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—— Abstract

We introduce the task of out-of-order membership to a formal language L, where the letters of a

word w are revealed one by one in an arbitrary order. The length |w| is known in advance, but the
content of w is streamed as pairs (i, w[i]), received exactly once for each position 7, in arbitrary
order. We study efficient algorithms for this task when L is regular, seeking tight complexity bounds
as a function of |w| for a fixed target language. Most of our results apply to an algebraically defined
variant dubbed out-of-order evaluation: this problem is defined for a fixed finite monoid or semigroup
S, and our goal is to compute the ordered product of the streamed elements of w.

We show that, for any fixed regular language or finite semigroup, both problems can be solved
in constant time per streamed symbol and in linear space. However, the precise space complexity
strongly depends on the algebraic structure of the target language or evaluation semigroup. Our
main contributions are therefore to show (deterministic) space complexity characterizations, which
we do for out-of-order evaluation of monoids and semigroups.

For monoids, we establish a trichotomy: the space complexity is either ©(1), ©(logn), or O(n),
where n = |w|. More specifically, the problem admits a constant-space solution for commutative
monoids, while all non-commutative monoids require Q(logn) space. We further identify a class of
monoids admitting an O(log n)-space algorithm, and show that all remaining monoids require (n)
space.

For general semigroups, the situation is more intricate. We characterize a class of semigroups
admitting constant-space algorithms for out-of-order evaluation, and show that semigroups outside
this class require at least Q(logn) space. At the same time, we exhibit semigroups for which
specialized techniques yield intermediate bounds such as an O(y/n)-space algorithm, suggesting that
the landscape may be richer and less well-behaved than for the monoid setting.
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1 Introduction

The class of regular languages can be seen as a robust formalism to define the properties
of words that can be tested efficiently, i.e., using constant time per symbol and constant
memory overall. These bounds can be achieved by feeding the input word to an automaton:
they hold when the word is stored in an array and read from left-to-right, and also when the
word is streamed character by character.

However, it is not always realistic to assume that words can be processed from left-to-right:
in some contexts the word is revealed character by character in an out-of-order fashion. One
example is distributed processing frameworks (e.g., MapReduce), in the spirit of out-of-order
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data processing [3]: if we want to determine some property of a sequence of data items
processed concurrently by multiple workers, then the value of each item will typically arrive as
each worker finishes, in an unpredictable order (see, e.g., [7]). Another example is networking:
large data typically travels using packet switching, and the packets typically arrive in an
out-of-order fashion. There, a line of work has investigated how to efficiently detect patterns
in such a stream of out-of-order packets, without reassembly [27], with algorithms adapted
from suffix trees [10] or automata [29, 28].

Such practical scenarios lead us to consider the task of out-of-order membership to a
regular language, which we think is also a natural theoretical question. In this problem, we
fix a regular language L, we consider a word w whose length |w| is known in advance, and we
are streamed the contents of w in an out-of-order fashion, i.e., as pairs (i, w[i]) giving us the
letter at position i of w. Each position is streamed exactly once, and there is no guarantee
on the order (i.e., it is adversarial). The algorithm must correctly determine, at the end of
the stream, whether w € L or w ¢ L, while minimizing the space usage and the time spent
processing each character. In particular, in contrast with left-to-right streaming, we will see
that it may no longer be possible to decide membership with a constant state complexity,
i.e., the memory usage may depend on the length of the word. To our knowledge this natural
question of the complexity of out-of-order membership has not yet been studied, though it
relates to many lines of work on membership variants, presented next.

Related work. One first related topic is the query complezity of regular languages L, i.e.,
the asymptotic number of (interactively chosen) characters that need to be inspected in an
input word w to decide whether w € L. This problem requires €2(n) on words of length n
for almost all regular languages L (and in O(1) for a narrow class); but it admits a more
interesting classification in the quantum setting [1]. This question has been further extended
to property testing [4] where we only need to discriminate between words in L and words
that are far from L according to a certain distance. In this context, a trichotomy on the
query complexity of property testing has been achieved [8]. However, all of these problems
differ from out-of-order membership: they assume that we can freely choose positions to
inspect, whereas in out-of-order membership the streaming order is arbitrary. They also
focus on the number of queries needed, whereas with out-of-order membership we receive all
positions and focus on the time and space complexity.

Another related line of work is sliding window membership, where we want to test
membership to a fixed language L for a sliding window over a stream. Works on this
problem have investigated the complexity of various languages L, first in terms of time
per character [13], and then in terms of memory usage, with again a recent trichotomy
on space complexity for regular languages in several settings [12]. Other works extend
sliding windows by considering possible arrival of out-of-order elements, in particular for
aggregation [26, 23, 9]. However, one important general difference of the sliding window
setting is that we must maintain membership to L for the various states of the sliding window
across the stream, with letters that leave the sliding window when they expire. By contrast,
in our context, we only test membership of a single word, and revealed positions never expire;
but the arrival order is arbitrary and not sequential. Hence, for instance, the language a3*
admits constant space out-of-order membership (by storing the first character) but requires
linear space in the sliding window setting [12], and conversely one can show that out-of-order
membership to the language Y*aaX* requires linear space (see Proposition 2.3) but it can be
tested in logarithmic space in the sliding window setting [12].
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Another related setting is dynamic membership, where we must test whether a word w
belongs to a regular language L and maintain this information under updates to w (not
just the push-right and pop-left updates of sliding windows). In particular, a conditional
trichotomy has been shown under substitution updates [5], i.e., where we receive updates
(a,i) that change the i-th letter of the word to the letter a. Out-of-order membership is
analogous to a special case of this setting where each position is set exactly once and never
changed afterwards. However, [5] always assumes to have linear memory to store the current
state of w — their trichotomy is on time complexity and not space complexity. In fact, unlike
their setting, we will show that all regular languages admit an out-of-order membership
algorithm in O(1) time per character.

Last, the setting closest to ours is the communication complexity of regular language
membership, studied in particular by Tesson and Thérien [25] and then by Ada [2]. In this
setting, we wish again to determine whether a word w belongs to a regular language L,
but w is split across multiple players and we wish to minimize how much information they
need to exchange to determine whether w € L. Many communication complexity models
are quite different from out-of-order membership, e.g., the multiparty setting of [20], along
with randomized settings [25] and nondeterministic settings [2]. The most relevant model
is the two-player setting of [25]: the word is split between Alice (for odd positions) and
Bob (for even positions), and they can exchange information in arbitrarily many rounds to
determine membership. Communication lower bounds in this model imply space complexity
lower bounds in our setting: if we are first streamed the even positions, then the information
that we remember gives a one-way protocol from Alice to Bob. However, upper bounds
in their setting do not necessarily translate to ours, because our algorithms do not obey a
fixed partition. As we show in the special case of languages featuring a neutral letter (i.e.,
the case of monoids), the complexity of out-of-order membership happens to coincide with
the communication complexity for another model studied in [25], namely, the simultaneous
setting in which Alice and Bob must each send information to a referee. This is surprising
because, as far as we understand, there is no reduction from their model to ours or vice-versa.
Nevertheless, as the tractability boundary is the same, our algebraic proofs in this specific
setting relate to theirs, as we will explain. In any case, all results in [25] crucially assume
the presence of a neutral letter (i.e., some of the letters of Alice and/or Bob may be ¢): the
issue is further discussed in [24, Section 5.2], and it has significant impact in our setting as
well, as we will see when presenting our contributions below.

