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Abstract
Population protocols are a distributed computation model in which a collection of anonymous,
finite-state agents interact in randomly chosen pairs and update their states according to a fixed
transition function. The computation is defined by the eventual stabilization of the population to a
consensus that represents the output. In practice, it is natural to allow each agent to carry a unique
identifier and compare it with that of another agent before interacting. We model this extension by
having agents be totally ordered and interactions between two agents to be fireable only if their pair
of identifiers falls in some condition set. For instance, PP[<] allows for two agents to interact only if
the first one appears before the second one.

We study population protocols over ordered agents PP[N ] where N is a set of predicates available
to restrict transition firing. We also study IO-PP[N ], the immediate observation fragment of PP[N ]
where only one agent changes state per interaction. Our main result is that IO-PP[<] recognizes
exactly the unambiguous star-free languages, which admits many other characterizations, such as
two-variable first-order logic or two-way deterministic partially-ordered automata. We also provide
a logic and an automaton model that fits in PP[<]. We further show that if the successor predicate
appears in a set N of NSPACE(n)-computable predicates, then IO-PP[N ] = PP[N ] = NSPACE(n).
Finally, we investigate the problem of deciding whether a given population protocol always stabilizes
to a consensus. While this problem is decidable for unordered population protocols, we show that
this is undecidable already for PP[<] and IO-PP[+1], but conditionally decidable for IO-PP[<].
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1 Introduction

Population protocols form a well-established model of distributed computing where anony-
mous agents, with very limited individual computational power, work collectively to achieve
a common task [3]. In this model, an input is scattered among agents that interact pair-
wise and must take a decision by reaching a consensus that is stable, that is, agents must
eventually all agree on the output (“consensus”) and stop changing their mind (“stable”).
Population protocols provide a theoretical framework for reasoning about a wide range of
distributed systems, including networks of mobile sensors, chemical reaction networks, and
social networks [5, 10, 11].

To familiarize the reader with population protocols, we present a classical protocol for
the task of majority voting. A population consists of n agents (who are not aware of n), each
carrying a state from a finite set. Here, agents start with either a or b as their state. The
population aims at collectively determining whether there are initially more a’s than b’s. At
each discrete moment, a pair of agents is chosen arbitrarily and their respective state, from
Q = {a, b, a, b}, is updated according to these rules:

active to passive propagation of winning side tiebreaker

a, b −→ a, b a, b −→ a, a a, b −→ b, b

b, a −→ b, b

Since agents are unordered, each rule p, q −→ p′, q′ also stands for q, p −→ q′, p′. Here
are three possible executions of the protocol starting from three different “inputs,” that is,
assignments of an initial state a or b to each agent:

aaabb −→ aaabb −→ aaabb −→ aaaab −→ aaaaa,

aabbb −→ aabbb −→ aaabb −→ aaabb −→ aabbb −→ abbbb, −→ bbbbb,

aabb −→ aabb −→ aabb −→ abbb −→ bbbb.

Assuming fair scheduling (e.g., choosing agents uniformly at random), one can show that
the population stabilizes (almost surely) to the correct outcome: if there is a majority of a’s
initially, then agents eventually remain in {a, a}, otherwise they eventually remain in {b, b}.

As agents and rules are unordered, each configuration can be seen as a multiset c : Q → N
where c(q) indicates the number of agents in state q. It is known that population protocols
compute precisely the subsets of NQ that are semilinear [4], or, equivalently, that are definable
in Presburger arithmetic (the first-order theory of the naturals with order and addition). In
particular, majority voting amounts to computing the predicate φ(c) = c(a) > c(b).

From a modeling perspective, the fact that agents are unordered is meant to correspond
to a situation in which agents are replicated and anonymous entities, and hence have no
identifiers and are indistinguishable. Yet, it is natural to allow replicated agents to be totally
ordered, e.g., they could be devices with a unique identifier, such as a serial number, stored
in read-only memory. In this context, interactions may depend on the relationships between
these identifiers.

From the perspective of automata theory, this corresponds to considering population
protocols where configurations are words rather than multisets. Standard population protocols
can be seen as computing commutative properties of words, such as |w|a > |w|b, while the
word setting additionally allows for noncommutative properties, such as “the middle agent
has an a” or “agents strictly alternate between a and b.”



