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Abstract
This paper considers a framework for combinatorial variants of perpetual-scheduling problems. Given
an independence system (E, I), a schedule consists of an independent set It ∈ I for every time step
t ∈ N, with the objective of fulfilling frequency requirements on the occurrence of elements in E. We
focus specifically on combinatorial bamboo garden trimming, where elements accumulate height at
growth rates g(e) for e ∈ E and are reset to zero when scheduled, with the goal of minimizing the
maximum height attained by any element. We assume that g is normalized so that it is a convex
combination of the incidence vectors of I.

Using the integrality of the matroid-intersection polytope, we prove that, when (E, I) is a matroid,
it is possible to guarantee a maximum height of at most 2, which is optimal. We complement this
existential result with efficient algorithms for specific matroid classes, achieving a maximum height
of 2 for uniform and partition matroids, and 4 for graphic and laminar matroids. In contrast, we
show that for general independence systems, the optimal guaranteed height is Θ(log |E|) and can be
achieved by an efficient algorithm. For combinatorial pinwheel scheduling, where each element e ∈ E

needs to occur in the schedule at least every ae ∈ N time steps, our results imply bounds on the
density sufficient for schedulability.
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1 Introduction

Certain tasks such as maintenance, monitoring, or cleaning do not merely require to be
accomplished once. Instead, they often require to be executed again and again under a certain
frequency requirement, virtually forever. Such tasks are captured by perpetual-scheduling
problems with frequency requirements, a class of problems which has recently seen a surge
of interest. These problems, often appealingly clean, include the pinwheel scheduling (PS)
problem (and variants) [29–31,40] and the bamboo-garden trimming (BGT) problem (and
variants) [8, 20, 36]. Kawamura’s survey [32] gives a broad overview of the state of the art in
this area.

To a large extent, the literature has only considered settings in which, at any time, only a
single task can be scheduled. In many applications, however, it may be possible to schedule
multiple tasks at the same time, subject to a combinatorial constraint. For instance, there
may be multiple workers, each of which has the expertise to do a certain subset of the tasks.
In this case, a set of tasks can be executed simultaneously if and only if it is an independent
set of a transversal matroid. In this paper, we study a general framework for combinatorial
variants of perpetual scheduling, specifically, PS and BGT. This framework essentially (cf.
discussion later) unifies the few combinatorial models considered in the literature [2, 17,24].
The framework was introduced in [11] as the fair hitting sequence problem. However, their
work studies the problem from an approximation-algorithms perspective, which is not the
main focus of the present paper.

The majority of this paper is written in terms of what we call combinatorial BGT (CBGT).
Here, there is a ground set E of n bamboos and a fixed independence system I ⊆ 2E . Initially,
each bamboo e ∈ E has height 0 and a fixed growth rate g(e) ∈ Q≥0. The following two steps
alternate ad infinitum: First, all bamboos grow according to their growth rates. Then, an
independent set I ∈ I can be selected to be cut, i.e., all heights of bamboos in I are reduced
to 0. This process leads to an infinite valid schedule π = I1, I2, . . ., with Ii ∈ I. The goal is
to minimize the maximum height h(π) that ever occurs among any of the bamboos. When
I is the 1-uniform matroid, this is precisely vanilla BGT.

Note that scaling g by some factor c also just scales the height h(π) of any schedule
π by c. For this reason, it is standard for BGT to assume that g is normalized so that∑

e∈E g(e) = 1. For CBGT, we generalize this by assuming that g is a convex combination of
the incidence vectors of I. That is, there exists coefficients λ(I) ≥ 0 for each I ∈ I such that∑

I∈I λ(I) = 1 and g =
∑

I∈I λ(I)1I , where 1I ∈ {0, 1}E is the vector such that 1I(e) = 1
iff e ∈ I for all e ∈ E. This is essentially (again cf. discussion later) the type of normalization
used in the combinatorial models in the literature [17,24].

The main result of this paper is that, when (E, I) is a matroid, a maximum height of
at most 2 can be guaranteed. The bound is tight (as can be easily seen from an instance
with n = 2 and growth rates 1− ε, ε for vanilla BGT [16]) and generalizes the same bound
for vanilla BGT [16]. While our proof only yields a pseudo-polynomial-time algorithm that
produces any next cut, we give polynomial-time algorithms for uniform matroids, graphic
matroids, and laminar matroids, in the latter two cases only guaranteeing a maximum height
of at most 4. When k = 1, our algorithm for k-uniform matroids implies a simplification of
the state of the art (that has appeared before in a different context [4]). We also show that,
for general set systems I, the smallest height that can be guaranteed is Θ(log |E|). We also
give a deterministic polynomial-time algorithm implementing a height-O(log |E|) schedule,
which implies an O(log |E|)-approximation algorithm, solving an open problem from [11].
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In combinatorial PS (CPS), again an independence system (E, I) is given, and each
element e of the ground set E has a period a(e) ∈ N. An instance is called schedulable
if there exists an infinite valid schedule I1, I2, . . . with Ii ∈ I such that all periods are
satisfied, i.e., for each e ∈ E and t ∈ N, it holds that e ∈

⋃i+a(e)−1
i=t Ii. Analogously to the

above normalization, we define the density of an instance as the minimum ρ such that there
exist λ(I) ≥ 0 for all I ∈ I with

∑
i∈I λ(I) = ρ and

∑
I∈I:e∈I λ(I) = 1/a(e) for all e ∈ E.

Our results for CBGT imply density bounds, i.e., bounds on the density that guarantees
schedulability, the quantity that has been the main object of study for vanilla PS [32].

1.1 Our Contribution

In this exposition, we focus on CBGT. Our main result is the following.

▶ Theorem 3.1. For any CBGT instance (E, I, g) where (E, I) is a matroid, there exists
an infinite valid schedule π for (E, I, g) with h(π) < 2.

A first approach could be the following: Reduce the problem to vanilla BGT by identifying
the independent sets I ∈ I with bamboos in the new instance and interpreting the coefficients
λ(I) for all I ∈ I as growth rates. Then an optimal valid schedule π′ for the vanilla-BGT
instance can be interpreted as a valid schedule π for the CBGT instance. Unfortunately, this
leads to an arbitrarily large height, even when (E, I) is a uniform matroid: Let n = |E| be
even, let I = {I ⊆ E | |I| ≤ n/2}, and set λ(I) = 1/

(
n

n/2
)

for all I ∈ I with |I| = n/2 (and
λ(I) = 0 for all other I), which implies g(e) = 1/2 for all e ∈ E. Note that, on this instance,
π starts with an arbitrary permutation of I. In particular, for some fixed e⋆, π may first
schedule all

(
n

n/2
)
/2 sets that do not contain e⋆, leading to a height of

(
n

n/2
)
/4. Still, even a

height-1 schedule for this instance exists, as achieved by just alternating between any set and
its complement. Thus, it is inevitable to take into account the structure of the set system
rather than just the values of λ, which seems to be challenging in general.

To establish our result, we consider a slightly different setting than CBGT, which is also
of independent interest: In BGT terms, upon cutting, the height of a bamboo is not reduced
to 0 but by 1, possibly below 0. We call the supremum of all absolute heights (positive or
negative) any bamboo ever reaches the discrepancy d(π) of the corresponding schedule π.
Later, we give a formal definition, and show that d(π) < 1 implies h(π) < 2 for all schedules
π. (It is also not difficult to see that our result implies a height bound of 2 in the setting
where one may cut by at most 1 and never below 0; see, e.g., [36, Section 4] for this setting.)

