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Abstract
We study the parallel (adaptive) complexity of the classic problem of finding a basis in an n-
element matroid, given access via an independence oracle. In this model, the algorithm may submit
polynomially many independence queries in each round, and the central question is: how many
rounds are necessary and sufficient to find a basis?

Karp, Upfal, and Wigderson (FOCS 1985, JCSS 1988; hereafter KUW) initiated this study,
showing that Op

?
nq adaptive rounds suffice for any matroid, and that rΩpn1{3

q rounds are necessary
even for partition matroids. This left a substantial gap that persisted for nearly four decades, until
Khanna, Putterman, and Song (FOCS 2025; hereafter KPS) achieved rOpn7{15

q rounds, the first
improvement since KUW.

In this work, we make another conceptual advance beyond KPS, giving a new algorithm that finds
a matroid basis in rOpn3{7

q rounds. We develop a structural and algorithmic framework that brings
a new lens to the analysis of random circuits, moving from reasoning about individual elements to
understanding how dependencies span multiple elements simultaneously. Specifically, our framework
introduces three new ideas:
1. A new subset-based decomposition that provides precise guarantees on how random circuits

intersect groups of elements, yet remains computable in few adaptive rounds.
2. A new method for identifying and removing redundant elements in bulk, based on short circuit

witnesses that certify redundancy across large portions of the matroid.
3. An adaptive early-stopping strategy that uses the evolving structure of the matroid to decide

when to contract or delete, preventing wasted rounds.

Each of these contributions, in isolation, already yields meaningful improvements over the round
complexity achieved in KPS; their combination enables our main result of rOpn3{7

q rounds.
As further consequences, incorporating our improved basis-finding algorithm into known reduc-

tions yields an rOpn17{21
q-round parallel algorithm for matroid intersection, as well as an rOpn3{7

q-round
parallel algorithm for approximate monotone submodular maximization under a matroid constraint.
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1 Introduction

In this work, we continue the study of designing efficient parallel algorithms for fundamental
combinatorial optimization problems. Parallel efficiency is typically measured through
adaptive round complexity, the number of rounds of operations/queries required to solve a
problem, where each round allows polynomially many operations/queries to be executed in
parallel. Many foundational problems have been explored under this lens, beginning with
the seminal works on maximal independent sets [34], spanning trees [26, 31], and graph
matchings [33, 27, 23, 38], and extending to more recent advances in submodular function
minimization [5, 11, 12], submodular function maximization [3, 4, 1, 2, 15, 14, 19, 20, 22, 21,
29, 16, 10, 32], and matroid intersection [24, 25, 8, 9].

In this paper, we focus specifically on understanding the parallel complexity of finding a
basis of a matroid. Formally, a matroid M “ pE, Iq consists of a ground set E of n elements
and a collection of independent sets I Ď 2E satisfying:

H P I;
if S P I and S1 Ď S, then S1 P I; and
if S, T P I and |S| ă |T |, then there exists e P T zS such that S Y teu P I.

A basis is an independent set S Ď E that is maximal under inclusion. Because matroids
capture independence across a wide range of structures, from cycle-freeness in graphs to
linear independence in vector spaces, finding a basis is a fundamental combinatorial primitive.
For example, in graphs, a matroid basis corresponds to a spanning forest; in vector spaces, it
coincides with the standard notion of a basis.

Given the broad applicability of matroids, understanding the parallel complexity of basis
finding remains a central theoretical challenge. Despite decades of work, a substantial gap
persists in characterizing how efficiently a matroid basis can be computed in parallel. The
difficulty stems from the generality of matroids: the number of distinct matroids grows
super-exponentially in the size n of the ground set [6]. This fact points both to the rich
combinatorial structure of matroids, and the impossibility of representing them succinctly.
Thus in the general setting considered in this work, it is typical to assume that the access to
a matroid is given via an oracle. Specifically, we will assume the matroid M is presented via
an independence oracle Ind, which reports membership in I for any queried subset S Ď E.
In each adaptive round, the algorithm may make polynomially many independence queries.

This formalization of the problem was first introduced by Karp, Upfal, and Wigderson
[26, 28] (KUW), who asked:

Given independence oracle access to an arbitrary matroid M, how many rounds of
polynomially many queries are required to find a basis?

KUW [26] provided the first set of foundational results, showing that Op
?

nq adaptive
rounds suffice and that rΩpn1{3q rounds are necessary even for partition matroids. This
left a broad gap that persisted for nearly forty years, until Khanna, Putterman, and Song
(KPS) [30] developed a new decomposition-based algorithm achieving rOpn7{15q rounds, the
first improvement since KUW. Nevertheless, the precise adaptive complexity of matroid basis
finding remains unresolved.

Our Contributions. We make further progress on this long-standing question by presenting
a new parallel algorithm with improved round complexity:

▶ Theorem 1. There is an algorithm which for any arbitrary matroid M on n elements,
makes polynomially many independence queries per round and recovers a basis of M in
rOpn3{7q rounds with high probability.
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KUW established a lower bound of rΩpn1{3q rounds, so our result narrows the possible
exponent to the interval r 1

3 , 3
7 s « r0.333, 0.429s, a significant improvement over the previous

upper bound of 7
15 « 0.467 from KPS. Our approach introduces a new structural and

algorithmic framework that brings a new analytical lens to random-circuit structure, moving
from reasoning about individual elements to understanding how dependencies spread across
groups of elements. This shift enables three new algorithmic components: a refined matroid
decomposition, a method for bulk identification of redundant elements, and an adaptive
meta-strategy for deciding when to contract or delete, which together yield the rOpn3{7q

bound. We explain these contributions and their context in more detail in Section 1.2.

Applications. The adaptive complexity model has also been explored in several related
matroid optimization problems, where the task of finding a matroid basis or computing the
rank of the matroid (equivalently, the size of a basis) often serves as a fundamental subroutine.
Consequently, our improved basis-finding algorithm directly yields sharper bounds.

