;; denote the number of pairs ((i,k, [jo, j1]),s), where (i,k, [jo,j1]) is a level-¢
segment and s € [—4 - 2¢ 4 - 2¢], satisfying

Ai,k’ + Bk,jo — C@jo =S (HlOd Qt)

2. Let Z; denote the number of pairs ((i, k, [jo, j1]), ), where (i, k, [jo, 71]) is a level-£ segment
and s € [—4- 2% 4 2%, satisfying

Ak + Br.jo — Cijo = 5.

As with X ,(p), let Yz (p) denote the value of Y, ; when the modulus is Q¢—1 - p.

As discussed in Section 2, we can afford to compute Yy ;(p) for all p € P and 0 < £ < lpax.

Computing Yy ;(p) is essentially the same as computing s; ;: we reduce modular counting
to rectangular matrix multiplication over a polynomial ring. The only difference is that we

count segments rather than all column indices. More formally, we have the following lemma.

» Lemma 23 (Computing Y;+(p)). We can compute Yy (p) for all primes p € P and all
levels 0 < € < lmayx in time O(R2Qu_1n®(®b:)),
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Proof. Fix a prime p € P and a level £. We present an algorithm to compute Yz ;(p) for
the modulus Q' = Q;_1 - p in @(Q' n@(@49)) time. Since there are fpa., = O(log M) =
O(logn) levels, |P| = ©O(R/log R) = O(R), and Q' = Qy_1 - p < Q;_1 R, the total running
time to compute Yy ,(p) for all p € P and all levels is O(P| - lax - (RQy_1) n(ab0)) =
6(R2Qt71nw(a,b,c)).

Recall that Y; ((p) counts pairs ((4, k, [jo, j1]), s) where (4, k, [jo, j1]) is a level-£ segment,
s€[—4-2¢4-29 and A, + By j, — Cijo = s (mod Q). A level-¢ segment (i, k, [o, j1]) is
a maximal interval on which both | By, ;/2¢| and |C; ;/2°| are constant. Therefore, [jo, j1]
starts at column j if and only if either j = 1, or at least one of | By ;/2¢| and |C; ;/2¢]
changes at j. Hence, it suffices to check each segment exactly once via its start column jg.

b

More concretely, define an n® x n¢ boundary indicator matrix I by

o=t I = 1|Bgo 2] £ B 2)] 622,
and an n® x n° boundary indicator matrix I¢ by
IS =1, I :=1[Ci;-1/2"] # |Ci;/2]] (=2).

Then it suffices to count, for each (i,j) € [n?] x [n¢], the indices k € [n’] with IP,=1or
ILCJ =1, grouped by the residue class of A; ; + By ; — C;; (mod Q'), and then weight each
residue class by the number of admissible shifts s € [—4 - 2¢, 4 - 2] in that class.

To do this, we use the polynomial matrix multiplication technique. Work over the ring
R := Flz]/ (9 — 1), where F is a field of sufficiently large characteristic. Construct an
n® x n® matrix A’ and two n? x n® matrices B’ and BPIY by

;k(x) = gAin mod Ql, B,'w-(x) = gBk.j mod Ql, B,Efijry(x) = I,fj . gBr mod Q"
Compute the matrix products D! := A’ . B and DP?Y := A’ . B*®Y gver R using fast
rectangular matrix multiplication, and finally construct an n® x n® matrix D defined by

@ {D;ﬂ;(a:), if IC, =1,
i,j\T) = l;dr . C o
DY (x), if If; = 0.

For each r € {0,...,Q" —1} and (4, ), let U, j(r) be the coefficient of " in D, j(z). Then
U; j(r) is the number of indices k such that A; ; + By ; = r (mod Q') and either I,fj =1or
IZCJ = 1. Next, define

W(r)=|[{se[-4-2°4-2]: s=r (mod Q)}|.

Note that the pair ((4, k, [Jo, j1]), ) is counted in Yy +(p) exactly when A;  + By j, — Ci j, = s
(mod Q). Equivalently, if r = A; 1, + By j, (mod Q’), then s =r — C; j, (mod Q). Thus,
grouping by r, the contribution of a fixed (i,7) to Yz .(p) is

> Uii(r) - W((r = Ci;) mod Q).

Therefore, summing over ¢ € [n*] and j € [n°], we recover Yy .(p).