Contributions. In this paper, we introduce the out-of-order membership problem for regular
languages, and give first results on its complexity, including a complete space trichotomy
classification for the case of monoids and a characterization of constant space for semigroups.
We present these contributions in more detail below along with the structure of the paper.
We introduce formally the problem and our model in Section 2, and give some first
complexity results. Specifically, in the unit-cost RAM model with logarithmic word size,
we show that every fixed regular language admits an out-of-order membership algorithm
with constant time per streamed character and linear memory usage (Theorem 2.1). For this
reason we only focus on space complexity in the remainder of the paper. We close the section
by adapting the classical technique of fooling sets for unconditional lower bounds, which we
use throughout the paper; we exemplify it to show a linear space lower bound for ¥X*aa>*
(Proposition 2.3). By contrast, we show that better bounds are possible for some languages,
namely, commutative languages admit constant space out-of-order membership (Lemma 2.4).
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As classifying regular languages turns out to be challenging, we focus in the rest of the
paper on algebraically defined variants of the problem. In Section 3, we introduce the simplest
such problem: the out-of-order evaluation problem for a monoid M, where we are streamed
a word w of monoid elements in an out-of-order fashion and must compute the product of w
in M, while minimizing the space usage. The point of out-of-order evaluation is that it can
provide algorithms for out-of-order membership to languages (via their syntactic monoid),
and it intuitively amounts to assuming that languages have been closed under the addition of
a neutral letter, simplifying the classification. Further, we show that the complexity regimes
of out-of-order monoid evaluation form varieties of monoids, so the problem is amenable to
algebraic tools. We accordingly study out-of-order monoid evaluation and prove (Theorem 3.2)
that monoids admit three space complexity regimes, with matching upper and lower bounds:
constant space for commutative monoids, logarithmic space for monoids in a class dubbed
FL Vv Com, and linear space for all other monoids. The variety FL V Com intuitively
extends commutative monoids with the ability to remember a constant number of leftmost
and rightmost occurrences of each element. It turns out that the join variety FL V Com
is the same as the variety W introduced in [25] (with a less informative characterization).
Thus, the complexity of deterministic simultaneous communication complexity according
to [25], in the specific case of monoids, happens to coincide with the space complexity of our
out-of-order evaluation problem — even though neither problem seems to capture the other.
Our classification is summarized in the first column of Table 1, with examples (as syntactic
monoids of languages) in Table 2.

We then turn in Section 4 to the more general problem of out-of-order evaluation for
semigroups, i.e., monoids but without the requirement of having a neutral element. The
problem turns out to be much more challenging in the semigroup setting, and thus we only
focus on the constant space regime, which we are able to characterize (Theorem 4.4). Namely,
we show a constant space algorithm for semigroups in Li V Com, i.e., intuitively extending
commutative semigroups with the ability to test constant-length prefixes and suffixes of
the word (see Table 2 for an example). We show a logarithmic lower bound for all other
semigroups.

In Section 5, we show that classifying the higher complexity regimes appears much more
intricate. For convenience we present results on the out-of-order membership problem, but
the difficulties that we highlight already appear for out-of-order semigroup evaluation (for
space complexities beyond the constant regime). We first give ad hoc logarithmic upper
bounds for a*b*a* (Proposition 5.1) and for a*b*a*b*a* (Proposition 5.2) using completely
different techniques. We then show (Proposition 5.3) an unexpected sublinear O(y/n) space
upper bound for a*b*a*b*a*b* for which we have no better complexity upper bound and no
superlogarithmic lower bound. See Table 1 for the overall complexity bounds achieved for
out-of-order evaluation, and Table 2 for examples.

We conclude and propose further research directions in Section 6. For lack of space, most
detailed proofs are deferred to the appendix.

2 Problem Statement and First Results

In this section, we formally define the out-of-order membership problem, and give a constant-
time and linear-space upper bound for this problem on arbitrary fixed regular languages
(Theorem 2.1). Then we formally define fooling sets and give a linear-space lower bound for
the language Y*aaX* (Proposition 2.3). We close by an easy constant-space upper bound for
commutative languages (Lemma 2.4) which will be reused throughout the paper.
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Table 1 Out-of-order evaluation space complexity. The results of the first column are in
Theorem 3.2, the O(1) result for semigroups is in Theorem 4.4.

Space Monoids Semigroups
o(1) Com LiV Com
O(logn) FLV Com ?

O(n) All monoids  All semigroups

Table 2 Out-of-order evaluation/membership problem space complexity examples. The notations
M (-) and S(-) respectively denote the syntactic monoid and syntactic semigroup of the indicated
languages.

Space Monoids Semigroups Languages
o(1) M((aa)*) Ex. 3.3 S(aX*b) Prp. 4.3 (ab)” Ex. 2.5

O(logn) M (ab) Ex. 3.9 S(a*bc*) S(a"bba™) Ex. 4.8-4.10 a*b*a” Prp. 5.1
O(yv/n) a*b*a*b*a*b* Prp. 5.2
O(n) M(a*bba™) Ex. 3.12 S((ab)*) Prp. 4.11 Y*aaX* Prp. 2.3

Problem statement. Let X be an alphabet, let n > 0 be a word length, let w = w[1] - - - w[n]
be a word over ¥ of length n, and let 7,, be an n-permutation, i.e., a permutation of {1, ... ,n}.
The out-of-order stream of the word w defined by m, is the finite sequence R of length n
whose successive elements are (w[m(i)],n(i),n) for i = 1,...,n. Intuitively, we receive the
letters of w together with their position in the order m(1),...,7(n). Note that the length n
of the word is provided as the third component of each element: this is because we assume
throughout the work that the length n is always known and we do not want to account for it
when measuring space complexity.

We only consider regular languages in this paper, and we omit their definition. A letter
a € ¥ is neutral for a language L C X* if for any s, € ¥* we have sat € L if and only if
st € L. For a fixed regular language L over X, the out-of-order membership problem for L is
the following task: letting w be a word of length n over X, letting 7, be an n-permutation,
and letting R be the out-of-order stream on w defined by m,, we receive the elements of R
one after the other and must decide at the end whether w € L or not.

Note that the standard membership test to a fixed language L for a word w streamed from
left-to-right corresponds to the case where 7, is the identity permutation. For left-to-right
membership testing, we can simply use an automaton for L and achieve constant space
and constant time per character; but for out-of-order membership the challenge is that we
must support arbitrary permutations. Further note that we can always solve the problem
by storing the letters in an array T as they arrive, i.e., whenever we receive (a,i,n) we set
T[i] := a and we test at the end whether the word stored in T belongs to L. This gives
a naive algorithm which uses linear space and runs in constant worst-case complexity per
streamed character except that it spends linear time after the last character. Let us now
present a more efficient algorithm that avoids this drawback.

Time complexity upper bound. We first study efficient algorithms for out-of-order mem-
bership to fixed regular languages in terms of time complexity per streamed character. For
this result on time complexity, and only for this result, we need to be precise about the
computational model that we assume; subsequent results will only focus on space complexity
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and will apply no matter which computations are allowed. We work in the standard unit-cost
RAM model with logarithmic word size [11, 14]. Memory consists of cells of size w = ©(log n)
bits, and reading, writing, or performing standard operations on these cells takes constant
time. Our set of allowed operations includes addition, subtraction, increment, comparisons,
integer division with remainder, shifts, bitwise Boolean operations, and computing the most
significant bit. We will also use the standard lazy array evaluation technique to assume when
allocating arrays that they can be initialized in constant time [14]. The algorithm receives
the successive triples (a,4,n) of the out-of-order stream, with the values being stored in three
©(logn)-bit cells. Here, a uses constant bits (as the alphabet is fixed), while ¢ and n are
integers represented on ©(logn) bits.