Matroid Intersection. In the matroid intersection problem, we are given two matroids
M1 “ pE, I1q and M2 “ pE, I2q on the same ground set, and the goal is to find a largest
set S Ď E such that S P I1 X I2. In the sequential setting, Edmonds [17, 18] gave the first
polynomial time algorithm, and subsequent work has progressively improved the running time,
culminating in an Õpn

?
rq rank-query algorithm [13] and an Õpnr3{4q independence-query

algorithm [7] when the size of the intersection is r.
In the parallel setting, Chakrabarty, Chen, and Khanna [11] established an Ωpn1{3q round

lower bound for rank-query algorithms, improving upon the classical Ωpn1{3q lower bound
for independence-query algorithms by [26]. On the upper bound side, Blikstad [8] presented
the first sublinear round algorithms in both the rank-query and independence-query models,
later improved by [9], who gave an Opn2{3q round rank-query algorithm, and an Opn5{6q

round independence-query algorithm.
Our improved basis finding algorithm has immediate implications for this classic problem:

indeed, using our improved basis-finding procedure within the work of [9], we obtain the
following round complexity for matroid intersection (proved formally in the full version).

▶ Theorem 2. There is an rOpn17{21q-round algorithm that, given any two matroids M1 and
M2 on the same ground set of n elements, makes polynomially many independence queries
per round and, with high probability, outputs a maximum common independent set of M1
and M2.

This improves upon the previous best complexity of rOpn37{45q rounds established in [30].

Submodular Function Maximization under a Matroid Constraint. In the submodular
function maximization problem, we are given a monotone submodular function f : 2E Ñ Rě0
and a matroid M “ pE, Iq, and the goal is to find an independent set S P I that approximately
maximizes fpSq. In the sequential setting, a p1 ´ 1{eq-approximation algorithm has been
known in the case where M is a uniform matroid [36], and Vondrák [39] extended this
guarantee to general matroids. The approximation factor is optimal with polynomially many
queries (here queries refer to evaluating the function f on a chosen set S Ď E) [35, 40].

Balkanski and Singer [3] initiated the study of this problem in the parallel complexity
model. When M is a uniform matroid, they proved that any approximation better than
Op1{ log nq requires Ωplog n{ log log nq rounds, and designed a 1{3-approximation algorithm
in Oplog nq rounds. Subsequent works achieved 1 ´ 1{e ´ ϵ approximation algorithms using

ICALP 2026
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Oppolyplog n, 1{ϵqq rounds, both when M is a uniform matroid [1, 15, 19, 22], and when M
is an arbitrary matroid accessed via rank queries [2, 14, 20]. However, when M is accessed
via independence queries, their algorithms only achieved a round complexity of rOp

?
n{ϵ3q,

as their computation relies explicitly on finding a basis [2]. Later, a separate work by Li,
Liu and Vondrák [32] showed that a polynomial dependence on ϵ in the round complexity is
unavoidable.

As in matroid intersection, by combining the algorithm of [2] with our improved matroid
basis finding algorithm, we obtain immediate improvements in the round complexity. The
resulting guarantee is stated below; a formal proof appears in the full version.

▶ Theorem 3. For any ϵ ą 0, there is an rOpn3{7ϵ´3q-round algorithm that, given any
matroid M “ pE, Iq on n elements and any monotone submodular function f : 2E Ñ Rě0,
makes polynomially many independence queries per round and outputs, with high probability,
a p1 ´ 1{e ´ Opϵqq-approximation to the maximum of f under the matroid constraint M.

This improves the previous best bound of rOpn7{15ϵ´3q rounds, achievable via the algorithm
of [30], though not explicitly stated in their work.

We next provide background on prior work and terminology in Section 1.1, before turning
to an overview of our new techniques in Section 1.2.

1.1 Prior Work
We start by recalling some matroid terminology that will be used throughout the introduction
and reviewing the approaches of KUW [26, 28] and KPS [30], as these provide the key backdrop
for our contribution.

Notation and Terminology. For a matroid M “ pE, Iq, a basis is a set B Ď E that is
a maximal independent set: B P I, but B Y teu R I for all e P EzB. A circuit is a set
C Ď E that is a minimal dependent set: C R I but Czteu P I for all e P C. We write
rankpSq for the size of the largest independent subset of S Ď E, and define the span of S

as spanpSq “ te P E : rankpSq “ rankpS Y teuqu. That is, spanpSq consists of all elements
whose addition to S does not increase its rank.

We will rely on several standard facts about matroids (see, e.g., [37]). If S Ď E satisfies
rankpSq “ rankpEq, then any basis of S is also a basis of E. Moreover, if S is independent,
then there exists a basis of M that contains S by the extension property of matroids. This
fact motivates the operation of contraction: given M “ pE, Iq and S P I, the contracted
matroid M{S is defined on the ground set EzS so that T Ď EzS is independent in M{S if
and only if T Y S is independent in M. Intuitively, contraction corresponds to “committing”
to include S in the eventual basis; if one finds a basis T of M{S, then S Y T forms a basis
of the original matroid M.

Formal Problem Statement. As mentioned above, we study the parallel complexity of finding
a basis of a matroid. Formally, an algorithm A is given access to a matroid M “ pE, Iq

through an independence oracle Ind, which, for any set S Ď E, returns 1rS P Is. The
computation proceeds in rounds: in each round, the algorithm may issue up to polypnq oracle
queries in parallel, where each query is a subset S Ď E, and the oracle responds whether
S is independent. Importantly, the queries in the ith round are made in parallel, meaning
that these queries depend only on responses to queries in rounds 1, . . . i ´ 1 (and on the
algorithm’s internal randomness).
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The objective is to find a basis of the matroid M (with high probability over the
randomness of the algorithm) in as few rounds of queries as possible. Lastly, our algorithm
should work for all matroids M: that is, we define the round complexity to be the maximum
over all matroids M on n elements, of the number of rounds the algorithm requires to find a
basis of M with high probability.

Overarching Themes. With these preliminaries in place, we turn to the high-level intuition
behind both KUW and KPS. In both works, progress toward finding a matroid basis proceeds
through two complementary operations:

1. Deleting redundant elements: If one can identify a set S such that every element of S

lies in the span of EzS, then deleting S does not reduce the matroid’s rank. This means
rankpEq “ rankpEzSq and therefore there exists a basis supported entirely on EzS. This
reduces the search space of the problem; instead of finding a basis over M “ pE, Iq, we
instead search over the matroid M|EzS “ pEzS, I X 2EzSq.

2. Contracting on an independent set: If one can find an independent set S, then by
the extension property, there exists a basis containing S. This allows the algorithm to
contract on S and focus subsequent queries on the residual matroid M{S.

[26]’s Op
?

nq Round Algorithm. Using these two operations, [26] designed a simple yet
powerful algorithm: partition the ground set E into

?
n groups of size

?
n each. Within each

group S “ te1, . . . , e?
nu, query the independence oracle on all prefixes te1u, te1, e2u, . . . , S.

