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—— Abstract

Given a graph and two vertices s and ¢, the Replacement Path Problem (RP) is to compute for every
edge e, the distance between s and ¢t when e is removed. There are two natural extensions to RP:

Single Source Replacement Paths (SSRP): Given a graph G and a source node s, compute
for every vertex v and every edge e the s-v distance in G \ e. That is, we do not fix the target
anymore.

2-Fault Replacement Paths (2-FRP): Given a graph G and two nodes s and ¢, compute for
every pair of edges e, e’ the s-t distance in G \ e,e’. That is, there are two failures instead of one.

Previously, there was no known formal reduction between SSRP and 2-FRP. It seemed plausible
that 2-FRP would be computationally harder because there are no settings where 2-FRP admits a
faster algorithm than SSRP. In directed unweighted graphs there is a provable gap in complexity,
and in undirected graphs many of the known 2-FRP algorithms in a variety of settings are much
slower than those for SSRP in the same setting.

The main contribution of this paper is a tight reduction from undirected 2-FRP to undirected
SSRP, showing that contrary to prior intuition, 2-FRP is not harder than SSRP. As our reduction is
weight-preserving, we get new algorithms for 2-FRP that match the best-known runtimes for SSRP:
(a) O(Mn®) for weights in [1..M] [Grandoni and Vassilevska Williams, FOCS 2012 & TALG

2019], improving upon O(Mn*®7) [Chechik, Zhang, ICALP 2024];

(b) n?/29(V1e™) for weights in [1.. poly(n)] [Grandoni and Vassilevska Williams, FOCS 2012
& TALG 2019], improving over the previous n® polylog(n) running time [Vassilevska W.,
Woldeghebriel and Xu, FOCS 2022];

(c) O(mn'/? +n?) combinatorial time for unweighted graphs [Chechik and Cohen, SODA 2019],
and more generally for rational weights in [1,2] [Chechik and Magen, ICALP 2020], improving
upon O(n*~1/18) [Chechik, Zhang ICALP 2024].

We complement these upper bounds with tight lower bounds under fine-grained hypotheses.
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1 Introduction

In the Replacement Path problem (RP) one is given a graph G and two fixed nodes s and ¢ and
is asked to compute for every possible failed edge e of G, the distance between s and ¢ in the
subgraph G\ e. Beyond its clear application for distance computation in error-prone networks,
the problem serves as a critical algorithmic primitive in diverse domains: it can be used to
identify segments in biological sequence alignments [14], to calculate Vickrey Prices in an
auction on a distributed network [33, 27], and as a subproblem in an algorithm for computing
the kth shortest simple s-t paths in both directed and undirected graphs [30, 45, 35, 37].

For undirected graphs, a near-linear, @(m)1 time algorithm was first proposed by Malik
et al. [31] (with corrections in [38]), and later improved by Nardelli, Proietti, and Widmayer
to O(ma(n,m)) [32]. Interestingly, RP is computationally harder in directed graphs: the
general weighted version is equivalent to the All-Pairs Shortest Paths (APSP) problem, with
reductions existing in both directions [21, 41].

The popular APSP Hypothesis from Fine-Grained Complexity (see e.g. [40]) states that
APSP in n-node graphs requires n3~°() time in the word-RAM model of computation. Due
to the equivalence, the APSP Hypothesis implies an n3~°() time lower bound for RP in
directed graphs as well. Truly subcubic? time algorithms exist for graphs with small integer
weights [37, 39, 43] and for the approximate version of the problem [8].

The two most studied generalizations of RP involve either increasing the number of failures
or relaxing the target constraint. The first considers the failure of two edges simultaneously,
while the second generalizes the target by requiring the computation of the distances from a
fixed source s to all other vertices v € V(G) after the failure of each edge e. More formally,
the two obtained problems read as follows.

Single Source Replacement Paths Problem (SSRP)
Input: A graph G and a node s € V(Q).
Output: The distance dg\.(s,v) for each edge e € E(G) and node v € V(G).

Dual-Fault Replacement Path Problem (2-FRP)
Input: A graph G and nodes s,t € V(G).
Output: The distance dg\. e (s,t) for all e,e’ € E.

We remark that for both problems the output size is actually quadratic. In SSRP this is
because for each v € V(G) we only care about dg\.(s,v) for e on the shortest path 7g(s,v)
between s and v. Similarly, for 2-FRP we only need to consider e, ¢’ on the shortest s-t path
in G and G\ e, respectively.

Next, we summarize our algorithmic understanding of SSRP and 2-FRP (see also Table 1).

Previous results on SSRP. In a general graph, SSRP admits a simple O(mn) time algorithm
by solving SSSP in G \ e for each e in the shortest path tree of s in G. This is optimal even
in undirected graphs under the APSP hypothesis [15] (a previous Q(nm) lower bound was
already established in the path comparison model [28, 29]).