For the running time, arithmetic in R reduces exponents modulo @', so the cost of
the rectangular matrix product is O(Q' n®(@<)), and we compute O(1) such products.
Extracting U; ;(r) for all (z,7) and r costs O(Q' n**¢), computing W (r) for all r costs O(Q’),
and evaluating the triple sum costs O(Q’ n®¢). Hence, for fixed p and ¢ we can compute
Ye.i(p) in O(Q' n®(a::9) time. <
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» Lemma 24. We can find a prime p, € P satisfying Equation (1); that is, X (p;) = noto+#.
(’)(log2 n/R) for all 0 < € < lyax. Moreover, p; can be found in time O(R2Qt,1n“’(“’b’c)).

Proof. We run the algorithm in Lemma 23 to compute Y;;(p) for all primes p € P and
all levels 0 < £ < fyax. For each £, define Y/, := min,ep Ye..(p), and choose p, € P that
minimizes

P = Y, -Y/ L.

(p) :=  max {Yii(p) = Y7}

For correctness, we first note that ", > Z,. Since Xet(p) =Yo4(p) — Zg for all p e P
and Xy (p) > 0, we have Yy (p) > Z; for every p € P, and thus Y, > Z,.

Now, let p* € P be a prime satisfying Equation (2), which exists by Lemma 22. Then,
for every #,

log®n loo?n\"
Yé,t(p*) - Y;:t < Y(Z,t(p*) —Zy = X&t(p*) = Xi,t—l O( gR ) — na+b+u . O<gR) ,

where the last equality follows from the inductive hypothesis Equation (1). Therefore,
®(p*) = n*tt*r . O(log? n/R)?, and by the choice of p; minimizing ®, we obtain

log2n\’
You(pe) — Vs < B(py) < B(p") < no o+ o(i”) for all 0< £ < £y

Next, define X7, := minyep X, 4(p). By minimality, Lemma 22, and the inductive
hypothesis Equation (1),

t
log®n log®n
X* < X, — . — patbtp )
e S pLEp[ e1(P)] = X1 (9( i ) =n (’)<

Also, since Xy ,(p) = Yo,1(p) — Z; for all p € P and Z; is independent of p, we have
Y, — Z;, = minlY, — Zp =min X =X/,
v — Za ;rélg{ 0.1(p) — Zo} min Xo.(p) = Xz,

Combining the above bounds, for every 0 < £ < .« we get

Xe(pr) = Yea(pe) = Ze = (Y= Ze)+ (Yeu pe) = Y74) < X[ +9(pe) = n“*“”'o(gzz ) |
For the running time, computing Yy ,(p) for all p € P and all 0 < £ < £}, via Lemma 23
dominates, giving O(RQQt_ln‘*’(avb’C)) time. The remaining steps, namely taking minima and

selecting py, take at most O(|P|lmax) = O(Rlogn) additional time, which is lower order. <

It remains to set the parameters so that the above procedure yields a good modulus.

» Fact 25. Let R = 29( Viogn/ loglog ) and T = O(logn/log R). Then (logn)?T = n°M),

» Lemma 26 (Computing a good modulus). We can compute a good modulus Q in time
O(Mn&eb)) .

Proof. By applying Lemma 24 inductively for T steps, we obtain primes p1,...,pr € P
and a modulus Qr = Hthl p: such that Equation (1) holds. Since p; € [R/2, R] for all
1 <t<T, wehave (R/2)T < Qr < RT. In particular, to ensure Q7 > M it suffices to take
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T = O(log M/log R) = O(logn/log R). Moreover, if we take T to be the first index such
that Qr > M, then Qr_1 < M and hence Q7 = Qr_1 - pr < M - R, so Q1 overshoots M
by at most a factor of R. We set

R— 2@(\/logn/ loglogn) .

Then R = n°"M) | and therefore M < Q7 < M - R = M - n°). Finally, by Fact 25, we have
(log?n)T = n°M and so (log?n/R)T = n°M /Qr. Hence Qr satisfies M < Qp < Mn°W),
and

X =n*T. 0

)

log2 T a+b+p+o(1)
(Ogn> p— Tli fOI‘ all 0 S é S Emax-

R Qr

Therefore, Q7 is a good modulus.

For the running time, we apply Lemma 24 for T steps. At step ¢, the cost of computing
e is O(Rth,lnw(“’b’c)). Since Q¢—1 < Qr_1 < M, the total time is

A< w(a, ,c)> -5 w(abo)) — A w(a,b,e)
o(;RQQt_m b O(TRQMn b ) O(Mn b )

where the last bound uses TR? = n°® for our choice of R. ]

4.5 Combining the Results

» Theorem 27. There is a deterministic O(Mn=(@:€) 4 patbtu /N _time algorithm for
Problem 4.