For this variant, our normalization (i.e., that g lies in the matroid polytope) is necessary
to obtain a schedule of finite discrepancy. Indeed, suppose that an infinite schedule π has
finite d(π). As g is rational, each e ∈ E can only take finitely many distinct heights without
its absolute height exceeding d(π), and thus we may assume that π eventually cyclically
repeats some finite sequence π′. Each e ∈ E must be cut by exactly as much as it grows in π′,
as otherwise d(π) would diverge to infinity. Thus, taking λ(I) to be the fraction of time steps
t ∈ [|π′|] such that π′(t) = I for all I ∈ I, we have

∑
I∈I λ(I) = 1 and

∑
I∈I λ(I)1I = g,

which by definition implies that g lies in the matroid polytope of (E, I).
Note that, if one could cut according to some point in the matroid polytope, one would

simply be able to remove precisely the just-grown height. Minimizing discrepancy can thus
also be understood as the problem of rounding the fractional growth process to an integral
sequence of cuts. In other words, the question is: How well can a continuous combinatorial
process be approximated through a discrete one? (See [24] for stating a similar question in
the context of the matroidal adversarial version.)

ICALP 2026



142:4 Combinatorial Perpetual Scheduling

The crucial ingredient is the following. Fix some e ∈ E and T ∈ N such that Tg(e) ∈ N.
Then the sets B ⊆ {1, . . . , T} of time points at which e can be cut so as to fulfill the discrepancy
requirement are precisely the bases of a matroid. Not only that, the T -dimensional vector
whose entries are identical g(e) turns out to be contained in the corresponding matroid
polytope.

This allows us to present the first formulation of BGT-like problems in terms of matroid
intersection, which may be of independent interest. To this end, we define two matroids on
the ground set E × [T ] (for some T such that Tg(e) ∈ N for all e ∈ E): The direct sum MT

of T copies of the input matroid, and the direct sum ME of the |E| matroids that we just
described. By our normalization and the above ingredient, we get that the vector y⋆ ∈ RE×[T ]

with y(e,t) = g(e) for all (e, t) ∈ E × [T ] is contained in the matroid-intersection polytope of
MT and ME . This allows us to use the well-known integrality of the matroid-intersection
polytope [13] to show that MT and ME have a common basis, an infinite repetition of
which corresponds to our desired infinite schedule with discrepancy less than 1. Note that
the integrality of matroid-intersection polytope has been previously used in the context of
other, quite different, scheduling problems where an independent set has to be selected to be
scheduled at every time step [23].

Ideally, we would like to have a polynomial-time algorithm for computing any next cut of
such schedule. While mathematically clean, our above proof does not yield that; indeed, it
seems inherently pseudo-polynomial. To address this drawback, we give polynomial-time
algorithms for certain classes of matroids in the full version of this paper. Specifically, we
give polynomial-time algorithms for uniform, partition, graphic, and laminar matroids, in
each case assuming a natural representation of the input matroid. (See Section 2.) We
show how tree schedules [4] can be used to get height-2 schedules on uniform (and thus
partition) matroids in polynomial time. Then, using the concept of rainbow-circuit-free
colorings [15,18,19,27], we give polynomial-time algorithms for graphic and laminar matroids
achieving height 4. Note that the presentation of these results has been omitted from this
version of the paper due to space constraints. Please see the full version.

One may wonder whether Theorem 3.1 extends beyond matroids. Certainly, there are
non-matroid independence systems such as ({a, b, c}, {∅, {a}, {b}, {c}, {b, c}}), for which a
height of 2 is also achievable. Indeed, here b and c can simply be treated as a single element
from the ground set. We, however, establish that there are set systems for which not even a
constant height is achievable.

▶ Theorem 4.4 (⋆). For every k ∈ N there is a CBGT instance with n = 2k − 1 elements
where every infinite valid schedule has height at least 1

2 log2(n + 1)− 1
2 .

While the proof of this theorem requires algebraic methods, we also give a simpler
construction (in the proof of Theorem 4.3) that uses first principles but loses constant factors.
We show that there exists an instance (E, I, g) in which g(e) = 1/2 for all e ∈ E such that,
for every subfamily I ′ ⊆ I of sufficiently small size (but even of size Ω(log |E|)), there exists
an element e ∈ E with e /∈

⋃
I∈I′ I. Consequently, if I ′ constitutes the first cuts in a schedule,

some bamboo is never cut and therefore reaches height Ω(log |E|).
Finally, we show that this upper bound can be matched asymptotically, even with a

polynomial-time algorithm (assuming access to a maximum-weight independent-set oracle over
the set system). Assuming that I is given explicitly, a polynomial-time algorithm computing
an O(log |E|)-height schedule with high probability was given in [11]. Our algorithm answers
the open question of whether there exists a deterministic polynomial-time algorithm.
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Table 1 Overview of our results. When result follow from other, stronger results, this is marked
with an arrow in the direction of the respective stronger result. For results marked with “full version”,
please see this table in the full version of the paper for the corresponding theorems.

upper bound lower bound
polynomial-time existence

general set systems O(log |E|)
(Theorem 4.7)

O(log |E|)
([11], Theorem 4.2)

Ω(log |E|)
(Theorem 4.4)

general matroids – 2
(Theorem 3.1)

2
(1-uniform example)

graphic matroids 4
(full version)

2
(↑)

2
(1-uniform example)

laminar matroids 4
(full version)

2
(↑)

2
(1-uniform example)

uniform matroids 2
(full version)

2
(←, ↑)

2
(1-uniform example)

partition matroids 2
(full version)

2
(←, ↑)

2
(1-uniform example)

▶ Theorem 4.7. For any CBGT instance (E, I, g) with n elements there is an infinite
valid schedule π of period 2n such that h(π) ≤ O(log n). Furthermore, this schedule can be
computed by making at most 2n queries to a maximum-weight independent-set oracle for I.

In fact, our algorithm implements a type of schedule that we can also obtain through a
probabilistic argument combined with a straightforward case distinction into fast and slow
bamboos. This technique was already used in [11] for the aforementioned result. We obtain
the polynomial-time algorithm by choosing weights for the maximum-weight independent-set
oracle such that we greedily minimize a carefully chosen potential function at each step.

We summarize our results in Table 1.

1.2 Further Related Work
We start by discussing vanilla (i.e., 1-uniform) perpetual-scheduling problems. In the paper
that introduced BGT [16], it was shown by using a density bound (even a suboptimal one [14])
for vanilla PS that an infinite schedule achieving height at most 2 always exists. The same
bound can also be achieved by a simpler deadline-driven strategy [36]. Only very recently,
it was disproved that the Greedy algorithm, which at any time cuts the tallest bamboo,
achieves a height of at most 2, by showing a lower bound of approximately 2.07 [26]; an
upper bound of 4 is known [36].

Another line of work [12, 20, 31, 40, 43] is concerned not with bounding the achievable
height across all instances but with, given an instance, efficiently computing a schedule that
approximates the lowest height across all schedules for that instance. Very recently, a PTAS
was obtained [33]. For CBGT, note that, when the minimum sum of coefficients to generate
g is precisely 1, the height of any schedule is at least 1. Therefore, our bounds also imply
results of the aforementioned flavor for our combinatorial variant.

ICALP 2026
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Variants in which the growth rates may vary over time have also been considered. In cup
games [1,5,6], the growth rate is chosen online by an adversary, and it is known that Greedy
achieves a discrepancy of at most O(log n) for a ground set of size n. Online proportional
apportionment [9] can be interpreted as the variant of this in which one may only cut
bamboos that have just grown. In chairperson assignment [42], the varying growth rates
are known ahead of time, and it is known [42] that a discrepancy of less than 1 can be
achieved; a weighted version has been considered recently [39]. We note that the result for the
unweighted problem together with our observation on the relationship between discrepancy
and height (Lemma 3.2) also implies that a height-2 schedule for vanilla BGT exists, a fact
that seems to have been missed by the literature.

For vanilla PS, as introduced in the 1990s [22], the density bound of 5/6 was recently
confirmed in a breakthrough paper by Kawamura [31]. A tight example (periods 2, 3, and
x ∈ N) and several weaker bounds [10, 14, 38] had previously been known. Very recently,
deciding feasibility of PS instances was shown to be NP-hard [33]. Recent works also consider
a finite version of vanilla PS [29,30] as well as a covering version [40].

Combinatorial variants where the independence system is a k-uniform matroid have
been considered for pinhweel scheduling in form of a problem called windows scheduling [2],
where it has been shown (implicitly) that the density threshold approaches 1 as k → ∞.
It has also been considered for cup games, where the achievable backlog is known to be in
O(log n) ∩ Ω(log(n− k)) [37]. General matroids, with the same type of normalization, have
also been considered for cup games [24], where the upper bound of O(log n) can be recovered.