M. Blondin, M. Cadilhac, B. Courchesne, L. Guillou, C. Mascle, and I. Vialard 167:3

Contribution

Motivated by the above, we propose to study population protocols with totally-ordered
agents. The class of population protocols so defined, PP[N ], is parameterized by a set N
of predicates over positions that can be used to restrict transition firings. Central to our
study is the class PP[<], in which a transition p, q <−→ r, s can only be applied to two agents
in respective states p and q if the first agent appears before the second agent. We consider
a well-studied restriction called immediate observation [4] where an interaction can only
update a single agent, called the “observer.”

Our main result, Theorem 12, establishes that IO-PP[<] has the same expressive power
as unambiguous star-free languages, an important subclass of regular languages that admits
a trove of characterizations (see [32] for a lovely survey on the pervasiveness of this class in
automata theory). Hence, IO-PP[<] is the class of languages captured by these formalisms
over finite words:

partially-ordered unambiguous automata [25];
partially-ordered two-way deterministic automata [31];
LTL[F−1,F]: linear temporal logic with past and future operators [15];
FO2[<]: the two-variable fragment of first-order logic with order [33];
∆2[<]: the intersection of the ∃∗∀∗ and ∀∗∃∗ fragments of first-order logic with order [27];
languages recognized by finite monoids from the variety DA [30].

This provides the first characterization of this class in terms of distributed computing,
rather than automata, logic, or algebra. We will provide in Example 3 an example of a PP[<]
protocol whose language is not regular, and therefore not expressible by IO-PP[<] protocols.

In addition, we explore systematically the classes induced by our definitions:
In Section 3, we provide a toolbox to study population protocols over ordered agents
PP[N ], regardless of N . We study protocols that need to stabilize only if they reach
a positive consensus, which we call semi-deciders, as opposed to protocols that always
stabilize to a consensus, dubbed deciders. We also refine the technology of protocols with
stabilizing inputs, studied in [29], which enables a form of composition between protocols.
In Section 4, we prove the aforementioned characterization of IO-PP[<], and in Section 5,
we provide a natural logic and an automaton model expressible in PP[<]. In this latter
section, we fall short of showing exact characterizations, but provide conjectures based
on our new models.
In Section 6, we explore the expressiveness of IO-PP[N ] and PP[N ] when the successor
predicate is available, that is, when transitions can be restricted to fire only if they act on
two adjacent agents. We show that if all the predicates of N are NSPACE(n) computable,
then IO-PP[N ] = PP[N ] = NSPACE(n) – this is arguably less surprising than our main
result on IO-PP[<], as the successor allows for the left-to-right propagation of information.
Finally, since protocols are only well-behaved when they are deciders, and since this
property is semantic, we explore in Section 7 whether we can check if a given population
protocol is a decider. We thus ask if the syntax of deciders is decidable – this is sometimes
called the well-specification problem. We show that it is undecidable for IO-PP[+1],
PP[+1], and PP[<], and conditionally decidable for IO-PP[<].

Related work

Our model is closely related to the community protocols of Guerraoui and Ruppert [19].
These are population protocols where each agent has a unique identifier; each agent can
store a constant number of identifiers; and interactions depend on these identifiers but only
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with respect to their relative order. The motivation of Guerraoui and Ruppert was to devise
an extension of population protocols, as mild as possible, which would be fault-tolerant.
They proved that community protocols can decide languages from NSPACE(n logn) while
tolerating Byzantine failures of a constant number of agents [19]. The unique identifier of
each agent is considered to be stored in read-only memory, as in real-world low-cost chips,
and so exempt from Byzantine failures. Our model corresponds to community protocols
where each agent has a single immutable register initialized to its unique identifier.

Bournez, Cohen, and Rabie introduce homonym protocols, a parameterized restriction of
community protocols, where the n agents have f(n) identifiers [8]. The cases of f(n) = 1
and f(n) = n are respectively population protocols (everyone has the same identifier) and
community protocols (there are as many identifiers as agents). Identifiers are from [0..f(n)−1]
and agents can compare them with respect to x < y, x = y, x = y + 1 and x = 0.

