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—— Abstract

We settle the problem of estimating the trace distance and (square root) fidelity between n-qubit
pure quantum states to within additive error €, given their independent samples, which was raised
as an open question by Wang (IEEE Trans. Inf. Theory 2024). This is achieved by a quantum
algorithm with optimal sample complexity ©(1/ 52), improving the long-standing folklore with sample
complexity O(1/e*). At the heart of our algorithm is a samplized phase estimation of the product
of two Householder reflections. This is realized by an improved (multi-)samplizer for pure states,
through which any quantum query algorithm using @ queries to the reflection operator I — 2|y )|
can be converted to a d-close (in the diamond norm distance) quantum sample algorithm using
0(Q?/6) samples of the state |1). This samplizer for pure states is also shown to be optimal.
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1 Introduction

Trace distance and fidelity are the two most commonly used measures of the closeness
between quantum states in many fundamental problems of quantum computation and
quantum information (cf. [33]), e.g., quantum state discrimination [10, 6, 4], certification [3],
and tomography [21, 34]. The trace distance between two mixed quantum states p and o is
defined by

T(p,0) ::%tr(’p—cﬂ). (1)

The (square root) fidelity between p and o is defined by
F(p,o0) = tr< ﬁpﬁ). (2)
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Sample-Optimal Quantum Estimators for Pure-State Trace Distance and Fidelity

To clarify, the squared fidelity F2(p, o) == (F(p, U))2 is also a closeness measure commonly
used in the literature. As a quantum analog of estimating the closeness (e.g., total variation
distance) between probability distributions [38], estimating the trace distance and (square
root/squared) fidelity between quantum states turns out to be a basic problem of broad
interest.

Figure 1 The SWAP test.

One of the earliest approach to this problem is the SWAP test [5, 9], as shown in Figure 1.
On input two pure quantum states |¢) and [¢)), the measurement outcome of the SWAP test
will be 0 with probability 1 + 1F?(|¢), [))," where

F2(l9), [v)) = [(el) . 3)

An e-estimate (in terms of additive error) of F2(|p), |¢)) can be obtained with high probability
by repeating the SWAP test O(1/¢?) times, which uses O(1/¢?) samples of |¢) and [)).
Through this approach, e-estimates of their trace distance and square root fidelity can be
obtained by using O(1/e%) samples,? according to the following identities

T(le), [4)) = VI=F2(l0); [¥)),  Flle): [¥)) = VE2(le), [4))- (4)

Since the discovery of the SWAP test, there has been a series of work on testing/estimating
the closeness of quantum states (see Section 3 for a comprehensive review). However, only a
few special pure-state cases are known to have optimal algorithms. In [1], it was shown that
e-estimating F2(|¢), [1)) requires 2(1/2) samples of |p) and |1), thereby implying that the
quantum circuit for the SWAP test in Figure 1 is the best (up to a constant factor) solution
to this task that we can hope for; equipped with quantum amplitude estimation [8], the
SWAP test further implies an optimal quantum query algorithm for e-estimating F2(|), |¢))
by using O(1/¢) queries to the state-preparation circuits of |¢) and |¢), where the matching
query complexity lower bound is due to [7, 32]. Given these results, one might presume that
the SWAP test would also work best for estimating similar quantities such as T(|p), [¢)) and
F(l¢), |1)). A piece of evidence against this is a recent quantum query algorithm proposed
in [39] for e-estimating T(|¢), [¢)) and F(|¢), |¢)) with optimal query complexity ©(1/¢),
which is not based on the SWAP test. Nonetheless, the sample complexity of estimating
T(|¢), [¥)) and F(|¢), |1)) remains unsolved. The prior best sample complexity upper bound
is O(1/&%) due to the folklore approach just mentioned, while the prior best sample complexity
lower bound is only ©(1/£%) as noted in [39]. These naturally raise a question:

Can we improve the folklore sample complexity O(1/e*)
for estimating T(|¢),[¢)) and F(|¢),[¢))?

Surprisingly, we give a positive answer to this question by providing a novel quantum algorithm
with optimal sample complexity ©(1/£?) for e-estimating T(|), |¢)) and F(|¢), [1)), matching
the lower bound noted in [39].

L If we replace the pure quantum states |p) and |¢)) with mixed quantum states p and o, respectively,
1

then the probability of measurement outcome 0 will be 3 + 2 tr(po) [28, Proposition 9].

2 This folklore approach was noted in [39, Appendix A].
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We formally state our main result as follows.

» Theorem 1 (Optimal quantum estimators for pure-state trace distance and square root fidelity,
Theorem 14 restated). Given sample access to two n-qubit pure states |¢) and |[¢), T(|¥), [1))
and F(|p), |¢)) can be e-estimated on a quantum computer with sample complexity O(1/&?).

We summarize the complexity of pure-state trace distance and fidelity estimations in
Table 1.

Table 1 Quantum complexity for pure-state trace distance and fidelity estimations.

Complexity Type Trace Distance Square Root Fidelity = Squared Fidelity
Sample Upper Bound 0?1(/15/26)41}??‘122?1( oﬁ(fe@fiﬁﬁkﬁik 0(%9/132)
Sample Lower Bound Q%{)TZ) Q[S/;;) Q(:[ll/]EQ)
Query Upper Bound O[(glg/f) O[(?)lg/] €) 0[571/8 ?‘)
e

Our quantum algorithm in Theorem 1 is quite different from the quantum query algorithm
proposed in [39] and those under the framework of the SWAP test. Its key component is a
samplized phase estimation of the product of two Householder reflections. To this end, we
also extend the samplizer (for mixed states) employed in [43] to (multi-)samplizer for pure
states, which is an algorithmic tool of independent interest.

Organization of this paper. We will introduce the techniques in our quantum algorithm
and the optimality of our (multi-)samplizer for pure states in Section 2, and give a brief
review of related work in Section 3. Preliminaries are given in Section 4. A meta-algorithm
using Householder reflections for estimating the trace distance and fidelity will be presented

in Section 5. The samplizer for pure states will be defined and implemented in Section 6.