Two outcomes are possible:

If any group S is fully independent, we can contract on it, adding at least
?

n independent
elements to the basis.
Otherwise, in every group, the first element that introduces dependence is redundant: if
te1, . . . , eju is independent but te1, . . . , ej`1u is dependent, then ej`1 P spanpte1, . . . , ejuq.
Thus at least one element can be deleted per group, removing

?
n redundant elements in

total.

Hence, in each round, the instance size decreases from n to n ´
?

n, and after Op
?

nq

rounds, the algorithm outputs a basis. To complement this upper bound, [26] also proved an
rΩpn1{3q lower bound, leaving a large gap that persisted for next four decades.

[30]’s rOpn7{15q Round Algorithm. The algorithm of [30] takes a fundamentally different
approach from the Op

?
nq-round algorithm of [26]. Instead of insisting on immediate progress

in every round, their algorithm deliberately spends several rounds gathering structural
information about the matroid, performing what they refer to as a matroid decomposition.
Only once this decomposition is established does the algorithm proceed to delete redundant
elements and contract independent sets. While this strategy may not yield rΩpn8{15q progress
in each round individually, it guarantees an average progress of that order over the full
execution. This flexibility is key: it allows the algorithm to partition M into “well-behaved”
regions that can then be processed efficiently for contraction or deletion.

To formalize this notion of “well-behaved”, [30] introduces two key parameters:
1. The αpSq parameter. For any subset S Ď E, αpSq is defined as the smallest integer ℓ

for which a uniformly random ℓ-subset of S is independent with probability at most 1{2:

αpSq “ min
#

ℓ P rns : Pr
T „pS

ℓq
rIndpT q “ 1s ď 1

2

+

.

ICALP 2026
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Intuitively, αpSq captures the point at which dependence typically appears when the
elements of S are revealed in random order. If we fix S and query every prefix under a
random permutation π of its elements, αpSq corresponds to the median prefix length at
which dependence first arises.

2. Marginal circuit probabilities. For each element i P S, the marginal circuit probability
pi measures how likely i is to appear in the first circuit formed during a random permuta-
tion process. Specifically, for a random permutation π of S, let Cπ be the first circuit1

that appears when elements are added in order πp1q, πp2q, . . . . Then pi “ Prπr i P Cπ s.
When needed, we may write pi,S to emphasize that the probability is taken with respect
to the set S.

Using these parameters, [30] establishes the following key structural lemma.

▶ Lemma 4 (Informal; [30]). There is a decomposition algorithm for M “ pE, Iq that uses
polypnq independence queries per round and, if it terminates after γ rounds:
1. Recovers disjoint sets S1, . . . , Sγ such that for every j P rγs and i P Sj,

pi,Sj
“ rΩ

ˆ

1
|Sj |

˙

. (1)

Note here that we use pi,Sj
to denote the marginal probability with respect to Sj, not the

parent matroid M.
2. For any j, k P rγs, j ă k,

αpSkq “
αpSjq|Sk|

|Sj |
` Ω

˜
d

αpSjq|Sk|

|Sj |

¸

. (2)

3. For each j P rγs, we can recover an independent set of size Ω
´

αpSj q

|Sj |
¨ n

¯

in Mzp
Ť

iăj Siq.

This decomposition yields several key consequences. First, the recurrence in Equation (2)
implies that the number of parts γ is at most Opn1{3q. Second, if for any Sj the ratio αpSjq{|Sj |

is large, item (3) guarantees that the residual matroid contains a large independent set that
can be efficiently recovered, allowing rapid progress via contraction.

The complementary case, when αpSjq{|Sj | ! 1, indicates the presence of many redundant
elements in Sj . [30] shows that these can be identified and deleted in parallel via the following
progress lemma.

▶ Lemma 5 (Informal; [30]). Let Sj be a set peeled off in the above decomposition, such that
for all i P Sj, pi,Sj “ rΩ

´

1
|Sj |

¯

, and αpSjq ď |Sj |{ log2
|Sj |. Then:

1. There is an Op
a

|Sj |q-round algorithm that recovers rΩp|Sj |q redundant elements.
2. There is also a 1-round algorithm that recovers

rΩ
ˆ

min
ˆ

|Sj |,
|Sj |2

αpSjq2

˙˙

redundant elements.

1 Formally, if i is the first index such that teπp1q, . . . , eπpi´1qu is independent but teπp1q, . . . , eπpiqu is
dependent, then the unique circuit contained in this latter set is denoted Cπ.
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Together, these lemmas yield a “win–win” structure: when αpSjq is relatively large, a
sizable independent set can be contracted; when αpSjq is relatively small, many redundant
elements can be deleted. By grouping the Sj ’s by size (into log n geometric buckets), and
focusing on the group with the most sets, [30] shows that there always exists a group
where one can achieve rΩpn8{15q average progress per round (where progress refers to both
independent elements that are contracted and redundant elements that are deleted), leading
to their rOpn7{15q-round bound for matroid basis finding.

1.2 Our New Algorithm

We introduce three conceptual advances that change how progress is measured and managed
in the matroid-basis problem, leading to a sharper framework and improved round complexity
over [30]. We summarize them here before turning to their technical details.

1. Subset-hitting decomposition. We strengthen the decomposition guarantee from
element-wise control to subset-level control: instead of ensuring pi,S Á 1{|S| for each
element i, we require that for every subset T Ď S, the first circuit intersects T with prob-
ability rΩp|T |{|S|q. This subset-hitting property rules out highly correlated pathological
behavior, yielding a more uniform distribution of first circuit mass across elements in a
peeled set. Surprisingly, a decomposition with this stronger (global) guarantee is still
computable within the same round complexity as in [30] using only polynomially many
queries, as before.

2. Short-circuit witnesses for bulk deletion. Leveraging subset-hitting, we design a
one-round deletion primitive that exploits circuit sizes. If there is a set R Ď S such that
for every x P SzR we can certify a circuit Cx with x P Cx and |Cx X pSzRq| ď ℓ, then we
can delete Ωp|SzR|{ℓq redundant elements in one round. By carefully instantiating the
set R, we show a new win-win paradigm for deleting redundant elements: namely we
can either (a) delete lots of elements by finding short circuits that they participate in,
or (b) re-use a redundant element finding algorithm from [30] but now with much better
guarantees!
This win–win paradigm relies crucially on subset-hitting; without it (e.g., under the KPS
element-wise guarantee), the improved bounds do not materialize.