In the computational model defined above, we can show that all regular languages admit
an algorithm with O(1) complexity per letter and a linear space usage of O(n) bits (i.e.,
amounting to O(n/logn) memory cells).

» Theorem 2.1. For any fixed regular language L, there is an algorithm for out-of-order
membership to L with O(1) time per streamed character and a space complexity of O(n) bits.

Proof sketch. Let M be the syntactic monoid of L (see Section 3 for the formal definitions).
We divide the input word into blocks of length [logn], so that each block can be represented
in a constant number of RAM cells. The algorithm has two layers. The macro layer treats
complete blocks as atomic symbols: for every maximal contiguous interval of complete blocks,
it stores the interval length at both endpoints and the product in M of the block values
at the left endpoint. The micro layer maintains analogous information inside each block,
using one bit vector to record which positions of the block have already been streamed and a
packed vector of monoid elements to store the values in M of maximal contiguous streamed
intervals (which correspond to maximal contiguous intervals of 1’s in the bit vector), each
value being stored at the left endpoint of its interval.

When a letter is streamed, we first update its block in the micro layer. To do this, we
must compute the maximal contiguous interval of 1’s to which the streamed letter belongs.
This is accomplished by creating a singleton interval of 1’s in the bit vector, and then trying
to merge it with the interval of 1’s immediately to its right and the interval immediately
to its left. If there is an interval to the right, then merging with this interval is immediate
because the monoid value of the interval is stored at its left endpoint (i.e., immediately to
the right of the new position). For the merge with the left interval, we must find the left
endpoint of that interval, which we do in constant time by shifting the bit vector of the block
and applying the most-significant-bit operation. Hence the micro update takes constant time,
noting that multiplication in M is constant-time since L is fixed.

Now, if this update completes the block, we insert it into the macro structure. To do
this, we first create the block as a singleton block interval in the macro layer, whose monoid
value is the value of the newly computed block. Then we compute the maximal interval
of complete blocks to which the block belongs, again by attempting to merge its singleton
interval with the neighboring interval on the right and the neighboring interval on the left if
they exist. These macro merges take constant time because the interval lengths and monoid
values are stored at interval endpoints.

At the end of the stream, all blocks form a single macro interval. Its stored monoid value
is p(w), from which we can deduce whether w € L.

The overall space bound is O(n) bits: the macro arrays have O(n/logn) entries of one
RAM cell each, while the packed micro bit vectors and monoid vectors use O(logn) bits per
block. We use lazy array evaluation [14] to ensure that our data structures are initially zero
without the need for running a preprocessing phase. <
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In light of Theorem 2.1, in the remainder of the paper we focus on space complexity. We
only study deterministic space complexity. We always account for space complexity in terms
of the number of bits used (not memory cells), and we only consider the space that must
be memorized between any two elements of the out-of-order stream; we do not consider the
computation time and interim memory needed when processing an element.

Fooling sets for lower bounds. We now introduce fooling sets as a general technique to
prove unconditional lower bounds, and showcase fooling sets to show a linear space lower
bound on the specific language ¥*aaX*. Our fooling sets are an out-of-order analogue of
standard techniques (see, e.g., [18, Definition 2] for a similar notion) used for the state
complexity of regular languages when reading words from left to right, e.g., to show that any
deterministic automaton for the language L,, = ¥*aX™ must have at least 2" states (see
[17, Example 2.13] which proceeds along similar lines).

Let _ be a fresh placeholder symbol, and write X := X U{_} for a set extended
by . A partial word over an alphabet ¥ is a word w over the alphabet . The domain
of w is the subset dom(w) of the positions where w does not carry a placeholder, i.e.,
dom(w) == {i € {1,...,|w|} | w[i] € ¥}. Two partial words wy,ws are homogeneous if
|wy| = |we| and dom(w;) = dom(ws), and a set S of partial words is homogeneous if all its
partial words are pairwise homogeneous. Now, two partial words w1y, wy are compatible if they
have the same length and if dom(w;) N dom(wsy) = 0, i.e., for all 1 < i < |wq| at least one of
wy and ws has a placeholder at position ¢. Their composition wy o ws is then the partial word
defined by (wy ows)[i] := w1 [i] if i € dom(w1), and (wy ows)[i] := wai] otherwise. We further
call two compatible words w; and ws complementary if dom(w;) U dom(ws) = {1,...,n},
equivalently, wy o ws is a word of X* without placeholders. Given a language L C ¥*, a word
length n, and two homogeneous partial words wy,ws € ¥", we call complementary witness
of wy,ws for L a partial word v € ¥* complementary to both w; and ws, such that precisely
one of wy o v and wsy o v belongs to L.

For L a language over ¥ and n,m € N, an (m,n)-fooling set for L is a homogeneous set
W = {wp,...,wn_1} of m partial words w; € " such that any two distinct partial words
w;, w; € W have a complementary witness for L.

» Lemma 2.2 (Fooling sets lower bound). Let L be a fized language over alphabet 3, and let
f: N —= N be a non-decreasing function. If for every integer N € N there exists n > N such
that there is an (f(n),n)-fooling set for L, then the out-of-order membership problem to L
has Q(log f(n)) space complexity.

The proof of Lemma 2.2 is standard and deferred to the full version [6] : we simply argue
that the algorithm must have enough memory to distinguish each partial word among those
of the fooling set. Note that, in the result statement above and everywhere in the paper, we

write g = Q(f) for two functions f, g: Nsg — N5 to mean that limsup,,_, . g(n)/f(n) > 0.

This is the  notation of Hardy and Littlewood [16] and not the one by Knuth [19] (which is
defined as meaning f = O(g)). For instance, letting g be the function defined by g(n) :=n
for odd n and g(n) := 1 otherwise, we have g = Q(n). This is important, e.g., to show lower
bounds on out-of-order membership for languages that are hard for words of odd length and
trivial for words of even length.

Let us showcase Lemma 2.2 and prove that some languages require linear space for
out-of-order membership:

» Proposition 2.3. The out-of-order membership problem for the language Y*aaX* on
alphabet ¥ = {a, b} requires linear space.
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Proof. For each length n, we define a (2", 3n)-fooling set W,, for ¥*aaX¥* formed of the
2" partial words defined by the regular expression (b(a + b)__)™. Note that they are all
homogeneous and have length 3n. Let w;,w; be two distinct partial words of W,,. There
must be a position 0 < p < n such that w;[3p + 2] # w;[3p + 2]. Note that this means one is
a and the other is b; without loss of generality up to exchanging w; and w; we assume that
w;[3p+ 2] = a and w;[3p + 2] = b. Now, welet v;; == (__b)P~*(_ _a)(_ _b)"P. We
see that v;; is complementary to both w; and w;. Further, by construction w; o v;; belongs

to X*aaX* because there are two contiguous a’s at positions 3p + 2 and 3p + 3. By contrast,
w; o v;; does not belong to X*aaX*. This establishes that W), is indeed a (2", 3n)-fooling set
for ¥*aaX* and concludes the proof. |

We will use fooling sets to show all the lower bounds in this paper; in particular these
bounds are all unconditional. Note that this also implies that all our lower bounds already
hold for streaming orders that are chosen in advance, i.e., when we show a lower bound on a
language for words of length n then we show the existence of an n-permutation such that the
space lower bound applies even on algorithms that work only for that specific permutation.
We also note that lower bounds shown with this method can be understood as a lower bound
on fixed-partition communication complexity for a one-way protocol, where Alice has access
to the letters on the domain of the fooling set and Bob has access to the rest of the word.