The complete algorithm will be presented in Section 7. Optimality and lower bounds will be
shown in Section 8.

2  Techniques

In this section, we introduce the observations and techniques for achieving our results. We
first introduce our quantum algorithm in Sections 2.1 and 2.2, and then discuss the lower
bounds and optimality in Section 2.3.

2.1 Properties of the product of Householder reflections

The first property of trace distance and square root fidelity we need to notice is that for any
two pure quantum states |¢) and |¢), it always holds that

(T() [9)))* + (F(l), [9)))* = 1. (5)

Equation (5) allows us to represent the trace distance and the square root fidelity through
trigonometric functions, i.e., one can assume that T(|p), [¢)) = cos(y) and F(|¢), [¢)) = sin(y)
for some real number v € [0, 7]. This suggests us to estimate T(|p), [¢)) and F(|p),[v))
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at the same time by estimating the value of . To this end, our major observation is that
v appears to be encoded in the product of the reflection operators about the vectors |¢)
and |1)).

For convenience, suppose that |p) and |¢) are two distinguishable pure quantum states,
ie., T(l¢), ) #0. Let R, = I —2|¢)p| and Ry = I — 2|1p)(1)| be the reflection operators
about |¢) and [1), respectively. Our key observation (Lemma 8) is that the pure quantum
state |¢) lies in the subspace spanned by two eigenvectors |®.) of R,R, with eigenvalues
—eF27 respectively. Specifically, |¢) can be represented as

_ 1
|¢>_ﬁ

According to the above observation, if we have quantum query access to the two reflection

(12+) +1@-)), where R,Ry|®s) = —eT27|dy).

—~
(=)
=

operators R, and Ry, then we can obtain an e-estimate of the value v, denoted by 7, via
the quantum phase estimation (cf. [33, Section 5.2]) of R, R, on the pure quantum state
l¢), by using O(1/e) queries to (controlled-) R, and (controlled-) Ry, despite that |¢) is not
an eigenvector of R,Ry. Finally, ©(e)-estimates of trace distance and square root fidelity
are given by T(|¢), [¢)) = cos(¥) and F(|p), [¢)) ~ sin(¥) (see Lemma 9 for details). For
illustration, the quantum circuit for this specific quantum phase estimation is given in
Figure 2.

|0) _E oFT]

N NE O

) ——— (RpRy)” 1 (RyRy)? T (RoRy)* = — (RoRy)*  ——

Figure 2 Phase estimation of R,Ry on |p).

2.2 Multi-samplizer for pure states

The samplizer employed in [43] is a tool that allows us to convert quantum query algorithms
to quantum sample algorithms (the latter use samples of quantum states as input). The
algorithm outlined in Figure 2 can be treated as a quantum query algorithm with the two
reflection operators R, and R, being the quantum query oracles. Now to convert this
quantum query algorithm to a quantum sample algorithm using samples of |p) and |¢), we
define the notion of multi-samplizer for pure states, extending the samplizer in [43].

» Definition 2 (Multi-samplizer for pure states, Definition 12 restated). A k-samplizer for
n-qubit pure states, denoted as Samplizef""®(x), is a converter such that: for any quantum

query algorithm AYvUz--Uk with n-qubit quantum unitary oracles Uy, Us, ..., Uy and any
n-qubit pure states |11), [2),. .., |[Yr), the quantum circuit instance Aftvr-Trvzr B can be
implemented to precision 6 in diamond norm by using samples of |t1), [tha), ..., |Yk), i.e.,

|[Samplizef ™ (AVV2 2 V8) [lghy), i), - - [thg) ] — ATtwr Thoaoo Tl

|, <o (7)
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Using the notion of multi-samplizer for pure states in Definition 2, we can estimate
the trace distance and square root fidelity between pure quantum states by extending the
approach in Figure 2. Let QPE? be the quantum circuit for the phase estimation of U
without specifying the input states (see Figure 3), which uses ¢ qubits to store the estimation
result of the phase. Then, the quantum circuit in Figure 2 (without specifying the input
state [0)®*|¢)) can be described by Af¢-Fv which is a specialization of the quantum query
algorithm AV:U2 .= QPEY*Y2 with t = ©(log(1/¢)). The algorithm is informally outlined as
follows (see Algorithm 1 for the formal version).

Pure-state trace distance and fidelity estimations (informal):

Input: Pure quantum states |p) and [¢).
Output: e-estimates of T(|e), [¢)) and F(|e), [¢)).
1. Let t = O(log(1/¢)) and AV+V> .= QPEV V2,
2. Prepare the quantum state p := Samplizef"); (AY+U2)[[), [1)] (JOXO[®* @ |)]).
3. Obtain an e-estimate 4 of v by measuring the first ¢ qubits of p.
4. Return cos(¥) and sin(¥) as the estimates of T(|p), [¢)) and F(|p), 1)), respectively.

To see the correctness of the above informally stated algorithm, we note that for any
2-samplizer Samplizel""(x), we have

||Samplizef (s (A2 ) [[), [0)] — Afe B < 0.01. (8)

Since an e-estimate of v can be obtained with high probability, say > 0.99, by measuring the
state Afe v |0)®t ) (in the computational basis), one can obtain an e-estimate of v with
probability > 0.95 by measuring the following state

Samplizef'ss (AY2Y2) [|0), [1)] (10X0]®" @ |o)el). (9)

Let 4 be the e-estimate of y obtained from the above process. Then, we have that cos(¥) and
sin(%) are ©(e)-estimates of T(|p), |1)) and F(|¢), [¢)), respectively, due to the observation
introduced in Section 2.1.

To complete our approach, we provide an efficient implementation of the multi-samplizer
for pure states.

