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Abstract
We give unconditional parameterized complexity lower bounds on pure dynamic programming
algorithms – as modeled by tropical circuits – for connectivity problems such as the Traveling
Salesperson Problem. Our lower bounds are higher than the currently fastest algorithms that rely
on algebra and give evidence that these algebraic aspects are unavoidable for competitive worst case
running times.

Specifically, we study input graphs with a small width parameter such as treewidth and pathwidth
and show that for any k there exists a graph G of pathwidth at most k and kO(1) vertices such
that any tropical circuit calculating the optimal value of a Traveling Salesperson round tour uses
at least 2Ω(k log log k) gates. We establish this result by linking tropical circuit complexity to the
nondeterministic communication complexity of specific compatibility matrices. These matrices encode
whether two partial solutions combine into a full solution, and Raz and Spieker [Combinatorica
1995] previously proved a lower bound for this complexity measure.
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1 Introduction

A common paradigm in theoretical computer science is to pin down which algorithmic
techniques can or cannot achieve certain central goals by formalizing such a technique within
a precise algorithmic model and then proving sharp limitations for that model. Classic
examples include unconditional lower bounds for Linear Programming-based algorithms (e.g.
extension complexity [14, 37, 40]), conditional lower bounds for preprocessing algorithms in
parameterized complexity (conditioned on the non-collapse of the polynomial hierarchy [6, 17]),
and unconditional lower bounds for resolution-based algorithms for refuting the Strong
Exponential Time Hypothesis [2]. This paradigm reveals which algorithmic nuances are
fundamentally unavoidable and shows us where genuine breakthroughs must come from.
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130:2 Lower Bounds for Connectivity Problems on Graphs of Bounded Path-Width

One notable example of such algorithmic nuance is that of algebraic cancellation: for
several combinatorial computational problems, the fastest known algorithms crucially exploit
certain algebraic cancellation in rather counter-intuitive ways, and it is a well-studied open
question whether these algorithms can be matched with (more natural, and in some sense
robust) “combinatorial” algorithms. This question arises for instance in the settings of
Boolean matrix multiplication (e.g. [1, 38]), various variants of the problem of finding
a perfect matching solvable by reduction to determinant computation [24, 34], and fast
exponential time algorithms for Hamiltonicity [4]. This very question of whether the use of
algebraic cancellation is needed does not only occur in algorithm design, but also in various
other disciplines. For example, in extremal combinatorics, it is an open question in various
settings whether combinatorial proofs exist that match algebraic proofs (for example, a
combinatorial proof of the skew two families theorem remains illusive [7]), and the log rank
conjecture in communication complexity asks whether algebraic low rank decompositions
of matrices in general imply low rank combinatorial decompositions (or more specifically,
whether the rank and partioning number of a Boolean matrix are quasi-polynomially related),
see e.g. [30, 31].

One such setting in which we would like to replace algebraic arguments with combinatorial
arguments within the area of parameterized complexity is that of connectivity problems
parameterized by treewidth: In 2011 [12] it was shown that many connectivity problems
parameterized by treewidth can be solved faster than what was deemed possible at the
time. In particular, problems like Hamiltonian Cycle and Steiner Tree were solved with a
randomized algorithm in 2O(k)NO(1) time, when given a tree decomposition of width k of
an N -vertex input graph. Before the work [12], the fastest known algorithm for problems
parameterized by treewidth were only based on straightforward combinatorial dynamic
programming techniques that naturally lead to running times like kO(k)NO(1) and seemed
hard to improve. Later work that followed up on [12] and provided deterministic algorithms
for weighted extensions such as the Traveling Salesperson Problem (TSP) on bounded
treewidth graphs [5] and an alternative version connected the approach with a matroid-based
extension of the aforementioned two-family theorem [16]. But these newer algorithms are
slower and typically do not lead to conditionally optimal running times due to the overhead
implied by the need for computing a row-basis of an exponentially-sized matrix.

All these works [12, 5, 16] rely on algebraic cancellation by exploiting that the rank of
certain compatibility matrices is small, a particularly counterintuitive approach in comparison
to the previous simple and clean combinatorial kO(k)NO(1) time algorithms. It is a notable
open question to remove the mentioned overhead in the runtime for the deterministic
algorithm and weighted extensions. For example, a positive resolution of this open question
would bring us closer to solving the TSP in time 1.9999N [35], where N is the number of
cities.

But, to do so it seems crucial to get a better combinatorial understanding of the involved
compatibility matrices, simultaneously bypassing the undesired algebraic cancellation argu-
ments. In this work we give a strong indication that more than just elementary combinatorial
techniques are needed, via the algorithmic model of tropical circuits.

Tropical Circuits. A tropical circuit is an arithmetic circuit in which the inputs are labeled
with variables that take an integer as value and the two arithmetic gates correspond to the max
and sum, or alternatively, min and sum, operations. See Section 2 for a precise definition.
The motivation for studying the expressiveness of tropical circuits is that it models a broad
class of dynamic programming algorithms. In particular, if there exists for a maximization
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problem (for which its instances are defined by a set of input weights) a dynamic programming
algorithm that is “pure” in the sense that the associated recurrence only features the operations
max and sum, then there is a tropical circuit that outputs the optimal objective value with
circuit size being proportional to the running time of the dynamic programming algorithm.

For example, the classic Bellman-Held-Karp [3, 19] O(N22N ) time algorithm for TSP
is naturally converted into a tropical circuit with O(N22N ) gates and the O(N3) time
Floyd-Warshall [15, 39] algorithm that computes the shortest path lengths between each
pair of vertices is naturally converted into a tropical circuit with O(N3) gates. Both tropical
circuits cannot be substantially improved [21, 25] (see also [22, Corollary 2.2]).

In the realm of parameterized complexity, it is easy to see that canonical applications of
dynamic programming can be modeled in an efficient way as tropical circuits. Examples are
the dynamic programming algorithms for Steiner Tree and Set Cover (see e.g. [10, Section
6.1]) with few number of terminals and elements and, especially relevant for this paper, the
O(2kN) time algorithm for the maximum independent set problem on graphs with a given
tree decomposition of width k and N vertices.

For much more details on tropical circuits, we refer to the excellent textbook by Jukna [22].

Problems parameterized by treewidth. A very popular research line that started in [28, 29]
is that of investigating the fine-grained complexity of various NP-hard problems parameterized
by width measures such as the treewidth of the input graph. In particular, for many NP-hard
problems we are now able to

design algorithms with a running time of the type f(k)NO(1) for some width measure k

and N denoting the number of vertices of the input graph, and
prove that any improvement of this running time to f(k)1−Ω(1)NO(1) or even f(k)o(1)NO(1)

violates the Exponential Time Hypothesis (ETH) or the Strong Exponential Time
Hypothesis (SETH).

Such algorithms are often called (S)ETH-tight algorithms. Such tight algorithms provide
insight on how amenable the problem at hand is for divide and conquer techniques: conditioned
on standard hypotheses, they essentially reveal how much information of partial solutions
exactly is relevant in order to decide whether the partial solutions combine or not.

The aforementioned type of connectivity problems (such as TSP and Steiner Tree) forms
an important class of problems for which we do not generally have SETH-tight algorithms,
because of the aforementioned overhead implied by the algebraic methods. A natural question
is hence, whether this algebraic bottleneck can be avoided and whether we can replace the
algebraic arguments with combinatorial ones.

Our results

In this paper we provide evidence that direct combinatorial techniques on their own are
insufficient for designing faster algorithms for connectivity problems, by giving unconditional
lower bounds for tropical circuits. We state our lower bounds in terms of the pathwidth of
the input graph. This is similar to the treewidth of a graph, except that we require more
specifically to decompose the graph in a path-like manner instead of a tree-like manner.
Hence, the pathwidth of a graph is always at least the treewidth of a graph and hence
our lower bounds also imply lower bounds parameterized by treewidth. See Section 2 for
definitions. Before we study connectivity problems, we first study the complexity of a more
basic problem:

ICALP 2026



130:4 Lower Bounds for Connectivity Problems on Graphs of Bounded Path-Width

Maximum Weight Independent Set. In the Maximum Weight Independent Set problem
one is given a graph G = (V, E) along with a vertex weight xv for every v ∈ V , and is asked
for the value ISG := maxI∈I(G)

∑
v∈I xv where I(G) denotes the family of all independent

sets of G. Our lower bound for this problem reads as follows (full definitions are postponed
to Section 2):

▶ Theorem 1.1. For any k ≥ 1, there exists a graph G of pathwidth at most k on kO(1)

vertices such that any tropical circuit calculating ISG uses at least Ω(2k) gates.

Note that pathwidth is a width measure that is always at least the treewidth of the graph.
Since there is a simple O(2kN)-sized tropical circuit that calculates ISG for an N -vertex graph
of pathwidth k, this result is optimal in a tight sense.1 A previous result by Korhonen [27]
showed that for every graph G of treewidth k and maximum degree d any tropical circuit
calculating ISG must be of size at least 2Ω(k/d). This result is less tight than our new result
and also seems to crucially rely on some properties of the Maximum Weight Independent Set
problem. While the type of universal lower bound from [27] is quite interesting, it does not
directly have added value in our context of worst case complexity analysis and hence we do
not pursue it further in this work.