In so-called polyamorous scheduling [8, 17], (essentially) a special case of CBGT, the
ground set is the set of edges of a graph, and the set of independent sets is the set of matchings.
For normalization, the authors assume that the vector of growth rates is contained in the
fractional matching polytope. This type of normalization is completely identical to our
normalization on bipartite graphs (due to the integrality of said polytope) and identical up
to a factor of 3/2 on general graphs. It is known that a height of 4 is achievable, and a height
of 5.24 in polynomial time [8]. The authors also show approximation hardness and consider
a pinwheel version of that problem.

A generalization of the perpetual scheduling problem to set systems was previously
proposed in [11] under the name Fair Hitting Sequence Problem. In this problem, the input
is a triple (A,F , g′) where (A,F) is a set system as for CBGT. However, the set system is
not necessarily downward closed, and the growth rates are on the sets of F . A schedule is
an infinite sequence of elements a ∈ A, and all sets F ∈ F containing a have their height
reset to 0 upon cutting a. If we set E = F , I = {{F ∈ F | a ∈ F} | a ∈ A}, and g = g′,
then any schedule for (A,F , g′) corresponds to a schedule for (E, I, g) with the same height,
and thus the models are equivalent (up to downward closedness and normalization). While
we focus on the existence and computation of low-height schedules, the authors of [11]
focus on computing an approximation of the optimal schedule. They show that the exact
computation of an optimal schedule is NP-hard, and also obtain a randomized polynomial-
time O(log |E|)-approximation algorithm via the rounding of an LP. It is not too difficult to
see that their result actually implies the existence of an O(log |E|)-height schedule with our
normalization assumption. In Subsection 4.1, we give an alternative proof of the existence of
a O(log |E|)-height schedule and in Subsection 4.3, we give a deterministic polynomial-time
algorithm which computes such a schedule. This answers an open question from [11].
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1.3 Overview
In Section 2, we give definition and notation, and we also establish the relationship between
CBGT and CPS. In Section 3, we prove the main result. In Section 4, we consider general
independence systems. We state open problems in Section 5. Please find the omitted section
on polynomial-time algorithms for special classes of matroids as well as proofs of results
marked with ⋆ in the full version of the paper.

2 Preliminaries

We give the definitions used throughout the paper, repeating some of the definitions from
the introduction. We first define N = {1, 2, . . . }. We denote by [n] the set {1, 2, . . . , n} for
any n ∈ N. We denote by Q≥0 the set of nonnegative rational numbers.

Combinatorial Bamboo Garden Trimming. An instance of Combinatorial Bamboo Garden
Trimming (CBGT) is a triple (E, I, g) where (E, I) is an arbitrary set system and g ∈ QE

≥0
is a growth rate vector. We require that g lies in the convex hull of the characteristic
vectors of the independent sets in I. That is, there exists a set of non-negative coefficients
{λ(I) | I ∈ I} such that

∑
I∈I λ(I) = 1 and g(e) =

∑
I∈I:e∈I λ(I) for every e ∈ E.

A schedule π for a CBGT instance (E, I, g) is a finite or infinite sequence π(1), π(2), . . .

where π(t) ⊆ E is the set of bamboos to cut on day t for every t ∈ [|π|]. If π is infinite, then
we define [|π|] = N. A schedule is valid if π(t) ∈ I for every t ∈ [|π|] and otherwise it is
invalid. The following definitions apply to all (finite/infinite valid/invalid) schedules.

For any t ∈ [|π|] and e ∈ E, we denote by hπ
t (e) the height of bamboo e on day t after e

has grown but before π(t) is cut. The height h(π) of a schedule π is then

h(π) = max
e∈E

sup
t∈[|π|]

hπ
t (e)

or, in words, the maximum height reached by any bamboo during the execution of π. We
can, equivalently, define the height of a schedule π as follows. The recurrence time γπ(e) of
a bamboo e ∈ E under a schedule π is the maximum number of days between consecutive
schedulings of e according to π. That is, γπ(e) = supi,i′∈[|π|]{i′ − i + 1 | e /∈

⋃i′

j=i π(j)}. The
maximum height hπ(e) reached by a bamboo e ∈ E under π is then hπ(e) = γπ(e) · g(e) and
h(π) = maxe∈E hπ(e).

We also define the discrepancy d(π) of a schedule π. Intuitively, the discrepancy is a
measure of how closely the fraction of the time that e has been scheduled until day t matches
the ideal fraction t · g(e). Define A(π, e, t) = |{1 ≤ i ≤ t | e ∈ π(i)}| for all t ∈ [|π|] as the
number of occurrences of e among the first t sets of π. The discrepancy dπ(e) of a bamboo
e ∈ E is then

dπ(e) = sup
t∈[|π|]

|t · g(e)−A(π, e, t)|,

and we define the discrepancy d(π) of π as d(π) = maxe∈E dπ(e). Note that dπ(e) < 1 if and
only if ⌊tg(e)⌋ ≤ A(π, e, t) ≤ ⌈tg(e)⌉ for t ∈ [|π|].

Graph theory. Let G = (V (G), E(G)) be a graph. Given a subset X ⊆ V (G), the subgraph
of G induced by X is denoted by G[X] and is obtained from G by removing all vertices
in V (G) \X along with any edges incident to them. The neighborhood NG(v) of a vertex
v ∈ V (G) is the set of vertices adjacent to v in G.

ICALP 2026
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Independence Systems and Matroids. We recall some basic definitions from matroid theory
and refer the reader to [41] for further details.

We denote by RE the set of |E|-dimensional real vectors indexed by e ∈ E. We denote
by 1n the n-dimensional vector whose entries are all 1. We omit the superscript n when it is
clear from context. The convex hull of a set X ⊆ Rn is denoted conv(X). The incidence
vector of a subset X ⊆ E is denoted by 1X and is defined as the |E|-dimensional vector such
that 1X(e) = 1 if e ∈ X and otherwise 1X(e) = 0 for all e ∈ E.

A set system M is a tuple (E, I) where E is a set and I is any family of subsets of E.
We call M an independence system if I is downward-closed (Y ∈ I, X ⊆ Y ⇒ X ∈ I) and
∅ ∈ I. The set E is called the ground set of M (also denoted E(M)) and I is called the set of
independent sets of M (also denoted (I(M)). We call M a matroid if M is an independence
system and for all X ⊆ E, all inclusion-wise maximal independents subsets of X have the
same size.

The rank rM (X) of a set X ⊆ E is the maximum size of an independent subset of X.
We omit the subscript M when M is clear from context. The rank of M itself is r(E) and is
also denoted r(M). The maximal independent subsets of E are called bases.

The matroid polytope of a matroid M is the polytope M⊆ RE such that x ∈M if and
only if

0 ≤
∑
e∈X

xe ≤ rM (X) ∀X ⊆ E.

It is a well-known theorem of Edmonds [13] that M = conv({1I | I ∈ I(M)}), see e.g. [35,
Theorem 13.12]. When (E, I, g) is an CBGT instance where M = (E, I) is a matroid, the
requirement that g ∈ conv({1I | I ∈ I}) is thus equivalent to

0 ≤
∑
e∈X

g(e) ≤ r(X) ∀X ⊆ E. (1)

Let M1 = (E1, I1), . . . , Mk = (Ek, Ik) be matroids on disjoint ground sets and let
E = E1 ∪ · · · ∪ Ek. The direct sum M1 ⊕ · · · ⊕Mk is the matroid M = (E, I), where
I = {I ⊆ E | I ∩ Ei ∈ Ii for i ∈ [k]}.

