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—— Abstract

We prove an 5(712) bound for the relazation time and the log-Sobolev time (inverse log-Sobolev
constant) of the classical triangulation flip chain on a convex (n + 2)-gon, implying a mixing time
of 5(n2) The previous state of the art for the mixing time of this chain due to Eppstein and
Frishberg [20] was 5(n3), while the best known lower bound on the mixing time due to Molloy,
Reed and Steiger [36] is Q(n*/?). Our relaxation time bound makes significant progress towards
Aldous’ [3] conjectured bound of ©(n3/?) for the relaxation time.

We improve upon the analysis of [20] by further developing the framework of transport flows
introduced in the work [13] of Chen et al. In this light, our results can be seen as a more efficient
way of using combinatorial decompositions to obtain functional inequalities for Markov chains. We
hope our ideas will find other applications in the future.
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1 Introduction

Motivation. Local-to-global methods for bounding the mixing times of Markov chains [33,
5, 26, 16, 8] have enjoyed immense success in recent years in conjunction with the spectral
independence framework of [9, 15, 24, 8]. The basic idea intrinsic to these techniques is
imposing on the state space a simplicial complex structure and analyzing the global chain
by way of analyzing smaller local chains, which are easier for analysis. While the idea
of decomposing the state space hierarchically and using intermediate chains to establish a
log-Sobolev or Poincaré inequality is a classical idea in the study of Markov chains [32, 20, 22,
27, 14, 31, 28, 23], the ideas involved in the classical works are typically of a combinatorial
nature. In contrast, the ideas employed by the local-to-global framework are often more
analytical or algebraic.

In this work, we adapt the local-to-global machinery to a well-studied chain on trian-
gulations of a convex polygon. This walk is one of the most well-known random walks
on the so-called Catalan structures (see [2, 3, 17, 10, 43, 36, 35, 20]). Catalan structures
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are a class of naturally defined combinatorial objects. These include but are not limited
to Dyck paths (paths in a lattice that stay above a particular line); balanced sequences of
ones and zeroes; non-crossing chord diagrams; integer partitions; binary plane trees; and
triangulations of a convex polgyon. Chains on generalizations of Catalan structures have
also been studied [22, 11, 7].

A few of the Catalan structures (and their generalizations) are susceptible to recent
methods using the theory of simplicial complexes (e.g. the Catalan matroid studied by [10]).
Others, such as the case of triangulations (and the isomorphic chain on binary search trees),
have proven resistant to these methods.

In contrast, a few results over the past several years have achieved some success applying
the classical method of canonical paths, namely in the cases of triangulations [20] and non-
crossing spanning trees [7]. The canonical paths technique, along with its generalization to
multicommodity flows, is useful in bounding conductance or, when the paths are not too
long, in directly establishing a Poincaré inequality [19, 40].

The Aldous conjecture. A famous conjecture of [1] states that the relaxation time of the
triangulation flip walk should be ©(n3/2). [36] proved that the mixing time is Q(n3/2), but a
matching upper bound still has not been found. [35] proved an 5(715) upper bound via a
comparison argument, using a tight result by Wilson [43] for the chain on Dyck paths. [20]
proved an 6(713) upper bound, the best known result until this paper.

Transport flows. Recently [13] proved a refinement of the mixing result of [30] for the
natural random walk on perfect matchings using a technique they called transport flows.
This technique morally combines the “best of both worlds” from simplicial local-to-global
methods and canonical paths. That is, in the case of both the recent local-to-global methods
and also older decomposition techniques, one generally must consider the spectral gap of
each intermediate localized walk in the hierarchy, and one incurs a multiplicative loss in the
spectral gap at each level of the decomposition. This may lead to an undesirable blow-up
in the relaxation time (inverse spectral gap) unless the structures considered are all strong
expanders. In such a setting, it would be more desirable to trade a multiplicative loss for an
additive one.

While the result of [13] trades the multiplicative loss for an additive one, using ideas
similar to classical flow-based techniques, it is limited in the sense that the techniques only
apply when the state space has a specific structure (a partite simplical complex). One of our
main contributions will be extending these ideas to a more general decomposition framework,
more in line with classical decomposition techniques, e.g. [31] etc.

Multi-way single-commodity flows. Inspired by the results of [13], we turn to a previous
result proven in [20]. This result used a multicommodity flow (a well-studied generalization
of canonical paths) with bounded congestion in the state space of the triangulation walk,
replacing the multiplicative loss with an additive loss using a construction analogous to
transport flows. However, this combinatorial bound proved a bound on the conductance and
consequently suffered a quadratic loss in bounding the spectral gap, due to the celebrated
Cheeger inequality, [6, 12].

A natural way to bound the spectral gap, without the aforementioned quadratic loss,
is to appeal to the local-to-global methods. However, as the structures considered do not
appear to meet the very strong expansion required of these methods, this is unlikely to work.
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Our contribution. We generalize the transport flow technique of [13] from the setting of
partite complexes to a more general decomposition framework. Naively, a limitation of the
flow-based techniques is the length of the paths used [19], and indeed this limitation also
manifests in the techniques of [13]. Inspired by [37], we will avoid the quadratic loss and get a

sharper spectral gap bound for the triangulation flip walk by studying the average congestion.

These ideas will culminate in an 6(n2) relaxation time bound for the triangulation flip chain,
which improves upon the relaxation time bound of O(n?) proven in [20].