The first to study SSRP in depth were Grandoni and Vassilevska Williams [22, 23],
who positioned the problem not only as a generalization of RP but also as a fundamental
component for constructing faster distance sensitivity oracles (DSOs). They provided

1 The O(-) notation suppresses factors in O(polylog(n)).
2 A running time is truly subcubic if it is of the form O(n®¢) for constant ¢ > 0.
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Table 1 Upper and lower bounds for SSRP and 2-FRP under different graph settings before this
work. Under the current bounds APSP can be solved in time n®/exp(Q(v/Togn)) [44]. The last two
rows refer to combinatorial algorithms. The cells colored in yellow are improved by this paper.

. . SSRP 2-FRP

Setting | Weights Upper Bound Lower Bound | Upper Bound  Lower Bound
undir. [1..n°] APSP-time [23] APSP-hard [16] O(n?) [a2] APSP-hard [26)

dir. [1..n°] APSP-time [23] APSP-hard [16] O(n?) [42] APSP-hard [41]

dir. [-M..M]| OM°®1n?%)2q ? O(Mn*®7") 117] ?
undir. [1..M] O(Mn*) [23] ? O(Mn?®") 17] ?

dir. [1..M] O(Mn®) [23] ? O(Mn?%7) 117] ?
undir. | QN[L,2] | O(mn’? +n?) 6] mn'/?°W [16] O(n®) [42] ?

dir. QNI[L2] | O(mn'? +n?) 6] mn' 2=o(1) 14 O(n?) [42] ?
undir. unweigh. | O(mn'/? +n?) 15] mn! 2= [15] Om3 V¥ 7 ?

dir. unweigh. | O(mn'/2 +n?) 16] mn! 2=o() [14] om* 7 nd 3=0() 49)

algorithms running in O(M?Y/(4=«)p2+1/(4=w)) time for directed graphs with weights in
[-M..M] and in O(Mn®) time for weights in [1..M]; the latter matches the runtime
for the RP problem itself. Notably, [22, 23] demonstrates that SSRP in general graphs also
reduces to APSP, establishing a computational equivalence between the two problems and,
by extension, directed RP. Subsequent improvements for the [ —M .. M | weight domain were
later provided by [24] and [11].

Combinatorial algorithms for RP and SSRP have also been intensively studied. For RP
in m-edge, n-node directed unweighted graphs, Roditty and Zwick [37] gave an O(m+/n)
time algorithm and Vassilevska Williams and Williams [41] showed that this is optimal for
“combinatorial”® algorithms unless the so called BMM Hypothesis is violated; the latter asserts
that Boolean Matrix Multiplication (BMM) does not admit an O(n3~¢) time combinatorial
algorithm for any £ > 0. Chechik and Cohen [15] showed that roughly the same running time
and conditional lower bounds hold for undirected unweighted SSRP by giving an @(ﬁernz)
time combinatorial algorithm and a matching combinatorial lower bound under the BMM
Hypothesis. Then [16] obtained the same running time for directed unweighted graphs and
even for directed graphs with rational weights upper bounded by a constant (derandomized
in [11]) and showed that the latter version requires mn®>~°() time even under the APSP
hypothesis. Lastly, SSRP has also been studied in specialized graph classes, such as planar
graphs [4], and in the approximate setting [3, 10, 2, 11, 25]. (In the latter, to bypass the
quadratic output lower bound, SSRP is often framed as an oracle problem.)

Previous results on 2-FRP. Early on, it was conjectured that 2-FRP might admit an @(n3)

time algorithm [9], matching the complexity of the single-failure case in directed graphs.

The existence of such an algorithm was eventually established nearly twenty years later by
Vassilevska Williams, Woldeghebriel, and Xu [42]. Interestingly, in undirected graphs, 2-FRP
reduces to APSP [26, 19]. Consequently, the two-failure case in both undirected and directed
graphs shares the same cubic-time complexity. This is in stark contrast to the single-failure
setting, where the problems exhibit significantly different computational profiles.

Similar to the developments in SSRP, research has also focused on small-weight and
approximate algorithms for 2-FRP. In [42], an (algebraic) algorithm with a running time
of O(M?/31n29153) was introduced for weights in [ —M .. M]. The authors also obtained a

3 Not a well-defined notion but used in the literature anyway.
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conditional lower bound for combinatorial algorithms for unweighted directed graphs under
the BMM Hypothesis. However, this lower bound of n8/3=°(1) was subcubic and thus left
open the possibility that a subcubic combinatorial algorithm is possible. Subsequently,
Chechik and Zhang [17] were able to obtain the first truly subcubic combinatorial algorithm
for unweighted 2-FRP, running in O(n?~1/18) time. They also obtained a slightly improved
O(Mn?8716) (algebraic) algorithm for weights in [—M .. M].

Finally, regarding approximation schemes, Chechik and Zhang [18] also demonstrated

that a (1 + )-approximation for 2-FRP can be achieved in near-optimal O, (n?) time.