Let G be a bipartite graph with V (G) = S ∪ T . A subset I ⊆ S is said to be matchable if
there is a matching in G covering I. If I is the family of matchable sets, then (S, I) is called
transversal matroid. The k-uniform matroid with ground set E and rank k is defined by the
independent sets {I ⊆ E | |I| ≤ k}. A partition matroid is a direct sum of uniform matroids.
The graphic matroid (E, I) has an associated (undirected) graph G with edge set E, and
its family of independent sets is I = {I ⊆ E | I is the edge set of a forest in G}. A family
of subsets L ⊆ 2E is laminar if for any L, L′ ∈ L, we have L ⊆ L′, L′ ⊆ L, or L ∩ L′ = ∅.
Given a laminar family L and a function b : L → N, a matroid (E, I) is laminar if its set
system is described as I = {I ⊆ E | |I ∩ L| ≤ b(L) for each L ∈ L}.

Algorithms. An algorithm A for a family F of CBGT instances takes as input an instance
(E, I, g) ∈ F and outputs a schedule π for (E, I, g) one step at a time. We measure the
efficiency of A based on the number of operations used to compute the set of bamboos to at
each step. We say that an algorithm A implements a schedule π if π is the sequence of sets
obtained by running A indefinitely.

For our polynomial-time algorithms for k-uniform, graphic, and laminar matroids (which
are presented in the full version of the paper) we assume that I is represented as just the
integer k, the associated graph, and, respectively, the laminar family L and the upper bound
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b(L) for each L ∈ L. It is with respect to this input representation that our algorithms are
polynomial-time. In Section 4, where we give an algorithm implementing a height-O(log n)
schedule for arbitrary independence systems1, we assume that I is given implicitly via access
to a maximum-weight independent-set oracle. Given non-negative weights w(e) for e ∈ E,
such an oracle can find a set I ∈ I with maximum total weight

∑
e∈I w(e). Note that for

several natural classes of set systems (e.g., matroids, intersections of two matroids, and
matchings in general graphs) polynomial-time implementations of such an oracle are well
known. Furthermore, the oracle is trivial to implement given I explicitly as, e.g., in [11].

2.1 Approximation Factor of Low-Height Schedules
The focus of this paper is on existence of schedules whose (absolute) height is low, and on
algorithms for implementing such schedules. In this subsection, we show how one can turn
such algorithms into approximation algorithms, i.e., algorithms whose output is guaranteed
to be at most a factor of c away from the optimal schedule in terms of height.

In fact, all that is needed for an algorithm implementing a height-c schedule to be a
c-approximation algorithm is that g is “maximally” scaled before it is given as input. For
BGT, this observation reduces to the fact that a height-c schedule is a c-approximation
schedule when g is such that

∑
e∈E g(e) = 1, which has been used in the literature. In general,

consider the primal–dual pair of LPs displayed in Figure 1. It was observed in [11, Section
3] that Λ(g), is a lower bound for the height h(π⋆) of the optimal schedule. This gives the
following, a proof of which we also give in the full version using the terminology of this paper.

▶ Theorem 2.1 (⋆). Let (E, I, g) be a CBGT instance with Λ(g) = 1. The height h(π⋆) of
the optimal schedule π⋆ is at least 1.

Note that, if Λ(g) = 1, then g ∈ conv({1I | I ∈ I}). Indeed, the vector λ corresponding to
the optimal primal solution is the set of coefficients of a convex combination g′ ∈ conv({1I |
I ∈ I}) (as

∑
I∈I λ(I) = 1) and g′ ≥ g (by the constraints of the LP). We can transform

λ such that all constraints (of the first type) are tight, without affecting
∑

I∈I λ(I), thus
obtaining g as a convex combination of {1I | I ∈ I}. Indeed, if there is an e ∈ E with
g′(e) > g(e), then pick any I ∈ I containing e with λ(I) > 0 and move some mass from λ(I)
to λ(I \ {e}). Repeat until g′ = g.

To obtain a c-approximation schedule from an algorithm computing a height-c schedule
using Theorem 2.1, all we need to do is give ĝ = g/Λ(g) to the algorithm instead of g.
This guarantees that the obtained schedule π is a c-approximation with respect to ĝ (as
h(π)/h(π⋆) ≤ c/1 with respect to ĝ), and thus also with respect to g as h(π)/h(π⋆) is
invariant under scaling of g.

Note that Λ(g) can be computed in polynomial time with access to a maximum-weight
independent-set oracle for I. This follows directly from the fact that the separation problem
for the dual (and thus the dual as a whole via the ellipsoid method) reduces to finding a
maximum-weight independent set: Interpret a candidate solution {xe}e∈E as weights and
check if a maximum weight I ∈ I satisfies

∑
e∈I xe ≤ 1 using the oracle. If so, x is feasible.

If not, return the violated dual constraint for this I.
While we find the assumption that I is downward-closed to be natural, we also consider

the case of non-downward-closed I in Section 4 as this is formally required for our results to
be comparable with [11]. An efficient O(log |E|)-approximation algorithm can be obtained

1 In fact, as we argue, the algorithm can be used for arbitrary (not necessarily downward-closed) set
systems.
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Λ(g) = min
∑
I∈I

λ(I)

s.t.
∑

I∈I:e∈I

λ(I) ≥ g(e) ∀e ∈ E,

λ(I) ≥ 0 ∀I ∈ I.

(a) Primal.

max
∑
e∈E

xeg(e)

s.t.
∑
e∈I

xe ≤ 1 ∀I ∈ I,

xe ≥ 0 ∀e ∈ E.

(b) Dual.

Figure 1 Linear programs used to obtain approximation guarantees from height guarantees.

from our algorithm implementing a height-O(log |E|) schedule, which we present in Section 4,
even for non-downward-closed set systems. For such set systems, it may not be that
g ∈ conv({1I | I ∈ I}), even when Λ(g) = 1. However, the proof of Theorem 2.1 does not
assume that I is downward-closed, and the analysis of our height-O(log |E|) schedule only
requires that there exists g′ ∈ conv({1I | I ∈ I}) such that g′ ≥ g, which certainly does exist
when Λ(g) = 1 as we argued above.

2.2 Combinatorial Pinwheel Scheduling
An instance of Combinatorial Pinwheel Scheduling (CPS) is a triple (E, I, a) where (E, I)
is an arbitrary set system and a ∈ NE . We say that (E, I, a) is schedulable if there exists
a valid infinite schedule π such that, for all e ∈ E, we have e ∈

⋃t+a(e)−1
i=t π(i) for all t ∈ N.

The density of (E, I, a) is the minimum ρ such that there exist λ(I) ≥ 0 for all I ∈ I with∑
i∈I λ(I) = ρ and

∑
I∈I : e∈I λ(I) ≥ 1/a(e) for all e ∈ E. The density threshold ρ⋆(F) for a

family F of CPS instances is the largest value ρ such that any instance with density less
than ρ is schedulable.

In this language, the recent confirmation of the pinwheel conjecture [31] shows that
ρ⋆(F) = 5/6 when F = {(E, I, a) | (E, I) is a 1-uniform matroid}. It follows from our
results that ρ⋆(F) ≥ 1/2 for the much broader family F = {(E, I, a) | (E, I) is a matroid}.
This is a consequence of the following straightforward observation.

Let B = (E, I, g) be a CBGT instance and let P = (E, I, a) be the CPS instance where
a(e) = ⌊c/g(e)⌋ for all e ∈ E for some c ∈ R>0. Then P is schedulable if and only if there
exists an infinite valid schedule π for B with h(π) ≤ c.

Proof. Let π be a schedule for B. Then h(π) ≤ c iff hπ(e) = γπ(e)g(e) ≤ c for all e ∈ E

iff γπ(e) ≤ ⌊c/g(e)⌋ = a(e) for all e ∈ E iff e occurs at least once in any period of a(e)
consecutive time steps in π for all e ∈ E. ◀

This, together with Theorem 3.1 (Section 3), implies a lower bound on the density
threshold of {(E, I, a) | (E, I) is a matroid}.

▶ Corollary 2.2 (⋆). Let P = (E, I, a) be a CPS instance where (E, I) is a matroid. If P

has density at most 1/2, then P is schedulable.

Together with Theorem 4.3 (Subsection 4.2), Subsection 2.2 also implies an upper bound
on the density threshold of {(E, I, a) | (E, I) is an arbitrary set system}.