» Theorem 3 (Implementation of multi-samplizer for pure states, Theorem 13 restated). There is
an implementation of multi-samplizer for pure states Samplize?""®(x) such that if AY1:V2:-- Uk
uses Q; queries to U; for each 1 < j < k, then Samplize""®(AY1:Uz-Uk)[|ohy), [1ha), . . ., |1bx)]
can be implemented by using

0, k
O<5ﬂ : ZQZ-) (10)
i=1
samples of 1) for each 1 < j < k.

Using the efficient implementation of multi-samplizer for pure states given in The-
orem 3 (with k = 2, @1 = Q2 = O(1/e) and § = 0.01), the quantum channel
Samplizef)'(; (AV+U2)[|), [¢))] can be implemented by using O(1/e?) samples of |¢) and
|t)). This yields the upper bounds stated in Theorem 1 (see Theorem 14 for details).

» Remark 4. Here, we clarify the difference between the samplizer defined in [43, Definition I.1]
and the (multi-)samplizer for pure states defined in Definition 2.

154:5
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1. Types of oracles: The samplizer in [43] requires the oracle to be a (scaled) block-encoding
of the density operator of a mixed quantum state. By comparison, the samplizer for pure
states in Definition 2 requires the oracle to be the reflection operator about a pure state.
More discussions on the relation between the two types of samplizers are given in [42,
Appendix A].

2. Single/multiple oracles: The samplizer in [43] only allows a single oracle, while the
multi-samplizer for pure states in Definition 2 allows multiple oracles.

3. Sample complexity: The sample complexity of the samplizer in [43] is 5(@2 /9) where
5() suppresses polylogarithmic factors in ) and 1/0, while the sample complexity of
the k-samplizer for pure states given in Theorem 3 is O(Q?/d) (without polylogarithmic
factors) for constant k.

4. Optimality: The optimality of the samplizer in [43] is shown via a reduction of Hamiltonian
simulation. However, the same reduction does not work for the multi-samplizer for pure
states in Definition 2. To show the optimality of the multi-samplizer for pure states, our
proof uses the algorithm for pure-state trace distance estimation given in Section 2.1 and
is also based on the optimal sample lower bound for pure-state trace distance estimation
(see Section 8.2 for details).

2.3 Optimality

Our quantum algorithm in Theorem 1 for pure-state trace distance and square root fidelity
estimations is sample-optimal due to the sample complexity lower bound €(1/£2?) noted
in [39]. Based on these, we show a matching sample complexity lower bound (up to a constant
factor) for the k-samplizer for pure states when k is constant.

» Theorem 5 (Optimality of the samplizer for pure states, Theorem 17 re-
stated). For any k-samplizer for pure states, Samplizel""(x), if a quantum query al-
gorithm AYvUz--Us yses Q; queries to U; for each j, then the implementation of

Samplize§"" (AV V2 Uk)[4hy ), [ha), ..., [n)] requires QUQ3 /) samples of |1b;) for each j.

Proof sketch. To derive a sample lower bound for the samplizer, we need the meta-algorithm
AUz for estimating T(|), [1)), which is based on the observation in Section 2.1 and uses
the phase estimation. As will be shown in Corollary 10, this meta-algorithm AY+Y2 makes
O(1/e) queries to the reflection operators U; := R, and Uy = Ry. Suppose that there
is an implementation of the (multi-)samplizer for pure states Samplize?"™(x) with sample
complexity S(@Q,§), meaning that we can implement Samplize}"™(BY1:V2)[|11), |12)] by using
S(Q,d) samples of [¢1) and |¢9) for every quantum query algorithm BY*:V2 that makes Q
queries to V7 and Va. On the other hand, Samplizef) (] (AYV2)[|¢), [¢)] is an e-estimator
for T(|o),|1)) with sample complexity S(0(1/e),0.01), while any e-estimator for T(|p), 1))
requires sample complexity Q(1/¢2), which gives S(0(1/¢),0.01) > Q(1/e%). Hence, we
can further obtain S(Q,d) > Q(Q?/§) using the properties of S(Q,§). More details will be
presented in Theorem 16. <

It is worth mentioning that the sample complexity lower bound for the samplizer for pure
states is based on the matching lower bound for pure-state trace distance and square root
fidelity estimations, in sharp contrast to the proof for the optimality of the general samplizer
in [43] (as discussed in Remark 4).
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3 Related Work

There are also a few other approaches to estimating trace distance and fidelity in the
literature. Except for those based on quantum state tomography [18, 21, 34|, entanglement
witnesses [37, 19, 20] are a practical technique for estimating the fidelity of certain pure states
using few measurements; and direct fidelity estimation [13] is designed for pure-state fidelity
estimation using only Pauli measurements. In [25], classical shadows were used to estimate
the fidelity between a pure state and a mixed state. A distributed quantum algorithm for
pure-state squared fidelity estimation was proposed in [1], which was recently extended to
the case with limited quantum computation in [2, 17]. An optimal quantum query algorithm
for pure-state trace distance and square root fidelity estimations was proposed in [39].

For the case of mixed quantum states, estimating their fidelity are known to have efficient
quantum algorithms [44, 40, 14, 30]; especially, in [14], they proposed a sample-efficient
quantum algorithm for fidelity estimation with sample complexity 5(r5'5 /e'2), where 7 is
the rank of mixed quantum states and ¢ is the desired additive error. Also, estimating
the trace distance are known to have efficient quantum algorithms [40, 41, 29]; especially,
n [41], they proposed a sample-efficient quantum algorithm for trace distance estimation
with sample complexity 5(r2 /€%). Apart from estimation, the certification of d-dimensional
mixed quantum states is highly related and was studied in [3], where they provided quantum
algorithms that determine whether two mixed quantum states are identical or e-far with
sample complexity O(d/e?) (w.r.t. trace distance) and ©(d/e) (w.r.t. infidelity), which are
optimal due to the lower bounds in [35].

4 Preliminaries

In this section, we introduce different norms used in this paper and list the quantum
algorithmic tools essential for designing our quantum algorithms.