Constant space upper bound for commutative languages. We complement the previous
result by noticing that the linear space complexity lower bound does not apply to all languages:
we can sometimes solve out-of-order membership with better space complexity. We will show
the easy fact that, for commutative regular languages, out-of-order membership can be solved
with constant space. Here, a language is commutative if, for every word w, letting n := |w],
for every n-permutation 7, we have w € L if and only if w[m(1)]---w[r(n)] € L. Then:

» Lemma 2.4. For any fized commutative reqular language L, there is an algorithm for
out-of-order membership to L with O(1) space complexity.

Proof. Fix a deterministic automaton A that accepts L. Now, whenever we receive some
tuple (a,i,n), we feed a to A. This takes constant time, and the memory of the algorithm
stores the automaton state, which has constant size because L is fixed. At the end of the
stream, we accept if A accepts. It is immediate that A was fed a permutation of the word w:
as L is commutative, the algorithm is correct, which concludes. <

The condition of being commutative is sufficient but is not necessary to have constant-
space complexity, as illustrated below:

» Example 2.5. There is an algorithm with O(1) space complezity for out-of-order membership
to the language (ab)*. Indeed, we simply need to check that all streamed a’s are at an odd
position, that all streamed b’s are at an even position, and that the word length is even.

In summary, we have shown that out-of-order membership to fixed regular languages
can always be solved in constant time per streamed character and linear memory, and this
memory bound is optimal for some languages (e.g., X*aaX*) but suboptimal for others (e.g.,
commutative languages or (ab)* for which the bound is O(1)). Thus, our goal is to classify
regular languages according to the space complexity in this sense. Towards this, we will
present algebraic variants of the problem on which classifications are easier to show.
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3  Out-of-Order Monoid Evaluation

In this section we focus on monoids, i.e., finite sets equipped with an associative composition
law and a neutral element. We consider the out-of-order evaluation problem for monoids,
which can be seen as a special case of out-of-order membership for regular languages. In this
section, we first define this problem, and then show that tractable monoids for this problem
are closed under the monoid variety operators. We then show a classification (Theorem 3.2)
of the possible space complexity regimes.

Out-of-order evaluation. All monoids in this paper are implicitly finite. Let M be a
fixed monoid, let n > 0 be the word length, and let w = w[1]-- - w[n] be a word over M of
length n; its product is the value w[1]----- wln] of M obtained according to the composition
law of M. We define out-of-order streams like in the previous section. The out-of-order
evaluation problem for M is the following task: letting w be a word of length n, letting m,, be
an n-permutation, and letting R be the out-of-order stream on w defined by m,, we receive
the elements of R one after the other and must compute at the end the product of w in M.

We note that the out-of-order evaluation problem for a monoid M can be expressed in
terms of out-of-order membership problems. Indeed, for any x € M, the language L, over
M defined as the words of M* having product x is always a regular language. Likewise, the
out-of-order membership problem for a language L reduces to the out-of-order evaluation
problem for the syntactic monoid of L, i.e., the finite monoid obtained by quotienting >*
by the syntactic congruence equivalence relation ~; defined by L. Intuitively, ~; equates
words whose behavior relative to L is the same, and formally we have u ~p, v for two words
u,v € X* whenever for any s,t € ¥* we have sut € L if and only if svt € L. It is well-known
that for a regular language L the syntactic congruence ~j, has indeed a finite number of
equivalence classes, and in fact this property precisely characterizes the regular languages;
see, e.g., [22] for more details.

Thus, algorithms for out-of-order evaluation for the syntactic monoid M of a language L
imply an algorithm for out-of-order membership to L. However, there are cases where
out-of-order membership for L is easier than the same problem for M, e.g., because L may
not feature a neutral letter but M always has a neutral element. For this reason, classifying
the complexity of out-of-order evaluation for monoids is a coarser task than classifying the
complexity of out-of-order membership for regular languages, and so it serves as a useful
first step.

To start our study of out-of-order evaluation for monoids, let us observe that the complexity

classes of monoids for out-of-order evaluation are closed under the monoid variety operators.

Closure properties. The direct product of two monoids M7 and M is the monoid (M; x Ms, -)
with the binary operator defined as (z1,x2) - (2}, 2%) = (z1 - 2, 2 - 24) and identity (eq, e3)
for e; and ey the respective identities of My and M. A sub-monoid of a monoid M with
neutral element e is a subset M’ C M of M which is closed under the composition law
of M and which is also a monoid with neutral element e. A congruence over a monoid M
is an equivalence relation ~ over M which satisfies the following requirement: whenever
s~tand s ~t for s,t,s',t' € M then we have ss’ ~ tt'. A quotient monoid M/ ~ is
the quotient of a monoid M by a congruence ~ over M, i.e., it consists of the equivalence
classes of M under ~, its composition law is lifted to these classes, and its neutral element is
the equivalence class of the neutral element of M. Note that, thanks to the definition of a
congruence, when applying the composition law the results do not depend on the choice of
representatives.
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A class of monoids is a pseudo-variety, only called variety throughout the paper, if it is
closed under direct products, taking sub-monoids, and taking monoid quotients. Let V and
W be two varieties of monoids. Their join, denoted VvV W, is the smallest variety containing
both the monoids of V and those of W.

We show that, for the problems that we study, each complexity class forms a variety:

» Proposition 3.1. For any function f: N — N, the set of monoids admitting an O(f(n))
space algorithm for out-of-order evaluation forms a monoid variety, i.e., it is closed under
direct product, sub-monoid, and monoid quotient.

Proof sketch. Any data structure for the out-of-order evaluation problem for a monoid M
can in particular solve it for any submonoid, and it can also solve it for any quotient (simply
by picking arbitrary representatives and returning the equivalence class of the result). Further,
for any two monoids M; and M, we can solve out-of-order evaluation for M; x My by
simultaneously using one data structure for M; and one for M. |

Space complexity of out-of-order monoid evaluation. Our goal in this section is to classify
all monoids M according to the space needed by an algorithm to solve out-of-order evaluation
for M. Our results will imply the existence of precisely three complexity regimes (constant,
logarithmic, and linear), and characterize the corresponding monoids.

Let us first introduce the varieties that constitute the different regimes. The first one
is Com, the variety of commutative monoids. We can characterize it as those monoids M
satisfying the equation zy = yx for all z,y € M, i.e., we write Com = [zy = yz]. In fact, by
Reiterman’s theorem [21], we know that varieties of monoids always admit such equational
descriptions (see [22] for more details), so we will define our other monoid varieties using
equations in this fashion. Monoids from the variety Com admit a constant-space algorithm
for the out-of-order evaluation problem, obtained by immediately lifting Lemma 2.4 to
monoids. We will show that this in fact characterizes all constant-space monoids, with all
other monoids having a logarithmic lower bound.

For the logarithmic space regime, we will characterize it as the join of Com together
with another variety, called FL (for “first-last”). To give an equation for FL, we need to
define the idempotent power of a monoid M as the smallest non-negative integer w such
that x¢ = 2% for all z € M. Then we can define FL = [(zy)“st(z2)¥ = (xy)*sxt(z2)*].
One example of a monoid in FL is the syntactic monoid of the language ¥*a>*bX* over
the alphabet {a, b, e}, intuitively because membership can be decided by remembering the
position of the leftmost a and of the rightmost b. We will show that monoids in FL admit
a logarithmic-space algorithm for out-of-order evaluation, which will imply the same for
FL vV Com thanks to Proposition 3.1. It turns out that FL V Com precisely coincides
with the class W in [25] that forms the tractability boundary of a similar but seemingly
incomparable problem, namely, the monoids with logarithmic simultaneous deterministic
communication complexity.