In [17], Gańczorz et al. introduce selective population protocols as an extension of popula-
tion protocols where the state space is partitioned into finitely many “groups,” and where an
interaction picks at random an initiator in state s, and then a responder in state s′ from the
group of s, provided it is nonempty. This is a powerful model that allows for zero-tests, i.e.,
checking whether no agent holds a certain state. Thus, selective population protocols are
orthogonal to our model. However, the authors dedicate a section to the median problem:⋃

n≥0 ΣnaΣn. They show that if selective population protocols are extended with the possi-
bility of comparing keys, then they can solve the median problem in time O(log4 n). The
authors further provide a short proof that, without leveraging the “selective” aspect of their
model (i.e., groups and zero-tests), any population protocol for the median problem must
work in expected time Ω(n). This latter setting, only briefly discussed in [17], corresponds to
our model.

Further extensions include mediated population protocols [24], where communication edges
have an internal state; population protocols with unordered data [6], where the input alphabet
is infinite; and population protocols for graph class identification problems [37, 2], where
agents aim at determining whether the communication topology satisfies some property. For
other work on immediate-observation protocols, see [14, 35, 12, 34].

2 Preliminaries

Automata and logic. We assume some familiarity with formal languages, automata theory
and logic over finite words (e.g., see the textbook [12]). For a word w ∈ Σ∗, we write w[i] for
the i-th letter of w, starting at 1, and w[i..j] for the infix w[i]w[i+ 1] · · ·w[j]. For σ ∈ Σ, we
write |w|σ for the number of occurrences of σ in w.

We write FO to denote first-order logic over words, where quantifiers range over positions,
that is, the set {1, . . . , |w|} for a given word w, and where a(x) holds with respect to w iff
w[x] = a (see, e.g., [12, Chap. 8] for formal definitions). We write FO[<] for the extension
of FO with the numerical predicate <, that allows to test whether x < y for two positions
x and y. For example, the sentence φ = (∃x)(∀y)[a(x) ∧ ((x < y) → b(y))] describes the
language Σ∗ab∗. By abuse of notation, FO[<] stands for both the set of syntactic sentences
and for the class of languages described by these sentences. It is well known that FO[<] is
the class of star-free (regular) languages.

We write Σi[<] (resp. Πi[<]) for the fragment of FO[<] of sentences in prenex normal
form with i blocks of alternating quantifiers starting with ∃ (resp. ∀). For example, Σ∗ab∗

belongs to Σ2[<] due to the form of our example φ. We let ∆i[<] = Σi[<] ∩ Πi[<].
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Population protocols over ordered agents. A population protocol (PP) describes how a
totally-ordered set of finite-state agents interact and reach a decision about their overall
initial states. Interactions can happen between any pair of agents, and predicates are used
to restrict how transitions can be taken, based on the position of the agents in the order.

(Syntax.) We extend classical PPs to allow for transitions to carry a test on the positions
of the totally-ordered agents. Let N ⊆ 2N×N be any set, whose elements we call numerical
predicates: these will be used as the allowed tests on a transition.1 We let true = N2 be
the always-true predicate. The set PP[N ] of PPs over N is the set of transition systems
(Q,Σ, O,∆) where Q is a finite set of states, Σ ⊆ Q is a distinguished subset of initial states,
O : Q → {⊤,⊥} maps each state to an opinion, and ∆ ⊆ Q2 × (N ∪ {true}) × Q2 is a set
of transitions. An element of ∆ is denoted q1, q2

P−→ q3, q4, expressing, intuitively, that if
two distinct agents meet, the first being in position i and state q1, the second in position j

and state q2, such that (i, j) ∈ P , then the first agent changes its state to q3 and the second
to q4. We use Σ for the set of initial states as we would like to see such protocols as language
acceptors: The initial configuration should be thought of as an input word over alphabet Σ.

If N = {P1, P2, . . .}, we write PP[P1, P2, . . .] for PP[N ]. Classical PPs can be seen as the
class PP[∅], recalling that we assume that true is always available as a numerical predicate.
Our main interest is in the class PP[<], where < is seen as the set of pairs (i, j) with i < j,
but we will study more expressive predicates in Sections 3 and 6.

A PP is immediate-observation if at most one agent changes state in each interaction, i.e.,
every transition is of the form a, b P−→ a, c or a, b P−→ c, b. We write IO-PP[N ] for the class of
protocols in PP[N ] that are immediate-observation.

(Semantics.) Since our agents are totally ordered, we define the configuration of a system
as a word of Q+. Initial configurations are words of Σ+. Let u and v be two configurations
of the same length, we say that u leads to v, denoted u → v, if the two configurations
are equal except at potentially two distinct positions i and j, and there is a transition
u[i], u[j] P−→ v[i], v[j] ∈ ∆ with (i, j) ∈ P . We let →∗ be the reflexive transitive closure of →.