SSRP vs 2-FRP. The preceding literature suggests that 2-FRP is inherently more difficult
than SSRP. There are no settings where the former admits a faster algorithm than the
latter; even in the undirected case — specifically for small edge weights and combinatorial
algorithms in unweighted graphs — a clear complexity gap exists. In unweighted directed
graphs, this gap is even provable for combinatorial algorithms: directed SSRP admits an
O(mn'/? + n?)-time combinatorial algorithm [16], whereas directed 2-FRP is subject to a
conditional combinatorial lower bound of n®/3=°(1) [42].
We consider the following tantalizing question:

Is 2-FRP computationally harder than SSRP in undirected graphs?
Is it harder than APSP in arbitrary integer weighted graphs?

Our Results

In this paper, we demonstrate that for undirected graphs the opposite of our intuition holds:
we show that the seemingly more difficult 2-FRP problem can, in fact, be reduced to the
seemingly easier SSRP problem.

Our reduction considers two cases: whether both failed edges e, ¢’ lie on the s-t shortest
path or if only one does (note that at least one must always lie on this path). For the former
case, we show that it can be handled in the same time as SSRP on graphs with the same
edge weight set.

» Theorem 1. Let Tssgrp(n, m, W) be the time needed to compute SSRP in an undirected
graph with n nodes, m edges, and positive weight set W. If there is a constant 0 < p <1
such that

Tssrp(n1, my, W) + Tsspp(na, ma, W) < p - Tssgp(n, m, W)

for allny +ns < n+1, m +mo < m and ny,ne < 2n/3, then we can compute all
values dg\e,e (s,t) such that e,e’ € ng(s,t) in time O(Tsspp(n,m, W) +n?) if p <1, and
O(Tssrp(n, m, W)log® n + n2) otherwise.

Note that in Theorem 1, the assumptions on Tssgrp are more than reasonable and align
with standard algorithmic running times. For instance, any function of the form n®m for
a >0, or n®mP for @ > 1 and 8 > 0, satisfies these conditions with p < 1; similarly, any
function of the form m® for a > 1 satisfies it with p = 1.

For the latter case when ¢’ ¢ mg(s,t), we obtain a reduction in a stronger sense. Spe-
cifically, we show that it suffices to compute SSRP on the same graph from both s and ¢,
followed by O(n?) additional work.

» Theorem 2. Let G be an undirected graph with n nodes and positive weight set, and
let s,t € G be two nodes. Further, let T be the time needed to solve SSRP from s and t.
Then, we can compute all values dge,e (5,t) such that e € Tg(s,t) and ¢’ ¢ mg(s,t) in time
T+ O(n?log?n).
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Our reduction also yields faster algorithms; specifically, it allows us to take the upper
bounds for SSRP from each row for undirected graphs in Table 1 and apply them directly to
2-FRP. More specifically, combining Theorem 2, Theorem 1 with [22, 23] and [15, 16]* (and
the fastest APSP algorithm to date [44]), we obtain the following faster algorithms for 2-FRP
in undirected graphs.

» Corollary 3. In undirected graphs there are the following algorithms for 2-FRP:
(a) An O(Mn®)-time algorithm for weights in [1..M];

(b) An n3/29(\/@)—time algorithm for weights in [1.. poly(n)]; and

(c) An O(mn'/? + n?)-time (combinatorial) algorithm for rational weights in [1,2];

As a side-result of our reduction, we establish that undirected 2-FRP is computationally
equivalent to the following other problems on general weighted graphs: directed RP, directed
or undirected SSRP, and directed or undirected APSP. In other words, tolerating a single
failure is computationally equivalent to tolerating two, provided we make the underlying
network undirected.

Lower bounds. We complement the algorithmic results presented in Corollary 3 with
corresponding lower bounds. The tightness of Corollary 3(b) is immediate; by combining
the results of [26, 19] with our reduction, we establish the APSP-equivalence of 2-FRP for
weights in [1.. poly(n)].

Regarding Corollary 3(a) and Corollary 3(c), we provide lower bounds based on the BMM
and APSP hypotheses for the regime m = Q(n/?), where the output-size lower bound is
non-dominant.

» Lemma 12. Consider the problem of solving 2-FRP in a graph with n nodes and m edges.
If m = Q(n®/?), then for any € > 0, there is no
(i) O(mn'/?=2) combinatorial algorithm for unweighted graphs, unless the BMM hypothesis
1s false;
(i) O(mn'/2=¢) algorithm for graphs with rational weights in [1,2], unless the APSP
hypothesis is false;

Interestingly, our reduction proceeds via a version of triangle detection in sparse graphs
with unbalanced partition sizes; for certain values of m, this could imply a non-combinatorial
lower bound even for the unweighted case. (See Section 2.1 for a more detailed discussion.)

A note on the structural connection between SSRP and 2-FRP. From a structural
perspective, existing results already demonstrate a relationship between dual-failure fixed-
endpoints and single-source single-failure instances in undirected graphs. To see this, we
recall the Restoration Lemma, a classic result by Afek et al. [13] (recently improved by [12]).

» Theorem 4 (Restoration Lemma [13]). Given an undirected graph G, any shortest path
me\r(s,t) where F' C E(G) and |F| = f can be decomposed into f + 1 shortest paths in G
and f edges in-between.