3. Adaptive early-stopping via evolving α-profiles. Lastly, we introduce a much
improved strategy for deciding when to contract on independent sets versus when to
delete redundant elements. This is based on a new quantitative analysis of how the
α-parameters of the peeled pieces evolve across the decomposition. This yields an early-
stopping rule that avoids investing rounds when the average progress target is already
met, improving amortized progress.

These new ingredients can be applied in a modular yet complementary way. Using only
(1) and (2) with the original [30] global analysis yields an rOpn0.44q-round algorithm. Using
only (3), the adaptive early-stopping analysis along with [30] primitives, gives an rOpn4{9q

bound with a substantially simpler proof. When combined, the three components reinforce
one another, though the resulting analysis becomes significantly more delicate. It is this
combination that ultimately enables our rOpn3{7q-round algorithm. We now describe each
ingredient and how they interact in more detail.

ICALP 2026
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1.2.1 Intuition for Improved Redundant Element Recovery
We now elaborate on our new algorithm for identifying redundant elements (the second
advance described above). The key starting point is that the structure of circuits, that is,
the minimal dependent sets, can be exploited much more deeply than before.

Suppose we are trying to find a basis of a matroid M “ pE, Iq, and that we have peeled
off a set Sj according to Lemma 4. For clarity, assume that the marginal circuit probabilities
satisfy pi “ rΩp1{|Sj |q, as in the weaker decomposition of Lemma 4. Intuitively, this means
that under a random permutation of the elements, the first circuit encountered contains each
i P Sj with probability rΩp1{|Sj |q – that is, a nontrivial fraction of these random circuits
involve i.

Now suppose that for every element i P Sj , we can find a circuit Ci containing i of size
at most ℓ. In this ideal case, a simple greedy argument shows that at least |Sj |{ℓ elements
are redundant. Indeed, we may process the elements of Sj in an arbitrary order: for each
i, keep all other elements of Ciztiu (at most ℓ ´ 1 of them), since i P spanpCiztiuq. We
delete i, commit to keeping these witnesses, and repeat. Each deletion costs at most pℓ ´ 1q

commitments, so we can delete Ωp|Sj |{ℓq elements in total.
Of course, not every element will participate in such a small circuit. This motivates

examining the distribution of circuit sizes. Within our experiment of randomly sampling
permutations and identifying the first emerging circuit, our first observation is that the
expected circuit size equals the sum of the marginal circuit probabilities:

ÿ

iPSj

pi “ Eπr|Cπ|s,

since pi “ Prri P Cπs “ Eπr1ri P Cπss, and summing over all elements gives the expected
size of Cπ.

This identity suggests a natural dichotomy for progress: if
ř

i pi is large, many elements
appear frequently in the first circuit, and existing methods (such as those in [30]) can delete
a large number of redundant elements. Conversely, if the average circuit size is small, one
might hope that many elements lie in short circuits, opening the door to fast progress through
our short-circuit deletion scheme.

However, this intuition requires care: a small average circuit size does not guarantee
that most elements actually belong to small circuits. A small subset of elements might have
large pi values and appear disproportionately often in small circuits, while the majority of
elements participate only in rare but very large circuits. In such cases, the algorithm could
make little progress on most elements, even when the average circuit size is small.

To illustrate, consider a set Sj consisting of two disjoint uniform matroids, P1 and P2.
Let P1 contain

?
n elements with rank

?
n{2 (meaning any subset of ď

?
n{2 elements is

independent), and P2 contain n ´
?

n elements with rank pn ´
?

nq{2 ` η, for a parameter η.
Under a random permutation of all elements, when η “ 0 the first circuit Cπ is equally likely
to arise in either P1 or P2. As η increases, circuits become increasingly unlikely to form in
P2 first. Choosing η «

?
n log n ensures that circuits appear in P2 only a 1{n fraction of the

time. Then:
1. The expected circuit size is «

?
n{2, since with probability 1 ´ 1{n, the first dependence

occurs in P1.
2. Almost all elements are in P2, and they participate only in circuits of size ě pn ´

?
nq{2.
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Thus, even though the expected circuit size is small, there is no way to make better progress
than [30]. The main reason is that many elements with small marginal circuit probabilities
often co-occur in the same circuits, creating correlated low-probability clusters. To overcome
this, our new decomposition explicitly prevents such correlations from emerging, ensuring
that elements with small marginal probabilities do not systematically appear together.

1.2.2 An Improved Decomposition
The decomposition guarantee achieved in [30] (see Lemma 4) only ensures that for each
individual element i P Sj , we have that pi,Sj

“ Prπri P Cπs “ rΩ
`

1{|Sj |
˘

. While this prevents
any single element from being too rare, it still admits highly correlated configurations in
which many low-marginal elements systematically co-occur in the same circuits (as in the
preceding example).

Formally, the issue is that although each element may satisfy pi,Sj
Á 1{n, there may exist

a large subset T (e.g., P2 in the example above) with PrπrCπ X T ‰ Hs « 1{n. This occurs
because elements in T are highly correlated: either none appear in the first circuit, or Ωp|T |q

of them do.
Our first step is therefore to rule out such set-level correlations, not just rare elements. To

eliminate this obstacle, we strengthen the decomposition to enforce the following subset-hitting
property:

@ T Ď Sj , pT,Sj “ Pr
π

rT X Cπ ‰ Hs “ rΩ
`

|T |{|Sj |
˘

.

That is, every subset T of elements is hit by the first circuit with probability (up to
polylogarithmic factors) proportional to its size. In the example above, P2 would violate
this condition, since the property demands a rΩp1q intersection probability rather than the
Θp1{nq that arises from correlation.

Although this requirement is strictly stronger than element-wise marginals (it constrains
exponentially many subsets), we show that such parts do exist and can be computed within
the same round and query bounds as in [30]. Moreover, our decomposition continues to satisfy
all guarantees of Lemma 4 while adding the new subset-hitting property. Operationally, this
property prevents mass from concentrating on a few large, highly correlated circuits and
ensures that circuit mass is distributed in a stable manner across each peeled part, allowing
for more powerful routines for deleting redundant elements.

1.2.3 Core vs. Non-core Elements
With this strengthened decomposition theorem established, it still remains to show how
we can use the decomposition to explicitly make progress by deleting redundant elements.
The next step is to stratify elements by their marginal probabilities. Intuitively, elements
with small marginals are conducive for finding short-circuit witnesses (thus enabling many
deletions), whereas elements with large marginals can be handled by a deletion procedure
from [30].