4.1 Norms
4.1.1 Vector norms

The 1-norm (a.k.a. Taxicab norm or Manhattan norm) of a d-dimensional real-valued vector
v = (vo,v1,...,v4-1)" € R% is denoted by

d—1
ol =) lvl- (11)

J=0

The total variation distance between two d-dimensional probability distributions p, ¢ € R¢
(treated as real-valued vectors) is denoted by

1
drv(p,q) = §||P—CIH1' (12)

A d-dimensional (pure) quantum state is described by a complex-valued vector

d—1
) = ajlj) € C, (13)
=0

154:7
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where a; € C for each 0 < j < d is a complex number and {|j)} is the computational basis.
The inner product of two vectors |p) = Z?;é Bjl7) and |[¢) = Z;l;é aj|j) is denoted by

d—1
(plv) = Bray, (14)
§=0

where z* is the complex conjugate of the complex number z. The 2-norm (a.k.a. Euclidean
norm) of |¢) is denoted by

1o = v {le).- (15)

4.1.2 Matrix norms

A d-dimensional linear operator is described by a d-dimensional matrix A € C%*?¢, The
matrix norm induced by vector 2-norm (a.k.a. operator norm and spectral norm) is denoted
by

A
Al — J416)

sup
wrece: [0 1P}l

. (16)

The Schatten 1-norm (a.k.a. trace norm and nuclear norm) of A is denoted by

IAll = tr(|4]) = tr(VAT4), (17)

where
d—1
er(4) = (i1 Alj). (18)
j=0

4.2 Diamond norm

A d-dimensional superoperator is described by a linear map on d-dimensional linear operators,
@: C¥*4 — CI*9, The diamond norm (a.k.a completely bounded trace norm) of @ is
denoted by

[®]lo = sup (@ ® Za) X |t (19)
XeCa?xd? ;|| X || <1

where the superoperator Z; is the identity operator. It is noteworthy that the diamond
distance between two completely positive and trace-preserving maps (a.k.a. quantum channels)
€ and F is denoted by ||€ — Fs.

4.3 Quantum phase estimation

Quantum phase estimation [27] is a basic quantum subroutine, which was used in Shor’s
quantum algorithm for factorization [36]. Here, we use the version in [33].

» Theorem 6 (Quantum phase estimation, [33, Section 5.2]). Suppose that U is a unitary
operator. There is a quantum circuit QPEg(; using O(1/ed) queries to controlled-U that
performs the transform

QPEZ5: |0)]2) = [A)[) (20)
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for any eigenvector 1) of U with Uly) = €™ and X € [0,1), where if we measure |\) in
the computational basis (with some classical postprocessing), then with probability at least
1 — & we will obtain a real number A € [0,1) satisfying

min{|A — A[,1 —|[X = X} < 4. (21)

An implementation of the quantum phase estimation in Theorem 6 is also given in [33,
Section 5.2] (see Figure 3), where the parameter ¢ is chosen to be t = O(log(1/¢d)) and QFT,
denotes the unitary operator for quantum Fourier transform

2t—1

1 o ik ot
QFT,: [f) = —= Y €™M k). (22)
\/? k=0

In addition to the queries to the controlled-U?’" gates, the implementation in Figure 3 uses ¢
Hadamard gates and an inverse t-qubit QFT. In [22], it was shown that an (inverse) t-qubit
QFT can be implemented by using O(tlogt) two-qubit quantum gates.

10) _@ QFTI

N NE O

|Q/)>—U20 _U21 _U'22 I — U2t L

Figure 3 Phase estimation of U on [¢).

4.4 Density matrix exponentiation

Density matrix exponentiation, also called sample-based Hamiltonian simulation, was pro-
posed in [31, 26, 16], which allows us to approximately implement the unitary operator e~
by using identical copies of mixed quantum states p.

» Theorem 7 ([26, Theorem 2]). Given sample access to a mized quantum state p, for
every 0 < 6 < 1/6 and t > 676, it is necessary and sufficient to use O(t%/8) samples of
p to implement a quantum channel that is -close to (controlled-)e™"t in diamond norm.
Moreover, the implementation uses additional O(nt?/8) one- and two-qubit quantum gates,
if p is an n-qubit quantum state.

5 Estimation with Reflections

In this section, we study how to estimate the trace distance and square root fidelity between
pure quantum states given their Householder reflection operators. We first introduce an
important property of the product of two Householder reflections in Section 5.1. Then,
using this property, in Section 5.2 we provide a meta-algorithm based on quantum phase
estimation.

154:9
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5.1 Product of Householder reflections

For a unit vector |1}, we use Ry = I — 2|p) ()| to denote the Householder reflection about
|t). The following is the key property of the product of Householder reflections that enables
our quantum algorithm for pure-state trace distance and fidelity estimations. We use
arg(a + bi) = arctan(b/a) to denote the argument of a complex number a + bi.

> Lemma 8. Suppose that |¢) and [¢)) are two unit vectors such that |(@|p)| # 1. Let

Ly [9) — (el¥) )

B |
) = Ty el (23)
Lot 0 = arg({g|)) and 0+ = arg((p*[4). Then,
#2) = —=(1e) £ 0 D). (24)

are unit eigenvectors of R, Ry with eigenvalues '™ F27)  where v = arcsin(|(¢[¥)|).