This lemma implies that any shortest path 7g\,e/ (s, t) can be decomposed into g\ (s, u)o
{u,v}omg\e(v, ) for some u,v € V(G). This establishes a clear structural link between dual-
failure scenarios with source/target s,t¢ and single-failure instances with source s and ¢ and

4 Works [22, 23, 16] are formulated on directed graphs, but it is possible to verify that the algorithms
work on undirected graphs as well.
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arbitrary target. However, it remains highly unclear how to use this lemma algorithmically;
the search for the intermediate vertices u, v ranges over n possible vertices each, and both
must ensure that the subpaths 7g\.(s,u) and mg\.(v,t) do not contain the second failed
edge ¢’. In fact, our reduction does not rely on this lemma; instead, for most cases, we
manage to use a simpler decomposition consisting of a shortest path in G, an individual
edge, and a shortest path in G \ e.

Open questions. We pose the following two questions connected to this work:
Is a reduction from 2-FRP to SSRP possible for directed graphs, at least in a weaker form?
In the directed case, if no reduction from 2-FRP to SSRP can be found, can we at least
demonstrate that 2-FRP reduces to APSP, thereby establishing that one and two failures
are computationally equivalent in general graphs?

2 Overview

In this section, we provide a concise overview of our results; complete proofs are available in
the full version of this work [34].

This overview is organized into three parts. First, we present our reduction across two
(sub)sections: the first addresses the case where both failed edges, e and €', lie on the shortest
path 7g(s,t) (Theorem 1), while the second covers the case where only e belongs to wg (s, t)
(Theorem 2). Finally, we conclude by presenting our lower bounds.

Notation is intended to be clear from the context; however, the reader may refer to [34]
for further clarification.

We begin with an overview of the reduction. Throughout this discussion, for simplicity,
we assume G has unique shortest paths (with the important property that subpaths of
shortest paths are themselves shortest paths). Furthermore, we assume the availability of an
algorithm for computing SSRP on any graph using the same weight set as G.

Case €/, e € mg(s, 1)

To compute dg(s,t) for all e, e’ € ng(s,t), say we adopt a divide-et-impera approach. Then,
the most natural thing is to attempt the following strategy: first select a midpoint ¢ € wg (s, t)
(see Figure la) and compute dg\c . (s,t) for all e € mg(s,c) and €’ € mg(c,t) (here our SSRP
subroutine should prove helpful). We then construct two auxiliary graphs, A and B (sharing
the same weight set as G), and recurse to compute dg\c, (s, t) for all e, e’ € mg(s,c) and
e, ¢ € mg(c,t), recursively.

Computing dg\e,e’(s,t) for all e € (s, c) and e’ € mg(c,t). This turns out not to
be the hard part. Let L and R be G where we remove all edges of ng(c, t) and g (s, c),
respectively (see Figure 1b and Figure 1¢). Suppose we compute SSRP in L and R from s
and ¢, respectively. Order the nodes on wg(s,t) from the closest to s to the farthest, letting
= be the preceding relation. For edges e = {u,v} € mg(s,c) and ¢/ = {v/,v'} € 7a(c, t) such
that u and v’ are closer to s than v and v’, respectively, we claim that the desired value
dg\e,e(5,1) equals:
min {dp\.(s, 2) + da(z,1)},

v/ <zXt

dg\e,e'(5,t) = min Sglgu{dg(s, z) +dr\er(2,1)}, ¢ - (1)

dG\e(Sa C) + dG\e’ (Ca t)
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G L R
s c t s c t s c t
*r—o—0o—0—0 L] L] L] L] L] L] L] L] *r—o—0o—0—0
TG (57 t)

(a) (b) ()
G G G
s z € c e t S e c e t S e c e’ t
u-v u' v u-v u' v u-v u' v
(d) (e) (f)

Figure 1 Some visualizations of the introduced notation when computing dg\e,e (s, ).

It turns out that by using some simple tricks, Equation (1) can be computed in O(n?)
overall time for each e € g (s,c) and €’ € wg(c,t). We defer the discussion to the full proof.
To provide intuition for the correctness, we explain why Equation (1) is upper bounded
by dgye,er(5,t). To see this, we perform a case distinction on 7g\e e (8,1):
TG\e,e’ (5,1) does not use any vertex x € mg(s,t) such that v < < ¢. Then, the last
node z € (s, t) visited by mg\e,e/ (s, ) must satisfy z < u (see Figure 1d). In this case,
TG\e,e’ (5, 1) between s and z equals mg (s, z), and between z and ¢, where no other edge
of mq (s, ¢) is visited, it must coincide with mr\/(2,t). We conclude that mg\e,e (8,1) is
captured by the second term of Equation (1).
TG\e,e’ (8, 1) does not use any vertex y € mg(s,t) such that ¢ <y < u’. Using a symmetric
argument to the one above, this case is captured by the first term of Equation (1).
TG\e,er (8, ) uses a vertex x € mg(s,t) such that v < 2 < c and a vertex y € ng(s,t)
such that ¢ < y < u' (refer to Figure le and Figure 1f to see the two possible ways
TG\e,e’ (8, 1) might look in this case). Since no edge on 7g(s,t) between = and y equals e
or €/, the path mg\¢,e/(8,t) between z and y equals ng(z,y) and, in particular, passes
through c. Since dg\.(s,c) and dg\e (¢, t) are always less than or equal to dg\e e (s, c)
and dg\e,e (¢, ), the third term of Equation (1) is upper bounded by dg\e e/ (s, 1)
It remains to show why Equation (1) is lower bounded by dg\c e (s,t). It is not difficult to
see that the first and second terms are lower bounded by dg\c.(s,t) because the described
paths never use e or €’. For the third term, the complete argument for which we omit, we
essentially need to argue that if mg\.(s,c) or mg\e/(c,t) uses €’ or e, then there exists a
shorter option for T\ e (s, ) different from the path described by those terms and captured
by the other first two terms.