Proof. We first compute a good modulus @ via Lemma 26 in time @(Mn“i(“*bvc)). Next, we
compute s; ; for all (4, j) € [n*]x[n°] via Lemma 17 in time O(Qn“’(“’b*‘i)) = O(Mn®(@b)), Fi-
nally, we compute s ; for all (4, j) € [n%] x [n°] via Lemma 20 in time O (n**0+#/Q 4 n*+) =
@(n‘”b*“/M +n%t¢). For each (i,5) € [n*] x [n°], we output YEs if and only if s, ; > s} ;;
correctness follows from Lemma 11. The total running time is O(Mn®(@-0:€) fnatbtu /A1) <

Proof of Theorem 1. Our claimed running time is O (note + npbte 4 platbintwlabe)/2),
Let d := (a+ b+ p—w(a,b,c))/2. Since p > 0, we have d < u: indeed, d > p would imply
@+ w(a,b,c) < a+ b, contradicting the trivial lower bound w(a, b, c) > a + b. Furthermore,
we may assume that d > 0: if d < 0, then a + b+ p < w(a,b,¢). In this case, Lemma 17
of [19] gives an algorithm running in time O (n®+e + nbFe 4 pattti) which is dominated
by our claimed bound. Hence, we may assume 0 < d < p.

Now, by Lemmas 7 and 8, it suffices to solve Problem 4. By Theorem 27, there is a
deterministic algorithm for Problem 4 that runs in time @(Mn‘”(a’b’c) +n@toH /M) We
take d as the exponent for M; that is, take M = © (n(“er*“*“’(a’b’C))/Q). Then the two terms
balance, yielding

o (an(a,b,c) i na+b+u/M> -0 (n(a+b+u+w(a,b,c))/2) ,

which is dominated by our claimed bound. <
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5 Extension to Column-Monotone Min-Plus Product

In this section, we present a deterministic algorithm for column-monotone Min-Plus product,
whose definition we recall below.

b

» Problem 5. Let A be an n® x n® integer matriz. Let B be an n® x n° column-monotone

integer matriz with entries in [n*]. Given (A, B) as input, compute A * B.

We start by reducing column-monotone Min-Plus product to the following problem, which
is a “rotated” version of Problem 3 (the differences have been highlighted).

» Problem 3'. Let A be an n®x n® integer matriz with nonnegative entries bounded by O(n*).
Let B be an n® x n® row-monotone integer matriz with nonnegative entries bounded by O(n*).
Let C be an n® x n° row-monotone integer matriz with nonnegative entries bounded by O(n*).
Given (A, B,C) as input, for every (i, k) € [n®] X [nb], decide whether there exists
J € [n€] such that A; + By j = C; ;.

» Theorem 28. There is a deterministic algorithm for Problem 3’ that runs in (5(na+C +
nb-i—c +n(a+b+u+w(a,b,c))/2) time.

We defer the proof of Theorem 28 to the full version, as it largely repeats arguments
from Section 4. Instead, we prove Theorem 2 assuming Theorem 28.

Proof of Theorem 2 assuming Theorem 28. Let (A, B) be an instance of Problem 5. Sim-
ilar to the proof of Lemma 7, we may assume that all entries of A are nonnegative integers
bounded by O(n#). By an observation in [11], we may also assume that each row of A is
monotonically non-increasing: if there exist 4, k1, ko such that k1 < kg and A; p, < Ay,
then A; i, + By, ; < Ai g, + Bk, ; for every j by the monotonicity of B. Hence, replacing
Ak, by A; k, does not change A x B.

Now we follow the same recursive halving approach as in the proof of Lemma 7. Let
Aj ;= |Ai;/2] and Bj ; := | B; ;/2]. Flooring preserves monotonicity, so the columns of B’
are monotone and the rows of A’ are monotonically non-increasing. We compute C’ := A’ x B’
recursively, with the trivial base case when both matrices are zero. Define three n® x n°¢
candidate matrices by CZ-(_;) = 2C£’j + s for s € {0,1,2}.