Proof. Since |[¢) € H,, = span{|p), |p*)}, we can represent [1) in terms of |¢) and |p1) as

follows:
1) = ()@} + (@t [¥) ™) (25)
= e ()] - [9) + e - [t - o) (26)
= e sin(7)| ) + € cos(7)|t). (27)

Then, we write out an orthonormal basis of RyH,, namely the vectors obtained by applying
the reflection R, on |p) and |p):

Ryle) = |¢) — 2(s]0)[¥), (28)
Rylot) = lo™) = 2(le™)[9). (29)

By Equations (27)—(29), we write the orthonormal basis { R, Ry |¢), Ry Ry|¢t)} of R,RyH,
as follows:

RoRylo) = Ry(lo) — 20619 [))
= o) — 2(8le) 1) + 41wl *|)
= —|p) — 2¢7 " sin(7) 1) + 4sin’(y)| )
= (2sin(7) — 1)]) — 2¢/°" %) sin(y) cos(7) ")
= — cos(27)|e) — €' =) sin(27) "),
RyRylo™) = Ry(loh) — 2(0leh) |v))
= [o™) = 2(xle ) ) + Ael) (Wle™h) )
= lob) — 267" cos(y)|w) + 4¢' =) sin() cos(v) )
= 2¢/(=%") sin(y) cos(7) ) + (1 - 2cos?(7)) o)
= ¢/("=0") sin(29)[p) — cos(2y)|ob).
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Combining the above, we can verify the following identity:

RoByfos) = SRRy (o) £ 004Dl (10)
= 7( oRylp) £~ +%)R¢R¢\¢L>) (41)
= 5[ (—eost2nle) - "D sin(z) 1))
+ (isin(2)lp) — /"D cos(29) ")) | (42)
_ %(eiwwm (00 i) L) (43)
- ei(”ﬂ”)@i}, (44)
where the third equality is due to Equations (34) and (39). <

5.2 A meta-algorithm

We observe the identity

) = %(\qm +le)), (45)

where |®4) are defined by Equation (24) and are eigenvectors of R, Ry as shown in Lemma 8.

We provide a meta-algorithm by performing the quantum phase estimation of R, R, on the
quantum state |¢), as shown in Figure 2.

» Lemma 9. Suppose that ¢, € (0,1). Let t = ©O(log(1/ed)). After measuring the
first t qubits of QPER R”|0>®t|g0> in the computational basis (followed by proper classical
postprocessing), with pmbabz’lity at least 1 — & we will obtain a real number 7 € [0,1) such
that

s = 5 )| - Pl lo)| < 78, (46)
cos (3 = 3| = ). )] < (1)

Proof. We first consider the special case that |) = [¢) (up to a global phase), i.e., |(¢|i)| = 1.

In this case, R R, = I is the identity operator and |p) is an eigenvector of R, Ry with
eigenvalue 1. Thus the quantum phase estimation procedure of QPER o 0)®¢|p) will
return 4 = 0 with certainty. By simple calculations, we can verify that F(\ Hlvy) =1=
|sin(75 — )| and T(|¢), [¢)) = 0 = |cos(77 — F)|.

In the rest of this proof, we consider the general case that |p) # |[¢) (up to a global
phase), i.e., <g0|w>’ # 1. By Lemma 8, the eigenvalue of |®4) with respect to the unitary
operator Ry, Ry, is e("F27) where v = arcsin(|(p[#)|). By Theorem 6, we have

QPE" % |0y ) = (QPER o 10yt ) +QPE§§R’¢’IO>®tI<I>—>) (48)

(1F)124) +[7-)12-)), (49)

<5
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where if we measure the first ¢ qubits, then with probability at least 1 — & we will obtain a
real number ¥ € [0, 1) satisfying at least one of the following two inequalities:

-
min{’ﬁ—<;+z>71—'a—(;+1>’}<5. (51)

To see Equation (46), we note that F(|e),|¢)) = sin(y) and

sin<77’~y + g) - sin(v)‘} (52)

)

sin(7r'~y _ g)‘ — Sjn(y)‘ < min{ sin(ﬂ"y - g) — sin(y)

<anf|(r5-5) -

2 2
[T T O
< md, (54)

where the third inequality is because 4 satisfies either Equation (50) or Equation (51). To
see Equation (47), we note that T(|¢), [¢))) = cos(7) and similarly we have

)

sin(m¥ 4+ ) — sin (’y + g) ’}
(55)

L T . . - . ™
‘cos(w'y - 5) ’ - cos(’y)’ < mln{‘sm(ww) — 51n<'y + 5)

. - ™
<min{jri - (1+3)

o= (1+5)

- (+3)

o= G5
(56)

< . (57)

)

<

We restate Lemma 9 with normalized additive error in the following corollary, which will
be used as a subroutine in Section 7.

» Corollary 10. Suppose that €,6 € (0,1). Let t = O(log(1/ed)). We can estimate the trace
distance and square root fidelity between |@) and 1) to within additive error § with probability
at least 1 — ¢ by measuring the first t qubits of QPEf“;Rw|O>®t|<p> in the computational basis

(followed by proper classical postprocessing).

6 Samplizer for Pure States

In this section, we define the samplizer for pure states and then provide an efficient imple-
mentation for it. Roughly speaking, a samplizer converts a quantum query algorithm to a
quantum sample algorithm, where the query oracle and the sample of quantum states are
related.

6.1 Definition

In our case of pure states, we consider the reflection oracle for pure states, defined as follows.

» Definition 11 (Reflection oracle for pure states). Let 1)) be a pure quantum state. The
reflection oracle for |1) is defined to be Ry, = I — 2|¢)1].
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We give the definition of (multi-)samplizer for pure states in terms of reflection oracles as
follows.

» Definition 12 (Multi-samplizer for pure states). A k-samplizer for n-qubit pure states,
denoted as SamplizeP""(x), is a converter from a quantum circuit family to a quantum
channel family such that: for any 6 > 0, quantum circuit family AVvY2:--Us with query
access to n-qubit unitary operators Uy, Us, ..., Uy, and n-qubit pure states |t1), |12), ..., |¥k),

(| Samplizel" e (AYH T2 Uk [|ahy ) apa), . . )] — AT Bz By

|, <6 (58)

The sample complexity of Samplizef""®(x) is a k-tuple (S1,Sa,...,Sk) for (k + 1)-ary
functions Sj(x1,xa,...,zk;y) such that if AVvU2zUs yses Q; queries to U; for each 1 <
j <k, then Samplize"™*(AVrVzUe)lapy), |iho), .. ., [ohr)] uses Sj(Q1, Q2. .., Qr; 6) samples
of [¢;) for each 1 < j < k. Especially when k = 1, we write S(x,y) = Si(z;y) for
convenience.