Constructing A and B. Ideally, we would like to pick ¢ and construct A and B such that
each contains roughly half of the nodes of G. If we pick ¢ to be roughly in the middle of
ma(s,t) (the exact definition of which we leave unspecified for now), a natural candidate
for A would be the subtree rooted at ¢ within the shortest path tree rooted at t. By
picking A in this manner, we obtain the useful property that for any e,e’ € ng(s,c), as
S00N as T@\e e (5,1) Visits the first vertex z ¢ A, the path mg\c e (s,t) from z to t coincides
with wg(z,t), as this path contains neither e nor ¢’. By further adding to A an edge
from c to every node x € A with weight min_ga {w(z,2) + da(z,t)} — da(c,t), we have
dave,e (8,¢) +da(c,t) = dg\e,er(5,1) because such new edge captures the segment 7g(z,t)
and the edge {z,z} before z on Tg\c e (5,1).
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This last construction is nice because it lets us condense G into A that acts well for
the purpose of computing dg\e,. (s, 1) for e, e’ € ma(s,c). However, the construction works
against the objective of creating a universal reduction that preserves edge weights: The
newly added edge might be of increased edge weight and A would not have the same edge
set as G! Generally, when condensing G into A, we should always expect to encounter this
behavior, regardless of how we choose the smaller subgraph A.

A technical contribution to SSRP as workaround. As a workaround, we establish that
the added weights do not, in fact, impact our capability to compute SSRP on A. Formally,
let H be a graph with a positive weight set W and let s denote a vertex. We define short-cut
weights ws as weights that satisfy du (s, z) < ws(z) for every x, and the augmented graph as
the result of adding edges {s, x} with weights ws(x) to H. (Clearly, A is captured by this
construction because min,¢a{wa (7, 2) +da(z,t)} > dg(z,c) + da(c,t) for each x € A.)
We show that SSRP can be solved in the same time complexity even with such weights.

» Theorem 5. Let G be an undirected (resp. directed) n-node graph with a set of positive
weights W. Let s € G be a node, and let ws denote shortcut weights w.r.t. s (where ws(x)
is not necessarily in W ). Furthermore, let G be the graph G augmented by w,. Then, for
Tssrp(n,m, W) and p as in Theorem 1, we can solve SSRP in G with source s in time
O(Tssrp(n, m, W) +n?) if p < 1, and O(Tssgp(n, m, W)logn + n?) otherwise.

Theorem 5 serves not only as an essential component of our reduction but also as a mean
to simplify existing SSRP results. Notably, these weights have appeared (either implicitly or
explicitly) in some prior algorithms [22, 23, 16]. Consequently, we consider Theorem 5 to be
a technical contribution of our work.

Getting back to the construction of A and B. Theorem 5 is the key to devise our divide-
et-impera approach, yet the implementation remains non-trivial. Several technical details
must still be addressed:
The recursive scheme must operate on graphs G augmented by short-cut weights ws and
wy (relative to s and ¢ in G), which are accumulated as the recursion descends.
Defining A as previously established is insufficient; we must ensure that the shortest
path from s to any z € A is contained within A itself. Otherwise, shortcut edges might
become shorter than the true distances from s. The current definition of A does not
guarantee this property, but some similar variant of it will.
We must select both A and B such that they are disjoint and partition the nodes roughly
in half.
We must prove we can compute SSRP with shortcut weights as fast as without shortcut
weights not only within A (resp. B) but also within R (resp. L). Indeed, in R (resp. L),
upon removing a specific set of edges in 7g(c,t) (resp. ma(s,¢)), the short-cut property
du (s, z) < wg(x) might not hold anymore; however, the removed edges are sufficiently
structured that we can show that this is possible.

Case €’ € mg(s,t)

While the case where e’ € mg(s,t) was handled via a divide-et-impera approach, the case
e’ ¢ ma(s,t) requires extensive structural analysis and several case distinctions.

The underlying strategy is to characterize the path 7g\c . (s,t) as the concatenation of
a shortest path m7g(s,r) in G, a single edge {x,y}, and a path of the form 7g\.(y,t) or
TG\e’ (¥, t). While it is challenging to provide a holistic treatment of every case, we limit our
discussion to describing the primary tools used to simplify 7g\¢ e (s,t) to the desired form
and provide one example of such simplification.
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To this end, let us introduce some notation. Let Tg(s) denote the shortest path tree
rooted at s in G. For any node x € V(QG), let Tg (s, x) denote the subtree of Tg(s) rooted
at x. Lastly, given an edge e € Tg(s), we let T (s, e) be the subtree of Tg(s) below e.