To obtain an 5(712) mixing time bound, we will prove a log-Sobolev inequality for the
triangulation flip chain. It is well known that a bound on the relaxation time can be converted
to a bound on the mixing time, while suffering a logarithmic loss in the size of the state
space [18]. Usually, and indeed in the case of triangulations, this factor is unfortunately
linear in the problem size n. Since our results are decomposition based, by appealing to this
comparison when the compared chains are small enough, we only suffer a doubly logarithmic
loss in the size of the state space, and consequently only a polylogarithmic loss in n.

This 6(712) mixing time bound on the triangulation flip chain improves the state of the
art mixing time of 5(713) by [20], while also getting an improved result for the spectral gap
and a novel log-Sobolev inequality. ! Our technical contribution can be thought of as a more
efficient way of leveraging transport flow constructions, which we hope will inspire further
research in the future.

Our main results are as follows.

» Theorem 1 (Functional Inequalities for the Flip Chain). The triangulation walk satisfies a
log-Sobolev inequality with constant Q(n=2), and has spectral gap Q(n=2?).

» Corollary 2 (Mixing Time for the Flip Walk). The mizing time of the triangulation walk is
O(n?).

As mentioned before, our results avoid the Cheeger loss, by bounding the average congestion
of the flow we analyze. This will follow by an analysis of the heights of binary trees and
insights concerning the isomorphism between the triangulation walk and the natural rotation
walk on binary trees (see e.g. [41, 29, 17]).

Montenegro [37] noted that the average vertex congestion is essentially equivalent to the
expected path length in a multicommodity flow; so our result can be thought of as a dual
version of [13] utilizing the average congestion in place of the expected path length.

Omitted Proofs. Due to space limitations, proofs of some claims will be omitted. The
proofs of all our claims could be found in the full version of our paper, [4].

2 Preliminaries

2.1 Random Walks and Mixing Times

A random walk matrix P € R®?* is a matrix with non-negative entries, all of whose rows
sum to 1. Formally,

Va,yeQ: P(x,y) >0 and Veel: ZP(x,y)zl.
ye

! where we recall the ﬁ(o) and 5(0) hide polylogarithmic factors in n
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A distribution 7 : Q — [0, 1] is called stationary for P if, 7P = w. The walk described by P
is reversible, if the following detailed balance conditions hold:

m(@)P(x,y) =7(y)P(y,z),  Va,yecl

We will also write a(P) = mingeq P(x,x) for the holding probability of the random walk P
and 7 = mingeq w(x) for the minimum measure of 7.

The e-mixing time of a random walk is defined to be the least time point such that after
t steps of random walk according to P, the distribution of the random walk is e-close to the
stationary distribution regardless of the initial distribution, i.e.

Toix( P, €) = min{t eN | Hﬂ' — uPtHTV < e, for all probability distributions u : Q — [0, 1] },

where [[i = vl = 1/2 - Y, cq ln(e) — v(a)|

2.2 Projection-Restriction and Product Chains

Let (€, P,m) be an ergodic Markov chain and Q = (J,c, Q¢ a decomposition of its state space.
When the stationary distribution 7 is clear from context, we will simply write (£2, P) in place
of (, P,m). We write w(t) = w() for all t € T and define the projection chain by the triple
(2, P, ) where

Zzth,yeQ; m(2)P(z,y)
ZZGQt 7(2) ’

when t # ¢’ and with self loops for the remaining probabilities. That is, the probability of

P(t,t') =

(projection chain)

transitioning from class ¢ to ¢’ in the projection chain is the probability we transition from
any element of ; to any element of €2 in the original chain conditioned on being in €.
Naturally, by defining m(x) = :((53) we can also define the restriction chain as the triple

(Q, Py, ) where

P(z,y)
ZzEQt P(SC,Z) ’
for all z,y € Q.

Let k be a positive integer, (2 P;,m;), 1 <i <k be Markov chains and w a distribution
on k. Consider the product chain (2, P, 7) with Q@ = [[}_, Q; and

Pi(x,y) = (restriction chain)

n
P(z,y) = ZwiPz’ (w4, 9:) H Hz; = y;}. (product chain)
i=1 j#i

Equivalently, the transition from every state consists of picking a coordinate in [k] according
to w and then change this coordinate according to (€2;, P;). It is straightforward to verify
that the stationary distribution of the product chain is 7 = )", ;. We note that the graph
which underlies the product chain corresponds to a weighted Cartesian product of the graphs
which underlie the individual chains (9, P;, ;).

2.3 \Variance, Entropy and Functional Inequalities

Let f: Q — R be any function. Given a probability measure 7 : Q — [0, 1] the variance
functional Var,(f) is:

Var(f) = ITEE[J&] - (IT['; f)2 =(fi(I=J)f), (variance)
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If Jyeq 4 is a decomposition of €2, then the following equation is known as the law of total
variance

Varr(f) = Varz '+ E Varr, f, (law of total variance)

where F' : T — R is defined as F(t) = E, f and 7 is the stationary distribution of the
projection chain.
We will make use of the following consequence of Jensen’s inequality,

» Lemma 3. Let 7 be a probability distribution supported on Q = J,cp Q (for disjoint Q)
and g : @ = Rxg be a non-negative valued function.

We define the probability measure T on T by setting 7(t) = w(Qy) for each t € T and set
G:T— RZO

G(t) = E [g(z) | =€

r~T

for each t € T. Then, for any function 3 : R>og — Rxq such that 3% is conver, we have
Varz B(G) < Var, 5(g).