To this end, we partition the elements of each peeled set Sj into two groups:
(a) Core elements: elements i P Sj with pi,Sj

ą
αpSj q

2

|Sj |2 , so that pi,Sj
¨ p|Sj |2{αpSjq2q ą 1, and

(b) Non-core elements: the remaining elements, each with pi,Sj
ď

αpSj q
2

|Sj |2 .
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We will denote by CORE, the set of core elements. The choice of the threshold αpSj q
2

|Sj |2 in
defining core vs. non-core elements is deliberate: a lemma (implicitly) established in [30]
shows that one can delete

rΩ
´

ÿ

iPSj

mint1, pi,Sj
¨ p|Sj |2{αpSjq2qu

¯

(3)

redundant elements using a single round of queries.
Restricting (3) to the core immediately yields rΩ

`

|CORE|
˘

deletions in one round (the
second term in the min is 1 by definition of core). Hence if CORE is a constant fraction of
Sj , we delete rΩp|Sj |q elements in one round.

We therefore focus on the complementary case where |CORE| is small. In this event,
let ℓ “

ř

iPSj zCORE pi,Sj denote the sum of all the marginal probabilities of the non-core

elements. Applying Equation (3) to these non-core elements implies we can delete rΩ
´

|Sj |
2

αpSj q2 ℓ
¯

elements in a single round. Thus if ℓ is large, we once again ensure many deletions.
The remaining case is when ℓ is small. In this regime we prove (using the subset-hitting

property) that most non-core elements admit short-circuit witnesses of size rOpℓq (or more
formally, admit circuits who only have a small number of non-core elements), which allows us
to delete rΩp|Sj |{ℓq redundant elements in one round via a modification of the aforementioned
short-circuit deletion procedure. We establish this formally below.

Finding redundant elements when non-core circuit mass is small. As before, we let ℓ

denote the total marginal probability mass of the non-core elements: ℓ “
ř

iPSj zCORE pi,Sj
.

Now, observe that this quantity equals the expected number of non-core elements in the first
circuit:

ℓ “
ÿ

iPSj zCORE
pi,Sj “ Eπr|pSjzCOREq X Cπ|s. (4)

This implies that, in expectation, the number of elements in SjzCORE in each circuit that
appears is bounded by ℓ. The question is whether this expectation can be algorithmically
leveraged to certify many short circuits for non-core elements.

It turns out that the subset-hitting guarantee of our new decomposition yields an
affirmative answer. Informally, sample many (a large polynomial number) of random
permutations π over Sj , and find the first circuits Cπ that form. Suppose there is a large set
T Ď SjzCORE (say, |T | “ Ωp|Sj |q) such that for every x P T we fail to find a short circuit
containing x, namely, no circuit Cx with x P Cx and |Cx X pSjzCOREq| ď ℓ log n. Then
every time Cπ intersects T we must have |Cπ X pSjzCOREq| ě ℓ log n. By the subset-hitting
property, PrπrCπ X T ‰ Hs Á |T |{|Sj | “ Ωp1q. Hence

Eπ

“

|Cπ X pSjzCOREq|
‰

ě Ωp1q ¨ ℓ log n ą ℓ,

contradicting (4). Therefore |T | “ op|Sj |q: for most non-core elements we do find short
circuits, enabling one-round deletion of rΩp|Sj |{ℓq elements.

To summarize, if the set of core elements forms only a small fraction of Sj , the analysis
above yields a one-round win–win: either (a) the [30] deletion bound gives rΩ

´

|Sj |
2

αpSj q2 ¨ ℓ
¯

dele-

tions, or (b) short-circuit witnesses allow rΩp|Sj |{ℓq deletions. Balancing these outcomes gives
an unconditional bound of rΩ

´

|Sj |
3{2

αpSj q

¯

deletions, strictly improving upon [30]’s rΩ
´

|Sj |
2

αpSj q2

¯

.
We next show how this stronger local progress integrates into the global round analysis.
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1.2.4 Global Analysis by Leveraging Evolving α-Values
In the preceding discussion, we introduced a new subroutine for making progress on each
set Sj produced by our decomposition. To summarize, we now have two primary ways of
making progress:

Contraction: contracting an independent set of size Ω
´

αpSj q

|Sj |
¨ n

¯

(Lemma 4, Item 3).

Deletion: deleting Ω̃
´

|Sj |
3{2

αpSj q

¯

redundant elements, improving on the Ω̃
´

|Sj |
2

αpSj q2

¯

bound
from [30] (Lemma 5, Item 2). (For clarity we omit the mint¨, |Sj |u truncation since it
does not affect asymptotics here.)

The key parameter that controls the efficiency of these routines is αpSjq, which governs
both the likelihood of quickly finding a large independent set or deleting in parallel a large
number of redundant elements. To achieve an overall round complexity of rOpn3{7q, we need
to ensure that on average, each round leads to contraction or deletion of rΩpn4{7q elements.
We set f :“ n4{7 as this target average progress per round. While some rounds may fall
short (depending on αpSjq), we prove that a prolonged small-progress regime is impossible;
the process must transition to a regime that achieves amortized progress at least f when
averaged over all sets peeled off in the decomposition.

An adaptive strategy. In [30], the matroid decomposition algorithm is always executed
until the total size of the peeled off parts reaches at least n{2 elements, with each peeling
step costing one round. Our adaptive strategy is to terminate as soon as the average progress
meets f . In particular, when the algorithm peels off the jth part Sj , it can terminate
immediately if:

ÿ

j1ďj

|Sj1 |3{2

αpSj1 q
ě j ¨ f (deletion) or αpSjq

|Sj |
¨ n ě j ¨ f (contraction),

At that point, the progress guarantees imply that the average progress per round is already
Ω̃pfq.

Intuitively, small αpSjq favors deletion; large αpSjq favors contraction. Because α increases
along the decomposition (for comparable part sizes), there is a point at which contraction
dominates. Continuing to peel beyond this point yields diminishing average progress (the
independent set size grows only by a constant factor, while rounds accrue), so we stop as
soon as we achieve average progress f .

Improved global analysis. The potentially problematic scenario is when the decomposition
produces a sequence of peeled sets S1, . . . , Sγ where the average progress per round is always
much smaller than f . To rule this out, we choose f as large as possible subject to the
condition that no such sequence exists. Formally, we must forbid sets S1, . . . , Sγ satisfying:
1.