Similarly, we can also define the (additional) time complexity of Samplize?""(x) as a
(k + 1)-ary function T(z1,2a,...,2k;y) such that if AVWYV2-Uk yses Q; queries to U; for
each 1 < j < k, then Samplize}"" (AV1:V2r- Ui\ [|4h1), [ho), ..., [¢0k)] can be implemented by
using Ta + T(Q1,Qa, ..., Qx;0) two-qubit gates, where T 5 is the number of two-qubit gates
in AVvUzUs (excluding queries). Especially when k = 1, we write T(z,y) = T(z;y) for
convenience.

Our algorithms for trace distance and fidelity estimation employ a 2-samplizer for pure
states, which will be formally described in Section 7. Our definition of samplizer for pure
states is inspired by the general samplizer defined in [43], where the latter simulates quantum
query algorithms with query access to block-encoding oracles for quantum states. Here, the
block-encoding oracle input model is standard in quantum algorithms, e.g., Hamiltonian
simulation [15] and solving systems of linear equations [12]. It is worth noting that for pure
states, the reflection oracle is computationally equivalent to the block-encoding oracle up
to a constant factor (cf. [11, Lemma 5.5]). The relationship between the samplizer for pure
states and the general samplizer is further discussed in [42, Appendix A].

6.2 An efficient approach

We provide an efficient approach to the multi-samplizer for pure states as follows.

» Theorem 13. There is a k-samplizer for n-qubit pure states, Samplizeb""®(x), with sample
complezity (S1,Se,...,Sk), where

k
5j(Q17Q2,.~7Qk;5)=0<%~ZQ¢>- (59)
i=1

Moreover, if a quantum query algorithm AVUz-Uk yges Q; queries to U; for 1 <
j < k, then the (additional) time complexity (compared to the original AVv:U2-Uk) of
Samplize§"®(AYr:Uz- Uk g

2

k
T(@1 Q2 Qi) =0 5[ >0 | |- (60)
j=1
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Proof. Let Q = Zle Q;. For each 1 < j < k, by Theorem 7 with ¢ :== 7 and § = §/Q,
we can use O(Q/0) samples of [¢;) and O(nQ/d) one- and two-qubit quantum gates to
implement a quantum channel &; that is (§/Q)-close (in diamond norm) to (the controlled
version of) the following unitary transformation

AT — T — 20| = Ry, (61
That is,
€ - Rl < & 2
Q
Suppose that the quantum circuit A1 RvzRor using queries to Ry, Ry, ..., Ry, is

composed of a sequence of unitary operators:
ARwl’ngs“wak = GQ e} OQ QO+++0 G2 e} 02 o Gl o) Ol le) G07 (63)

where G, for each 1 < ¢ < @ can be implemented by one- and two-qubit quantum
gates that do not depend on Ry,,Ry,,...,Ry,, and O, for each 1 < ¢ < Q is
(the controlled version of) Ry, for some 1 < j; < k. Then, we can implement
Samplized""*(AYVTVz UM [|ohy) |iho), ..., [1)] as follows

Samplizegure<AU1’Uz"“’U’“>[|1/J1>, [tha), ..., |wk>] = Gqgo&j,0---0Gp0E;,0G10E; 0Gy. (64)
As [|€j, — Ry, |le < 0/Q for each 1 < g < @, we conclude that

||Samplizel™" (AVEUzUi) [[), [aha), . .., [ihg) | — ARwr-Tooz e Ry

|, <o (65)

Therefore, the implementation given in Equation (64) is a valid k-samplizer for pure states.

We analyze the complexity of this implementation as follows. Since there are ); queries
to Ry, among Oy, 0s,...,Oq, the number of samples of |¢);) used in the implementation
defined by Equation (64) is

Qj.c)(?) :0<QgQ>. (66)

Moreover, the number of one- and two-qubit quantum gates used in this implementation in
addition to (the implementation of) G1,G2,...,Gq is

$0.0("2) -o(%) )

7 The Algorithm

In this section, we present a complete description of our quantum algorithm for pure-state
trace distance and fidelity estimations in Algorithm 1, which combines the estimation
algorithm using reflection oracles in Section 5 with the multi-samplizer for pure states in
Section 6.

We state the result of our final algorithm in Theorem 14.
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Algorithm 1 Quantum estimator for pure-state trace distance and fidelity estimations.

Input: Sample access to two pure quantum states |p) and |¢); the desired additive error
e €(0,1).
Output: c-estimates of T(|¢), [¢)) and F(|e), [¢)) with probability at least 2/3.
: t = 0O(log(1/e)).

: Let AULU2 = QPEUiUi2 denote the quantum circuit for phase estimation of Uy Us.
10°

1

2

3: Prepare the quantum state p := Samplize®,"*(AY1-V2)[[), [4)] (J0XO[®* @ |)¢]).

4: Let by,ba,..., by € {0,1} be the outcome of measuring the first ¢ qubits of p in the
computational basis, and let 7 = 22:1 b;277 € [0,1) be the estimate of the phase.

5: return |cos(7y — §)| and |sin(7y — 7)| as the estimates of T(|p),[v)) and F(|¢), [¢)),
respectively.

» Theorem 14. For e € (0,1), we can estimate the trace distance and square root fidelity
between n-qubit pure states |p) and |¢) to within additive error e with probability at least 2/3
by measuring the first t qubits of

Samplize”" (A7) [[o), [1)] (I0)0]*" @ |)e]) (68)

in the computational basis (followed by proper classical postprocessing), where AV+:U2 =

QPEY'Y2 and t = ©(log(1/¢)). Here, the quantum channel Samplize®,"*(AY1-V2) [| ), [1)]
10

100w

can be implemented by using O(1/€2) samples of o) and |¢), and using O(n/e?) two-qubit
gates.

Proof. The formal description of our algorithm is given in Algorithm 1. Now we will prove
its correctness and analyze its complexity.