Theorem 1.1 is obtained using the following two ingredients. The graphs for which we
show the bounds are constructed based on ideas from the classic reduction from CNF-Sat
to Maximum Weight Independent Set. The tropical circuit size bound itself is shown by
analyzing the structure of the so-called rectangles, a combinatorial notion that typically
arises in the study of tropical circuits that captures the way in which the partial solution
calculated at some node of the tropical circuit can combine with the computations done by
the rest of the circuit, see e.g. [22].

Connectivity Problems. We show lower bounds on the tropical circuit complexity of the
following graph connectivity problems. Let G be an N -vertex graph with an edge weight
xu,v ∈ N for every pair of distinct vertices u and v. Let H(G) denote the family of all
sequences of N + 1 vertices (ui)N

i=0 such that u0 = uN and u0 → u1 → · · · → uN−1 → uN is
a directed Hamiltonian cycle in G. We define DTSPG to be the minimum

∑
i∈[N ] xui−1,ui

taken over all (u0, . . . , uN ) ∈ H(G). For an undirected graph, we define the undirected
variant TSPG similarly while identifying variables xu,v and xv,u for all uv ∈ E(G).

With these definitions in place, our main results can be stated as follows:

▶ Theorem 1.2. For any k ≥ 1, there exists a graph G of pathwidth at most k on kO(1)

vertices such that any tropical circuit calculating DTSPG uses at least 2Ω(k log log k) gates.

▶ Theorem 1.3. For any k ≥ 1, there exists a graph G of pathwidth at most k on kO(1)

vertices such that any tropical circuit calculating TSPG uses at least 2Ω(k log log k) gates.

We also provide a similar lower bound for the Directed Spanning Tree problem. We let
T (G) denote the family of all functions p : V (G)→ V (G) such that for exactly one vertex
v ∈ V (G), p(v) = v, and edges (p(u), u) over all other vertices u form an out-tree rooted at v

(i.e. a tree oriented away from the root). Furthermore, we define DSTG as the minimum∑
v∈V (G):p(v)̸=v xp(v),v taken over all p ∈ T (G) (i.e., DSTG is the minimum weight spanning

tree of G).

1 This can be shown by translating the standard O(2kN) time algorithm for ISG (see e.g. [10, Section
7.3.1]) in the natural way into a tropical circuit.
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▶ Theorem 1.4. For any k ≥ 1, there exists a graph G of pathwidth at most k on kO(1)

vertices such that any tropical circuit calculating DSTG uses at least 2Ω(k log log k) gates.

By adapting textbook dynamic programming algorithms, one can directly obtain trop-
ical circuits for DTSPG, TSPG and DSTG of size kO(k)N if G has N vertices and path-
width/treewidth k. Thus, there is still a gap between the lower bound and upper bound, and
in fact this seems closely related to a similar gap in the area of communication complexity
(see Section 7 for more details on this). Nevertheless, our results show that the currently
fastest 2O(k)N time algorithms for TSP and Directed Steiner Tree (which generalizes Directed
Spanning Tree) cannot be matched with merely pure dynamic programming.

The proofs of these three results combine the basic ingredients of the proof of Theorem 1.1
with the properties of the Matchings Compatibility Matrix, defined as follows. The rows and
columns of this binary matrix are both indexed by perfect matchings of a bipartite graph, and
an entry in the matrix indicates whether the union of these two perfect matchings forms a
Hamiltonian cycle. This matrix has already been studied in [36] in the context of the log-rank
conjecture in communication complexity, where a lower bound on the nondeterministic
communication complexity and an upper bound of its rank was given. The rank of (a slight
variant of) this matrix also turned out to be important for studying the complexity of the
Hamiltonian Cycle and TSP problem, both parameterized by the path/treewidth of the input
graph and parameterized by the number of vertices [9, 11, 35].

Our main technical contribution is that the lower bound on the nondeterministic commu-
nication complexity of this matrix from [36] can be used to obtain the above lower bounds
on the size of tropical circuits.

Extension Complexity. A notion closely related to minimum tropical circuit size of a
polynomial is that of the extension complexity of a polytope.2 The extension complexity
xc(P ) of a polytope P is the minimum number of facets of a (possibly, higher-dimensional)
polytope that can be projected to P . The notion has been introduced by Yannakakis [40] and
culminated in celebrated exponential lower bounds of the polytope associated with TSPG [14]
and the non-bipartite matching polytope [37]. These two (Gödel-prize winning) papers also
achieve their lower bound by lower bounding the nondeterministic communication complexity
of a certain matrix, but we use a completely different matrix.

While it is known that dynamic programming algorithms can usually be turned into
extension complexity upper bounds [8, 33], of course many problems amenable to linear
programming cannot be solved directly with dynamic programming. Analogously, the
spanning tree polynomial (denoted with DSTG in this paper) cannot be computed with
tropical circuits of size 2o(

√
n) (see [23]), but has polynomial extension complexity (see

e.g. [32]). In the other direction, it is known that the existence of small monotone neural
networks implies small extension complexity (see [20]). In particular, since tropical circuits
are a special case of such networks, for any multilinear polynomial f and its corresponding
polytope P , every tropical circuit calculating f must have size at least 1

2 xc(P ).
The extension complexity of polytopes in terms of treewidth of the input graph was

already upper bounded in previous works [26, 13]. In [13] the authors presented lower bounds,
but those are conditioned on the Exponential Time Hypothesis. The currently (to our best
knowledge) highest relevant unconditional lower bounds are a 2Ω(n/ log n) lower bound on the

2 To compare the two notions, we focus on multilinear polynomials, i.e. polynomials of maximum
individual degree 1. With such a polynomial we can associate a polytope which is the convex hull of all
points (a1, . . . , an) ∈ {0, 1}n with the property that xa1 . . . xan is a monomial in the polynomial.

ICALP 2026



130:6 Lower Bounds for Connectivity Problems on Graphs of Bounded Path-Width

extension complexity of the independent set polytope (corresponding to ISG) from [18], and
a 2Ω(n) lower bound on the extension complexity of the TSP polytope (corresponding to
TSPG) from [37].

These lower bounds are incomparable to our lower bounds in Theorem 1.1 and Theorem 1.2.
We hope that our techniques can be used to prove stronger lower bounds on the extension
complexity of polytopes (as a function of the treewidth of the input graph, or in general).

Organization. This paper is organized as follows: In Section 2 we provide the necessary
definitions and preliminary tools used in the remainder of the paper. Section 3 presents
the proof of Theorem 1.1. Section 4 presents the aforementioned matchings compatibility
matrix and the required results about its structure. In Section 5 we prove Theorem 1.2 and
Theorem 1.3. In Section 6 we prove Theorem 1.4, and we provide some concluding remarks
in Section 7.

2 Preliminaries

We use the following basic notation. For a positive integer ℓ, we use [ℓ] to denote the set
{1, 2, . . . , ℓ}. For a graph G, we use V (G) to denote the set of vertices of G, and E(G) to
denote the set of edges of G. For a graph G and a subset X ⊆ V (G), we write G[X] to
denote the subgraph of G induced by X, i.e., a graph with vertices restricted to X and all
edges between vertices of X preserved.

By Sk we denote the group of all permutations on the set [k]. By S̄k we denote the subset
of Sk of permutations that contain exactly one cycle. By S2

2k we denote the subset of S2k of
permutations that contain exactly k cycles, each of size 2 and by Sk

2k we denote the subset
of S2k of permutations that contain exactly 2 cycles, each of size k.

A cycle type of a permutation is defined as the multiset of the sizes of all its cycles.
A conjugation of a permutation ρ ∈ Sk by a permutation π ∈ Sk is defined as π−1ρπ, i.e.
the composition of the inverse of π, ρ and π. It is well known that permutation conjugation
preserves its cycle type, and hence S̄k,S2

2k,Sk
2k are closed under taking conjugations. We

will need the following group-theoretic properties of permutations and their conjugations.
All of those are either well known or easy to obtain with some basic calculations done on
subgroups.

▶ Proposition 2.1. The following equalities hold for any k ≥ 1 and for any maximal set
Zk ⊆ Sk of permutations of the same cycle type.
1. |S̄k| = (k − 1)!, |Sk

2k| = (2k − 1)!/k, |S2
2k| = (2k − 1)!! = (2k − 1)(2k − 3) · · · 3 · 1,

2. {π−1ρπ | π ∈ Sk} = Zk for every ρ ∈ Zk,
3. |{π ∈ Sk | π−1ρ1π = ρ2}| = |Sk|/|Zk| for every ρ1, ρ2 ∈ Zk,
4. |{ρ2 ∈ S2

2k | ρ2ρ1 ∈ Sk
2k}| = (2k − 2)!! = (2k − 2)(2k − 4) · · · 4 · 2 for every ρ1 ∈ S2

2k.

Pathwidth. Let G be a graph (undirected or directed). A path decomposition of G is a
sequence of subsets β1, β2, . . . , βℓ ⊆ V (G) called bags such that:

for every edge (u, v) ∈ E(G), there is some i ∈ [ℓ] such that u, v ∈ βi, and
for every vertex v ∈ V (G), there exist 1 ≤ i1 ≤ i2 ≤ ℓ such that {i | v ∈ βi} =
{i1, i1 + 1, . . . , i2 − 1, i2}, i.e., the bags containing v form a connected subinterval of the
sequence of all bags.