As in the proof of Lemma 7, it suffices to check, for each s € {0, 1,2} and (4, j) € [n®] x [n],
whether there exists k € [n®] such that A; j, + By ; = Cz(';) Let W = O(n") be the maximum
entry of A, B, and C®). This condition is equivalent to (W — CZ(S])) + B =W — A
Thus, it can be solved by Problem 3’ on the input (W""*"" — () BT, pn®xn® _ A), where
W™*P denotes the m x p all-W matrix. All entries are bounded by O(n#), and both BT
and W "’ — A are row-monotone, so the input satisfies the requirements of Problem 3.
The dimensions are rotated as follows: the three matrices have dimensions n® x n¢, n¢ x n?,
and n® x nb. Hence, by Theorem 28 and the symmetry w(a, c,b) = w(a, b, c), each verifier
call takes time @(n“+b + nbte 4 platetntw(@be)/2) “Since there are only constantly many
verifier calls per recursion level and the recursion depth is O(logn), the asymptotic running
time remains the same. |

6 Deterministic Monotone Min-Plus Convolution

In this section, we present a deterministic algorithm for monotone Min-Plus convolution,
whose definition we recall below.
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» Problem 6. Let A and B be two monotone arrays of length n with entries in [n*]. Given
(A, B) as input, compute A< B.

We defer most details in this section to the full version, since they largely repeat the core
arguments from Section 4.

As in Section 4, we first reduce Problem 6 to a corresponding verification problem and
then to a promised version in which all entries have small residues modulo a parameter M.

» Problem 7. Let A and B be two monotone arrays of length n with nonnegative entries
bounded by O(n*). Let C be an array of length 2n — 1 indezxed from 2 to 2n with nonnegative
entries bounded by O(n*). Let M be a positive integer that is a multiple of 100 and at most
O(n*). Additionally, assume that for every i € [n], we have A; mod M, B; mod M < M/10,
and for every k € [2,2n], we have Cy, mod M < M/10. Given (A, B,C) as input, for every
k € [2,2n], decide whether there exists i € [n] such that k —i € [n] and A; + By—; = Cj.

» Lemma 29. [f there is a T(?l; nt, M)-time deterministic algorithm for Problem 7 for any
choice of M, then there is an O(T (n;n*, M))-time deterministic algorithm for Problem 6.

6.1 Algorithm for Problem 7

Suppose we are given an instance (A, B, C)) of Problem 7 with M = ©(n?) for some constant

0 <d < p. Define AM&" = | A,/M |, B;ligh = |Bj/M]|, and C}'#" = |C},/M|. We also define

AW = A; mod M, B}OW = Bj mod M, and C}°¥ = Cj mod M. The high-level outline of

our algorithm is as follows:

1. Find a “good” modulus Q with M < Q < Mn°®). The definition of “good” is deferred
to Definition 35.

2. For every k € [2,2n], compute si, the number of indices ¢ € [n] such that k — i € [n] and
A; 4+ Bi—; = Ck (mod Q).

3. For every k € [2,2n], compute s}, the number of indices i € [n] such that k — i € [n]| and
A; + By = Oy (mod Q) and AMe" - BYer £ CYieh,

4. For each k € [2,2n], output YES if and only if s > s).

» Lemma 30 (Correctness). For every k € [2,2n], there exists i € [n] such that k — i € [n]
and A; + Bi_; = Cy, if and only if sp > ).

Let £iayx be such that M /20 < 2fmax < M/10. We define segments, active segments, and
the notion of a good modulus analogously to Section 4.

» Definition 31 (Segments). For 0 < ¢ < lyax, a level-€ segment is a pair ([ig, 1], k) such
that [ig,i1] C [max{1,k —n}, min{n, k — 1}], for every i € [io,i1], | A:,/2°| = | Ai/2"], and
| Br—io/2°| = | Bk—i/2%], and [io,i1] cannot be extended further.

» Fact 32. For 0 < £ < Uy, the number of level-f segments is O(n+#/2°).

» Definition 33 (Active segment). For 0 < £ < liax, a level-l segment ([ig,i1],k) is called
active with respect to Q if A?Ulgh + B,}EZ}L - C}:gh # 0 and there exists s € [—4 -2, 4-2°] such
that Ai, + Br—i, — Cr = s (mod Q).

» Definition 34 (Set of active segments). For 0 < ¢ < lyax, let S¢(Q) be the set of all active
level-f segments with respect to Q.