řγ
j“1 |Sj | ď n.

2. αpSjq’s satisfy the recurrence given in Lemma 4, Equation (2).

3. For every j P rγs,
ř

j1ďj

|Sj1 |
3{2

αpSj1 q
ă j ¨ f and |Sj |

αpSj q
¨ n ă j ¨ f .

The benefit of our adaptive strategy is that the constraints in Item 3 must hold for all
prefixes j P rγs, since the decomposition algorithm will terminate as soon as the average
progress reaches f , not just for the final index j “ γ as in [30]. This prefix condition is
strictly stronger than the terminal condition in [30], and permits a larger feasible f .
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A surprising consequence is that even without the new decomposition theorem and
rΩ

´

|Sj |
3{2

αpSj q

¯

deletion subroutine, using only the existing rΩ
´

|Sj |
2

αpSj q2

¯

deletion algorithm from [30]
(Lemma 5, Item 2), the adaptive strategy alone improves the round complexity to Õpn4{9q.
We give a simple self-contained proof of this fact in the appendix of the full version.

Incorporating the stronger deletion subroutine. Once the new rΩ
´

|Sj |
3{2

αpSj q

¯

deletion routine
is used, the analysis becomes substantially more delicate. In obtaining the Õpn4{9q round
result, homogeneity in |Sj | and αpSjq allows reduction to the single ratio αpSjq{|Sj |. The
bound |Sj |

3{2

αpSj q
breaks this homogeneity, so we must track both parameters explicitly, leading

to a more complex analysis.
To analyze it, we group the peeled sets S1, . . . , Sγ by size into log n categories where each

category contains sets whose sizes differ by a factor of at most 2. We then focus on the
dominant category, i.e., the size range currently containing the most such sets. We keep track
of when the dominant category changes, and what the new dominant category becomes. Let
aj denote the number of rounds spent between the pj ´ 1qst and jth change of dominant
category, and let bj denote the representative size of the sets in the dominant category during
this interval. Using Item 2 and Item 3, we are able to derive a tight recursive relationship on
how these parameters evolve. In particular, we show in in the full version that for any j ě 1,

bj “
f7¨2j

´6

n4¨2j ´4 ¨ logOp2j
q
pnq, aj “ rO

ˆ

f ¨ bj

n

˙

.

Importantly, if we select f to be slightly smaller than n4{7, then in the above recursive
formulation, these bounds on bj , and hence also aj , will be strongly decaying. This immedi-
ately implies that our decomposition must terminate in a small number of rounds, which
is only possible if either (1) the average progress exceeds f , or (2) we have peeled off Ωpnq

elements in our decomposition. Clearly, if case (1) occurs, we have succeeded, and so the
only remaining case is (2). The final piece of our argument shows that, after recovering
Ωpnq elements in our decomposition, there is always a way to recover rΩpn3{4q redundant or
independent elements. Dividing this by our bound on the number of rounds invested so far
(using the recurrence relation above) then guarantees our average progress is Ω̃pfq.

A more detailed analysis and discussion of this argument appears in the full version.

Organization. In the remainder of this paper, we introduce preliminaries, and then in
Section 3 we prove explain our new decomposition algorithm, which guarantees the stronger
“subset-hitting” property described above. In the full version of the paper, we formalize the
tradeoff between circuit sizes and marginal probabilities, yielding our improved subroutine
that recovers rΩ

´

|Sj |
3{2

αpSj q

¯

redundant elements from each part Sj in a single round. The full

version then leverages this refined subroutine to establish the global rOpn3{7q round bound
through a careful amortized analysis.

2 Preliminaries

▶ Definition 6 (Matroids). A matroid M “ pE, Iq is a pair where E is a finite ground
set and I Ď 2E is a collection of independent sets with the following properties: (i) H P I
(non-triviality), (ii) for every S P I and S1 Ă S, S1 P I (downward-closedness), and (iii)
for every S, S1 P I and |S1| ă |S|, there exists some x P SzS1 such that S ` x P I (exchange
property).
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▶ Definition 7 (Independent Sets, Circuits, Bases). For a matroid M “ pE, Iq, we say a set
S Ď E is independent if S P I and dependent otherwise. We call a set B a basis if it is a
maximal independent set, i.e. for any x R B, B ` x R I. We call a set C a circuit if it is a
minimal dependent set, i.e. for any x P C, C ´ x P I.

▶ Definition 8 (Rank). For a matroid M “ pE, Iq, we define the rank of M as rankpMq “

maxSPI |S|. Further, for any S Ď E, we define rankMpSq “ maxT ĎS,T PI |T |. The rank
function of a matroid is submodular.

▶ Definition 9 (Span). In a matroid M “ pE, Iq, we define spanpSq as

spanpSq “ tx P E | rankpS Y txuq “ rankpSqu.

▶ Definition 10 (Restriction, Contraction). Let M “ pE, Iq be a matroid and S Ď E. We
write M|S for the restriction of M to S, and we use M ´ S to mean the restriction of M

to EzS, and M{S for the contraction of M by S, whose rank function is rankM{SpT q “

rankMpS Y T q ´ rankMpT q for any T Ď EzS.

▶ Definition 11 (Permutation-Induced Circuit). Let M “ pE, Iq be a matroid, and let π be an
arbitrary permutation over E. We let Cπ denote the unique first circuit which appears when
adding elements in the order of π. I.e., if teπp1q, . . . eπpjqu P I, but teπp1q, . . . eπpjq, eπpj`1qu R

I, we let Cπ denote the unique circuit in teπp1q, . . . eπpjq, eπpj`1qu.

3 A New Decomposition Algorithm

In this section, we introduce the key notion of globally optimal sets and present our new
decomposition and its implications. Section 3.1 introduces globally optimal sets and how
they can be efficiently identified using the independence oracle, and in Section 3.2, we present
our iterative decomposition process and highlight properties of the evolving αpq values during
the decomposition.

3.1 Globally-Optimal Sets
To start, we present a modification of the decomposition procedure presented in [30]. Whereas
this previous work constructed greedily-optimal sets, here we instead introduce globally-optimal
sets. Before defining these notions, we introduce some key parameters that we will utilize.

▶ Definition 12. For a matroid M “ pE, Iq and S Ď E, we let αpSq denote the median
number of elements sampled from the S before a circuit forms. I.e.,

αpSq “ min
#

k P N : Pr
T „pS

kq
rIndpT q “ 1s ď

1
2

+

.