The width of a path decomposition (βi)ℓ
i=1 is defined as maxi∈[ℓ] |βi| − 1. The pathwidth of

G is defined as the minimum possible width of a path decomposition of G.
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2.1 Tropical polynomials
We treat all polynomials as defined over the tropical (max, +) semiring, i.e., (f · g)(x) =
f(x) + g(x) and (f + g)(x) = max(f(x), g(x)) for any two polynomials f, g.

Independent Set polynomial. If we treat the weights xv as indeterminates we can view
ISG as a polynomial in the (max, +) semiring by replacing the max operation by addition
and the + operation by multiplication:

ISG :=
∑

I∈I(G)

(∏
v∈I

xv

)
,

where we remind the reader that I(G) denotes the family of all independent sets of G.

Traveling Salesperson Problem polynomial. Similarly to the Independent Set polynomial
ISG, we define the directed TSP polynomial of G as

DTSPG :=
∑

(u0,...,uN )∈H(G)

 ∏
i∈[N ]

xui−1,ui

 ,

where we remind the reader that H(G) denotes the family of all sequences of N + 1 vertices
(ui)N

i=0 such that u0 = uN and u0 → u1 → · · · → uN−1 → uN is a directed Hamiltonian
cycle in G. Naturally, we also view TSPG similarly as a polynomial by identifying variables
xu,v and xv,u for all uv ∈ E(G).

Directed Spanning Tree polynomial. We also define a directed spanning tree polynomial
of G as

DSTG :=
∑

p∈T (G)

 ∏
v∈V (G):p(v)̸=v

xp(v),v


where we remind the reader that T (G) denotes the family of all functions p : V (G)→ V (G)
such that for exactly one vertex v ∈ V (G), p(v) = v, and edges (p(u), u) over all other
vertices u form an out-tree rooted at v.

The support of a monomial m = xa1
i1

. . . xaℓ
iℓ

is the set of variables {xi1 , . . . , xiℓ
} and is denoted

as sup(m). The support of a polynomial p = m1 + · · ·+ mℓ is the union of supports sup(mi)
over all i ∈ [ℓ]. We let sup(p) denote the support of polynomial p. For a monomial m and
a polynomial p, we write m ∈ p if p treated as a formal expression is of the form m + q

for some polynomial q. We say that a polynomial p is homogeneous if and only if for some
d ∈ N, the degree of all monomials m ∈ p is d. For a polynomial p, we write |p| to denote
the number of monomials m such that m ∈ p.

A valuation is a function which maps variables to R. A characteristic valuation χm

of a monomial m is a valuation such that χm(x) = 1 if x ∈ sup(m) and χm(x) = −1 otherwise.
As stated before, we evaluate polynomials in a (max, +) semiring, i.e., given a valuation
v, the monomial x evaluates to v(x), (f + g)(v) evaluates to max(f(v), g(v)) and (f · g)(v)
evaluates to f(v) + g(v).

For two polynomials p, q, we write p ⊆ q if for every monomial m ∈ p, we have m ∈ q.
We write p ≃ q iff p ⊆ q and q ⊆ p. In particular, p ≃ q does not imply that p = q (take, e.g.
p = x and q = x + x). The definition of ≃ is motivated by the following observation.

ICALP 2026



130:8 Lower Bounds for Connectivity Problems on Graphs of Bounded Path-Width

▶ Proposition 2.2. For any two multilinear polynomials f, g, we have f ≃ g if and only if
for any valuation v, we have f(v) = g(v).

Proof. The implication from f ≃ g to f(v) = g(v) is immediate. In the other direction,
assume w.l.o.g. that f ⊆ g does not hold, and hence there is some monomial m ∈ f such
that m ̸∈ g. It is easy to see that f(χm) = | sup(m)| and g(χm) < | sup(m)|, which is a
contradiction. ◀

2.2 Tropical circuits
A tropical circuit is a directed acyclic graph in which every vertex (called node) is of in-degree
0 or 2. Vertices with in-degree 0 are labeled with either a variable, in which case they are
called input nodes, or with a constant 0, in which case they are called constant nodes. The
nodes with in-degree 2 are called operation nodes and are labeled with a binary operator,
either plus or max. There is one node, designated as the output node.

Evaluation of a tropical circuit given a valuation v is defined the following way. The nodes
are processed according to the topological order of the graph. Constant nodes evaluate to
value 0. Input nodes labeled x evaluate to v(x). Operation nodes labeled with, respectively,
plus and max evaluate to, respectively, sum and maximum of the values of its two predecessors.
The output of the evaluation of the whole circuit is the value obtained at the output node.

We say that a tropical circuit Γ calculates some polynomial p, if the evaluation of Γ on v is
equal to p(v) for every valuation of variables v. It is easy to see that semantically, evaluating
a tropical circuit computes exactly some polynomial: the input node labeled x computes
x, the max nodes compute the sum of two polynomials, and the plus nodes compute the
product of two polynomials.

By Proposition 2.2 and the definitions, we immediately get the following.

▶ Proposition 2.3. Let f, g be two multilinear polynomials and let Γ be a tropical circuit
calculating f . Then Γ calculates g iff f ≃ g.

Intuitively, this claim states that a tropical circuit calculates some polynomial iff the set of
its monomials is exactly the set of all monomials which appear during the evaluation of said
circuit.

The main combinatorial ingredient regarding tropical circuits we will use is the following
decomposition lemma. For the proof, see, e.g., [22, Lemma 3.4].

▶ Lemma 2.4. Let f be a homogeneous polynomial calculated by a tropical circuit of size τ

and let X denote an arbitrary subset of sup(f). Then f can be written as

f ≃
∑
i∈[τ ]

gi · hi,

where | sup(gi) ∩X|, | sup(hi) ∩X| ≤ 2
3 |X| for each i ∈ [τ ].

Note that the general definition of tropical circuits allows for constants other than 0 to
appear in the circuit. We can omit them as such constants do not appear in the polynomials
we consider. In fact, we only need constant 0 to deal with the empty independent set in ISG,
which can be thought of as a monomial of size 0.

3 Independent Set

In this section, we show the bound of Theorem 1.1. The class of graphs we use is inspired by
the classic reduction from CNF-Sat to Maximum Weight Independent Set. Fix k > 0 and let
q = 4

(
k
2
)
. Consider all possible 2-CNF clauses on k variables: there are exactly q of those.
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We can think of each clause as a tuple (a, b, na, nb) where a, b ∈ [k] represents an unordered
pair of variables and na, nb ∈ {0, 1} represents whether a-th and b-th variable is negated in
the clause. We define the undirected graph Gk in the following way. We put

V (Gk) = {vi,j | i ∈ [k], j ∈ {0, . . . , 2q − 1}} ∪ {wj | j ∈ [q]}.

The vertices vi,j represent the literals of the CNF formula: i denotes the variable, and the
parity of j determines whether it is negated or not. Every literal has q copies, one for each
clause. The vertices wj represent all possible 2-CNF clauses. For the sake of convenience, we
will use wa,b,na,nb to denote the vertex corresponding to the clause represented by a, b, na, nb

as described above. We put Vi,r = {vi,2j+r | j ∈ {0, . . . q − 1}} for i ∈ [k], r ∈ {0, 1}, that is,
even and odd vertices representing the i-th variable. We also put Vi = Vi,0 ∪ Vi,1.

We put the edges accordingly:

E(Gk) = {(vi,j−1, vi,j) | i ∈ [k], j ∈ [2q − 1]} ∪ {(wi, li,j) | i ∈ [q], j ∈ {1, 2}}

where li,1 = vai,2(i−1)+na
i

and li,2 = vbi,2(i−1)+nb
i

where wi = wai,bi,na
i

,nb
i
. That is, li,j

correspond to the literals of the clause represented by wi. Because there is a copy vi,j of each
literal for every clause, every vi,j is connected at most to one vertex w1+⌊j/2⌋. The degree of
each wi is exactly 2.

v1,0 v1,1

v2,0 v2,1

v3,0 v3,1

w1,2,0,0 w1,2,0,1 w1,2,1,0 w1,2,1,1 w1,3,0,0

. . .

w2,3,1,0

v1,22 v1,23

v2,23v2,22

v3,22 v3,23

w2,3,1,1

Figure 1 The graph G3. Red vertices belong to the canonical solution for valuation ρ(1) =
1, ρ(2) = 0, ρ(3) = 1.

It is easy to see that the graph Gk has pathwidth at most k + 1: We start with a natural
path decomposition of width k of a k × 2q grid of which Gk[V1 ∪ · · · ∪ Vk] is a subgraph.
The bags containing the neighbours of the vertices wi form a pairwise disjoint subintervals of
the decomposition, so wi can be added to these bags naturally, resulting in a decomposition
of Gk of width k + 1. Proving the following lemma will immediately show Theorem 1.1.

▶ Lemma 3.1. For any k ≥ 1, any tropical circuit calculating ISGk
uses at least 2k/3 gates.