We will last characterize the linear space regime by showing, using an equational charac-
terization of FL V Com, that monoids outside of this class require linear space.

All told, in this section, we show the following characterization, summarized in the first
column of Table 1 (with all upper bounds matched by tight lower bounds) and examples
(given as syntactic monoids of languages) in the first row of Table 2:

» Theorem 3.2. Let M be any fixred monoid. Then the space complexity of out-of-order
monotd evaluation for M is as follows:

If M € Com, then it is in O(1)

If M € (FL Vv Com) \ Com, then it is in O(logn)

Otherwise, it is in ©(n).
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We prove this result in the rest of the section. Recall that the first point follows by the
immediate analogue of Lemma 2.4 for monoids, for instance:

» Example 3.3. The syntactic monoid of the language (aa)*, which is the group Z/2Z, is
commutative and therefore admits a constant-space upper bound.

We give first the logarithmic lower bound for non-commutative monoids (for the lower
bound of the second point), then the logarithmic upper bound (for the upper bound of the
second point), and then the linear lower bound (for the lower bound of the third point). The
upper bound of the third point is immediate by the monoid analogue of Theorem 2.1.

Logarithmic lower bound. For our two lower bounds in this section, we immediately lift
the definitions of fooling sets to the out-of-order monoid evaluation problem in the expected
way: the words are defined over the alphabet M featuring the monoid elements and the
placeholder, and the only new stipulation is that any two words w; # w; of the fooling set
have a complementary witness v;; that ensures that w; ov;; and w; o v;; evaluate to different
monoid elements (instead of saying that precisely one belongs to the target language).

We then show the first lower bound, establishing that non-commutative monoids need at
least logarithmic space complexity:

» Lemma 3.4. For any fized non-commutative monoid M ¢ Com, its out-of-order evaluation
problem has Q(logn) space complexity.

Proof sketch. Let x,y € M be two elements such that xy # yz, and let e be the neutral
element. We use Lemma 2.2 (lifted to the setting of monoids) and define for each n > 0 the
fooling set W, formed of the words w; :== (e )" ' (z_)(e_ )" for each 1 <i < n. The
complementary witnesses for 1 < i < j < n are defined as: v;; == (€)1 (_y)(_e)"
ensuring that w; o v;; evaluates to xy and w; o v;; to yx. |

Logarithmic upper bound. We now show the logarithmic upper bound for languages in
FL VvV Com. Thanks to the closure under variety operations (Proposition 3.1), using again
the constant upper bound for commutative monoids (Lemma 2.4), it suffices to show an
upper bound for FL.

Remember our equational definition of FL using the equation FL = [(xy)“st(zz)* =
(xy)¥szt(xz)¥]. We will now show that, whenever a monoid M satisfies this equation, then
computing the product of elements of M can be achieved simply by looking at a constant
number of leftmost and rightmost occurrences of each element. Let us introduce the requisite
definitions on words over M:

» Definition 3.5 (First-last subword). Let M be a monoid and let m € M. Let u be a word
over M of size n. The m-occurrences of u is the subset O,,(u) C [n] of the positions i € [n]
such that ufi] = m. We then define the first k positions FE (u) as the subset of O,,(u) formed
of the k smallest positions: mote that if there are no more than k occurrences of m in u
then FE (u) = O,,(u). We define the last positions LE (u) analogously with the k greatest
positions. Now, the k-first-last subword of u is the scattered subword FLk(u) formed by only
retaining the first and last k occurrences for each m, i.e. retaining the monoid elements at
the positions |, ¢ FE, () ULE, (u).

We note that the first-last subword defined above also occurs in [25], where it is called
REDyg. Their work then extends this definition to correspond to their variety W, which will
correspond to FL V Com as we explain later. By contrast, we will use first-last subwords
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directly for the simpler variety FL for our upper bound, and the extension to FL V Com
is for free thanks to Proposition 3.1 and Lemma 2.4. We claim the following property on
monoids in FL:

» Claim 3.6. Let M be a monoid in FL, and let k .= |M|. Then for any word u € M*,
letting v = FLk(u), the words w and v have the same product in M.

To show this, let us point out how to use the FL equation on words of elements of M.
Using standard pumping arguments, we can show:

» Claim 3.7. Let M be a monoid in FL, let k .= | M|, let m € M, and let u = svt be a word
of M* such that s and t contain exactly k occurrences of m. Let v’ be the scattered subword
of v obtained by removing all occurrences of m, and let v’ := sv't. Then u and u' have the
same product in M.

This claim allows us to show Claim 3.6:

Proof sketch of Claim 3.6. We do an induction on the number of elements of M that occur
more than 2k times in u. If there are none, then v = u are equal and the claim is immediate.
Otherwise, we pick an element m occurring more than 2k times, we isolate its first and last &k
occurrences, we use Claim 3.7 to argue that all other occurrences can be eliminated without
changing the product in M, and we conclude using the induction hypothesis on the resulting
word which has one less element occurring more than 2k times. |

We can now state our upper bound on out-of-order evaluation for monoids in FL:

» Lemma 3.8. For any fized monoid M € FL, the out-of-order evaluation problem for M
has O(logn) space complexity.

Proof sketch. The algorithm remembers the & minimal and the k£ maximal positions of each
element of M during the stream. This allows it to construct FL"(u) for u the streamed
word, and thanks to Claim 3.6 the product of FL"(u) in M is identical to the desired answer,
namely, the product of u in M. <

» Example 3.9. The syntactic monoid of the language ab, which is the five-element monoid
{1,a,b,ab,0}, belongs to FL because it satisfies the FL equation:

(zy)“st(xzz)® = (xy)¥sxt(xz)”.

Indeed, it has two idempotents, 0 and 1. If one of the w-powers evaluates to 0, the equation
holds trivially since both sides evaluate to 0. The only remaining case is (zy)* = (x2)¥ =1,
which implies x = 1, and then both sides evaluate to st.

Linear lower bound. The only remaining piece to show Theorem 3.2 is the linear lower
bound on monoids not in FL V Com. Formally:

» Lemma 3.10. For any fized monoid M ¢ FL V Com, the out-of-order evaluation problem
for M has Q(n) space complexity.

To show this result, we need an equation characterizing the variety FL V Com, which we
will then use to obtain witnessing elements to build fooling sets. It turns out that FL vV Com
coincides with the class W in [25], so we will reuse part of their proof; however our approach
has the merit of proposing a simpler equation for the class, and of giving a presentation of
W as a join involving a simpler variety FL with an equational characterization. We also
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remind the reader that the results of [25] pertain to communication complexity; as far as we

understand, it is a coincidence that tractability boundaries of our problem coincides with

one of theirs, because there does not appear to be reductions from one problem to the other.
We accordingly give the following characterization of FL V Com:

» Lemma 3.11. Let M be a monoid. The following conditions are equivalent:

1. The monoid M belongs to FL vV Com.

2. The monoid M satisfies the equation (za)”sxtu(zb)® = (za)¥stzu(zb)“.

3. The monoid M satisfies the equations of the monoid variety W in [25], namely:
(swt)¥zw*y(vwv)¥ = (swt)*zy(vwv)¥
(swt)¥zw(uwv)® = (swt)“wz(uwv)®

Proof sketch. We show 1 — 2 — 3 — 1. The 1 — 2 direction follows from the equations of
FL and Com. The 2 — 3 direction is easy by equation manipulation. For 3 — 1 we use
the RED,, congruence defined in [25]. We reuse their proof [25, Theorem 3] which shows
that any monoid satisfying the equations of W is refined by a RED; ,-congruence: this is
the analogue of the result we showed for FL in Claim 3.6. We can then conclude because
RED, 4, is the intersection of an FL congruence and of a Com congruence. |

With this characterization, we can now prove the linear lower bound (Lemma 3.10):

Proof of Lemma 3.10. Let M be a monoid not in FL V Com. By Lemma 3.11, there are
elements in M witnessing a violation of the equation: (za)“sxtu(zb)® # (za)¥stxu(xb)®.
We use Lemma 2.2 and build a (2",5n + 2)-fooling set for any n > 0. For each a €
{0,1}"™ we define w,, by either _ e or _e_ax_ depending on the bit «;, let w, =
_ Wa1Wa,2 - Wan _, and let W, == {w, | @ € {0,1}"} be the fooling set.