Correctness. By Corollary 10, we know that the trace distance and square root fidelity
between |¢) and |1) can be obtained with success probability at least 5 by measuring the

first ¢ qubits of the state QPE ¥ [0)®%|¢) (followed by proper classical postprocessing).
10° 7w

Thus we only have to show that the quantum state defined by Equation (68) is close to the
pure quantum state QPE'+*"*0)®t|¢). To this end, by Definition 12, we have
107w

<L (69)

._ _pure Uy,Usz _ Ry, Ry
HSampllze% (A Y, [1)] QPE%Oé LS 1o

By applying each of them on the quantum state ¥ := [0)0|®* @ |p)¢]|, we have

T 1
T(Samplizep{”e<AU1’U2>[|ap>,|w>](\IJ)7QPEI?“°§”’\I!<QPE1?“"§”’) ) < o (70)
10 1077 107w 20
Therefore, the probability distribution of the outcomes from measuring (in the computational
basis) the state Samplize”"*(AY1:U2)[|p), [¢)] (¥) is 5-close (in total variation distance) to
10

that from measuring the state QPE’* "™ |0)®t|p) (in the computational basis). This implies
10°

that the success probability of Algorithm 1 is at least % — 1—10 > %

Complexity. By Theorem 6 with € := 1—10 and ¢ := =, the quantum query algorithm AV1Uz =
QPEYY2 uses O(1/¢) queries to each of U; and Us, and uses O(log(1/¢) log log(1/¢)) two-qubit
107

E

gates (due to the quantum Fourier transform). By the implementation of the multi-samplizer
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for pure states given in Theorem 13 with § := 5 and Q1 = Q2 = O(1/¢), we can implement

the quantum channel Samplize®;"*(AY+:V2)[|), [¢)] by using O(1/e?) samples of each of |¢)
and |¢). In addition, we also use one sample of |¢) as (part of) the input of the quantum
channel Samplize”"(AY+-U2)[|p), [¥)]. In total, we use O(1/e?) samples of |¢) and |¢)).
Moreover, Algoritlﬁm 1 can be implemented by using

O(log(i) log log(i>) + 0(6%) = 0(6%) (71)

one- and two-qubit quantum gates, if |p) and |¢) are n-qubit pure quantum states. <

8 Optimality

In this section, we first mention the matching lower bounds for pure-state trace distance
and fidelity estimations in Section 8.1, and then show a matching lower bound for the
implementation of multi-samplizer for pure states in Section 8.2.

8.1 Lower bounds for pure-state trace distance and fidelity estimations

For completeness, we collect the sample complexity lower bounds for estimating pure-state
trace distance and fidelity in the following theorem.

» Theorem 15 (Sample complexity lower bounds for pure-state closeness estimation, adapted
from [1, 39]). Given sample access to two single-qubit pure quantum states |p) and |), it is
necessary to use 2(1/€2) samples of them to e-estimate

(1) the trace distance T(|p), [¢)) for e € (0,1),

(2) the square root fidelity F(|p), [¢)) for e € (0,1/4).

(3) the squared fidelity F2(|), [1)) for e € (0,1/2),

Proof. Ttems 2 and 3 are directly implied by [1, Lemma 13 in the full version]. It remains to
prove Item 1.

The sample complexity lower bound for pure-state trace distance estimation was already
shown in [39, Theorem B.2] for ¢ € (0,1/2). Here, we strengthen the lower bound to
encompass a more general case that € € (0,1) and both the states |p) and |¢) are single-
qubit, with a simple proof. To this end, we denote

) = V1 —22(0) + z[1) (72)

for x € [0,1]. Let € € (0,1). Consider the following quantum hypothesis testing problem:
Given an unknown pure quantum state |¢), determine whether |¢) is |¢g) or |¢).), under
the promise that |¢) is in either case with equal probability.

The trace distance between |¢y) and |¢.) is

T([ho), 1)) = /1 = [{toleoe)* = e (73)

By the Holevo-Helstrom bound for quantum state discrimination [24, 23], we know that the
above quantum hypothesis testing problem requires sample complexity £2(1/¢2). On the
other hand, any estimator for pure-state trace distance with additive error £ can be used to
solve this task, thereby also requiring sample complexity Q(1/£2). <
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8.2 Lower bounds for (multi-)samplizers for pure states

It is trivial that for any k > 1, any (k + 1)-samplizer for pure states can be used to implement
a k-samplizer for pure states with the same sample complexity (by discarding the last pure
state). To show the optimality of the multi-samplizer for pure states given in Theorem 13, it
is sufficient to show the optimality of the 1-samplizer, given as follows.

» Theorem 16. For sufficiently large Q and every § € (0,1/9), any 1-samplizer for n-qubit
pure states requires sample complexity S(Q,9) = Q(Q?/6).

Although the lower bound given in Theorem 16 for the 1-samplizer for pure states is of the
same order as the lower bound Q(Q?/4) for the general samplizer given in [43, Theorem II1.4],
we emphasize that prior lower bounds do not imply our lower bound in Theorem 16. We
discuss related lower bounds as follows.

1. The lower bound Q(Q?/§) for general samplizer given in [43, Theorem II1.4] is by
reducing from the sample-based Hamiltonian simulation [26] via the optimal quantum
query algorithm for Hamiltonian simulation [15] for time ¢t = ©(Q). The sample-based
Hamiltonian simulation is a task for implementing e %! with precision ¢ using samples
of p. A lower bound O(#?/J) on the sample complexity of sample-based Hamiltonian
simulation is given in [26, Theorem 2], which is further reduced from distinguishing two
mixed quantum states p(3) and p(3 +6(7)), where p(z) = z[0)(0] + (1 —)|1)(1|. However,
this reduction does not directly apply to the case of pure states.