» Definition 35 (Good modulus). We say that an integer @ is a good modulus if M < Q <
Mn°M) and, for every 0 < € < lmax, |Se(Q)] < O(n*t#/Q).
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Let 4 < R < n°M) be a parameter to be fixed later, and let P be the set of primes in [R/2, R].
We take @) to be a product of primes py,pa,...,pr, where p, € P for all 1 <t <T. Let Q
be the modulus at step t. The natural invariant corresponding to Equation (1) is

log”n )\’
Xﬁ,t = nl—HL . O(c%,l) for all 0 < / < gmax- (3)

Here, X, counts pairs (([ig, 1], k), s), where ([ig, 1], k) is a level-£ segment, s € [—4 - 2¢ 4 -
2, A;, + Bi_i, — Cr, = s (mod Qy), and A;, + By_;, — C, # s. One can show that
|Se(Qr)| < Xyr. Let Yy, count pairs (([i0,41], k), s), where ([io, 1], k) is a level-¢ segment
and s € [—4 2%, 424, such that A;, + By_i, — Cx, = s (mod Q;). For any prime p € P, let
X,1(p) (resp., Ye(p)) denote the value of X, (resp., Yz,;) when the modulus is Q; := Q—1-p.
Fix t. As in Section 4.4, we compute Y ;(p) for all primes p € P and all levels 0 < ¢ < {yax,
and use them to find a suitable prime p; € P that satisfies Equation (3). Such a prime exists
by a probabilistic argument, as in Lemma 22; we defer the details to the full version.

» Lemma 36 (ComputNing Yo (p)). We can compute Yy 4(p) for all primes p € P and all
levels 0 < £ < lax in O(R2Q¢_1n) time.

» Lemma 37. We can find a prime p: € P satisfying Equation (3); that is, Xp4(p) =
n . O(log? n/R)t for all 0 < € < lax in O(RQQt_ln) time.

By computing T = O(log M/log R) suitable primes with R = 20(V/iean/ loglogn), we
obtain the following lemma.

» Lemma 38 (Computing a good modulus). We can compute a good modulus Q in O(Mn)
time.

Let @ be the good modulus obtained by this procedure. We use polynomial multiplication
to compute s;. The computation of s}, is analogous to that in Lemma 20.

» Lemma 39 (Computing si). We can compute sy for every k € [2,2n] in time (5(Qn)

» Lemma 40. For all 0 < £ < lyax — 1, and ([i, 71], k) € Se(Q), the unique level-(€ + 1)
segment ([io, 1], k) such that [if, 1] C [io, 1] s active, i.e., ([io,71],k) € Si+1(Q).

» Lemma 41 (Computing s},). We can compute s} for all k € [2,2n] in @(nH“/Q) time.

Proof sketch. First, compute Sy(Q) similarly to Lemma 19. Its correctness follows induct-
ively using Lemma 40. Then compute the values s), using So(Q) as follows: for each segment
([i0,41], k) € So(Q), we test whether A;, + Bir_;;, = Ck (mod Q). If the test succeeds,
we increment s) by i1 — 49 + 1. For correctness, fix any ¢ € [n] such that k — i € [n],
A; + B_; = Cy (mod Q), and A?igh + Bzif? =+ C};igh. Let ([ig,i1], k) be the unique level-0
segment containing (4, k). Since ([ig, 1], k) is a level-0 segment, the values A; and By_; are
constant for all 4 € [ig,1]. Because i € [ig, 1], we have A?ggh—i-BZigi — Abieh | prish o onigh
and A;, + Bi—i, = Ai + Br—; = Cy, (mod Q). Hence, ([ig,i1], k) is an active level-0 segment
and thus belongs to Sy(Q). Moreover, the above identities hold for every i € [ig,41]. For a
fixed k, the level-0 segments form disjoint maximal intervals, so exactly i; — ig + 1 indices
i € [n] in this segment satisfy these conditions. Therefore, the algorithm correctly increments
s}, by exactly i1 — i + 1.

The time for computing So(Q) is O(n'*#/Q) by an argument analogous to that in
Lemma 20. We scan all segments in Sp(Q) and perform a constant-time test and update for
each segment, so this final step takes O(|So(Q)|) = O(n'™#/Q) time. <
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Combining these results, we obtain the following theorem, as well as Theorem 3.

» Theorem 42. There is a deterministic algorithm that solves Problem 7 in time @(Mn +
nitH/M).

Proof of Theorem 3. By the reduction in Lemma 29, it suffices to solve Problem 7 efficiently.
By Theorem 42, there is a deterministic algorithm that solves Problem 7 in time O(Mn +
nit#/M). Take M = @(n”/ 2). Then the two terms balance, yielding the claimed time

bound @(n1+"/2). <
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