▶ Corollary 2.3 (⋆). For any n, there exists a CPS instance (E, I, a) with |E| ≤ n and
density O(1/ log n) that is not schedulable.
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3 Existence of Height-2 Schedules on Matroids

In this section, we show Theorem 3.1, which we restate here for convenience.

▶ Theorem 3.1. For any CBGT instance (E, I, g) where (E, I) is a matroid, there exists
an infinite valid schedule π for (E, I, g) with h(π) < 2.

Throughout this section, fix a CBGT instance (E, I, g) where M = (E, I) is a matroid.
We assume that no e ∈ E has g(e) = 0. This is without loss of generality as such e can
simply be removed and the resulting submatroid considered instead. By (1), we can assume
that∑

e∈E

g(e) = r(M). (2)

Indeed, if this does not hold, we modify g so that it does hold: Let λ : I(M) → [0, 1] be
such that

∑
I∈I(M) λ(M) = 1 and

∑
I∈I(M):e∈I λ(I) = g(e) for all e ∈ E. If λ(I) = 0 for all

non-bases I ∈ I(M), then∑
e∈E

g(e) =
∑
e∈E

∑
I∈I(M) : e∈I

λ(I) =
∑

I∈I(M)

λ(I)|I| = r(M)
∑

I∈I(M)

λ(I) = r(M).

If λ(I) > 0 for some non-basis I ∈ I(M), then we can simply pick basis I ′ ⊃ I, increase
λ(I ′) by λ(I) and set λ(I) = 0, iteratively until (2) holds. Clearly, since we did not decrease
g(e) for any e ∈ E, it suffices to show that the modified instance has a schedule of height
less than 2.

In fact, we will show the stronger statement: (E, I, g) has a schedule π with d(π) < 1.
We start by showing that this is indeed stronger.

▶ Lemma 3.2. If π is a schedule with d(π) < 1, then h(π) < 2.

Proof. Fix any e ∈ E. As d(π) < 1, we have

A(π, e, t) ∈ {⌊g(e)t⌋, ⌈g(e)t⌉}

for all t ∈ [|π|]. Let 1 ≤ i < i′. If i′ − i + 1 ≥ 2/g(e), then

A(π, e, i′) ≥
⌊

g(e)
(

i + 2
g(e) − 1

)⌋
= ⌊g(e)(i− 1)⌋+ 2 > ⌈g(e)(i− 1)⌉ ≥ A(π, e, i− 1)

and thus there must be some j ∈ [i, i′] such that e ∈ π(j). Therefore,

hπ(e) = g(e)γπ(e) = g(e) sup
1≤i<i′

{
i′ − i + 1

∣∣∣ e /∈ ∪i′

j=iπ(j)
}

< g(e) 2
g(e) = 2.

As this holds for all e ∈ E, we have h(π) = maxe∈E hπ(e) < 2, as desired. ◀

We remark that the converse of Lemma 3.2 does not hold. For example, for the BGT instance
({a, b}, g) with g(a) = 0.9 and g(b) = 0.1, the schedule π = ababab... has h(π) = 1.8, but d(π)
is unbounded.

We continue by showing that, for an appropriately chosen T , a finite schedule π with
|π| = T and d(π) < 1 can be repeated indefinitely to obtain an infinite schedule π∞ with
d(π∞) < 1.
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▶ Lemma 3.3. Let (E, I, g) be a CBGT instance. Let T be such that Tg(e) is an integer for
all e ∈ E and let π be a schedule with d(π) < 1 and |π| = T . Then the infinite repetition π∞

of π satisfies d(π∞) < 1.

Proof. As d(π) < 1 and Tg(e) is an integer, we have

|Tg(e)−A(π, e, T )| < 1⇔ Tg(e)−A(π, e, T ) = 0.

Thus |T ′g(e) − A(π, e, T ′)| = |(T ′ mod T )g(e) − A(π, e, T ′ mod T )| for any T ′ ∈ N, which
implies d(π∞) = d(π) < 1. ◀

From now on, we fix the time horizon T as the least common multiple of the denominators
of {g(e) | e ∈ E}. Note that for that choice of T , we have that Tg(e) is an integer for all
e ∈ E.

We aim to construct a finite schedule π for (E, I, g) with length T and discrepancy
d(π) < 1. Our approach identifies schedules of length T with subsets of of the ground set
E × [T ]. Specifically, any subset S ⊆ E × [T ] corresponds to a schedule π where e ∈ π(t)
if and only if (e, t) ∈ S. Since an arbitrary subset S ⊆ E × [T ] does not necessarily yield a
valid schedule with low discrepancy, we enforce these constraints by defining two matroids,
MT and ME , over the common ground set E × [T ]. We enforce validity by ensuring that the
selection at every time step is an independent set in M ; formally, we consider the the direct
sum MT =

⊕T
t=1 Mt where each Mt is a copy of M on the ground set E × {t}. The second

matroid ME is constructed to enforce the requirement that d(π) < 1.
The following lemma follows immediately from the definition of MT .

▶ Lemma 3.4. Any basis I ∈ I(MT ) corresponds to a valid finite schedule π (possibly with
d(π) ≥ 1).

The (more involved) definition of matroid ME is given in the next subsection. It will be
defined such that it satisfies the following lemma, which is also proven in the next subsection.

▶ Lemma 3.5. Any basis I ∈ I(ME) corresponds to a (possibly invalid) finite schedule π

with d(π) < 1.

In the last subsection of this section, we show the following.

▶ Lemma 3.6. ME and MT have a common basis.

Assuming Lemmas 3.5 and 3.6, we now give a proof of the main theorem of this section.

Proof of Theorem 3.1. By Lemma 3.6, let I ∈ I(ME) ∩ I(MT ) be a common basis of ME

and MT and let π be the corresponding schedule. Lemmas 3.4 and 3.5 imply that π is a valid
schedule and that d(π) < 1. By Lemma 3.3, d(π∞) < 1, where π∞ is the infinite repetition
of π. Finally, Lemma 3.2 allows us to conclude that h(π∞) < 2. ◀

3.1 Construction of ME and Proof of Lemma 3.5
For each e ∈ E, we define a matroid Me with ground set {e} × [T ]. This choice of taking
{e}× [T ] rather than just [T ] allow us to take a direct sum. We then define ME =

⊕
e∈E Me.

For the remainder of this subsection (except the proof of Lemma 3.5 at the end), let
e ∈ E be fixed. As e is fixed, we may simply consider [T ] to be the ground set of Me instead
of {e} × [T ].

The intuition is as follows. We want a basis in Me to correspond to a schedule π with
dπ(e) < 1. If dπ(e) < 1, then the i-th cut of e in π must occur within a specific interval of
time steps t: If the cut happens too early, then A(π, e, t) exceeds ⌈tg(e)⌉; if it happens too
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c1 c2 c3 c4 c5 c6 c7 c8

Figure 2 Ge for g(e) = 4/11 and T = 22.

late, then A(π, e, t) falls behind ⌊tg(e)⌋. We show that the interval Ci as defined below is
exactly the interval of time steps in which the i-th cut of e must occur in order for dπ(e) < 1
to hold.

For i ∈ N, define

Ci = [min{t ∈ N | ⌈tg(e)⌉ = i}, min{t ∈ N | ⌊tg(e)⌋ = i}] ∩ N. (3)

Note that Ci is well defined as 0 < g(e) ≤ 1, and thus ⌊tg(e)⌋ = i and ⌈tg(e)⌉ = i have
integer solutions for t for any i ∈ N. Equivalently, we could define

Ci =
[⌊

i− 1
g(e)

⌋
+ 1,

⌈
i

g(e)

⌉]
∩ N

for all i ∈ N, which is straightforward to derive from (3).
We define Ge as the bipartite graph with V (Ge) = [T ]∪{c1, c2, . . . , cT g(e)} and NGe

(ci) =
Ci for i ∈ [Tg(e)]. The graph Ge for T = 22 and g(e) = 4/11 is illustrated in Figure 2. The
set of independent sets I(Me) of Me is

I(Me) = {I ⊆ [T ] | I is covered by some matching in Ge}.