The rest of this section is dedicated to proving this lemma. Fix k > 0. The proof will be
done in two steps. First, we will show a combinatorial structure of so-called rectangles in our
described graph. Then, we will relate this notion to the polynomials calculated by tropical
circuits and show the desired lower bound as a consequence.

The canonical solution Iρ given by the assignment ρ : [k]→ {0, 1} is defined as

Iρ = {vi,2j+ρ(i) | i ∈ [k], j ∈ {0, . . . , q − 1}} ∪ {wi | ρ(ai) ̸= na
i and ρ(bi) ̸= nb

i}.

That is, we pick vertices vi,j for all j even or all j odd depending on ρ(i) and include
all vertices wi corresponding to clauses not satisfied by assignment ρ (see Figure 1 for an
example). Clearly, there are 2k canonical solutions, one per each assignment ρ, and every
canonical solution is an independent set of Gk.
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We will say that a pair A,B ⊆ 2V (G) of families of independent sets of G forms a rectangle
in G (denoted A · B) if and only if every pair of sets A ∈ A, B ∈ B are disjoint and non-
adjacent (in particular, A ∪B forms an independent set in G). We refer to the families A,B
as sides of the rectangle. We will say that a rectangle A · B contains an independent set I

if I = A ∪B for some A ∈ A, B ∈ B. We will say that a set A ∈ A is useful if there exists
B ∈ B such that A ∪ B is a canonical solution. We define a set B ∈ B being useful in an
analogous way.

For simplicity, the notion of a rectangle introduced here is defined in terms of families
of independent sets of G. This concept, however, will be crucial in showing all of the
subsequent bounds, hence, in later sections we will redefine rectangles in terms of tropical
polynomials, as in the statement of Lemma 2.4, in order for the definition to be more general.

3.1 Thin rectangles
The key combinatorial property of the circuits calculating ISGk

is expressed through the
following lemma.

▶ Lemma 3.2. Let A · B be a rectangle in Gk that contains at least one canonical solution
Iρ. Then, either A or B contain at most one useful set.

For the rest of this subsection, we fix a rectangle A · B, and focus on proving the lemma
via the following series of claims.

▷ Claim 3.3. Let I1, I2 be two different useful sets belonging to the same side of A·B. Then,
there exists i ∈ [k], j ∈ {0, . . . , 2q − 1} such that vi,j belongs to exactly one of I1, I2.

Proof. W.l.o.g. we assume that I1, I2 ∈ A. If both sets have different intersection with some
Vi, then the claim trivially follows, hence w.l.o.g. we assume that for some l ∈ [q], we have
wl ∈ I1 and wl ̸∈ I2.

Since I2 is useful, we have J2 ∈ B such that I2 ∪ J2 is a canonical solution. Since I1 and
J2 are disjoint, we have wl ̸∈ I2 ∪ J2, hence vi,j ∈ I2 ∪ J2 for some neighbor vi,j of wl. As I1
and J2 are non-adjacent, we have vi,j ̸∈ J2, hence vi,j ∈ I2. As I1 is an independent set of
Gk, we have vi,j ̸∈ I1, which finishes the proof of the claim. ◁

▷ Claim 3.4. Let I1, I2 be two different useful sets belonging to the same side of A·B. Then,
there exists i ∈ [k], r ∈ {0, 1} such that Vi,r ⊆ I1 and Vi,1−r ⊆ I2.

Proof. Assume w.l.o.g. that I1, I2 ∈ A. By the previous claim, we have some i ∈ [k], j ∈
{0, . . . , 2q − 1} such that w.l.o.g. vi,j ∈ I1 and vi,j ̸∈ I2. Put r = j mod 2. Since I1, I2
are useful, we have the corresponding J1, J2 ∈ B. By contradiction, let j′ ∈ {0, . . . , 2q − 1}
be an index minimizing |j − j′| for which vi,j′ does not belong to the expected set, i.e., such
that either j′ mod 2 = r and vi,j′ ̸∈ I1 or j′ mod 2 ̸= r and vi,j′ ̸∈ I2.

Consider the case j′ mod 2 = r, the other one will be symmetric. As vi,j ∈ I1 ∪ J1, we
also have vi,j′ ∈ I1 ∪ J1. By minimality, we have that either vi,j′+1 or vi,j′−1 is in I2. If
vi,j′ ̸∈ I1 then vi,j′ ∈ J1, but this would imply that I2 ∪ J1 is not an independent set, which
is a contradiction. ◁

▷ Claim 3.5. Let I1, I2 ∈ A be two different useful sets and let J1 ∈ B be such that I1 ∪ J1
is a canonical solution. Then J1 is the only useful set in B.

Proof. Assume by contradiction that we have useful J2 ∈ B different to J1. Applying
the previous claim to both sides, we obtain iA, iB ∈ [k] and rA, rB ∈ {0, 1} such that:
ViA,rA

⊆ I1, ViA,1−rA
⊆ I2, ViB ,rB

⊆ J1 and ViB ,1−rB
⊆ J2. Naturally, we have iA ̸= iB .



K. Kluk and J. Nederlof 130:11

Pick w = wiA,iB ,1−rA,1−rB
. That is, for some j ∈ {0, . . . , q − 1}, the neighbors of w

are exactly vA = viA,2j+1−rA
and vB = viB ,2j+1−rB

. We have vA ∈ I2 and vB ∈ J2. Since
ViA,rA

⊆ I1 and I1 is independent in Gk, we have vA ̸∈ I1. Similarly, vB ̸∈ J1. Since I2 and
J1 are disjoint, we have vA ̸∈ J1, and similarly vB ̸∈ I1. Since I2 and J1 are not adjacent,
we have w ̸∈ J1, and similarly w ̸∈ I1. However, this means that I1 ∪ J1 is not a canonical
solution since neither w nor its two neighbors belong to I1 ∪ J1. This is a contradiction,
hence the claim is proven. ◁

Lemma 3.2 follows immediately from the last claim.

3.2 Lower bound on thin rectangle circuits
In this subsection we prove Theorem 1.1. At this point we can abstract away from the exact
structure of Gk. The proof will depend only on the thin rectangle property proven in the
previous subsection. The proof will closely follow the proof of [22, Lemma 2.18].

Let Γ be any tropical circuit that calculates ISGk
and put G := Gk. For any node w of Γ,

we define its below Bw as the polynomial calculated by Γ if we designate w to be its output
node. Intuitively, Bw captures the contribution of the subcircuit rooted at w to the output
of the whole calculation.

In a similar spirit, we would like to define the above of a node w as the contribution of
the remainder of the circuit. Note that Bw does not need to be contained in ISG, however,
assuming the output node is reachable from w, for at least one monomial m, we have
m ·Bw ⊆ ISG. We will define Aw as the sum of all such monomials, that is

Aw =
∑

m:m·Bw⊆ISG

m.

Naturally, Aw ·Bw ⊆ ISG for every node w from which the output node is reachable.
Every monomial of each Aw, Bw represents an independent set in G. Let A∗

w denote
the useful monomials of Aw, that is, monomials m ∈ A∗

w such that there exist m′ ∈ Bw

for which m ·m′ represents a canonical solution. We define B∗
w analogously. As proven by

Lemma 3.2, for every node w, one of A∗
w, B∗

w must be of size at most 1. If |A∗
w| ≤ 1, we will

say that Aw ·Bw is A-thin, otherwise, we will say that it is B-thin.
If w is an output node, then we have Aw = {1}, Bw = ISG, so Aw ·Bw is A-thin. If w

is an input node labeled x, we have Bw = {x}, therefore Aw ·Bw is B-thin. Let wℓ, . . . , w1
be any path in Γ where w1 is an output node and wℓ is some input node. Based on our
observations, there is some edge on this path (wi+1, wi) such that wi is A-thin and wi+1 is
B-thin, and so |A∗

wi
·B∗

wi+1
| ≤ 1.

Let IS∗
G be the polynomial containing all monomials of ISG representing a canonical

solution. The following claim shows that all canonical solutions belonging to the rectangles
described above can be propagated along such input to output paths of Γ. We will use the
term predecessor to refer to in-neighbors of a node of the circuit.

▷ Claim 3.6. Let w be a node of Γ and let c ∈ IS∗
G be such that c = a · b for some

a ∈ A∗
w, b ∈ B∗

w. Then, for at least one predecessor u of w, we have c ∈ A∗
u ·B∗

u. Moreover, if
w is a plus gate, then the above holds for both predecessors of w.

Proof. Let u, v be the predecessors of w. First, consider the case where w is a max gate, that
is, Bw = Bu + Bv. Then, either b ∈ Bu or b ∈ Bv. W.l.o.g. assume the former. We have
a ·Bu ⊆ a ·Bw ⊆ ISG, hence a ∈ Au. Therefore, b ∈ B∗

u, a ∈ A∗
u, and hence c ∈ A∗

u ·B∗
u as

desired.
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Second, consider the case where w is a plus gate, that is, Bw = Bu ·Bv. Then, we have
b = bv · bu for some bv ∈ Bv and bu ∈ Bu. We have a · bv · Bu ⊆ a · Bv · Bu ⊆ ISG, hence
a · bv ∈ Au. Therefore, bu ∈ B∗

u, a · bv ∈ A∗
u, and hence c ∈ A∗

u · B∗
u. By a symmetric

argument, c ∈ A∗
v ·B∗

v . ◁

Now, consider the following process. We fix a canonical solution c ∈ IS∗
G and start at

output node w1. If we are currently in a max node wi, we move towards the predecessor
wi+1 given by the claim. If we are currently in a plus node, we move towards the predecessor
wi+1 for which |B∗

wi+1
| is larger. Such process terminates at an input node and produces a

path wℓ, . . . , w1. As argued before, for some i ∈ [ℓ− 1], we have |A∗
wi
·B∗

wi+1
| ≤ 1.