▶ Definition 13. Let M “ pE, Iq be a matroid over n elements. For i P E, we say that

pi,M “ Pr
π

ri P Cπs,

where Cπ is the unique first circuit that appears when adding elements in the order of π.
More generally, for an arbitrary set T Ď E, we define the hitting probability of the set T as

pT,M “ Pr
π

rT X Cπ ‰ Hs.
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▶ Definition 14. Let M “ pE, Iq be a matroid over n elements. For T Ď E, we define T ’s
circuit mass in M to be

qT,M “ Pr
π

rCπ Ď T s.

Often we will denote this by qT when the parent matroid M is clear by context.

Before defining globally-optimal and greedily-optimal sets, we first recall that in a single
round (and using only polynomially many queries), we can estimate qS to small error for
every S:

▷ Claim 15 (Claim 4.4 of [30]). There is a one round algorithm using polynomially many
independence queries, which for a matroid M “ pE, Iq and every subset S Ď E, yields q̂S

such that

|pqS ´ qS | ď
1
n2 ,

with probability 1 ´ 2´Ωpnq.

With this, we can now introduce the notion of a greedily-optimal set:

▶ Definition 16 (Definition 4.9, Claim 4.11 of [30]). For a matroid M “ pE, Iq, we say a set
S Ď E is greedily-optimal if
1. qS ě 1 ´ 2´20

2. For every x P S,

px,M|S
ě

1
221|S| logpnq

.

As discussed in Section 1.2.2, we strengthen the definition by requiring that the second
property holds for arbitrary sets T Ď S, in the sense that including multiple elements scales
the hitting probability, rather than just holding individually for each element x P S:

▶ Definition 17. Let M “ pE, Iq be a matroid over n elements. We say that a set S Ď E is
globally optimal if:
1. qS,M ě 1 ´ 2´20.
2. @T Ď S, it is the case that pT,M|S

ě
|T |

221|S| logpnq
.

Note that here that 220 and 221 are just sufficiently large constants to ensure the probabilistic
arguments go through.

▶ Remark 18. Observe that globally-optimal sets (Definition 17) are also greedily-optimal sets
as defined in Definition 16, as we can consider the singleton sets where T “ txu for elements
x P S. Importantly, this means that going forward, all properties that [30] established for
greedily-optimal sets also automatically hold for globally-optimal sets.

Ultimately, our goal is to have an algorithm for decomposing the matroid M into a
sequence of sets which are all globally optimal, while still maintaining guarantees on how the
α-values of these sets grow:

▶ Lemma 19. Let M be a matroid. There is a decomposition algorithm, making polynomially
many queries, such that if the algorithm runs for k rounds, it recovers sets S1, . . . Sk, where
every Si : i P rks is globally-optimal with respect to M ´ S1 ´ . . . Si´1. Further, for any
ℓ P rlog ns, if we let T “ ti P rks : |Si| P r2ℓ, 2ℓ`1 ´ 1su, γ “ |T |, and let a1, . . . aγ denote the
indices in T , then with probability 1 ´ 2´Ωpnq it must be the case that:
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1. αpSai
q “ Ωpi2q for every i P rγs.

2. γ “ O
´?

2ℓ
¯

.

3. k “ Opn1{3q.
Additionally, we have the property that for any i ă j P rks, αpSj q

|Sj |
“ Ω

´

αpSiq

|Si|

¯

.

Now, before proving this lemma, we require a few building blocks. To start, we show
in the rest of this subsection that a globally optimal set can be constructed by a simple
algorithm: we start by setting S to be the ground set E, and continue to remove sets T from
S that do not alter the probability mass of q̂S by too much:

Algorithm 1 GloballyOptimalConstructorpM “ pE, Iqq.

1 Let S “ E.
2 Use Claim 15 to calculate q̂T for every T Ď S.
3 while DT Ď S such that q̂S ´ q̂SzT ď

|T |

220|S| logpnq
do

4 S Ð SzT

5 end
6 return S

Immediately, we have the following claim:

▷ Claim 20. Suppose we invoke Algorithm 1 on a matroid M “ pE, Iq, yielding a set S.
Then, for every set T Ď S, it must be the case that

pT,M|S
ě

|T |

221|S| logpnq
.

Proof. Whenever a set S is returned, it must be the case that @T Ď S that

q̂S ´ q̂SzT ě
|T |

220|S| logpnq
.

In particular, because |pqS ´ qS | ď 1
n2 (with high probability), we also know that

qS ´ qSzT ě
|T |

220|S| logpnq
´

2
n2 ě

|T |

221|S| logpnq
.

Next, observe that

qS ´ qSzT “ Pr
π

rCπ Ď Ss ´ Pr
π

rCπ Ď SzT s.

Thus, the only way for a circuit Cπ to contribute to qS and not qSzT is if Cπ contains at
least one element from T . Formally,

qS ´ qSzT “ Pr
π

rCπ Ď S ^ Cπ X T ‰ Hs.

Thus, we obtain that

|T |

221|S| logpnq
ď Pr

π
rCπ Ď S ^ Cπ X T ‰ Hs,

Finally, we can observe that

Pr
π

rCπ Ď S ^ Cπ X T ‰ Hs ď pT,M|S
.
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This is because whenever we sample in accordance to a permutation π over E (the ground set
of M), and recover a circuit Cπ such that T X Cπ ‰ H and Cπ Ď S, the same permutation,
if restricted to S and used to sample elements of S, would have still given a circuit such that
T X S ‰ H. Together then, this means that

pT,M|S
ě

|T |

221|S| logpnq
,

as we desire. ◁

Next, we have the following claim:

▷ Claim 21. Suppose we invoke Algorithm 1 on a matroid M, yielding a set S. Then,

qS,M ě 1 ´ 2´20.

Proof. Consider an iteration of Algorithm 1 starting with a set S. We then recover a set T

such that

q̂S ´ q̂SzT ď
|T |

220|S| logpnq
,

and set S Ð SzT . Inductively, we claim that when S has ℓ elements remaining, that

q̂S ě 1 ´ 2´20 `

ℓ
ÿ

i“1

1
220i logpnq

.

As a base case, we can consider when S “ E, i.e., |S| “ n. Then, we have that

1 ´ 2´20 `

ℓ
ÿ

i“1

1
220i logpnq

ď 1 ´ 2´20 `
1 ` lnpnq

220 logpnq
ď 1 “ q̂S .