The second functional we will need is that of entropy. If f : @ — R>( is a non-negative
function, the entropy Ent,(f) of f is

Entr(f) = E[f log /] - (E f) log(E ). (entropy)

Similarly to variance, we have the analogous law of total entropy for a decomposition Usep{2;
of the state space:

Ent,(f) = Entz(F) + E Entr,(f). (law of total entropy)

t~T

The following comparison between variance and entropy is well-known:

» Lemma 4 (Theorem A.1, [18]). Let w be a distribution supported on Q. Then, writing
f?:Q — R for the function obtained by f*(x) = (f(x))?, for all f: Q — R,

1-—27*

log(1/m —1) Ent(f?) < Varg(f).

For a reversible P € R®*%

Ep(f) of f as follows:

Ep(f) = % > w(@)P(z,y)(f(x) — f(y)*. (Dirichlet form)

z,yeN

with stationary measure of w, we define the Dirichlet form

The Poincaré constant or the spectral gap of P and is denoted by gap(P) and is the
solution to the following variational formula,

Ep(f)
Var,(f)

The log-Sobolev constant 1s(P) of P is defined as the solution to the following variational
formula,

gap(P) = min{ ‘ Vary (f) # 0} =1-(P). (spectral gap)

1s(P) = inf{ Eiir((J;)Q) ’ Ent,(f?) # 0}. (log-Sobolev constant)

The following result is well-known, see e.g. [19]:
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» Theorem 5. Let P € R®*®? be a self-adjoint row-stochastic matriz with stationary
distribution w. Then,

7—mix<1:)a 6) S

1 1
-log ( ) .
gap(P) Ve
The following result shows that the log-Sobolev constant controls the mixing time in a very
precise manner,

» Theorem 6 (Corollary 2.4, [38]). 2 Let P € R®**% holding probability o and with stationary
distribution w. Then, there exists some absolute constant C > 0 such that for any € > 0:

Ca™! 1 1
x(Pe) < - | logl — log —
(0 = {5 (o) 10 ).

where C' > 0 does not depend on 2, P, or € and ©* is the minimum measure of .

In our argument, it will be important to write the Poincaré and LSI constants of a product
chain in terms of the corresponding constants of its components. The relation between them
is well-known and given by the following lemma;:

» Lemma 7 (Lemma 2.2.11, [39]). Let k be a positive integer, w a distribution on [k] and
(Q, P, ) the cartesian product of the chains {(Q;, P;) | i € [k]}. Suppose further that each
chain satisfies a Poincaré and a log-Sobolev inequality

Ai Varq, (f) < &, (f) and Bi Entr, (f2) <& (f),
for all f : Q; — R where A\;, B; > 0. Then the chain (2, P) satisfies the inequalities:

1<i<k

(fingk wi/\i) Var,(f) < &:(f) and ( min wlﬂi) Ent.(f?) < &:(f),

forall f:Q — R.

2.4 Catalan Structures: Triangulations and Trees

A triangulation of a point set (in, say, the Euclidean plane) is a maximal collection of pairwise
non-crossing edges connecting pairs of points. In the special case that the point set is convex,
every triangulation of the point set includes the convex hull, and thus we will assume the
point set is a convex polygon. Since the edges belonging to the convex hull are in every
triangulation, we will identify a triangulation x by its set of non-hull edges, and we will call
these edges diagonals.

Given a diagonal d, it will be convenient for us to define the length of d to be the number
of edges in a shortest path consisting of polygon edges that connects the two endpoints of d.

One can view a triangulation naturally as a planar graph. The dual graph of a convex
polygon triangulation is a binary tree. One can orient the polygon so that the dual tree is
rooted, and therefore the number of triangulations of an n + 2-gon is equal to the number
of binary plane trees with n nodes. This is known to be equal to the Catalan number [29]

2n

C, = %—H ( n) Notice that the Catalan numbers satisfy the recurrence relation,

Cn = Zoj—lcn—j 5

j=1

2 See the discussion following Corollary 2.4 for our precise statement.
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where Cy = 1 (see for example, [25, Chapters 5 and 7]). With this, it is easy to observe
that C), counts the number of rooted subtrees of the infinite binary tree on n vertices, or
equivalently, unlabelled rooted plane trees on n-vertices. Henceforth, we will refer to such
trees as Catalan trees.

Using Stirling’s formula, C,, is seen to grow asymptotically as © <n31/2 . 4").

The triangulation flip walk (which we will also call the triangulation walk) is the following
random walk, defined with respect to the regular n + 2-gon: start with an arbitrary triangu-

lation x. Then repeatedly flip a uniformly random diagonal d of the current triangulation:
that is, remove d and replace it with the unique diagonal d’ # d that can be added to the
triangulation & without introducing a crossing. (The removal of d induces a quadrilateral
formed by the two triangles incident to d. The existence and uniqueness of d’ can be seen to
follow from the convexity of the n + 2-gon.) We impose a holding probability of 1/2 (see
Section 2.1).

The flip walk is invariant to perturbations of the n + 2-gon, so long as it remains convex.

The flip walk is known to be isomorphic to the rotation walk (see e.g. [41]) on binary
trees. A rotation in a binary tree is an operation of one of two forms. The first form is as
follows: take a parent node z and a left child w of z. Replace z by w: that is, make w a child
of the parent of z (a left child if z is a left child, a right child if z is a right child) - or, if z is
the root, make w the root. Let w retain its left child; let z retain its right child. Then, let u
be the right child of w; and make u the new left child of z.

The second form is the mirror image of the first: let w be a right child of z, and proceed
as in the first case but with left and right reversed.