The first (well-known) observation (which also highlights one of the primary reasons our
reduction is restricted to undirected graphs) that allows us to simplify ways paths are written
is the following:

» Proposition 6. Let G be a graph, and let s,t € V be nodes. Then, for any edge e =
{u,v} € na(s,t) such that u is closer to s than v we have Tg(s,v) NTg(t,u) = &, which
implies Tg\e(7,t) = ma(z,t) for any v € Ta(s,v).

Proof. For the sake of contradiction, assume that there is € Tg(s,v) N Ta(t,uv). From
x € Ta(s,v), it follows that e ¢ mg (v, ). Moreover, from x € T (t,u) follows v € Tg(t, x)
and e € mg(t, x), meaning 7g(t,z) = g (t,v) o g (v, z). But neither ng (¢, v) nor 7g (v, x)
uses e, a contradiction. |

Defining Fg (A, B) := E(G)N (A x B) for A,B C V(QG), the second observation is as
follows:

» Proposition 7. Let G be a graph, and consider two vertices s,t € G and a set of
edges F' C E(Ta(s)) such that all Ta(s,e) for different e € F' are pairwise disjoint. Let
S = eer V(Ta(s,e)) be the set of vertices below any edge of F.

Then, provided that t € S, there is {z,y} € Eq(V(G)\ S, S) with {z,y} ¢ F such that
we can write

7TG\F(S7 t) = ﬂ-G(S7 !L‘) o {377 y} o 7T(}\F(yv t)
Moreover, for such x,y we have that 7g\r(y,t) only contains vertices in S.

Proof. Let x be the last node visited by 7g\(s,t) that is contained in V/(G)\ S, and let y
be the node immediately after. This means that 7q\r(s,t) = Ta\r(s,2) o {z,y} o\ r (¥, 1),
where g\ p(y,t) only contains vertices in S. From x € V(G) \ S and from the assumption
on V(G)\ S we get that mg\r(s,z) = Ta(s, ), which concludes the proof. <

A simple showcase. As a (not too involved) example of how these observations are applied,
we showcase the computations performed to determine dge.e/(s,t) for all e, e’ such that
e € mg(s,t), ¢ ¢ Ta(s), and ¢ ¢ Eg(Ta(s,e), V(G)\ Ta(s,e)).

Consider such arbitrary e,e’. Note that since e’ ¢ Tg(s), we have Tg\¢/(s) = Ta(s). In
particular, Tg\¢ (s, e) = Ta(s,e). Thus, we can use Proposition 7 on G\ ¢/,s,t and F = {e}
to get that there is {x,y} € E(G) \ ¢ with x ¢ Tg(s,e) and y € Tg (s, e) such that:

TG\e,e’ (87 t) = TG\e (S, {17) © {CE, y} © 7-‘—G\e,e’(yv t) (2)

Since €' ¢ Ta(s) = Tg\e(s), we can simplify mg\e/(s,2) = 7ma(s,z). Moreover, from
Proposition 6 follows that Tg\ee/(y,t) = Ta\er(y, ). Altogether, Equation (2) simplifies to

TG\e,e’ (5’ t) = 7"-G(Sv l‘) ° {J), y} OTG\e/ (y’ t)' (3)

Now that the three components of Equation (3) are simpler, we can focus on computing
dg\e,e'(8,1) as

d (s,t) = min {d s$,x) +wa(x,y) +dg\e (Y, t } 4
G\e,e( ) 2T (5,6) WETa (s.¢) G( ) G( y) G\e (y ) ( )
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Some additional (algorithmic) tools. To this end, similarly to many works on replacement

Figure 2 This figure shows how T is split into T; and Ts.

paths, we employ what is commonly known as centroid decomposition.

» Lemma 8 (Folklore, Separator Lemma). Given a tree T with n nodes rooted at node s, one
can find in time a node c (called centroid) that separates T into 2 edge disjoint subtrees T1, Tq
such that E(T1)UE(Ts) = E(T), V(T1)NV(T2) = {c} andn/3 < |V(Ty)|,|V(T2)| < 2n/3.
(Refer to Figure 2 for a visualization.)

Another tool we need are common range query data structures.

» Lemma 9 (See [20, 7, 5, 6], Range Minimum Query). Let qo,...,¢qn—1 be n values. Then,
we can construct in O(n) time a data structure that answers queries of the type “return
minerq..p) 4o, ” in O(1) time, for any a,b € [0..n] with a <b.

» Corollary 10 (Range Minimum Query on Trees). Suppose for each vertex x of a n-node tree
we are given a value q,. Then, there is a data structure that can be constructed in time O(n)
and answers in time O(1) the following queries: return mingey q., where X is the union
and/or intersection of constantly many subtrees of T.