It is well-known that Me = ([T ], I(Me)) is a (transversal) matroid. To show that the bases
of Me correspond to schedules π with dπ(e) < 1, we first need an auxiliary lemma about the
Ci.

▶ Lemma 3.7. If i ∈ N is such that i/g(e) is not an integer, then

min Ci < max Ci = min Ci+1,

and if i/g(e) is an integer, then max Ci + 1 = min Ci+1.

Proof. Let i ∈ N. If i/g(e) is an not an integer, then, as g(e) ≤ 1,

min Ci =
⌊

i− 1
g(e)

⌋
+ 1 ≤

⌊
i− 1
g(e) + 1

g(e) − 1
⌋

+ 1 =
⌊

i

g(e)

⌋
<

⌈
i

g(e)

⌉
= max Ci

and

max Ci =
⌈

i

g(e)

⌉
=

⌊
i + 1− 1

g(e)

⌋
+ 1 = min Ci+1.

Now, if i/g(e) is an integer, then

max Ci + 1 = i

g(e) + 1 = i + 1− 1
g(e) + 1 = min Ci+1,

which completes the proof. ◀
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We next show two lemmas about the matroid Me.

▶ Lemma 3.8. r(Me) = Tg(e).

Proof. Let I ∈ I(Me). Note that |I| > Tg(e) is not possible as I must be covered by
some matching in Ge, and there are only Tg(e) vertices c1, c2, . . . , cT g(e) to match I to.
Furthermore, {{min CI , ci} | i ∈ [Tg(e)]} is a matching in Ge of size Tg(e) as min Ci and
min Cj are distinct for distinct i, j by Lemma 3.7. ◀

▶ Lemma 3.9. If I ∈ I(Me) is a basis and π is any schedule such that e ∈ π(t) exactly when
t ∈ I, then dπ(e) < 1.

Proof. Let k = Tg(e) and let I ∈ I(Me) be a basis of Me, which by Lemma 3.8 satisfies
|I| = k. Let Y be a matching in Ge covering I, and let π be any schedule such that e ∈ π(t)
exactly when t ∈ I.

To show that dπ(e) < 1, we must show that

⌊tg(e)⌋ ≤ A(π, e, t) ≤ ⌈tg(e)⌉.

for all t ∈ [T ]. To this end, fix any t ∈ [T ].
Let I = {t1, t2, . . . , tk} be such that t1 < t2 < · · · < tk. For every i ∈ [k], there must

be some j ∈ [k] such that tjci ∈ Y as |I| = k. We claim that j = i. Indeed, if this is not
the case, then there is pair i, j ∈ [k] with i < j such that tjci ∈ Y . But by Lemma 3.7,
the intervals Ci+1, Ci+2, . . . , Ck do not contain any element less than tj . This implies that
t1, t2, . . . , tj must be matched to c1, c2, . . . , ci, which is impossible for i < j. Hence, tici ∈ Y

holds for all i ∈ [k].
We now show A(π, e, t) ≥ ⌊tg(e)⌋. Let i = ⌊tg(e)⌋. As tici ∈ Y , we have ti ∈ N(ci) = Ci.

Thus, the i-th occurrence of e in π is at index ti ≤ max Ci = min{t′ | ⌊t′g(e)⌋ = i} ≤ t, and
thus A(π, e, t) ≥ i = ⌊tg(e)⌋.

We now show A(π, e, t) ≤ ⌈tg(e)⌉. Let i = ⌈tg(e)⌉. If i = k, then we are done as π

contains k occurrences of e in total. Thus, we assume i ≤ k − 1. As ti+1ci+1 ∈ Y , we
have that ti+1 ∈ N(ci+1) = Ci+1. Therefore, the (i + 1)-th occurrence of e in π is at index
ti+1 ≥ min Ci+1 = min{t′ | ⌈t′g(e)⌉ = i + 1} > t, and thus A(π, e, t) < i + 1, which is
equivalent to A(π, e, t) ≤ i = ⌈tg(e)⌉. ◀

We now give a proof of Lemma 3.5.

Proof of Lemma 3.5. Let I ∈ I(ME) be a basis of ME and let π be the corresponding
schedule. As ME =

⊕
e∈E Me, the set I ∩ E(Me) is a basis in Me for all e ∈ E. As e ∈ π(t)

exactly when (e, t) ∈ I ∩ E(Me), we have dπ(e) < 1 for all e ∈ E by Lemma 3.9. Thus,
d(π) = maxe∈E dπ(e) < 1. ◀

3.2 Proof of Lemma 3.6
We start by observing that ME and MT have the same rank as

r(ME) =
∑
e∈E

r(Me) =
∑
e∈E

Tg(e) = T · r(M) =
T∑

t=1
r(Mt) = r(MT ),

where we used the definition of ME and MT as direct sums for the first and last equalities,
Lemma 3.8 for the second one, and our assumption that

∑
e∈E g(e) = r(M) for the third.
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Now, consider the matroid intersection polytope P ⊂ RE×[T ] of ME and MT where y ∈ P
if and only if

0 ≤
∑

(e,t)∈X

ye,t ≤ rMT
(X) ∀X ⊆ E × [T ] (4)

0 ≤
∑

(e,t)∈X

ye,t ≤ rME
(X) ∀X ⊆ E × [T ]. (5)

It is a well-known theorem of Edmonds [13] that P has integer vertices. Let y⋆ be such that
y⋆

e,t = g(e) for all e ∈ E, t ∈ [T ]. We show that y⋆ ∈ P.

▶ Lemma 3.10. y⋆ satisfies (4).

Proof. For each t ∈ [T ], the set of points y ∈ RE×{t} such that

0 ≤
∑
e∈Y

ye,t ≤ rMt
(Y × {t}) ∀Y ⊆ E

is exactly conv({1I | I ∈ I(Mt)}) as Mt is a matroid. Thus, the above holds for y⋆
·,t = g for

any t ∈ [T ] by the assumption that g ∈ conv({1I | I ∈ I}). Thus, for any X ⊆ E × [T ] we
have that

0 ≤
∑

(e,t)∈X

y⋆
e,t =

T∑
t=1

∑
(e,t)∈X

y⋆
e,t ≤

T∑
t=1

rMt(X ∩ E(Mt)) = rMT
(X).

This completes the proof. ◀

▶ Lemma 3.11. y⋆ satisfies (5).

Proof. We show that y⋆
e,· = 1g(e) is a convex combination of {1I | I(Me)} for any e ∈ E. If

this holds, then as Me is a matroid, it follows that y⋆ satisfies

0 ≤
∑
t∈Z

y⋆
e,t ≤ rMe

({e} × Z) ∀Z ⊆ [T ]

for all e ∈ E, from which we get

0 ≤
∑

(e,t)∈X

y⋆
e,t =

∑
e′∈E

∑
(e′,t)∈X

y⋆
e′,t ≤

∑
e∈E

rMe
(X ∩ E(Me)) = rME

(X).

Fix any e ∈ E. We now proceed to show that y⋆
e,· = 1g(e) ∈ conv({1I | I(Me)}) by

showing that there exists a λ : I(Me)→ [0, 1] with
∑

I∈I(Me) λ(I) = 1 and
∑

I∈I(Me) λ(I) ·
1I = 1g(e).

Towards this, consider the fractional matching polytope P ′ ⊂ RE(Ge) of Ge (the graph
through which we defined Me) such that x ∈ P ′ iff∑

uv∈E(Ge)

xuv ≤ 1 ∀v ∈ V (Ge)

xuv ≥ 0 ∀uv ∈ E(Ge).

Define

xcit =


tg(e)− i + 1 if t = min Ci

i− (t− 1)g(e) if t = max Ci

g(e) otherwise

for all cit ∈ E(Ge).
The proof of the following claim is a case distinction. It can be found in the full version

of the paper.
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▷ Claim 3.12 (⋆). We have
∑

cit∈E(Ge) xcit = g(e) for all t ∈ [T ], and x ∈ P ′.