The rotation walk is as follows: start with an arbitrary binary tree on n nodes. Then
repeatedly choose a uniformly random edge in the current tree, and perform a rotation at the
parent node of that edge. (Impose a 1/2 holding probability as in the triangulation walk.)

The isomorphism between the two walks follows from observing the correspondence
between a triangulation flip and a tree rotation.

2.5 Multicommodity Flows and Canonical paths

A standard technique in bounding the mixing times of Markov chains uses canonical paths.
The idea is to show that the state space of the chain is in some sense free of “bottlenecks”,
by finding a path between each pair of states such that no edge belongs to too many paths.
A generalization of canonical paths is to construct a multicommodity flow: a collection of
flow functions in which for every pair of states s,t € 2, s sends a unit of flow to ¢ through
paths in the state space §2. The congestion of a multicommodity flow is the maximum, over
all edges, of the amount of flow sent across the edge, summed over all s, ¢ pairs that use the
edge.

Two classical theorems relate canonical paths (more generally, multicommodity flows) to
mixing. The first uses the Cheeger inequalities to obtain an upper bound on the relaxation
time from an upper bound on the congestion in a multicommodity flow. However, one suffers
a quadratic cost in this process, as well as an additional cost in passing from the relaxation
time to the mixing time, [42, Theorem 2.1]. The latter problem can be solved in some
cases using a result in [34]. [20] used this theorem to obtain an O(n3) mixing time for the
triangulation walk.

Another theorem [19] allows one to pass from flows to relaxation time without the
quadratic cost; however, one trades this cost for a cost incurred in analyzing the worst-case
length of a path in the construction. The worst-case path length is sufficiently long in the
construction in [20] that it is not clear how to apply the theorem in this case.

12:7
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In this paper, rather than using multicommodity flows, it will be useful to consider a flow
function from one set of states S C ) to a set T' C ), where we only use a single commodity.
[20] gave a notion of multi-way single commodity flows. We adapt the formulation as follows.

Given S, T C Q where SNT = (, let an S-T flow be a function

¢ {(z,y) € Q*| P(x,y) >0} = R

such that ¢(z,y) = —é(y, z) for all z,y, and such that, defining the net flow out of a state
z €Qtobe Y copy)o?(@Y):
(i) the net flow out of each = € S is equal to 7(T),
(ii) the net flow into each y € T is equal to w(S), and
(iii) the net flow into (and the net flow out of) each z € Q\ (SUT) is zero.
(Here, if the net flow out of = is ¢ then we let the net flow into  be —¢.)

3 Transport Flows

We recall the definition of transport flows from [13]. Let (Q, P,7) be an ergodic Markov
chain and p, v distributions supported on 2. A transport flow from p to v is a distribution
T" of paths such that when ~ is drawn from I', the starting state of the path is distributed
according to 4 and the ending state according to v. We will denote the starting and ending
states of the path v by s(vy) and ¢() respectively.

We will assume for convenience that for every z,y € Q with P(z,y) > 0 the transitions
(x,y) and (y,x) are not both used in the construction: i.e. for every 7 such that I'(y) > 0, if
(x,y) € v then for all 4" such that I'(y") > 0 we have (y,z) ¢ +'.

It is easy to modify any transport flow to satisfy this condition (we give the proof in the
full version of the paper [4]).

Let S,T C Q. A transport flow from S to T is a transport flow from p = wg to v = 7,
where 7g is supported on S, mr is supported on T, and p(z) = wg(x) = :((g forall z € S,
and similarly v(z) = np(x) for all x € T.

Let f:Q — R be an arbitrary function. Let F(S) = E,rs f(z) be the expectation of f
over mgs.

The main tool we will use for establishing our functional inequalities will be the following
result, which we prove in the full version of our paper:

» Theorem 8. Let S, T C Q. Suppose a transport flow T exists from S to T where the
maximum congestion is p, i.e. for all x,y € 2,

LICILICY R ST P

Cov = L Py or

The average congestion is

p= Y dum@)Pley) =n(S)n(T) Y E 1f(z,y)€A].

z,ye) gc,yEQ’Y
Then
m(S)m(T)(F(S) — F(T))* < % > m(@)Pla,y)(f(=) — f(y)- (1)

z,yeN

A precursor of Theorem 8 using average path length instead of average congestion already
appeared in [13]. For concreteness, we present an equivalent formulation of their result below,
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» Theorem 9 (Theorem 10, [13]). Let S,T C Q. Suppose a transport flow T’ from S to T
exists, where for every x,y € Q satisfying y ~ x, we have

fST) | [y enl]
(@) P(, ) H i }S

and Ep [|fy|2} < L. Then for any function f: Q — R

m(S)n(T)(F(S) = F(T))* < kL Y w(x)P(z,y)(f(2) - f(y))*.

z,yeN

In [37] it was observed that average path length and average congestion are highly related

parameters; for our proofs it will be more convenient to work with the latter parameter.

Indeed, our proof of Theorem 8 is inspired by the proof of Theorem 9 in [13].
The utility of Theorem 8 is that it provides a way to bypass the Cheeger inequality when

one has paths that can be long in the worst case but where the average congestion is small.

(This is true for the construction of [20].) It is important to find sufficiently large sets S, T
between which to send the flow, however, as the denominator of the right-hand side of (1)
indicates.

It will be useful for our purposes to refine Theorem 8 as follows:

» Corollary 10. Let S,T C Q). Suppose a transport flow I' exists from S to T where the

maximum congestion is p and the paths in the flow only use edges between vertices in S UT.