Now, for any a # 3, let 1(, B) be a position of {1,...,n} such that a4 g # Bi(a,)-
The complementary witness is then:

Vag = ((@a) ™~ (e _a) @ (s _t_u) (e_e by @) ((abynenie)

where the first and last groups in parentheses correspond to a single element.

We can then see that one of wq, 0va8 and wgovyg is (za)™ (sxtu)(xb)™ = (za)¥ sztu(xb)
and the other is (za)™(stxu)(xb)™ = (za)¥stzu(xzb)¥, so by assumption they are indeed
different, showing that W, is a fooling set. This implies that the out-of-order monoid
evaluation problem for M has (n) space complexity. <

We illustrate the lower bound of Lemma 3.10 with the following example:

» Example 3.12. We show that the syntactic monoid of the language M (a*bba*) is not in the

class FL V Com, and therefore admits an Q(n) space lower bound. This monoid has seven

elements {1, a,b, ab, ba,bb,0}, where 1, a, and 0 are idempotent, and satisfies bbb = 0 = aba.
It does not satisfy the equation of Lemma 3.11

(zy)“sxtu(zz)” = (zy)* steu(zz)?,

where we rename the variables of the equation to avoid confusion with the monoid elements.
Takingx =y=z=a, s=1, and t = u = b, the left-hand side evaluates to abba = bb, while
the right-hand side evaluates to ababa = 0.

Hence, by Lemma 3.10, the out-of-order monoid evaluation problem for M (a*bba*) requires
O(n) space.
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4 Constant-Space Out-of-Order Semigroup Evaluation

In the previous section, we characterized the out-of-order evaluation problem for monoids,
i.e., the case of out-of-order membership for languages with a neutral letter. This assumption
on languages is a common one, and it is made throughout in [25]. We now study what
happens when this assumption is removed. For this, we turn to the out-of-order evaluation
problem for finite semigroups instead of monoids. In this section, we first define the problem
and comment on the relationship to monoids and languages. We then show our main result
for semigroups, which characterizes the constant-space class.

Out-of-order semigroup evaluation. All semigroups in this paper are implicitly finite. The
definition of out-of-order evaluation for semigroups is defined exactly like for monoids, but
with a semigroup. By the immediate analogue of Proposition 3.1, the complexity regimes of
out-of-order semigroup evaluation form varieties of semigroups. Further, the definitions of
fooling sets and the corresponding lower bound (Lemma 2.2) also immediately adapt. The
syntactic semigroup of a language L is defined like the syntactic monoid but as a quotient
of ¥T, i.e., without including the empty word. (However, it may have a neutral element
nevertheless, for instance if L features a neutral letter.)

Like monoid evaluation, the out-of-order semigroup evaluation problem is a coarsening of
out-of-order membership, but it is less coarse, in particular it does not require the presence
of a neutral letter. We note that our results on monoids already imply lower bounds on some
semigroups. For instance, semigroups that are not locally commutative, i.e., which admit a
subsemigroup which is a non-commutative monoid, directly inherit the logarithmic space
lower bound on monoids (Lemma 3.4) from the previous section:

» Lemma 4.1. Let S be a fixed semigroup. If S is not locally commutative, i.e., if S does
not satisfy the equation s¥xs“ys®* = s¥ys¥xs“, then the out-of-order evaluation problem
for S has Q(logn) space complexity.

Proof. Let S be a semigroup and s,z,y € S such that s¥zs¥ys® # s¥ys“zs”. Let ' =
s“zs? and y' = s¥ys”. We remark that the sub-semigroup generated by {s¥,2’,y'} is a
monoid with s* as its neutral element. Further, it is non-commutative because z'y’ # y'z’.
Hence, its evaluation problem has Q(log n) space complexity, and thus the evaluation problem
of S also has Q(log n) space complexity by closure under sub-semigroups (Proposition 3.1). <

» Example 4.2. The semigroup S(a*ba*tca*) has elements {a,b, c,ba,ac,bac,0}, with a and
0 being the only idempotents. It does not satisfy the equation s¥rs*ys* = s¥ys“xs* when
taking s = a, x = b, and y = c: the right side evaluates to O while the left side evaluates to
bac. The elements a, ba, and ac generate a local submonoid {a,ba, ac,bac,0}, which is not
commutative. Hence, by Lemma 4.1, the out-of-order evaluation problem for this semigroup
has ©(logn) space complexity.

Note that we can also devise an O(logn) space algorithm for this semigroup by observing
that in any word, at most one element containing b (i.e., b, ba, or bac) and at most one
element containing c (i.e., ¢, ac, or bac) can appear. If there are more, or if there is a 0,
then the result is 0. If there are one or less of each of these positions, then all remaining
positions are necessarily filled with a’s. The algorithm can therefore store the exact positions
of the elements containing b and of the elements containing ¢ (and any 0 element if present),
rejecting if more than two elements are memorized, and otherwise computing the product
of the memorized elements according to the order of their positions, filling gaps with a’s as
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needed. Since there are only a constant number of positions to memorize and each position
can be represented with O(logn) bits, this gives an O(logn) space upper bound. Thus, the
out-of-order evaluation problem for S(a*ba*ca*) has ©(logn) space complexity.

However, the space complexity of out-of-order evaluation for semigroups does not exactly
follow the classification on monoids, and new phenomena can arise. For instance:

» Proposition 4.3. Let L be the language a>*b. The out-of-order evaluation problem for the
syntactic semigroup S of L has O(1) space complexity.

Proof sketch. We just memorize the element at position 1 and the element at position n for
n the word length, using constant space; and we return their product. <

This example shows that, for out-of-order semigroup evaluation, it may be useful to
remember the first and last positions of the overall word of semigroup elements. This is not
helpful for monoids, intuitively because the first and last positions can always contain the
neutral element. The class of semigroups whose evaluation only depends on the leftmost
and rightmost elements is a well-studied variety called Li and defined by the equation
[x“yx* = x¥], or equivalently Li = [a“yz* = a“z¢].

The main result which we show in this section is the following:

» Theorem 4.4. Let S be any fixed semigroup. Then the space complexity of out-of-order
semigroup evaluation for S is as follows:

If S € LiVv Com, then it is O(1)
Otherwise, it is in Q(log(n))

We prove this result in the rest of the section. We first show the first point (the upper
bound), before showing the second point (the lower bound). We note that the second
point only gives a lower bound, which is not tight relative to our linear space upper bound
(Theorem 2.1); we come back to this issue in Section 5.

Upper bound. We first prove the upper bound for the semigroups in Li by relying on its
equational description and a simple pumping argument.

» Lemma 4.5. Fiz a semigroup S € Li, then its out-of-order evaluation problem has O(1)
space complexity.