Proof. We order the nodes of T according to a pre-order traversal, obtaining the sequence
Zg,-..,Tn—1. The nodes of any subtree in T correspond precisely to a set {z; : 7 € [a..b)}
for some interval [a..b). This implies that any set formed by the union and intersection of
a constant number of subtrees in T also corresponds to the union of a constant number of
such intervals. Thus, any query for the data structure of Corollary 10 can be converted into
a constant number of queries to the aforementioned data structure. The final result is then
the minimum of the values returned by these queries. |

Getting back to Equation (4). We want to compute dg\ . (s,t) for all e, e’ as described
above via Equation (4). In this presentation, we will use one fact that we prove later in the
paper: there exists an (efficiently computable) set F' C E(G) of size |F| = O(n) that collects
all €’ (across also different e) falling into this case.

We solve the problem recursively. In the beginning, T := Tg(s). Our goal is to compute
the following expression for every e € E(T) Nng(s,t) and ¢’ € F:
{da(s.m) +wale.) +dev w1 | 5)

min
z€T\Ta (s,¢),yETa(s,e
In each level of the recursion, we split T into T; and Ts using Lemma 8, and find the
corresponding centroid c. Let nr,nT,,nt, be number of nodes in the corresponding tree.
For e € E(T1) Nwg(s,t) and ¢’ € F, we rewrite Equation (5) as

i d devw (y.6) 1,
xETf{%ﬂ(s,e){ c(s,2) +wa(z,y) +dg\e (v, t) }

mi yeTa(s,e)
Hel’lII‘l { dG(S7x)+wG(x7y) +dG\e’(yat) }
z€T>

y€Ta(s,e)
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where in the second term we use that if z € Ty and e € T, then z ¢ T (s, e). (notice that
this is only true when e is not on the path from the root of T to ¢, however if e is on such
path then the second term is non-existent, and we can ignore it.)
For the first term, we can recurse on T;. To compute the second term, we do the
following:
for each node y € G we compute h,, = minger,{dc(s,z) + we(z,y)} in time O(ny - n);
we setup for each ¢’ € F' a data structure from Corollary 10 where y has the associated
value hy, + dg\e (y,t) in time O(|F| - n) = O(n?).
for each e € Ty and €’ € F' we query maxycrg (s,e) {11y +da\e (¥, 1) } in time O(|F|-nt) =
O(nnt).

Similarly, when e € E(T2) N wa(s,t) we rewrite Equation (4) as

i d ) + ) + d 4 7t )
zeT;{l%g(s,e){ a(s,2) + wa(z,y) +da\e (y,1) }
yeTa(s,e)

rrelllp { da(s,z) + wa(z,y) + da\e (v, 1) }
T 1

y€Ta(se)

where we use again € Ty and e € Ty implies « ¢ T (s,e). As before, we can compute the
first term by recursing in T and the first by performing similar computations to above.

For the running time notice that first we need to compute SSRP from ¢ in G. Then, when
the recursion arrives to a certain tree T, we use time O(n -n) and we recurse on T; and Ts
that satisfy (nt, — 1)+ (nT, — 1) = (nT — 1). Since with every level of recursion nt shrinks
by a constant fraction, we get that the overall running time is O(n?logn).

2.1 Lower Bounds

As a first step, we demonstrate how to encode a single 2-FRP instance into another instance
of a more sparse triangle detection problem, formulated as follows:

Sparse (1/n,n,n)-Triangle Detection

Input: A tripartite graph G with m edges s.t. V(G) = AU B U C with |A] = O(y/n),
B, [C| = O(n).

Output: YEs if there are a,b,c € A x B x C such that (a,b), (b,c), (¢,a) € E(G), and
NO otherwise.

In the Sparse (y/n,n,n)-Minimum Weight Triangle Problem, the graph is additionally

weighted and we want to find a triangle of minimal weight.

15 was considered in [36] who related

2—o(1)

The Sparse (v/n,n,n)-Triangle Detection for m = n
its complexity to girth approximation in undirected graphs and hypothesized that n
time is required even using fast matrix multiplication. It is easy to observe that for any m,
one can combinatorially reduce BMM to Sparse (y/n, n, n)-Triangle Detection, so that under
the BMM Hypothesis mn®5=°(1) time is required for any m that is a polynomial function
of n.

In the All-Edge version of Sparse (1/n, n,n)-Triangle detection, one needs to decide for
every edge in B x C whether it is in some triangle. Abboud et al. [1] showed that this

1.5)

version of the problem (for m = n is equivalent to the so-called Fully Sparse Boolean

Matrix multiplication problem.
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Figure 3 An example of the construction of G for the Sparse (1/n,n,n)-Triangle Detection
Problem.

» Lemma 11. Given an instance of Sparse (v/n,n,n)-Triangle Detection, we can construct
an undirected, unweighted graph G with O(n) vertices and O(m) edges in time O(n+m) such
that the triangle problem can be solved by reading O(y/n) outputs of a 2-FRP computation
on G. Furthermore, if the objective is the minimum weight version rather than detection, a
similar construction holds where G is assigned rational weights in the range [1,2].

We note that our construction actually reduces the potentially harder All-Nodes version of
Sparse (y/n,n,n)-Triangle to 2-FRP.