Let

ps=n(T) Y E1l@y) e
zGS,yGSUT’Y

be the average congestion across edges having an endpoint in S, and define pr symmetrically.

Then
R(S)R(TIFS) - PP < 25 30 w@)Pley)f@) - Fw)°
xzeS,yesSuT
L 2PN @) Pl y) (@) — () (2)

W(S) z€T,yeSUT

The following will allow us to pass from a combinatorial flow construction to a transport
flow:

» Lemma 11. Given (2, P,7), let S,T C Q. Let ¢ be an S-T flow. Then there exists a
transport flow T5=T which satisfies Z,B(x,y) I'(v) = ¢(x,y) . for each edge (x,y) such that
¢z, y) = 0.

The proof of Lemma 11 uses a straightforward iterative process of increasing the flow across a
path until an edge becomes “tight”; the argument is straightforward but we defer the details
to the full version of the paper [4].

4 O(n?) Mixing for Triangulations

4.1 Decomposing the Triangulation Walk and Outline of the Proof

We begin by presenting the two key partitions of the triangulation state space given by [36]
and [20] and outlining some of their main properties. The central triangle of a triangulation
is the triangle which contains the center of the polygon; in the case where the center lies on
one of the diagonals, we slightly perturb the center so that it lies in a unique triangle.

12:9
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Let T be the set of central triangles. Define the central triangle partition as the projection
chain (ﬁ =T,P, ﬁ) corresponding to the decomposition

Q = {z € Q| x includes the central triangle ¢}.

Recall that the transitions are given by

ZIEQt,yEQtl F(l‘)P(.’E, y)
Zzeﬂt 7T(Z) ’
when ¢ # t’ and with self loops for the remaining probabilities, while the stationary distribution

7 satisfies w(t) = (%) = >_,cq, 7(z). According to the law of total variance, we may
decompose

P(t,t) =

Var, f = Varz F' + tEfVarm f.

Since our goal is to obtain a Poincaré inequality, we want to bound both the terms by
the Dirichlet form of the overall chain. Note that the second term is the average restricted
variance in ), i.e. over triangulations with a given central triangle ¢. As the average of
the Dirichlet forms of the restrictions is bounded by Dirichlet form of the overall chain
(this is straightforward to check, but we will prove it explicitly when we use it), we need a
meaningful Poincaré inequality for each restriction chain. A crucial observation is that every
restriction chain is in fact a product chain over smaller triangulation walks (see Figure 1).
This, combined with Lemma 7, will enable us to obtain a recursive bound on the Poincaré
constant.

Figure 1 The original polygon is decomposed into three polygons by t. The restriction chain
(4, Py, ) is the product chain on the triangulations of each polygon. The filled region represents
an arbitrary triangulation of the rest of the polygon.

» Lemma 12 ([20]). For each state t € Q, the restriction chain (Qq, Py, ;) is the Cartesian
product of three chains (le),Pt(l),wt(l)), (QEQ), Pt(2),7r,§2)), (Qﬁ‘”, Pt(3)77T§3)) each of which is
isomorphic to the triangulation walk on a smaller polygon (possibly empty) on at most n/2+1
vertices.

» Remark 13. The last part of the lemma is crucial for our recursive argument. As each
iteration reduces the problem to polygons of at most half the size of the original, we perform
only a logarithmic number of iterations.
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It remains to bound Varz F', the variance on the projection chain, by the Dirichlet form
on the overall chain. This will be done using the transport flow machinery from Section 3.
The flow construction naturally points to studying boundaries between 2, Q for different
central triangles, in which a new projection chain will arise.

Define the oriented partition chain as the projection chain (Q = [n], P, 7?) corresponding
to the decomposition ; = {z € Q | z includes the triangle (0,i,n + 1)}, with P, # defined
in an analogous fashion to P, 7. Given S C Q, we will write Q[S] := U, ¢ .

Given t,t' € Q with P(¢,t') > 0, define

€S

Qtt’ :{]JGQt | ﬂyeﬂt/,P(x,y) >0} .

The set €y is the set of states in ; having a neighboring state in Q.
Similarly given 4,5 € Q (recall that for all 7, j, P(i,j) > 0), define

Qij ={r € Q| Iy cQy,P(i,j) >0} .

See Figure 2.

i

Figure 2 Left: the set 2; C Q, represented by the state ¢ € Q7 is the set of all triangulations that
contain the triangle shown in the figure. Center: the set €2; is defined similarly. Right: The set
Qi; C Q; (see the definition of pinnings) is the set of triangulations that contain the two triangles
shown in the figure.

The central triangle ¢ partitions the polygon into three smaller polygons (one of which
may be the empty polgyon). Label the sub-polygon containing the triangle u as polygon (1);
label the other two sub-polgyons as (2) and (3). Consider any partial triangulation in which
sub-polygons (2) and (3) are fully triangulated, but sub-polygon (1) is not triangulated.
Denote such a sub-triangulation as n € Q§2) X QES). Given 7, let Q" denote the set of
states in Q; having sub-polygons (2) and (3) triangulated according to 7.

We extend this notation and use (Q®m, P& 7(tm) o refer respectively to the copy of
the chain (le), Pt(l), ng)) induced by fixing n. Given a function f : Q) — R and given t €

and given 7 € QEQ) X QE?’), define the function f(* : Q4" — R so that, if z € Q") we let
() = (2 ).