Consensus and stability. With w a configuration, let O(w) ∈ {⊥,⊤} be the common opinion
of all states appearing in w, if there is one; otherwise O(w) is undefined. A configuration w

is a b-consensus if O(w) = b. It is further b-stable if w →∗ v implies that v is a b-consensus.

▶ Example 1. We give an example of a protocol in PP[<]. Consider the transition system P =
({a, b, q⊥}, {a, b}, O,∆), with O(a) = O(b) = ⊤, O(q⊥) = ⊥, and transitions b, a <−→ q⊥, q⊥
and q⊥,_ true−−→ q⊥, q⊥ with “_” standing for any state. Every input configuration belongs
to (a + b)+ and is therefore a ⊤-consensus (all agents output ⊤ initially). However, such
configurations need not be ⊤-stable. For instance, starting from ba we can apply the rule
b, a <−→ q⊥, q⊥ and obtain q⊥q⊥, which is ⊥-stable. In contrast, every configuration in a∗b∗ is
⊤-stable: it is a ⊤-consensus and no transition is enabled.

Language of a PP. Consider an infinite sequence w0 → w1 → w2 → · · · of configurations,
which we call a run. We say that it is fair if for every wi that appears infinitely often,
each configuration of {v | wi → v} appears infinitely often as well. By induction, fairness
guarantees that each configuration of {v | wi →∗ v} appears infinitely often as well. Intuitively,
fairness ensures that reachable configurations cannot be avoided forever (in a probabilistic

1 These are sometimes called uniform numerical predicates in the literature, to emphasize the fact that
they do not depend on the total number of agents. A natural predicate that is not uniform is max(x)
which is true if x is the position of the last agent. This technical difference will not impact our results.

ICALP 2026
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setting, where the scheduling induces a probability distribution on the runs, the resulting
runs are almost surely fair). We will assume that any configuration can be extended into a
run, and so into a fair run, by implicitly adding “no operation” transitions.

The language of a PP P is the set L(P) of initial configurations from which there is a fair
run that visits a ⊤-stable configuration. Naturally, an initial configuration can be the origin
of a fair run visiting a ⊤-stable configuration, another run visiting a ⊥-stable configuration,
or even a run that visits no stable configurations. We single out PPs that have more crisp
behaviors. We say that a PP is a decider when for all w ∈ Σ∗, there is a b ∈ {⊤,⊥} such
that all fair runs from w visit a b-stable configuration (i.e., for all finite runs from w to some
configuration u, there is a path from u to a b-stable configuration). This is usually called
well-specified in the literature and we justify our nomenclature in Section 3.1. We say that
L(P) is PP[N ]-decidable or IO-PP[N ]-decidable with the obvious meaning. We will identify
PP[N ] and IO-PP[N ] with the class of languages decidable by these protocols.

Note that since population protocols are ill-defined when no agents are present, we adopt
the convention, when working with their languages, to disregard the empty word.

▶ Example 2. Consider the protocol of PP[<] from Example 1. We show that it decides the
language a∗b∗. Every input in a∗b∗ is already ⊤-stable. Conversely, if an input word is not in
a∗b∗, then it contains the factor ba. Hence, in any fair run, the transition (b, a) → (q⊥, q⊥) is
eventually executed. From that point on, every remaining agent eventually interacts with a
q⊥-agent and is converted to q⊥, so the run reaches a configuration in q∗

⊥, which is ⊥-stable.

▶ Example 3. Consider the median language L =
⋃

n∈N ΣnaΣn. Let us describe a protocol
P = (Q,Σ, O,∆) that decides L. The states are defined as Q = Σ × {¬,ð,«} × {⊥,⊤}.
The components respectively represent the input letter; a belief on whether the center is on
the right, here, or on the left; and a belief on the output.