LetM denote the set of all matchings in Ge. It is well-known that P ′ has integer vertices
as Ge is bipartite (e.g., [35, Theorem 11.4]). Thus, every vertex of P ′ is the incidence vector
1A of some A ∈ M. By this and as x ∈ P ′ (by Claim 3.12), x is a convex combination of
{1A | A ∈M}. Let λ′ :M→ [0, 1] with

∑
A∈M λ′(M) = 1 such that∑

A∈M
λ′(A) · 1A = x. (6)

Now, for all A ∈M, define T (A) = {t ∈ [T ] | t covered by A} as the set of endpoints of
A in [T ]. Define λ : I(Me)→ [0, 1] by setting

λ(I) =
∑

A∈M : T (A)=I

λ′(A)

for all I ∈ I(Me). Then,

∑
I∈I(Me)

λ(I)1I =
∑

I∈I(Me)

 ∑
A∈M:T (A)=I

λ′(A)

1I =
∑

A∈M
λ′(A)1T (A) = g(e)1,

where the first equality follow from the definition of λ(I), the second from the fact T (A) ∈
I(Me) for any matching A ∈M, and the last by Claim 3.12 and (6). Thus, we have expressed
g(e)1T as a convex combination of independent sets of Me, which is what we wanted. ◀

We are now ready to prove Lemma 3.6.

Proof of Lemma 3.6. It follows from Lemma 3.10 and Lemma 3.11 that any y ∈ P which
maximizes

∑
e∈E,t∈[T ] ye,t has a sum of entries at least

∑
(e,t)∈E×[T ] y⋆

e,t = T · r(M) =
r(MT ) = r(ME). As P has integer vertices, which are binary by definition of P , there exists
a binary vector ybin ∈ P with at least r(M) · T entries that are 1. By the definition of P and
the fact that r(ME) = r(MT ) = r(M) · T , ybin is the incidence vector of a common basis of
ME and MT . ◀

4 General Set Systems

In this section, we give an efficient implementation of a height-O(log n) schedule for any
set system, even those that are not independence systems. This improves upon a result
from [11], which gives a randomized algorithm achieving the same guarantee (but only with
high probability) and with running time polynomially dependent on |I|2. Our algorithm
assumes that I is given implicitly via access to a maximum-weight independent-set oracle,
and makes at most 2|E| calls to this oracle. We remind the reader that a maximum-weight
independent-set oracle takes weights we ≥ 0 for e ∈ E and returns a set I ∈ I with maximum∑

e∈I we.
Throughout this section, we use n = |E|.

2 Recall that an O(log n)-approximation algorithm, which is the focus of [11], can be obtained from our
algorithm by scaling g appropriately as described in Subsection 2.1.
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4.1 Upper Bound
In this subsection, we show that a height-O(log n) schedule exists for any instance. We give a
proof here (even though it was already shown in [11]) as warm-up for our efficient algorithm.
We begin by introducing some notation. Let c > 2. We partition the elements into slow and
fast sets according to the threshold τn = c ln n

n . Formally:

Eslow = {e ∈ E | g(e) ≤ τn},
Efast = {e ∈ E | g(e) > τn}.

The main idea is to devise two separate schedules, serving fast and slow elements separately.
For the fast elements, we use the probabilistic method to show that a schedule generated by
the coefficients of the convex combination suffices.

▶ Lemma 4.1. There exists an infinite valid schedule πfast such that the height of every fast
element is bounded by 2c ln n for all t ≥ 1. That is,

max
t≥1,e∈Efast

hπfast
t (e) ≤ 2c ln n.

Proof. Let λ : I → [0, 1] be such that
∑

I∈I λ(I) = 1 and g(e) ≤
∑

I∈I : e∈I λ(I).
First, we prove the existence of a finite schedule σ of length n where the maximum height is

bounded by H = c ln n. We select a sequence of n independent sets σ = (I1, . . . , In) randomly,
where each It is chosen independently from I according to the probability distribution λ.

Consider a single element e ∈ E and a time step t ∈ [n]. The height hσ
t (e) exceeds H

only if e was not cut in the preceding H/g(e) steps. Thus,

Pσ[hσ
t (e) > H] ≤ (1− g(e))H/g(e)

≤ e−H = e−c ln n = n−c.

By applying a union bound over all elements e ∈ E and all time steps t ∈ [n], the probability
that any element exceeds height H at any timestep is

Pσ

[
max

e∈E,t∈[n]
hS

t (e) > H

]
≤

∑
e∈E

n∑
t=1

Pσ[hS
t (e) > H] ≤ n2 · n−c = n2−c.

Since c > 2, this probability is strictly less than 1. Therefore, there exists a sequence
σ = (I1, . . . , In) such that the height of any element within the schedule is at most H.

We construct the infinite schedule πfast by concatenating infinite copies of σ. Consider a
fast element e ∈ Efast. By definition, g(e) > c ln n

n = H/n, which implies H/g(e) < n. Since
the height of e inside σ never exceeds H, the maximum gap between consecutive cuts of e in
σ is at most H/g(e) < n. This guarantees that e is cut at least once in every copy of σ.

In the concatenated schedule πfast, the maximum gap between two cuts is bounded by
the gap across the boundary of two copies of σ, which is at most 2 · H

g(e) . Consequently, the
maximum height of a fast element is bounded by

max
t∈N,e∈Efast

hπfast
t (e) ≤ g(e) ·

(
2H

g(e)

)
= 2H = 2c ln n. ◀

For the slow elements, we serve them using a Round-Robin strategy. Since their growth
rate is low, we only need to service them every O(n) timesteps to keep the height below
O(log n). We obtain the main result by interleaving the two schedules.

ICALP 2026
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▶ Theorem 4.2. For every c > 2, there exists a schedule π such that h(π) ≤ 3c ln n.

Proof. We employ a weighted interleaving strategy. Let πfast be the infinite schedule from
Lemma 4.1. Let πslow be a Round-Robin schedule of the n elements (i.e., it cuts I1, . . . , In

cyclically such that e1 ∈ I1, . . . , en ∈ In). We construct a combined schedule π by using the
fast schedule 2/3 of the time and the slow schedule the remaining third. Formally, for time
steps t ∈ N:

If t ̸= 0 (mod 3), we execute the next move from πfast.
If t = 0 (mod 3), we execute the next move from πslow.

In the schedule πfast, the height is bounded by 2c ln n. Thus, the height is bounded by:

3
2H = 3c ln n.

In π, the schedule πslow is executed every third step. Since πslow has a period of n, every
element is guaranteed to be cut at least once every 3n steps. For any e ∈ Eslow, the growth
rate is g(e) ≤ τn. Thus, the maximum height for any e ∈ Eslow is at most

3n · τn = 3n · c ln n

n
= 3c ln n.

We conclude that the schedule π has a height of at most 3c ln n. ◀

4.2 Lower Bound
We now show that the previous schedule is tight (up to constant factors). The main idea is
that every instance where the growth rate is bounded from below and that has a schedule
with low height must have a small covering by independent sets. Then, we try to construct
instances with high growth rates that are hard to cover.

▶ Theorem 4.3. For every k ∈ N there is a CBGT instance with n =
(2k

k

)
elements for

which every infinite valid schedule has height at least 1
4 log2 n.

Proof. Let the set of elements E be the collection of all subsets of [2k] with size k; i.e.,

E = {S ⊆ [2k] | |S| = k}.

The collection of feasible cuts I consists of sets containing a fixed element from the universe
[2k]. Specifically, for each i ∈ [2k], we define:

Ii = {S ∈ E | i ∈ S}.

We let I be the downward closure of {I1, I2, . . . , I2k}.
We consider the growth vector given by the coefficients λ(Ii) = 1

2k for all i ∈ [2k]. These
coefficients sum to

∑2k
i=1 λ(Ii) = 1, and for any element S ∈ E:

g(S) =
∑

i∈[2k] : S∈Ii

λ(Ii) =
∑
i∈S

1
2k

= |S|2k
= k

2k
= 1

2 .