We will also denote by A the degree of the (regular) graph induced by the chain (Q, P, 7),
and note that for all z,y € Q such that P(xz,y) > 0 we have P(z,y) = %. (We have
A = O(n), but it will be useful for clarity to distinguish it as a variable.) We will denote

by A the degree of the graph induced by (le), rY, 7r§”) and define A A similarly.

[20] observed that given ¢, € Q, the boundary set (2 is precisely the set of triangulations
that contain both the triangle ¢, and a particular triangle u formed by two vertices of ¢ and
an additional vertex of ¢’. Letting i be that additional vertex of ¢, u is the unique triangle
having vertex ¢ and sharing its other two vertices with ¢. See Figure 3.
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We will denote by QM the set of all vertices i induced by some triangle u as described
above, and denote by (Q(t’”), Pt fr(t’")) the oriented projection chain induced by fixing

the “special edge” to be the edge of u that bounds polygon (1) (i.e., the edge (4, b) in Figure 3).
We then define F( : Qm) 5 R so that

(t,m)
) () — T (z)
P = ). Zawe -
zeQ{"™

We have:

» Lemma 14 ([20]). For allt,t' € Q where P(t,t') >0, for alln € ng) X Q§3> :

Q= |J o, (3)
n€Q£2>><Q§3)

where by Qgt’") C Q") we denote the set of states in Q™ that contain the triangle u
(having vertex ¢) described above.

In other words, Lemma 14 states that a triangulation xz € €; is in £ if and only if x
contains the triangle u (which has vertex 7). These triangulations can then grouped according
to how they triangulate Q§2) and QgS), and by definition this union is disjoint. See Figure 3.

Lemma 14 is a key observation that relates the central-triangle projection chain and the
oriented projection chain. It allowed [20] to reduce the problem of sending flow between
central-triangle projection states ¢t and ¢’ to two problems: (i) sending flow from the boundary
set Q¢ to Qe and (ii) sending flow from the boundary set 4 to the rest of ;. Problem
(i) is easy to solve as there is a perfect matching (see Lemma 17) between Q and Q.
Problem (ii) was solved by reducing to the problem of sending flow from Qgt’n) to the rest of
Q®M) — that is, the problem of sending flow from a state in the oriented projection chain
Q1) to the other states in that projection chain. This problem in turn, [20] showed (we will
retrace the proof rigorously), can be recursively decomposed with no blowup in congestion.

b

Figure 3 A triangulation in ;s must necessarily contain the triangles ¢ and u := ijb. Given a
triangulation in Q£2> and Q§3> (light blue), we are left with triangulations in le) (orange) subject to
containing u (shaded orange). We can now think as simply discarding polygons (2), (3). Then, we
set the side of t N (1) as the special edge of polygon (1), and such triangulations of (1) correspond to
the elements of the oriented chain.
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4.2 Bounding the Variance of the Function over the Projection Chain

The aim of this section is to show the following lemma:

» Lemma 15. The variance of the function F' over the projection chain satisfies the inequality

().

for all f:Q — R, for some universal constants C,c > 0.

Varz F < C(log®n)n

Lemma 15, combined with a hierarchical decomposition of the (variance of the) overall
chain using the projection chain (Q, P, 7), will allow us to establish the desired lower bound
on the spectral gap.

[20] constructed a multicommodity flow in the projection chain (Q, P,7) and analyzed
its congestion. Their analysis can be used to show the following,

» Lemma 16 ([20]). Let F': Q2 — R be a function over the projection chain (€, P,T)), where
F is defined with respect to f : & — R as in Section 2.3. Then:

Varz F'
< Cilog® -0 " FOPE)(F(Qurr) = F(Qurr)? (4)
t,t!
[C1 logl n 2]
C 1 E 7(t ~ (t,m) (5‘( )) F(tﬂ?) S(t’n) ) (t,m)
+ Chv/nlogt nzwn I; T(t)7 ¢ (¢~ E f
[C1logCl n 27
A ( n) (t,m) (q(tm)y _ (t,m)
rowmen Y w13 0s () V) (e - g s
1 lo 27
il E F(tm) (S(tn)) FeMgEmy _ g opem ) | (5
+ Civ/nlog® ”anlz z_: (S - E f (5)

for constants C,c1 > 0, where v; ; is the uniform distribution on Qgi) X ng), and for all
t,i,k, S,(:’n) c Q| and Sl(f’n) = UieSfj"” QE“’), and where 7?(51(:’")) < 3/4.

The term in the RHS of (4) describes the problem of sending flow between the boundary
sets Q4 and Qy¢; similarly the RHS of the final display line describes the problem of sending
to the rest of
Q) The expectation runs over all partial triangulations in €, in which two of the three
sub-polgyons are triangulated.

We derive Lemma 16 from [21, Lemma 32], which is the congestion analysis of a flow
construction. In the construction, each §2; begins with uniformly concentrated flow that €
needs to route to the rest of Q (through edges in ). (This flow problem corresponds to
the terms of the form 7(¢)(F(t) — E. f)? in the variance of the projection function F.) The
authors then reduce the problem to a collection of flow subproblems in which (i) a pair of
adjacent projection chain states send flow across the boundary between them, and (ii) a state
t receives flow from other states that it must distribute from its boundary throughout €2;.

Subproblems of the form (i) correspond to (4), and subproblems of the form (ii) correspond
to (5). For reasons specific to the flow construction, each subproblem of form (ii) involves
distributing flow from multiple boundary sets (i.e. multiple states in the oriented projection
chain Q(t’”)), of the form 5’,(:’") c Q.