We have c ∈ A∗
wi+1
·B∗

wi+1
. If wi is a max node, we have Bwi+1 ⊆ Bwi

, hence A∗
wi+1

⊆ A∗
wi

,
hence c ∈ A∗

wi
·B∗

wi+1
, and hence A∗

wi
·B∗

wi+1
= {c}.

If wi is a plus node, then we additionally have c ∈ A∗
v · B∗

v where v is the predecessor
of wi other than wi+1. Given the way we chose wi+1, we have |B∗

v | ≤ |B∗
wi+1
| ≤ 1. Since

B∗
wi
⊆ B∗

wi+1
·B∗

v , we have |B∗
wi
| ≤ 1. Thus, A∗

wi
·B∗

wi
= {c}.

Repeating this process for each canonical c creates a mapping from IS∗
G to the set

V (Γ) ∪ E(Γ). If we map c to a vertex w, then we have a guarantee that A∗
w ·B∗

w = {c}. If
we map c to an edge (u, w), we have a guarantee that A∗

w ·B∗
u = {c}. This implies that the

mapping is injective, and hence 2k = |IS∗
G| ≤ |V (Γ)|+ |E(Γ)| ≤ 3|V (Γ)|. This finishes the

proof of Lemma 3.1, which consequently proves Theorem 1.1

4 Matching compatibility matrix

In the following section, a matrix is a function from I × J to an arbitrary value set, where I

and J are some sets of indices of, respectively, rows and columns of the matrix. We do not
require I, J to be a set of form [n] for some n ∈ N. All matrices considered in this section
have values in the set {0, 1}.

▶ Definition 4.1. For a 0-1 matrix M with row indices I and column indices J , we say that
a pair I ′ ⊆ I, J ′ ⊆ J forms a rectangle of M if and only if it induces an all-ones submatrix
of M , i.e., if and only if Mi,j = 1 for each i ∈ I ′, j ∈ J ′. The size of a rectangle R is defined
as |I ′| · |J ′| and denoted as |R|.

▶ Definition 4.2. A rectangle cover of a 0-1 matrix M is a set of rectangles
(I1, J1), . . . , (Is, Js) which cover all ones of M , i.e., such that for each i, j with Mi,j = 1, there
exists p ∈ [s] such that (i, j) ∈ Ip × Jp. The size of the cover is the number of rectangles s.

To place Definition 4.2 into context, let us stress that the nondeterministic communication
complexity of a matrix M is defined as log2 s, where s is the minimum size of a rectangle
cover of M .

4.1 Complete bipartite graphs
▶ Definition 4.3. A matching compatibility matrix Mk of order k is a binary matrix of size
k!× k! with rows and columns indexed by permutations Sk which satisfies

Mk(ρ1, ρ2) = 1 if and only if ρ2ρ1 ∈ S̄k.

By Ck we denote the size of the smallest rectangle cover of Mk.

Our bounds on sizes of tropical circuits will be based on the following bound on Ck due
to Raz and Spieker.
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▶ Lemma 4.4 ([36]). Ck = 2Ω(k log log k).

It is worth noting that Ck is believed to be bounded by 2Ω(k log k). Showing this would give
us asymptotically tight bounds on the value of Ck as the upper bound of k! = 2O(k log k) is
trivial. This, however, remains an open problem.

A small rectangle cover of a matrix implies the existence of large rectangles in it, but the
converse does not need to hold in the general case. The following claim and lemma shows,
that in the case of Mk, the size of a minimal rectangle cover and maximal rectangle are in
fact related, and within a poly-logarithmic factor of what one can expect.

▷ Claim 4.5. Let R be any rectangle in Mk. Then, there exists a rectangle cover of Mk of
size ℓ = k!(k−1)!

|R| · 2k ln k.

Proof. Let Q ⊆ Sk × Sk denote the set of pairs (ρ1, ρ2) such that ρ2ρ1 ∈ S̄k, i.e., the set
of 1-entries of Mk. Let P1 and P2 denote the sets of permutations which are indices of,
respectively, rows and columns of R. Thus, for every ρ1 ∈ P1, ρ2 ∈ P2, we have (ρ1, ρ2) ∈ Q.
Consider a map µα,β : Sk ×Sk → Sk ×Sk parameterized by permutations α, β ∈ Sk, defined
as

µα,β(ρ1, ρ2) = (αρ1β, β−1ρ2α−1).

First, note that ρ2ρ1 ∈ S̄k if and only if (β−1ρ2α−1)(αρ1β) = β−1ρ2ρ1β ∈ S̄k, as permutation
conjugation preserves cycle type, hence (ρ1, ρ2) ∈ Q if and only if µα,β(ρ1, ρ2) ∈ Q.

Let α, β be two random permutations sampled independently from a uniform distribution
on Sk. First, we show that for any two pairs (ρ1, ρ2), (σ1, σ2) ∈ Q, we have

Pr[µα,β(ρ1, ρ2) = (σ1, σ2)] = 1
k!(k − 1)! .

To do this, we show that there are k different pairs α, β for which αρ1β = σ1 and β−1ρ2α−1 =
σ2. By Proposition 2.1, we have exactly k permutations β which satisfy σ2σ1 = β−1ρ2ρ1β.
For each of those, we must put α = σ−1

2 β−1ρ2 to obtain a pair satisfying the conditions.
For any pair (ρ1, ρ2) ∈ Q, we have (ρ1, ρ2) ∈ µα,β(R) if and only if µα−1,β−1(ρ1, ρ2) ∈ R,

and therefore

Pr[(ρ1, ρ2) ∈ µα,β(R)] = |R|
k!(k − 1)! .

Now, sample ℓ pairs αi, βi independently uniformly from Sk × Sk and let Ri = µαi,βi(R).
Clearly Ri ⊆ Q for each i ∈ [ℓ]. Let R̄ =

⋃
i∈[ℓ] Ri. For any (ρ1, ρ2) ∈ Q, we have

Pr
[
(ρ1, ρ2) ̸∈ R̄

]
≤
(

1− |R|
k!(k − 1)!

)ℓ

< e−2k ln k = k−2k < (k!(k − 1)!)−1.

By union bound, we have Pr
[
R̄ ̸= Q

]
< 1, hence there exist a choice of αi, βi for which

R̄ = Q. For this choice of αi, βi we have that R1, . . . , Rℓ is a rectangle cover, which finishes
the proof. ◁

Immediately, we get the following lemma as a corollary.

▶ Lemma 4.6. Every rectangle in Mk has size at most k!(k − 1)! · C−1
k · 2k ln k.
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There is a natural correspondence between permutations in Sk and perfect matchings of
a complete bipartite graph Kk,k. Let us label the vertices of both sides of a bipartition of
Kk,k as respectively v1, . . . , vk and u1 . . . , uk. For any perfect matching M ⊆ {v1, . . . , vk} ×
{u1, . . . , uk}, its corresponding permutation is ρ ∈ Sk defined as

ρ(s) = t if and only if (vs, ut) ∈M.

It is easy to see that for any two perfect matchings M1, M2 in Kk,k, their union M1 ∪M2
forms a Hamiltonian cycle iff ρ−1

2 ρ1 ∈ S̄k iff ρ−1
1 ρ2 ∈ S̄k, where ρi denotes a permutation

corresponding to Mi.

4.2 Complete graphs
Similarly to bipartite cliques, every perfect matching in a complete graph K2k can be
represented by a permutation in the set S2

2k. It is then easy to see that the union of two
perfect matchings M1, M2 in K2k forms a Hamiltonian cycle in K2k iff ρ2ρ1 is in Sk

2k.

▶ Definition 4.7. A clique matching compatibility matrix M∗
k of order k is a binary matrix

of size (2k− 1)!!× (2k− 1)!! with rows and columns indexed by permutations from S2
2k which

satisfies

M∗
k(ρ1, ρ2) = 1 if and only if ρ2ρ1 ∈ Sk

2k.

▶ Lemma 4.8. Every rectangle in M∗
k has size at most (2k − 1)! · C−1

k · 2k ln k.

Proof. Pick any such rectangle R and let P1, P2 denote the sets of permutations which are
indices of, respectively, rows and columns of R. For a set C ⊆ [2k] of size k, we define
SC ⊆ S2

2k as the permutations with all cycles of size 2 which map all elements of C to [2k]−C.
Note that SC = S[2k]−C . Moreover, for every pair ρ1 ∈ P1, ρ2 ∈ P2, we have ρ1, ρ2 ∈ SC if
we set C to be one of two maximal independent sets of the cycle formed by the union of the
edges of ρ1, ρ2. Therefore

P1 × P2 ⊆
⋃

C∪D=[2k], 1∈C
|C|=|D|=k

SC × SC ,

and so

|P1| · |P2| ≤
∑

C∪D=[2k], 1∈C
|C|=|D|=k

|(P1 ∩ SC)× (P2 ∩ SC)|.