2. One may wonder what happens if we consider the sample-based Hamiltonian simulation
for pure states. Note that the unitary operator e #¥X¥I* is periodic with respect to ¢
as e~ I¥NYI2m — T So the above idea will result in a lower bound of S(Q,8) = Q(1/6)
for 1-samplizer by taking @ = ©(t) = ©(1), due to the lower bound ©(1/4) given in [26,
Theorem 4] for implementing e ~**X¥I* for constant ¢ with precision 4.

Interestingly, our proof of Theorem 16 is based on a reduction from the pure-state trace
distance estimation (whose lower bounds are previously presented in Section 8.1) instead of
the sample-based Hamiltonian simulation [26].

Proof of Theorem 16. Let AY:V2 = QPE(ﬁUf. Then, by Corollary 10, measuring the

1007
quantum state A 0)®'|) can estimate the trace distance between two pure quantum

states |¢) and |¢) to within additive error € with query complexity O(1/¢), where R, and Ry,
are the reflection oracles for |¢) and |¢), respectively. Consider the two pure quantum states
[to) == |0) and |1).) = V1 —£2|0) + €|1) employed in Theorem 15, where € € (0,1). Note
that the reflection oracle Ry, = I — 2|0X0| for |¢)) is constant (with respect to ). Then,
measuring ALt e |0) (note that |¢)g) = |0)) can estimate the trace distance between |tg)
and |1)) to within additive error ¢ with probability at least 2/3, using O(1/¢) queries to Ry_.
Therefore, using the quantum query algorithm AY1-V2 for pure-state trace distance estimation,
we can obtain a quantum query algorithm 7Y for distinguishing the two reflection operators
Ry, and Ry, with probability at least 2/3, using O(1/¢) queries to U, promised that either
U = Ry, or Ry_. Formally, the probability that TV accepts is given by |[IITY|0)||?, where
IT = |0)X0| ® I measures the first qubits. Then,

T Fvo accepts with probability at least 2/3;

T Fve accepts with probability at most 1/3.

Let Samplizef""®(x) be any Il-samplizer with sample complexity S(Q,d). Then,
Samplize}""(TY) is a quantum channel family with sample complexity S(©(1/¢),1/9) such
9
that
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SamplizeR"(TY ) [|v0)] (|0X0[) accepts with probability

1
9
2 1

tr(H . Samplize%“re<7'U>[|1/Jo>} (\0)(0|)) > 379" g, (74)

SamplizeR"*(TY ) [|1<)] (|0X0]) accepts with probability

tr(H . Samplize%”re<7'U> [lve)] (|0><O|)) < % + % = g (75)
Therefore, if |¢) is promised to be either |¢g) or |i).), then, by a constant number (say, 9) of
repetitions of Samplize?"™(7Y) on input |p), we can determine with probability at least 2/3
which is the case (by rgnajority voting). This means that we can distinguish |¢g) and |¢:)
with probability at least 2/3 with sample complexity 9-S(©(1/¢),1/9). On the other hand,
using the same arguments as in Theorem 15, we know that distinguishing [¢g) and |¢.)
requires sample complexity ©(1/e2). These together imply that 9 - S(©(1/¢),1/9) > Q(1/?).
Since the choice of € € (0,1) is arbitrary, by letting @ = ©(1/¢), we further have the relation

S<Q, ;) >c-Q° (76)

for sufficiently large @, where ¢ > 0 is a universal constant. This is the desired inequality for
the case of constant J.
To show the inequality for arbitrarily small §, we note that S(Q, J) satisfies:

S(Q1+ Q2,01 + 2) < S(Q1,61) + S(Q2,02) (77)

for any integers Q1, Q2 > 0 and real numbers &g, d; € (0,1). This is because: to samplize
any quantum query algorithm with Q1 + Q2 queries to precision d; + o, one can always first
samplize the first part of ()1 queries to precision §; and then the second part of Qo queries
to precision do. Consequently, we further have the following properties:

1. S(mQ, md) < m-S(Q,d) for any integers m, Q) > 1 and real number § > 0.

2. 5(Q,01) > S(Q, d2) for any integer @ > 1 and real numbers 0 < §; < Ja.

For sufficiently large @ and for every 0 < 6 < 1/9, by taking m = L%J > 1 (which gives
0 < mo <1/9), we have

S(Q.5) 2 - S(m@Q, mo) (78)
> s (ma.g ) (79)
> Lo mQ)? (80)
.. LH Q2 (81)
> Q(?j) (82)

where the first inequality is due to property 1, the second inequality is due to property 2,
and the third inequality is by Equation (76).

To complete the proof for general n > 2, the hard instance can be taken as |¥g) =
[¢0) ® (02~ and W) = |¢.) © [0)" 1. <
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As a corollary of Theorem 16, we have a matching sample lower bound for the imple-
mentation of k-samplizer for pure states for constant k.

» Theorem 17. For sufficient large Q; for each 1 < j < k and every ¢ € (0,1/9), any
k-samplizer for pure states requires sample complexity

QQ,
Sj(Q17Q27~-~7Qk;5)=Q<5J> (83)

foreach 1 <j<k.

9 Conclusion

In this paper, we proposed a quantum algorithm for estimating the trace distance and square
root fidelity between pure quantum states with optimal sample complexity, quadratically
improving the long-standing folklore approach, answering the question raised in [39], and
thereby completing the complexity picture for pure-state closeness estimation. Technically, our
quantum algorithm requires new observations (the properties of the product of Householder
reflections) and tools (the samplizer for pure states).

We therefore raise the following questions for future research.

1. Can we close the gap between the upper and lower bounds on the quantum query/sample
complexities of estimating the quantities of mixed quantum states such as trace distance
and fidelity?

2. Can we find more applications of the samplizer for pure states?

3. After the distributed quantum algorithm for pure-state squared fidelity estimation in [1],
the trade-off between the sample complexity and quantum communication was recently
settled in [2, 17]. A further question is: what is the sample complexity of estimating
the square root fidelity and trace distance between pure states with limited quantum
communication?

4. Following Question 3, can we implement a samplizer (for pure states) with distributed
quantum computation or with limited quantum communication?
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