The following insight from [20] will allow us to bound (4):

flow from a set Sl(f’n) C Q&M je. a union of subsets of the chain Q)
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» Lemma 17 (Lemma 8, [20]). For allt,t’ € Q such that P(t,t') > 0, the set of edges between
states in Qe and Qg s a perfect matching.

Using Lemma 17 and the fact that 7 is uniform, we can get the following, which we prove
in the full version of the paper [4] (see e.g. [23, 31] for a similar technique):

» Lemma 18. For all t,t' € Q such that P(t,t') > 0:
TOPE)(f( Q) = f(Qee)* < D> m@)Pa,y)(f(@) — f(y)*. (6)
IEQ“/,:L/EQt/t
The more challenging task is to bound (5):

» Lemma 19. There exist constants Co,C3,co,c3 such that for sufficiently large n, the
following holds:

Given i € Q and letting k,g’,(:’"),S,gt’n) be as in Lemma 16, let T = Q&M \ S. There
exists a transport flow from S to T (in Q™)) with mazimum congestion p < A, and with
average congestion

ps < Cov/nlog®n - 7"(T),
over all (z,y) pairs with x,y € S, and with average congestion
pr < C3y/nlog® n - x> (S),

over all (z,y) pairs with x,y € T.

We defer the proof of Lemma 19 to [4]. We will combine these bounds with the following
straightforward corollary of Corollary 10.

» Corollary 20. In the notation of Corollary 10,

m(5) _ 2 _ PPs Pl o )
o PO —EN" < 2 ze;,:eg (@) P(z,y)(f(z) — f(v))
+7€€; > w(@)P(x,y)(f(z) - f(y)*. )

zeT,yed
We are now ready to prove Lemma 15.

Proof of Lemma 15. Given n € QgQ) X Q§3), applying Corollary 20 for S := S,(:’"), the

A~

bounds on the congestion from Lemma 19, and using the fact that ﬂt(")(g,gt’")) < 3/4, we get
that for

2
OAC <F(t’")(5,(f’">) E f>

7 (t,m)
< GCsAlY Vnlog? e wt) Y 7@ PO (@) (O @) - OV W) (®)
z,yeQ(tm

for some constants Cs, Cs, ¢o, c3.

Furthermore:
Y w@P@y)(fE@) — o) = E > w@Py)(f@) - )
z,y€Qt " zyeqtm)
+ E D m@PEy)(f@) - fw)
’ z,yeQ(tn)
+ B D w@PEy)(f@) - fw) (9)

z,yeQ(tn)
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We set S = S’](ct’n),T = Qtm\ S,(f’n). We have used that by Lemma 19, p < A and
ps < 7EMN(T)A and pr < 7B (S)A.
Plugging (6) into (4) and (8) into (5) yields

Varz F
<cavalognY Y w@Pay)(f@) - fm)

t#£t £E€Qy,yEQys

+ A nlogtn Y w1 E S 7 (@) P (@) (5O () - 1 ()]

n~vz,3
m,yeﬂin)
+0AP nlogn Y F(H) E Y0 (7P @) PO (e y) (£ (@) - £ ()]
t ’ I,yGQyI)
+CAY nlogtn Y 7 (1) E D 7 (@) P (@) (£ () - £ ()]
t n~V1’2x7yEQ§n)

<CAVRlogn Y. S w(@)Pa,y)(f(a) - f(y))

t#t £EQ,yEQys

+CAonlogan Z 7T(£8)P($7y)(f(x)*f(y))2 (10)

t x,ye

< C(log®n)n? - &:(f),
where C, ¢ are constants determined by Cy, Ca, C3, ¢y, 2, c3. For (10) we have used (9) and
also the observation that AgJ)P(t*") = AP(x,y) =1for j € {1,2,3} and for all t,n, x,y. <=
4.3 Proof of the Main Theorem

The following is an immediate consequence of Lemma 3,
» Lemma 21. Let g := f? (pointwise) and let G(t) := Eyrr, g(z). Then

Varz VG < Varz F' + tE_ Varn, f = Var; f.

Proof of Theorem 1. We first prove the Poincaré inequality. We will use the law of total

variance and the decomposition properties of the chain to get a recursive bound on the

relaxation time. Let t, be the relaxation time for the flip walk on an n + 2-gon, that is,

Var, f < t,E:(f) for all real-valued functions f, and ¢, is the smallest such constant.
Recall that, by the total law of variance, we may write

Var, f = Varz F' + tEiVarm f. (11)
By Lemma 15,
Varz F < C'(log” n)n*€x (£, f) = h(n)€x(f). (12)

for some constants C’, ¢’ > 0.

To bound E; 7 Vary, f recall that (€, P;) is a product chain of at most three chains,
each of which is the triangulation flip walk on a smaller polygon each of which has ¢ + 2 sides
for some ¢ < n/2 (Lemma 12) Hence, by Lemma 7,

n—4

Var,, f <
11 — 1

tilgﬂ't(f) ) (13)
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for some i; < n/2. Plugging in (12) and (13) into (11) we get

n—4

i1
t~Ty

7(x)

Recall that by the definition of the restriction chain (Q4, P;), m(z) = =0 and

P(z,y) n—1
Zzegt P(z,z) n-—4

for all xz,y € ;. Thus,
E &.()=3 70 3 m@)Pen)(f) - )

t~Ty

P(x,y),

Pt(ajvy) =

teQ z,y€Qy
n—1
SIS Y w@)PE () - f)?
teQ T,y
n—1
<"Zlep). (15)
Combining (14) and (15) we get that for all functions f
n—1
Varo £ < {bn) + Tt | E(1), (16)
ie.
n—1

for some iy < n/2. Iterating this M < logn times to reach the relaxation time of a
constant-size walk, we get

< —
tn < h(n) + - <h(zl)+ - 1%)

n—1_ . n—1
= h(n) + 71h(21)+ 1ti2
n—1 n—1 n—1
<h h(i h(i .
() g =g hi) + e o bl + o

Note that for any i < n we have 2= h(i) = 2=Li%log®i < h(n), so

tn < (logn + 1)h(n) + n = O(n?).