Fix C ∪ D = [2k], |C| = |D| = k, and enumerate C := {c(1), . . . , c(k)} and D :=
{d(1), . . . , d(k)} (we treat c and d as bijective functions from [k] to resp. C and D). Put
P ∗

1 = {d−1ρ1c : ρ1 ∈ P1 ∩ SC} and P ∗
2 = {c−1ρ2d : ρ2 ∈ P2 ∩ SC}. Note that both sets

are well defined and P ∗
1 , P ∗

2 ⊆ Sk. Since c, d are bijective, we have |P ∗
1 | = |P1 ∩ SC | and

|P ∗
2 | = |P2 ∩ SC |.

Finally, for every ρ∗
1 ∈ P ∗

1 , ρ∗
2 ∈ P ∗

2 , we have ρ∗
2ρ∗

1 = c−1(ρ2ρ1)c ∈ S̄k. Thus, P ∗
1 , P ∗

2 form
a rectangle in Mk, hence by Lemma 4.6,

|(P1 ∩ SC)× (P2 ∩ SC)| = |P ∗
1 × P ∗

2 | ≤ k!(k − 1)! · C−1
k · 2k ln k.

Summing over all C, we get |P1|·|P2| ≤
(2k−1

k−1
)
·k!(k−1)!·C−1

k ·2k ln k = (2k−1)!·C−1
k ·2k ln k,

which finishes the proof of the lemma. ◀
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5 Traveling salesperson problem

Directed graphs. Let Gn,k denote a directed graph with V (Gn,k) = {vc,r : c ∈ [n], r ∈ [k]}
and

E(Gn,k) = {(vc,r1 , v(c mod n)+1,r2) | c ∈ [n], r1, r2 ∈ [k]}.

It is easy to see that the pathwidth of Gn,k is at most 3k. Combining the following lemma
with Lemma 4.4 immediately gives Theorem 1.2. The rest of this section will be dedicated
to proving it.

▶ Lemma 5.1. For every k ≥ 1 and n ≥ 3k + 3, any tropical circuit calculating DTSPGn,k

is of size at least Ck/(2k ln k).

Proof. Fix n, k and put G := Gn,k. Let Vi = {vi,r : r ∈ [k]}. Let Gi = G[Vi ∪ V(i mod n)+1]
and let Ei = E(Gi), i.e., Ei contains all edges whose tail belongs to Vi. For every perfect
matching M of Gi, we will identify it with a permutation ρ ∈ Sk defined as

ρ(s) = t iff (vi,s, v(i mod n)+1,t) ∈M.

For every Hamiltonian cycle H of G, the set E(H) ∩Ei is a perfect matching in Gi. We will
say that the sequence of permutations ρ1, . . . , ρn ∈ Sk represents H if E(H)∩Ei = ρi for all
i ∈ [n]. Note that such representing set is unique, and moreover, satisfies

ρiρi−1 . . . ρ2ρ1ρnρn−1 . . . ρi+2ρi+1 ∈ S̄k

for any i ∈ [k]. Conversely, every sequence of permutations satisfying the above represents a
unique Hamiltonian cycle of G. In particular, there are (k − 1)! · (k!)n−1 such sequences and,
hence, Hamiltonian cycles in G. Additionally, for any set of indices i1, . . . , iℓ ∈ [n] of size at
most n− 1, if we fix ρi1 , . . . , ρiℓ

, then there are exactly (k − 1)! · (k!)n−1−ℓ ways to fix the
rest of the permutations for the above inclusion to hold.

Now, look at the polynomial DTSPG. Let Ē = {(vi,1, v(i mod n)+1,1) | i ∈ [n]} and let
X̄ = {xs,t | (s, t) ∈ Ē}. That is, the set X̄ contains exactly one variable corresponding to an
edge in Ei for each i ∈ [n]. Similarly, let Xi denote the set {xs,t | (s, t) ∈ Ei}.

We will say that a pair of polynomials g, h forms a rectangle g · h in DTSPG if g · h ⊆
DTSPG, i.e., for every pair of monomials g′ ∈ g, h′ ∈ h, the variables of sup(g′) ∪ sup(h′)
correspond to edges forming a Hamiltonian cycle of G. Additionally, we will say that such
rectangle is balanced if | sup(g) ∩ X̄|, | sup(h) ∩ X̄| ≤ 2

3 |X̄|. We would like to prove the
following claim.

▷ Claim 5.2. Let g · h be any balanced rectangle in DTSPG. Then

|g · h| ≤ (k − 1)! · (k!)n−1 · C−1
k · (2k ln k).

First, we finish the proof of the lemma given the claim. Let τ denote the size of the
smallest tropical circuit calculating DTSPG. Lemma 2.4 says that DTSPG can be covered
by a union of τ balanced rectangles. Thus,

(k − 1)! · (k!)n−1 = |DTSPG| ≤ τ · (k − 1)! · (k!)n−1 · C−1
k · (2k ln k),

hence τ ≥ Ck/(2k ln k). The rest of the section is dedicated to proving the claim.
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Fix any balanced rectangle g · h. Obviously, supports of g and h are disjoint. We will
say that Ei is monochromatic w.r.t. g · h if either Xi ∩ sup(g) or Xi ∩ sup(h) is empty. Let
i1, . . . , iℓ denote the indices of sets Ei that are not monochromatic. We consider two cases
depending on whether ℓ > k or not.

Assume ℓ > k and fix a non-monochromatic index ij . Define

V g
tail = {u ∈ Vij

| ∃w∈V(ij mod n)+1xu,w ∈ sup(g)},

V g
head = {w ∈ V(ij mod n)+1 | ∃u∈Vij

xu,w ∈ sup(g)},

i.e., V g
tail (resp. V g

head) denote tails (resp. heads) of all edges in Eij
whose related variables

belong to the support of g. We define V h
tail, V h

head analogously. It is easy to see that
V g

tail ∩ V h
tail = V g

head ∩ V h
head = ∅.

A perfect matching in Gij induced by any monomial of g · h must match V g
head with V g

tail

and V h
head with V h

tail, and the number of possible ways to do that is |V g
head|! · |V h

head|!, which
is at most (k − 1)! as both sets are nonempty and disjoint. Therefore, the number of all
cycles corresponding to monomials of g · h is at most

((k − 1)!)ℓ · (k!)n−ℓ = 1
kℓ
· (k!)n ≤ 1

kk+1 · (k!)n = (k − 1)! · (k!)n−1 · 1
kk

and 1
kk ≤ C−1

k ≤ C−1
k · (2k ln k).

Now, assume ℓ ≤ k. Thus, at least n− k ≥ 2
3 n + 1 of Ei are monochromatic. Since g · h

is balanced, we have two indices ig, ih such that Eig , Eih
are both monochromatic, and both

intersections Xig
∩ sup(h) and Xih

∩ sup(g) are empty. In particular, the support of every
monomial in g corresponds to edges whose intersection with Eig induces a perfect matching
in Gig . The same holds for h and Gih . W.l.o.g. we can assume that ig < ih.

For a monomial g′ ∈ g (and analogously for h′ ∈ h), we define its type as the set

λg′ :=
{

e ∈ E(G)− (Eig
∪ Eih

) : xe ∈ sup(g′)
}

.

Fix an arbitrary pair of types λg∗ , λh∗ and let g∗ (resp. h∗) denote the set of all monomials
of g (resp. h) with that type. The number of such possible pairs is bounded by the number
of different projections of a Hamiltonian cycle onto E(G) − (Eig ∪ Eih

), hence is at most
(k!)n−2. By the definition, every cycle H corresponding to some monomial of g∗ · h∗ has the
same intersection with Ei for all i ̸∈ {ig, ih}.

Let ρi for i ∈ [n]− {ig, ih} represent the set (λg∗ ∪ λh∗) ∩Ei which is a perfect matching
in Gi. Let ρ̄l = ρih−1ρih−2 . . . ρig+1 and ρ̄r = ρig−1ρig−2 . . . ρ1ρn . . . ρih+1. Let Pg (resp. Ph)
denote the set of perfect matchings of Gig (resp. Gih) induced by the monomials in g∗ (resp.
h∗). Every permutation in the product (ρ̄lPgρ̄r) · Ph belongs to S̄k, hence by Lemma 4.6,

k(k − 1)! · C−1
k · (2k ln k) ≥ |ρ̄lPgρ̄r| · |Ph| = |Pg| · |Ph| = |g∗| · |h∗| ≥ |g∗ · h∗|.

Therefore |g · h| ≤ (k!)n−1 · (k − 1)! · C−1
k · (2k ln k). ◀

Undirected graphs. Let Ḡn,k denote an undirected graph with V (Ḡn,k) = {vc,r,i : c ∈
[n], r ∈ [k], i ∈ {−1, 0, 1}} and

E(Ḡn,k) = {(vc,r1,1, v(c mod n)+1,r2,−1) | c ∈ [n], r1, r2 ∈ [k]} ∪
{(vc,r,−1, vc,r,0) | c ∈ [n], r ∈ [k]} ∪
{(vc,r,0, vc,r,1) | c ∈ [n], r ∈ [k]}.
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vi,1

vi,2

(a) i-th column of Gn,2.

vi,1,0

vi,2,0vi,2,−1 vi,2,1

vi,1,1vi,1,−1

(b) in Ḡn,2.