Now, consider an iteration where we have an intermediate set S1 of size ℓ1, and subsequently
remove a set T , yielding a set S with ℓ elements. By induction, we suppose that

q̂S1 ě 1 ´ 2´20 `

ℓ1
ÿ

i“1

1
220i logpnq

.

Now, for the set T of elements that we remove (which is being removed from S1), we know
that

q̂S1 ´ q̂S ď
|T |

220|S1| logpnq
.

This means that

q̂S ě q̂S1 ´
|T |

220|S1| logpnq
ě 1 ´ 2´20 `

˜

ℓ1
ÿ

i“1

1
220i logpnq

¸

´
|T |

220|S1| logpnq
.

Importantly, because S “ S1zT , we know that |T | “ ℓ1 ´ ℓ, so we can now re-write

|T |

220|S1| logpnq
“

ℓ1
ÿ

i“ℓ`1

1
220ℓ1 logpnq

.



S. Khanna, A. Putterman, and J. Song 124:17

Plugging this in, we see that

q̂S ě 1 ´ 2´20 `

˜

ℓ
ÿ

i“1

1
220i logpnq

¸

`

˜

ℓ1
ÿ

i“ℓ`1

1
220i logpnq

´
1

220ℓ1 logpnq

¸

ě 1 ´ 2´20 `

˜

ℓ
ÿ

i“1

1
220i logpnq

¸

`

˜

ℓ1
ÿ

i“ℓ`1

1
220ℓ1 logpnq

´
1

220ℓ1 logpnq

¸

ě 1 ´ 220 `

˜

ℓ
ÿ

i“1

1
220i logpnq

¸

,

thus yielding our inductive claim. Finally, we use Claim 15 to conclude that qS ě 1 ´ 2´20,
given that q̂S ě 1 ´ 2´20 ` 1

220 logpnq
(and assuming n is sufficiently large). This yields the

claim. ◁

To summarize the above discussion, we now have the following lemma:

▶ Lemma 22. Algorithm 1 returns a set S which is globally-optimal with probability 1´2´Ωpnq.

Proof. Claim 21 shows that qS ě 1 ´ 2´20, and Claim 20 shows that pT,M|S
ě

|T |

221|S| logpnq
.

The probability bound follows from Claim 15. ◀

In the following subsection, we show how we can repeatedly invoke the above lemma by
doing so-called iterative peeling. In each round of peeling, we recover a new globally optimal
set, thus creating the sequence of globally optimal sets guaranteed in Lemma 19.

3.2 Iterative Peeling
As in [30], our next step is to repeat this procedure of peeling off sets. We present this
algorithm below:

Algorithm 2 RepeatedGlobalPeelingpM “ pE, Iqq.

1 M Ð RemoveSmallCircuitspMq // Algorithm 7 in [30]
2 n Ð |E|

3 k Ð 0
4 while M ‰ H do
5 k Ð k ` 1
6 Sk Ð GloballyOptimalConstructorpMq.
7 M Ð MzSk.
8 if αpSkq{|Sk| ě 1{ logpnq or |Sk| ą n{2 then
9 return S1, . . . Sk´1

10 end
11 end
12 return S1, . . . Sk

▶ Remark 23. At the beginning of Algorithm 2, we invoke the RemoveSmallCircuits procedure
(Algorithm 7 in [30]) to eliminate circuits of size ď 50. This is for a minor technical reason
in the probabilistic argument, the starting circuit size to be a sufficiently large constant. We
omit the details here as they are identical to [30].
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Notationally, we also let Mj “ M ´ S1 ´ ¨ ¨ ¨ ´ Sj´1. While our globally-optimal sets
are different than the notion of greedily-optimal sets used in [30], our decomposition still
enjoys all of the same favorable properties. Importantly, we have the following lemma which
governs the growth of the α-value within the sets that we peel off:

▶ Theorem 24 (Theorem 4.6 in [30]). Let M be a matroid, and let S1, . . . Sk be a sequence
of greedily-optimal sets that are peeled off (analogously to Algorithm 2). Now, let ℓ P rlog ns

be an integer, let T “ ti P rks : |Si| P r2ℓ, 2ℓ`1 ´ 1su, let γ “ |T |, and let a1, . . . aγ denote the
indices in T . Then, with probability 1 ´ 2´Ωpnq it must be the case that

αpSai
q “ Ωpi2q for every i P rγs, γ “ O

´?
2ℓ

¯

, k “ Opn1{3q.

Additionally, for any i ă j P rks,

αpSjq

|Sj |
“ Ω

ˆ

αpSiq

|Si|

˙

.

Note that the proof of the final part of the claim above was actually not presented in [30].
For this reason, we provide a complete proof of the above in the full version.

Finally, with this machinery in place, we can now prove Lemma 19:

Proof. First, we must show that each set Si that is recovered is globally-optimal with respect
to M ´ S1 ´ . . . Si´1. This follows by invoking Lemma 22, as the algorithm Algorithm 2
calls GloballyOptimalConstructor on M ´ S1 ´ . . . Si´1 to construct Si.

The remaining properties hold by first using Remark 18 to observe that our globally
optimal sets are also greedily optimal sets, and then invoking Theorem 24 on this sequence
of greedily optimal sets that is removed. ◀

3.3 Finding Independent Sets via Globally-Optimal Sets
With our notion of globally-optimal sets established, and an efficient algorithm for peeling
them off, we also briefly mention here that the α value of each Sj has a strong relationship
with the α value of the parent matroid Mj . Specifically:

▷ Claim 25. Let M “ pE, Iq be a matroid on n elements, and let S Ď E be a globally-optimal
set in M . Then, for ℓ “

αpSq

10|S|
n, we have

Pr
π

rIndptπp1q, . . . , πpℓquq “ 1s ě
1
4 .

Proof. This follows by noting that a globally-optimal set is also a greedily-optimal set as per
Remark 18. Then, we can simply invoke Claim 5.1 of [30]. ◁

Importantly, this gives the following lemma:

▶ Lemma 26. There is a 1-round, polynomial-query algorithm which, given a matroid M
on n elements and globally-optimal set S, recovers Ω

´

αpSq

|S|
n

¯

independent elements with
probability 1 ´ 2´n.

Proof. Simply sample polynomially many random permutations in accordance with Claim 25.
With exponentially high probability, one of these random permutations will find ℓ “

αpSq

10|S|
n

independent elements. ◀

For brevity, we omit the discussion of how this decomposition is used to improve basis
finding. We invite the interested reader to view the full version of the paper for these details.
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