This concludes the proof for the spectral gap.

For the log-Sobolev inequality, the proof is nearly identical. Let g := f? and £,, be the
inverse log-Sobolev constant for the flip walk on an n + 2-gon, that is, Ent, g < £,E:(f)
for all non-constant functions f, and #,, is the smallest such constant. By the law of total
entropy we have

Ent, g = Entz G + tIEiEntm g, (18)

where G(t) := Eyor, g(x).
By standard comparisons between variance and entropy (Lemma 4) and by applying
Lemma 21, we get

Entz(G) < O(logn) - Varz(VG) < O(logn) Var, f,
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observing that the minimum measure of a state in the projection chain 7 is Q(n~?), thus
passing from variance to entropy incurs at most a logarithmic cost. Using the Poincaré
inequality we proved, this yields

EntzG < C"(log® n)n?Ex(f) == h(n)Ex(f). (19)

To bound E; = Ent,, g we simply repeat the argument for the bound of E;» Var,, f. We
rewrite the main steps for completeness.

Recall that (Q, P;) is a product chain of at most three chains, each of which is the
triangulation flip walk on a smaller polygon each of which has i + 2 sides for some i < n/2
(Lemma 12) Hence, by the entropy part of Lemma 7 we get

n—4.

Ent,, g < 1tilg77t f), (20)

1 —
for some i; < n/2. Plugging in (19) and (20) into (18) we get

~ _ 4.
Enty g < h(n)Ex(f) + =——Fi B € (F); (21)
1= ~
Observing that (21) is analogous to (14), the rest of the proof follows the identical calculations
for the Dirichlet form and the recursion, which lead to

thus proving the desired log-Sobolev inequality. <

Corollary 2 follows immediately from Theorem 1 and the observation that the holding
probability of the flip walk is 1/2.

5 A Transport Flow for Triangulations

5.1 Transport Flow Idea

In this section we describe the key ideas that will enable us to establish Lemma 19, the
remaining ingredient in proving Theorem 1.

[20] gave a flow construction in combinatorial terms — a multi-way single-commodity flow
(MSF) in their language. They gave a bound on the maximum congestion, which we will also
use. For our purposes, we will also need a bound on the average congestion or the average
path length in this construction (by [37] these are equivalent), which is not immediate from
their analysis. In this section we retrace their construction rigorously and establish the
bounds we need to prove Theorem 1. To this end, we characterize the flow as a functional
equality (not inequality) — in the spirit of [19]. In intuitive terms, we describe the problem
of sending flow between a pair of states i, j € Q as the difference F(i) — F(j) in the value
of the function F at these two states (Lemma 22). We then describe the flow construction
as an expectation of telescoping sums of differences over the paths in the flow. This formal
description of the flow will allow us to analyze the average congestion in the full version of
the paper [4].
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» Lemma 22. Let f:Q — R be a function and consider the function F. For alli,j € Q,
there exists a flow function ¢;; : {(z,y) € (% UQ;)* | P(z,y) >0} — R satisfying

HORD) , 2,

) o @ P @) () £(0) (22)
I,yEQJ

fre S Gunt@PEa)(f() — ). (23)

where the function ¢;; describes the congestion across the edge (x,y), and where ¢;j 4y is
bounded in absolute value by 1.

(From our definition of ¢;; it will follow that ¢ijpy = —Pijyz for all T, Yy, $0 Gijay(f(x)—
W) = bijya(f(y) — f()).)

The function ¢;; induces a transport flow T% =% jn Q that produces mazimum congestion
at most A.

In combinatorial terms, Lemma 22 describes a flow construction in which we route flow
from €; to Q;, through the state space of the overall chain. The congestion incurred by this
flow is at most A.

We strengthen Lemma 22 to obtain the following:

» Lemma 23. For all S, T C Q, there exists a transport flow TSI=QUT] i Q) that produces
mazimum congestion p < A and that satisfies pors) < Clog®n - /n@(T) and por) <
Clog®n - \/n#(S) for constants C > 0,c > 0.

Lemma 23 strengthens Lemma 22 in two ways: adding an average congestion analysis,
and allowing for the sets S, T in the transport flow to include multiple states in the projection
chain. Once proven, Lemma 23 will imply Lemma 19, which completes the proof of Theorem 1
given in Section 4.

In the full version of the paper, combining Lemma 22 with an additional average congestion
analysis relying on the asymptotic behavior of Catalan structures, we prove Lemma 23.

We now prove Lemma 19, the last ingredient in the proof of Theorem 1 given in Section 4:

Proof of Lemma 19. It suffices to apply Lemma 23 with Q(*" substituted for Q and, for
each k, with S substituted for S,(:’")7 with T substituted for Q® \ S, and with Q[S] and
Q[T substituted for S and T respectively. The result then follows from plugging in the
bounds on pgs) and por) given by Lemma 23. |
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