Figure 2 The reduction from Gn,k to Ḡn,k.

The graph Ḡn,k is obtained by performing a textbook reduction on Gn,k from directed to
undirected version of TSP.

Again, the pathwidth of Ḡn,k is at most 3k. Combining the following lemma with
Lemma 4.4 immediately gives Theorem 1.3.

▶ Lemma 5.3. For any k ≥ 1 and n ≥ 3k + 3, any tropical circuit calculating TSPḠn,k
uses

at least Ck/(2k ln k) gates.

Proof. Let Γ̄ be an arbitrary tropical circuit of size τ̄ computing TSPḠn,k
. We will show

that there exists a tropical circuit Γ of size τ ≤ τ̄ computing DTSPGn,k
. In particular,

together with Lemma 5.1 this shows that τ̄ ≥ Ck/(2k ln k).
Let Γ be the tropical circuit obtained by taking Γ̄ and performing the following substitu-

tions:
for every input node labeled with a variable xu1,u2 , where u1, u2 ∈ V (Ḡn,k), u1 =
vc,r,−1, u2 = vc,r,0, we replace it with a constant 0,
for every input node labeled with a variable xu1,u2 , where u1, u2 ∈ V (Ḡn,k), u1 =
vc,r,0, u2 = vc,r,1, we replace it with a constant 0,
for every input node labeled with a variable xu1,u2 , where u1, u2 ∈ V (Ḡn,k), u1 =
vc,r1,1, u2 = v(c mod n)+1,r2,−1, we replace it with a variable xu′

1,u′
2

where u′
1, u′

2 ∈ V (Gn,k),
u′

1 = vc,r1 , u′
2 = v(c mod n)+1,r2 .

Naturally, the size of Γ is at most τ̄ . Let f be some polynomial calculated by Γ. The
reduction works in such a way that there is a bijection between directed Hamiltonian cycles in
Gn,k and undirected ones in Ḡn,k, and this bijection directly follows the substitution of edges
described in the definition of Γ. In particular, it can be easily seen that f ≃ DTSPGn,k

. ◀

6 Spanning tree

Let Hn,k denote a directed graph with V (Hn,k) = {vc,r : c ∈ [n], r ∈ [2k]} and

E(Hn,k) = {(vc1,r1 , vc2,r2) | c1, c2 ∈ [n], r1, r2 ∈ [2k], |c1 − c2| = 1} ∪
{(vc,r1 , vc,r2) | c ∈ {1, n}, r1, r2 ∈ [2k], r1 ̸= r2}.

It is easy to see that the pathwidth of Hn,k is at most 4k. Combining the following lemma
with Lemma 4.4 immediately gives Theorem 1.4.

▶ Lemma 6.1. For any k ≥ 1 and n > 12k2 ln k +3, any tropical circuit calculating DSTHn,k

uses at least Ck/(2k2 ln k) gates.

The rest of this section is dedicated to proving this lemma. The majority of the proof
follows the same line of argumentation used to prove Lemma 5.1. For the rest of the section,
we fix suitable n, k and put G := Hn,k. Let Vi = {vi,r : r ∈ [2k]}. For i ∈ [n − 1], let
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v1,1

v1,2

v1,3

v1,4

vn,1

vn,2

vn,3

vn,4

. . .

Figure 3 The graph Hn,2.

Gi = G[Vi ∪ Vi+1]− (E(G[Vi]) ∪E(G[Vi+1])) and let G0 = G[V1], Gn = G[Vn]. Note that Gi

is complete bipartite for 1 ≤ i ≤ n− 1 and complete for i ∈ {0, n}. We denote Ei = E(Gi)
for all i ∈ {0, . . . , n} and put Xi = {xe : e ∈ Ei}.

For every perfect matching M of Gi for i ∈ {1, . . . , n − 1}, we will identify it with a
permutation ρ ∈ S2k defined as

ρ(s) = t iff (vi,s, vi+1,t) ∈M or (vi+1,t, vi,s) ∈M.

Similarly, for i ∈ {0, n} we identify any perfect matching M of Gi with ρ ∈ S2
2k such that

ρ(s) = t iff (vi,s, vi,t) ∈M or (vi,t, vi,s) ∈M.

We will say that a Hamiltonian cycle of G is nice if its intersection with each Ei is a
perfect matching in Gi (ignoring edge directions). We will say that a Hamiltonian path of G

is nice if it is a subgraph of a nice Hamiltonian cycle and its first and last vertices belong to
V1. Every nice path is a subgraph of exactly one nice cycle, and conversely, every nice cycle
contains exactly k nice paths as a subgraph.

We define the content of a nice Hamiltonian cycle H as the unique sequence of permutations
ρ0, . . . , ρn ∈ S2k such that E(H) ∩Ei = ρi for all 0 ≤ i ≤ n. For the sake of clarity, for such
a sequence, we define the following notation.

←−ρi := ρiρi−1 . . . ρ2ρ1
−→ρi := ρn−1ρn−2 . . . ρi+1ρi

We assume ←−ρ0 = −→ρn = idS2k
. Note that as described in Section 4.2,(←−−ρi−1 · ρ0 · ←−−ρi−1

−1) · (−→ρi
−1 · ρn · −→ρi

)
∈ Sk

2k (1)

for any i ∈ [n]. Conversely, for every sequence of permutations satisfying the above (for
arbitrarily chosen i), there are exactly two nice cycles H such that their content is ρ0, . . . , ρn.
Both cycles differ only by their direction. In particular, if Equation (1) holds for one such i,
then it holds for every i ∈ [n].

▷ Claim 6.2. There are ((2k)!)n−1 · (2k − 1)! sequences (ρj)n
j=0 satisfying (1).

Proof. We fix ρj arbitrarily for all j ̸= i; there are ((2k − 1)!!)2 · ((2k)!)n−2 ways to do that.
Let ρ̄ =

(−→ρi
−1 · ρn · −→ρi

)
, hence we have ρ̄ = ρ−1

i ρ̃ρi, where ρ̃ ∈ S2
2k is already fixed. By

Proposition 2.1, the number of values ρ̄ can take for Equation (1) to hold is (2k − 2)!!. By
the same proposition, the number of ρi ∈ S2

2k given ρ̄ is (2k)!!. The total number of ways to
fix all ρj is therefore ((2k − 1)!!)2 · ((2k)!)n−2 · (2k)!! · (2k − 2)!! = ((2k)!)n−1 · (2k − 1)!. ◁
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In particular, the number of nice cycles in G is 2 · ((2k)!)n−1 · (2k − 1)!. By a similar
argument, for any set of indices 1 ≤ i1, . . . , iℓ ≤ n−1 of size at most n−2, if we fix ρi1 , . . . , ρiℓ

together with ρ0 and ρn, then there are exactly ((2k)!)n−2−ℓ · (2k)!! · (2k − 2)!! ways to fix
the rest of the permutations for (1) to hold.

Proof (Lemma 6.1). We say that a rectangle g · h ⊆ DSTG covers a nice Hamiltonian
cycle H if it contains a monomial encoding a nice Hamiltonian path which is a subgraph
of H. Since all nice Hamiltonian paths are spanning out-trees as well, any rectangle
decomposition of the polynomial calculated by our circuit must cover all nice cycles. We
define rectangles being balanced as in the statement of Lemma 2.4 with respect to the set
X = {x(vc,1,vc+1,1) | c ∈ [n− 1]}.

▷ Claim 6.3. Let g · h be any balanced rectangle in DSTG. Then, the number of nice
Hamiltonian cycles covered by g · h is at most

((2k)!)n · C−1
k · 2k ln k.

For any tropical circuit calculating DSTG using τ gates, Lemma 2.4 implies that DSTG can
be covered by a union of τ balanced rectangles. Thus, in order to cover every nice cycle,
at least one balanced rectangle covers at least 2((2k)!)n−1(2k−1)!

τ of those, hence assuming
Claim 6.3,

τ ≥ Ck/(2k2 ln k).

The rest of the section is dedicated to proving Claim 6.3. Fix any balanced rectangle
g · h. The supports of g and h are disjoint. We will say that Ei is monochromatic w.r.t. g · h
if either Xi ∩ sup(g) or Xi ∩ sup(h) is empty.

▷ Claim 6.4. Pick 1 ≤ i ≤ n− 1. If Ei is not monochromatic w.r.t. g · h, then there exists
an edge (u, v) ∈ Ei such that xu,v ̸∈ sup(g) ∪ sup(h).

Proof. Assume by contradiction that xu,v ∈ sup(g) or xu,v ∈ sup(h) for every (u, v) ∈ Ei.
Since all monomials in g ·h represent out-trees, for any pair of edges of the form (u, v), (w, v) ∈
Ei, either both xu,v, xw,v belong to sup(g), or both belong to sup(h). Similarly, for any
(u, v) ∈ Ei both xu,v, xv,u must also belong to the same support.