Proof sketch. Let k = |S|, store the first k + 1 and last k 4 1 letters. At the end return
the product in order of all the stored elements. This algorithm is in constant space. The
correctness follows by using a pumping technique on the first and last £ + 1 elements to
construct idempotent elements and then using the equation Li = [z¥yz¥ = 2% z“] to conclude
that the product of the stored elements is equal to the entire product. |

Together with the upper bound on commutative semigroups that follows from the
immediate generalization to semigroups of Lemma 2.4, and thanks to the closure under
semigroup operations by the analogue of Proposition 3.1 for semigroups, we deduce that
semigroups in LiV Com have O(1) space out-of-order semigroup evaluation. This establishes
the upper bound of Theorem 4.4.
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Lower bound. We now show that all other semigroups require logarithmic space, which
completes the proof of Theorem 4.4 by showing the second point.

For this, we first give an equational characterization of the variety Li V Com. This
relates to the general study of semigroups of the form V Vv Li, with a general methodology to
understand these varieties given in [15]. We will prove the equation s“zyt* = s“yzt*, and
will in fact give an alternative characterization via three equations. Each of these equations
will then be used to give a separate lower bound using fooling set constructions.

» Lemma 4.6. The following conditions are equivalent

1. The semigroup S belongs to Li vV Com.

2. The semigroup S satisfies the equation s*xyt” = s“yxt.
3. The semigroup S satisfies the three equations:

sYxs¥tY = s¥xt? (1)
sYas¥ys” = sYarys” (2)
sYrs¥ys” = sVysYrs? (3)

Proof sketch. We can show the equivalence between points 2 and 3 simply by equation
manipulation, so the key point is to show the equivalence of points 1 and 2. For the easy
1 — 2 direction we see that the equations for Li and Com both imply the equation of
point 2. For the 2 — 1 direction, similarly to Lemma 3.11, taking a semigroup S satisfying
the equation, we define one congruence of Li and one congruence of Com and we show that
their intersection refines the congruence defined by S. For this, we use pumping to construct
idempotents in the common prefixes and suffixes (thanks to the Li congruence), then using
the equation between the idempotents to argue that all letters can be reordered and that we
can conclude simply from the Com congruence. |

The lemma above gives an equational characterization of Li V Com with the equation
sYrytY = s¥yxt?, intuitively implying that everything commutes between two (possibly
different) idempotents. However, to show the lower bound part of Theorem 4.4, we will use
the three equations of the third point. Namely, for any semigroup not in Li V Com, we will
see which equation among the three is violated, and use a different proof in each case.

We first notice that the case of a violation of the third equation s*zs¥ys*” = s“ys“zs* in
fact precisely corresponds to the case of a non-commutative semigroup, and the corresponding
lower bound was already proven as Lemma 4.1. Hence, only the first and second equations
remain. We give the construction for the first equation:

» Lemma 4.7. For any fized semigroup S & [s¥xs¥t¥ = s¥xt*], the out-of-order evaluation
problem for S has Q(log(n)) space complexity.

Proof sketch. We invoke Lemma 2.2 using the following (n — 2, 2n)-fooling set for any n > 0.
For each pair of indices 7,5 € {2,...,n — 1} define

w; = (Sw _)z (tw _)nfi and vij = (_Sw)ifl (_I) (_tw) n—i
Thus the out-of-order evaluation problem for S has Q(log(n)) complexity. <

» Example 4.8. The semigroup S(a*bc*) has four elements {a,b,c,0}, with a, ¢, and 0 being
idempotent. It does not satisfy the equation s¥rs“t¥ = s“xt* when taking s = a, x = b,
t = c: the left-hand side evaluates to abac = 0 and the right-hand side evaluates to abc = b.
Hence, its out-of-order evaluation problem requires Q(logn) space by Lemma 4.7.
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Note that we can also devise an O(logn) space algorithm for this semigroup by storing
the maximal occurrence of a, the minimal occurrence of ¢, the minimal occurrence of b, and
the number of occurrences of 0 and b. The result is O if there is a 0 or if there are two or
more b. If there is no b the result is a or ¢ or 0 depending on whether a or ¢ or both are
present. Last, if there is one b, the result is b unless the rightmost a is right of the b or the
leftmost c is left of the b, in which case the result is 0. Thus, the out-of-order evaluation
problem for this semigroup is in ©(logn).

We then give the construction for the second equation:

» Lemma 4.9. For any fized semigroup S & [s¥zs¥ys® = s“zys*], the out-of-order evalu-
ation problem for S has Q(log(n)) space complexity.

Proof sketch. We invoke Lemma 2.2 using the following (n — 2, 2n)-fooling set for any n > 0.
For each pair of indices i,j € {2,...,n — 1} define

wi= (52 ) ) )" and v = (s (Ly) (s
Thus the out-of-order evaluation problem for S has 2(log(n)) space complexity. |

» Example 4.10. The semigroup S(a*bba*) has elements {a,b,ab,ba,bb,0} and does not
satisfy the equation s¥xs¥ys” = sYxys® when taking s = a, x = y = b: the left-hand
side evaluates to ababa = 0 and the right-hand side to abba = bb. Hence, its out-of-order
evaluation problem requires Q(logn) space by Lemma 4.9.

Note that this is the same underlying language as in Example 3.12, but considering the
syntactic semigroup instead of the syntactic monoid. We can also devise an O(logn) space
algorithm for this semigroup by storing at most two positions for each of the elements ab, ba,
bb, and 0. If any of these elements occurs more than twice, we can immediately return 0.
Otherwise, we know that all positions that we have not stored are labeled by a, which gives us
enough information to compute the product. Thus, the out-of-order evaluation problem for
this semigroup is in ©(logn).

We can now conclude the proof of Theorem 4.4: by combining Lemma 4.6, Lemma 4.7,
Lemma 4.9, and Lemma 4.1, we conclude that any semigroup S ¢ Li V Com must have
Q(log(n)) space complexity.

We have illustrated that there are novel algorithms for the case of semigroups which did
not exist in the case of monoids. Yet, the case of out-of-order evaluation for semigroups is
still coarser than out-of-order membership problem for regular languages. For instance, we
can show the following linear semigroup lower bound, which is in contrast to the O(1) space
upper bound for the corresponding language in Example 2.5.

» Proposition 4.11. The out-of-order evaluation problem for S((ab)*) has ©O(n) space
complexity.

5 Other Complexity Regimes

Our results in the previous section have characterized the semigroups enjoying constant-space
out-of-order semigroup evaluation; with a logarithmic lower bound applying to all other
semigroups. However, unlike our result for monoids (Theorem 3.2 in Section 3), we have not
given a classification of all possible complexity regimes.

Unfortunately, in our present understanding this appears quite challenging, as we will now
illustrate. For convenience the results presented in this section are stated for out-of-order
membership to languages, but we believe that the phenomena illustrated here already apply to
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out-of-order evaluation for semigroups (beyond the constant-space regime). Thus, classifying
out-of-order semigroup evaluation, or out-of-order membership to regular languages, appears
much more challenging than the monoid case.

We first show that some languages admit unexpected logarithmic-space algorithms, and
then show an example of a language for which we can devise an O(y/n)-space algorithm.