Proof. Let (AU B UC, E) be an instance of sparse (y/n,n,n)-triangle detection, where
B={by,...,bn},C={ec1,...,cn}t and A= {aq,...,as} for some £ = O(y/n).

We construct the graph G as follows (see Figure 3 for an illustration). The vertex set of
G is partitioned into A, B,C, A’, X, Y, where A, B, C are inherited from the input instance.
The sets A’, X, Y contain copies of the vertices in A; specifically, A’ (resp. X and Y') contains
a copy a; (resp. x; and y;) for each ¢ € [1..4]. In X and Y we additionally add two dummy
vertices zo41 and ypy1.

The edge set of G contains the same edges as the triangle detection instance, with the
modification that edges of the type {c;,a;} in the original instance become edges of the form
{ci,a}} in G. For each i € [1../], we insert a path of length 4(n — i + 1) from z; to a; and
from a} to y;. Lastly, for each i € [1..¢], we connect x; with 2,11 and y; with y;41.

It is not difficult to see that the constructed graph G contains O(n+ Zle dn—i+1)) =
O(n) nodes and O(n + Ele 4n—i+1)+m)=0(m) edges.

For i e [1..4],let e; :== {w;,x;41} and €} := {y;,y;4+1}. Further, set s = z; and ¢t = y;.
We claim that for each ¢ € [1..4], dG\{ei,eg}(& t) = 11 + 8n — 6: if and only if there exist
b; and ¢, such that {a;,b;,c,} forms a triangle in the input instance (so we can get the
final answer from dg\{ei’e;}(s, t) for all 4 € [1..£]). To this end, we analyze the cost of a
path in G\ {e;, e,} that travels from s to z;, then to a;, takes a shortest path to a}, and
finally proceeds to y; and t. It is straightforward to verify that such a path has length
3+4(n—i+1)+4(n—i+1)+(i—1)+(i—1) = 114+8n—6i if a triangle exists (traversing b; and
¢k ); otherwise, the cost is at least one unit higher. To complete the proof, we show that this is
the only path that can achieve a cost of 11+ 8n —6i. Indeed, in G\ {e;, €;}, any path between
a; and aj has cost at least 3+4(n—1+1)+4(n—J+1)+(@—1)+()—1) = 114+8n—3i—3] for
any 7,7 € [1..4]. In particular, if 7 # ¢ or J # 4, then 11+ 8n — 37 — 37 > (11 4+ 8n — 6i) + 3.

When handling rational weights, we make G weighted as follows. Let M be the largest
weight in the input graph; we then assign to each edge {a;,b;} of weight w(a;,b;) in the
input graph a weight of 1 + w(a;,b;)/(M + 1) in G. We do the same for edges {b;,cx}
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and {cx,a;} (which are {cg,a}} in G). All other edges in G retain their original weight of
one. The proof of correctness is very similar to the unweighted case. It is easy to see that
for each i € [1..£], the same path we were considering before traversing a;, a; has cost
5+ 4n — 2i + (w(a;, bj) + w(bj, c) + wlck,a;))/(M + 1) for j,k € [1..n] that minimize
the sum w(a;, b;) +w(bj, ck) + w(ck, a;). Using the same analysis as before, all paths going
through other a; and a} have cost at least (5 + 4n — 2i) + 1, which is strictly greater than
5+ 4n — 2i + (w(a;, b;) +w(bj, cx) + w(ck, a;)) /(M + 1) because the fractional part is less
than one. <

With Lemma 11 at our disposal, Lemma 12 follows almost immediately.

» Lemma 12. Consider the problem of solving 2-FRP in a graph with n nodes and m edges.
If m = Q(n®/?), then for any e > 0, there is no
(i) O(mn'/?=2) combinatorial algorithm for unweighted graphs, unless the BMM hypothesis
1s false;
(i) O(mn'/2=2) algorithm for graphs with rational weights in [1,2], unless the APSP
hypothesis is false;

Proof. For (i), we show that any combinatorial algorithm running in (’)(mnl/z_s) time
implies a subcubic algorithm for triangle detection in a tripartite graph G = (AU BUC, E)
with n nodes per partition (which, in turn, implies a subcubic algorithm for Boolean Matrix
Multiplication).

To this end, we partition A into ©(y/n) disjoint sets, each of size O(y/n), and we partition
EN(BxC) into O(|E|/m) disjoint sets, each of size O(m). For each partition A’ of A and E’ of
EN(BxC), we apply Lemma 11 to the subgraph induced by (A’UBUC, E'U(E\ (B x (C)))
and execute 2-FRP on the resulting instance. Note that, crucially, m = Q(n3/?); since
|A’| = O(y/n), we always have |E N (A" x B)| = O(m) and |[E N (A" x C)| = O(m).
Clearly, this reduction determines whether G contains a triangle. The overall runtime is
(9(%2 -y/n-mnt/?7¢) = O(n®>¢), which contradicts the BMM hypothesis.

For (ii), we follow a similar approach, but instead of reducing from triangle detection, we
reduce from the negative triangle detection problem. |
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