We now show that for any infinite valid schedule, there exists an element S∗ ∈ E that
is not cut during the first k time steps. Let the schedule select the cuts Ii1 , Ii2 , . . . , Iik

in
the first k steps. Let J = {i1, . . . , ik} ⊆ [2k] and note that |J | ≤ k. Therefore, there exists a
subset S∗ ⊆ [2k] \ J with |S∗| = k. Furthermore, this set has not been cut as J ∩ S∗ = ∅.
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The height of S∗ at time k is:

hk(S∗) = k · g(S∗) = k

2 .

Using the bound n =
(2k

k

)
< 22k, we have that k > 1

2 log2 n. Substituting this into the
previous equation we obtain

hk(S∗) >
1
2

(
1
2 log2 n

)
= 1

4 log2 n. ◀

A similar, albeit more involved, construction via algebraic methods can push the constant
in the lower bound.

▶ Theorem 4.4 (⋆). For every k ∈ N there is a CBGT instance with n = 2k − 1 elements
where every infinite valid schedule has height at least 1

2 log2(n + 1)− 1
2 .

4.3 Efficient Implementation
We now show how to efficiently implement the schedule from Subsection 4.1. Note that we
can find some I ∈ I with e ∈ I by calling the maximum-weight independent-set oracle with
we = 1 and we′ = 0 for all e′ ̸= e. (If I is downward-closed, we can just take I = {e}.) Thus,
computing πslow requires only one oracle call per e ∈ Eslow.

▶ Lemma 4.5. For any CBGT instance (E, I, g), the schedule πslow can be computed by
making n queries to a maximum-weight independent-set oracle for I.

We next describe how to implement an appropriate schedule for the fast elements.
Given a height vector h ∈ QE

≥0, we define the potential of h as Φ(h) =
∑

e∈Efast
exp(h(e)).

Furthermore, if we are given a height vector h ∈ QE
≥0 and an independent set I ∈ I, we

define the potential of h after cutting I as

Φ(h, I) =
∑

e∈Efast\I

exp(h(e) + g(e)) +
∑

e∈Efast∩I

exp(g(e)).

Given a height vector h ∈ QE
≥0, one can find an I ∈ I minimizing Φ(h, I) using the maximum-

weight independent-set oracle. Indeed, observe that for any I ′ ⊆ E and any e /∈ I ′ we
have

Φ(h, I ′ ∪ {e}) =
{

Φ(h, I ′) + exp(g(e))− exp(g(e) + h(e)) if e ∈ Efast,

Φ(h, I ′) otherwise.

Thus, the problem of minimizing Φ(h, I) over I ∈ I is a maximum-weight independent-set
problem when we set we = exp(g(e) + h(e)) − exp(g(e)) ≥ 0 for e ∈ Efast and we = 0 for
e ∈ E \ Efast.

We show that the algorithm that greedily chooses a cut minimizing the potential at every
time step (see Algorithm 1) is an appropriate schedule for the fast elements.

▶ Lemma 4.6. For n ≥ 3, the schedule computed by Algorithm 1 keeps the height of fast
elements below 4 ln n during the first n timesteps; i.e.,

max
e∈Efast,t∈[n]

ht(e) ≤ 4 ln n.

ICALP 2026
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Algorithm 1 Greedy Potential Scheduling.
Input: A CBGT instance (E, I, g).
Output: π = (π1, π2, . . . , πn) a valid schedule of length n.

1: h← (0, . . . , 0)
2: for t = 1, . . . , n do
3: Choose I ∈ I minimizing Φ(h, I).
4: πt ← I

5: for e ∈ E do
6: If e /∈ I, then h(e)← h(e) + g(e). Otherwise, h(e)← g(e).
7: end for
8: end for

Proof. Let 0 = h0, h1, . . . , hn ∈ QE
≥0 be the n+1 height vectors obtained during the execution

of Algorithm 1. We define ρn = 1− τ3
n < 1. Let λ : I → [0, 1] be such that

∑
I∈I λ(I) = 1

and g(e) ≤
∑

I∈I : e∈I λ(I).
Note that Φ(ht+1) = minI∈I Φ(ht, I) ≤ EI(Φ(ht, I)), where we consider the random

choice of an independent set I ∈ I according to the probability distribution λ. Thus,

Φ(ht+1) ≤ EI(Φ(ht, I))

=
∑

e∈Efast

exp(g(e))PI [e ∈ I] +
∑

e∈Efast

exp(ht(e) + g(e))PI [e /∈ I]

≤
∑

e∈Efast

e + (1− g(e)) exp(g(e)) exp(ht(e)). (7)

Since exp(z) ≤ 1 + z + z2 for z ∈ [0, 1], we obtain

(1− g(e)) exp(g(e)) ≤ (1− g(e))(1 + g(e) + g(e)2) = 1− g(e)3 ≤ ρn. (8)

Putting (7) and (8) together, we obtain

Φ(ht+1) ≤ en + ρnΦ(ht).

Applying the previous inequality repeatedly, for every t ∈ [n] we obtain that

Φ(ht) ≤ Φ(h0)ρn
n + en

n−1∑
i=1

ρi
n ≤ n + en

1− ρn
≤ 1− ρn + e

1− ρn
n ≤ (1 + e)n

τ3
n

.

Using that 1 + e ≤ (c ln n)3 for n ≥ 3, we conclude that for every e ∈ Efast and t ∈ [n], it
holds that

ht(e) ≤ ln(Φ(ht)) ≤ ln
(

(1 + e)n4

(c ln n)3

)
≤ 4 ln n.

This completes the proof. ◀

Interleaving the schedule of Lemma 4.5 with the one of Lemma 4.6 we obtain the following.

▶ Theorem 4.7. For any CBGT instance (E, I, g) with n elements there is an infinite
valid schedule π of period 2n such that h(π) ≤ O(log n). Furthermore, this schedule can be
computed by making at most 2n queries to a maximum-weight independent-set oracle for I.

Proof. If n ≥ 3 the interleaving of the schedules in Lemmas 4.5 and 4.6 gives the desired
result. If n < 3, the schedule πslow of Lemma 4.5 has a guarantee of 2. ◀
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5 Open Problems

We conclude with some open problems.
Let us call a CBGT instance (E, I, g) a matroid instance if (E, I) is a matroid. We

have shown that any matroid CBGT instance has a schedule π with h(π) < 2. However,
the implementation suggested by our proof uses time exponential in the number of bits
required to represent g. Ideally, we would like an algorithm which is given access to I through
some reasonable oracle (e.g. an indepence oracle) and which implements a schedule π with
h(π) < 2 (or even d(π) < 1) in time polynomial in both |E| and the number of bits required
to represent g.

▶ Open Problem 1. Does there exists a polynomial-time implementation of a height-2
schedule for matroid CBGT instances when access to I is given through some natural oracle?

The notion of a ℓ-system was introduced by Jenkyns in the 1970s [28]. An independence
systems (E, I) is a ℓ-system if, for any S ⊆ E, the ratio of the smallest to the largest maximal
independent subset of S is at most ℓ. Examples of ℓ-systems include the set systems obtained
from the intersection of ℓ matroids [34]. Moreover, matroids are exactly the 1-systems. As
we have shown that the family of matroid CBGT instances admit height-2 schedules, it is
natural to ask the following.

▶ Open Problem 2. Is there a function f : N→ N such that all ℓ-system CBGT instances
admit an f(ℓ)-height schedule?

We note that the lower bound presented in Theorem 4.3 is a Θ(|E|)-system. Indeed, for
the set system (E, I) of Theorem 4.3, consider the subset

S = {X ∈ E | 1 ∈ X and 2 /∈ X} ⊆ E

and choose X1, X2 ∈ E such that X1 ∩X2 = {2}. Note that {X1, X2} and {X ∈ S | 1 ∈ X}
are the smallest and largest maximal independent sets respectively. Since their sizes are 2
and

(2k−2
k−1

)
≥ 1

4
(2k

k

)
= 1

4 |E| respectively, we conclude that (E, I) is a Θ(|E|)-system. This
implies that if such an f exists, we must have f(ℓ) = Ω(log ℓ).
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