Logarithmic-space examples. The first example that we present is the language L = a*b*a*.
First note that the syntactic monoid of L is not in FL V Com: intuitively, there is no & > 0
for which we can solve out-of-order membership (or evaluation) by remembering the k first
and last occurrences of each letter along with commutative information. More precisely, the
first and last a’s are uninformative, and the first and last b’s do not allow us to know whether
there could be some a’s surrounded by two b’s. So, the out-of-order monoid evaluation
problem for the syntactic monoid of L has linear space complexity by Theorem 3.2. By
contrast, we can show that out-of-order membership for L can be done in logarithmic space,
with an ad-hoc algorithm:

» Proposition 5.1. The out-of-order membership problem for L = a*b*a* has ©(logn) space
complexity.

Proof sketch. We memorize the minimal position by,;, and maximal position by, where a b
occurs, along with the number of b’s. A word belongs to the language precisely when the b’s
form a contiguous interval, which amounts to verifying whether the number of b’s is equal to
the difference between the minimal and maximal positions of b (plus 1).

Now, for the lower bound, we construct the following (n — 1, 2n)-fooling set for any n € N.
For any 1 <4 <n — 1, define w; :== (a__)* (b__)""*. Now, for any i,j € {1,...,n — 1} with
i < j define v;j == (_a)? (__b)" J. This ensures that w; o v;; is in a*(ba)TbT, i.e., it is not
in L; whereas w; o v;; is in a*b*, i.e., it is in L. By Lemma 2.2, the out-of-order membership
problem for a*b*a* then has Q(log(n)) complexity. <

Note that this algorithm does not work for the syntactic monoid of a*b*a*, because we
cannot count the neutral elements between by,i, and byax, rendering the technique useless.
The result generalizes to languages such as a*b*c*b*a*, by maintaining the counts and minima
and maxima of each letter and checking first that the ¢’s form a contiguous interval, and
then that the b’s form a contiguous interval around the ¢’s (offsetting the count of the b’s by
that of the ¢’s).

One can wonder whether the result also generalizes to languages of the form a*b*a*b*a*.
This is not immediate, because now we cannot easily identify the a’s in the middle interval,
or the b’s in the left interval versus the right interval. However, it turns out that logarithmic
space complexity can be shown using a more intricate approach (which also could have been
used to show Proposition 5.1):

» Proposition 5.2. The out-of-order membership problem for a*b*a*b*a* has O(logn) space
complexity.

Proof sketch. We keep track of the first and last b’s along with the number n, of a’s, the
sum p, of the positions featuring a’s, and the sum ¢, of the square of positions featuring a’s.
At the end of the algorithm, we can fix ny, pa, ¢q to subtract all positions left of the first b or
right of the last b — we know that these positions must contain a’s. We let n/, p/,, ¢/, be the
resulting quantities. Then, we can check that the remaining a’s form a contiguous interval
within the b’s by using their number n/, and their sum p/, to find a candidate interval, and
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then verifying that the sum of squares ¢/, is correct. For this, we use the fact that placing n/,
integers of range p/, as a contiguous interval, when possible, is the unique way to minimize
the sum of squares ¢/, proved in the full version [6]. <

For the same reasons as previously stated, this argument does not work for monoids
because of the neutral element. It appears that the algorithm could be combined with that
of Proposition 5.1 to show a logarithmic space upper bound for more complex languages,
e.g., a*b*a*c*a*b*a*. However it does not appear easy to generalize it to a higher number of
alternations between the same symbol, e.g., a*b*a*b*a*b*.

An O(+/n)-space algorithm. We now conclude the section by showing that, for the language
a*b*a*b*a*b*, we can nevertheless achieve sublinear space complexity:

» Proposition 5.3. The out-of-order evaluation problem for a*b*a*b*a*b* has O(y/n) space
complexity.

Proof sketch. We split the word w of length n into [/n] blocks of size b = [/n], each either
fully memorized (i.e., we have an explicit table of its contents) or summarized by the first
letter that is seen in the block. When reading letter x at position 4 in block B, we update
B as follows: if B is fully memorized, we write z in its table; if B is empty, it becomes an
z-block; if B is an z-block, do nothing; if B is a y-block with y # x, we fully memorize B
and write x in its table. Whenever we reach more than 6 fully memorized blocks, we reject
early, guaranteeing w ¢ L since w contains a scattered subword of the form (ablba)®, which
is impossible in L. At the end, we reconstruct a word w’ by completing all blocks: the block
contents are x¥ for non-fully-memorized z-blocks, and the table contents for fully memorized
blocks, completing the missing cells by the first letter seen in the block to compensate for
the letters streamed before we started fully memorizing the block. We can show that w’ = w
so that testing w’ € L is correct. The space usage is O(y/n) since we store at most 6 full
blocks plus block types. <

This algorithm would generalize to more complex languages, e.g., (a*b*)* and (a*b*)*a*
for any constant k. We do not know whether the space complexity achieved by this algorithm
is optimal: it would be very interesting to show that such languages admit an Q(/n) lower
bound, although at this stage we cannot rule out the existence of an O(logn) algorithm (or
indeed other sublinear upper bounds below O(y/n)).

6 Conclusion and Future Work

We have introduced and studied the out-of-order membership problem for regular languages,
and the out-of-order evaluation problem for monoids and semigroups. We have shown
that all these problems can be solved with constant time per streamed symbol and linear
space, and have aimed to characterize the space complexity depending on the fixed monoid,
semigroup, or language. Our results give a complete classification of the space complexity
of the problem for monoids, between constant space for commutative monoids, logarithmic
space for FL V Com monoids, and linear space otherwise. These tractability boundaries
happen to coincide with those of simultaneous deterministic communication complexity
from [25], though as far as we can see this appears to be coincidental. Our results further
classify all constant-space semigroups, with logarithmic lower bounds for all other cases. We
have given partial results for the other complexity regimes, but the precise characterizations
remain elusive. Refer again to Tables 1 and 2 for a summary of our results and examples.
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Our work opens many directions for future work. The obvious question is to classify the
remaining cases: in particular finding a superlogarithmic lower bound for some semigroup
with a sublinear space complexity, characterizing those semigroups to which an O(y/n)
lower bound applies, or characterizing the O(1) regime for languages. We could study the
randomized complexity and the non-deterministic complexity of our problems (see also [2]).
It would also be interesting to understand how the complexity changes for problem variants,
e.g., when some positions are not streamed and implicitly filled with a default letter, or
when we are able to stream the same position multiple times (with the same contents). This
latter variant would invalidate some algorithms (e.g., that of Proposition 5.1) so we believe
it makes a difference in terms of complexity. We could also study the setting where the word
length is not known in advance (though this would make the problem less symmetrical), or
settings where the positions are labeled with integers that are not necessarily positive, or
consecutive, or indeed with rational numbers.

We have also not discussed the complexity of determining the space complexity regime
when we are given a language as input (e.g., as an automaton); or the complexity of our
algorithms when the monoid or semigroup or language is not fixed but is also part of the
input. Another question, pertaining to the connection to property testing [4, 8], would be to
ask how the space complexity is changed if we must only distinguish between words belonging
to the target language L and words that are sufficiently far from L; we could also study
strengthenings like computing the distance of the word to L.

Another interesting problem variant would be the earliest answer setting, where we
would require the algorithm to give its answer about membership to L not at the end of the
stream but as soon as it becomes certain, i.e., as soon as we reach a partial word for which
all completions belong to L or all completions do not belong to L. For some classes (e.g.,
commutative languages) it does not seem difficult to enforce this, but we have not investigated
whether this requirement would increase the complexity of the problem in general.

One last question is of course about the complexity of out-of-order membership for more
general languages than regular languages, e.g., for context-free languages we may not be able
to have even an algorithm working in constant time per streamed letter because it would in
particular give a linear-time parsing algorithm for arbitrary grammars (already in the special
case where the letters are streamed from left to right).
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