By our assumption, we have two edges (p, q), (s, t) ∈ Ei such that xp,q ∈ sup(g) and
xs,t ∈ sup(h) (and hence xt,s ∈ sup(h) as well). Either (q, s) or (q, t) belong to Ei. In the
former case, we have xq,s ∈ sup(h) (as xt,s ∈ sup(h)) and xs,q ∈ sup(g) (as xp,q ∈ sup(g)).
In the latter, xq,t ∈ sup(h) and xt,q ∈ sup(g). Both cases arrive at a contradiction, which
proves the claim. ◁

Let i1 < · · · < iℓ denote the indices in range [n−1] of sets Ei which are not monochromatic.
We consider two cases depending on whether ℓ > 4k2 ln k or not.

Assume ℓ > 4k2 ln k. By sacrificing at most half of indices ij , we can assume that they are
non-adjacent. That is, we assume that ℓ > 2k2 ln k and that ij+1 − ij > 1 for all j ∈ [ℓ− 1].
For each i ∈ {ij}ℓ

j=1, let (pi, qi) denote the edge of Ei given by Claim 6.4. Consider the
following randomized procedure to generate a nice directed Hamiltonian cycle H of G.

Select ρ0 ∈ S2
2k uniformly randomly.

Select a subset of edges F0 ⊆ E0 by matching vertices of V1 according to ρ0 and picking
the edge directions uniformly and independently. Let V tail

1 and V head
1 denote the vertices

of V1 composed of respectively tails and heads of the edges of F0.
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For i ∈ {1, . . . , n − 1} do the following. Pick ρi ∈ S2k uniformly randomly and select
Fi ⊆ Ei by matching vertices of V (Gi) according to ρi and picking the edge directions so
that they agree with edges of Fi−1 (i.e., if we match vi,r1 with vi+1,r2 and vi,r1 ∈ V tail

i ,
then we add (vi+1,r2 , vi,r1) to Fi, and (vi,r1 , vi+1,r2) otherwise). Define V tail

i+1 , V head
i+1

analogously.
The union F0 ∪ · · · ∪ Fn−1 at this point forms k disjoint directed paths whose endpoints
are exactly Vn. There are exactly (k − 1)! ways to pick Fn in a way that connects these
paths into a Hamiltonian cycle. We pick one of such ways uniformly randomly.

It is easy to see that this procedure generates all nice Hamiltonian cycles of G with uniform
probability distribution. Now, we can bound the probability that a cycle generated this way
does not contain any of the forbidden edges (pi, qi) given by Claim 6.4. Note that only such
cycles can be covered by g · h.

The steps during which the number of feasible choices could get restricted is when selecting
Fij

for some j ∈ [ℓ]. Assume w.l.o.g. pij
∈ Vij

, qij
∈ Vij+1, the other case is symmetric. If

pij ∈ V tail
ij

, then every choice of Fij will be feasible, as an edge between pij , qij potentially
added will always be directed from qij

to pij
. In case pij

∈ V head
ij

, there is exactly 1
k chance

of adding the forbidden edge to Fij , as ρij is selected uniformly from whole S2k.
The crucial observation is that the probability that pij is in V head

ij
at this point, assuming

so far we did not pick any of the forbidden edges, is exactly 1/2, independent of previous
choices. This follows from the fact that ρij−1 was chosen uniformly from S2k and due to
our assumption that ij > ij−1 + 1. The partition of Vij−1 into V head

ij−1 and V tail
ij−1 can have

arbitrary distribution, however, both sets are always of size k, hence the probability of pij

getting matched by ρij−1 with a vertex from V tail
ij−1 is exactly 1

2 .
This means, that the probability of a nice Hamiltonian cycle containing none of the

forbidden edges is at most(
1− 1

2k

)ℓ

< e−k ln k ≤ C−1
k ≤ C−1

k · 2k2 ln k,

hence the number of such cycles is at most(
2((2k)!)n−1(2k − 1)!

)
·
(
C−1

k · 2k2 ln k
)

= ((2k)!)n · C−1
k · 2k ln k,

which finishes the proof in case ℓ > 4k2 ln k.
Now, assume ℓ ≤ 4k2 ln k. Thus, at least n− 4k2 ln k ≥ 2n

3 + 1 of Ei are monochromatic.
Since g·h is balanced, we have two indices ig, ih ∈ [n−1] s.t. Eig

, Eih
are both monochromatic,

and both Xig
∩ sup(h) and Xih

∩ sup(g) are empty. W.l.o.g. we can assume that ig < ih.
For a monomial g′ ∈ g (and analogously for h′ ∈ h), we define its type as the set

λg′ := {e ∈ E(G)− (Eig ∪ Eih
) : xe ∈ sup(g′)}.

Fix an arbitrary pair of types λg∗ , λh∗ and let g∗ (resp. h∗) denote the set of all monomials
of g (resp. h) with that type. By the definition, every spanning out-tree corresponding to
some monomial of g∗ · h∗ has the same intersection with Ei for all i ̸∈ {ig, ih}. If g∗ · h∗

covers at least one nice cycle, this intersection must induce a perfect matching in Gi for each
i ∈ [n]−{ig, ih} and a matching of size k−1 in G0 (two unmatched vertices of G0 correspond
to the endpoints of all nice paths induced by g∗ · h∗). Let (ρi)i∈[n]−{ig,ih} denote the set
(λg∗ ∪ λh∗) ∩ Ei. Let ρ0 denote the unique permutation of S2

2k containing (λg∗ ∪ λh∗) ∩ E0
as a subgraph.
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Let ρ̄l =←−−−ρig−1, ρ̄r = −−−→ρih+1 and ρ̄m = ρih−1ρih−2 . . . ρig+2ρig+1. Let Pg (resp. Ph) denote
the set of perfect matchings of Gig (resp. Gih) induced by the monomials in g∗ (resp. h∗).
Finally, put

P ∗
g =

{
ρ · ρ̄l · ρ0 · ρ̄−1

l · ρ
−1 | ρ ∈ Pg

}
, and P ∗

h =
{

ρ̄−1
m · ρ−1 · ρ̄−1

r · ρn · ρ̄r · ρ · ρ̄m | ρ ∈ Ph

}
.

Note that P ∗
g is a set of conjugations of ρ0 by permutations of the form (ρ · ρ̄l)−1. By Pro-

position 2.1, we have |{π ∈ S2k | π−1ρ0π = π∗}| = (2k)!! for any fixed π∗ ∈ S2
2k, hence

|Pg| ≤ (2k)!!·|P ∗
g |. Similarly |Ph| ≤ (2k)!!·|P ∗

h |. By Equation (1), every pair ρg ∈ P ∗
g , ρh ∈ P ∗

h

satisfies ρhρg ∈ Sk
2k, hence applying Lemma 4.8 gives us

2 · |Pg| · |Ph| ≤ 2((2k)!!)2 · |P ∗
g | · |P ∗

h | ≤ 2((2k)!!)2(2k − 1)! · C−1
k · 2k ln k.

Finally, note that the quantity 2 · |Pg| · |Ph| bounds from above the number of nice cycles
covered by g∗ · h∗. The number of pairs of types λg∗ , λh∗ covering at least one nice cycle is
bounded by the number of projections of a nice path onto E(G)− (Eig ∪ Eih

), hence by

k((2k − 1)!!)2((2k)!)n−3.

Therefore, the total number of nice cycles covered by g · h is at most(
k((2k − 1)!!)2((2k)!)n−3) · (2((2k)!!)2(2k − 1)! · C−1

k · 2k ln k
)

= ((2k)!)n · C−1
k · 2k ln k,

which finishes the proof of Lemma 6.1 ◀

7 Conclusion

As noted earlier, the exact nondeterministic communication complexity of the matchings
compatibility matrix is still open: While Ck = kO(k) holds trivially, the currently best
known lower bound is Ck = 2Ω(k log log k) [36]. Improving this lower bound to kO(k) would
automatically imply the same bound for Theorem 1.2, Theorem 1.3, and Theorem 1.4. In
particular, this complexity would be asymptotically tight (up to factors polynomial in N), as
tropical circuits of size 2O(k log k) ·NO(1) can be easily constructed for all these problems by
following algorithms based on naive dynamic programming on path decompositions. In the
reverse direction, better upper bounds on Ck seem also useful for obtaining better tropical
circuits for DTSPG, TSPG and DSTG, and possibly even for obtaining faster algorithm for
TSP parameterized by pathwidth. It seems however, as also expressed by the authors of [36],
that Ck is closer to 2Ω(k log k) than it is to 2Θ(k log log k).

Another natural opportunity for further work would be to find lower bounds for other
computational problems, for example it seems plausible that with tools from Theorem 1.1
and the reduction ideas from [28] one can also obtain a Ω(3k) lower bound for tropical circuits
calculating the minimum weight dominating set of a graph with pathwidth k.

More ambitiously, a natural open question is whether the lower bounds on tropical circuits
as defined in this paper can be generalized to more expressive variants of tropical circuits (see
the book by Jukna [22]). Similarly, an interesting, albeit seemingly more difficult, question
is whether our introduced ideas could be used to prove matching unconditional lower bounds
on the extension complexity of TSP polytopes in terms of treewidth, or whether the methods
from [5] are actually captured by extension complexity and allow for an extended formulation
of the TSP polytope on n-vertex graph of treewidth k of complexity 2O(k)nO(1).
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