We identify input a with state (a,ð,⊤), and each input σ ̸= a with (σ,ð,⊥). We set
O((x, y, z)) = z. The set ∆ is defined by these rules, each describing a family of transitions:

Population halving

(1) (x, ð, z), (x′, ð, z′) <−→ (x,¬, ⊥), (x′,«, ⊥)

Center finding

(2) (x, ð, z), (x′,¬, z′) <−→ (x,¬, ⊥), (x′, ð, x′ = a)
(3) (x,«, z), (x′, ð, z′) <−→ (x, ð, x = a), (x′,«, ⊥)

Output propagation

(4) (x, y, z), (x′, ð, z′) true−−→ (x, y, z′), (x′, ð, z′) for y ∈ {¬,«}
(5) (x, y, ⊤), (x′, y′, ⊥) true−−→ (x, y, ⊥), (x′, y′, ⊥) for y, y′ ∈ {¬,«}

By fairness, the first rule must be used until one or zero ð remains. Moreover, by fairness,
the second and third rules will respectively move the ¬’s to the left, and the «’s to the right.
If some (x,ð, y) remains, then, by fairness and the fourth rule, it will propagate its output
y, which is ⊤ iff x = a, by the choice of initial states and by rule (2–3). Otherwise, if the
population is of even length, the fifth rule will be used to propagate ⊥.

Figure 1 depicts all configurations reachable from the initial configuration aab ∈ L. Any
fair run of a population protocol leads to a bottom strongly connected component of such a
reachability graph. Thus, in this example, every fair runs leads to a⊤

¬a
⊤
ðb

⊤
«, which is ⊤-stable.

Note that a⊥
¬a

⊥
«b

⊥
ð is a ⊥-consensus, but is not ⊥-stable.
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a⊤
ða

⊤
ðb

⊥
ð

a⊥
¬a

⊤
ðb

⊥
«a⊥

¬a
⊥
«b

⊥
ð a⊤

ða
⊥
¬b

⊥
«

a⊤
¬a

⊤
ðb

⊥
« a⊥

¬a
⊤
ðb

⊤
«

a⊤
¬a

⊤
ðb

⊤
«

(1)

(1)

(1)

(3)

(4) (4)(5) (5)

(2)

(4) (4)

Figure 1 Configurations reachable from aab, where xz
y stands for (x, y, z). Self-loops arising from

“no operation” transitions are omitted. The hatched nodes are consensuses; the bottom one is stable.

Further observe that the reachability graph of Figure 1 has non-trivial cycles, for instance:

a⊥
¬a

⊤
ðb

⊥
« → a⊥

¬a
⊤
ðb

⊤
« → a⊥

¬a
⊤
ðb

⊥
« → a⊥

¬a
⊤
ðb

⊤
« → · · ·

Informally, the first and second agents are fighting to convince the third agent. However, by
fairness, this is not allowed to happen indefinitely. Eventually, the configuration a⊤

¬a
⊤
ðb

⊤
«, at

the bottom, is reached.
In the above specific protocol P , for each initial configuration, the reachability graph has

a unique trivial bottom strongly connected component, made of one configuration of the
form ¬nð«n or ¬n«n. However, in general, it needs not be unique or trivial. A fair run
becomes b-stable iff it visits a bottom strongly connected component whose configurations
are all b-consensuses.

In a decider, for a given initial configuration, all bottom strongly connected components
must consist only of stable configurations, all of the same output.

We now provide a generic upper bound on the complexity of languages decided by popu-
lation protocols; we will exhibit a matching lower bound in Section 6 for IO-PP[+1]. Recall
that NSPACE(n) is the class of languages recognized by linear-bounded nondeterministic
Turing machines, i.e., nondeterministic machines that require space O(n) over inputs of size
n. Languages of this class are exactly the context-sensitive languages [22].

▶ Theorem 4. Let N be a set of numerical predicates, all of which decidable in NSPACE(n).
We have PP[N ] ⊆ NSPACE(n).

Proof. Recall that a configuration is ⊤-stable if every reachable configuration from it is a
⊤-consensus (i.e., all agents have opinion ⊤). Consider a protocol in PP[N ]. The set of
configurations that are not ⊤-stable is decidable in NSPACE(n). Indeed, it is sufficient to
nondeterministically guess a partial run (i.e., a finite sequence of configurations w0 → w1 →
· · · → wn) that leads to a configuration that is not a ⊤-consensus. Each transition can be
guessed, its condition checked, and its effect applied in NSPACE(n).

By the Immerman–Szelepcsényi theorem, NSPACE(n) is closed under complement, and so
the set of ⊤-stable configurations is in NSPACE(n). Since the protocol is a decider, to check
that a word w is accepted, it is sufficient to nondeterministically guess a partial run from w,
and check that it ends in a ⊤-stable configuration. These are all tasks in NSPACE(n). ◀
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3 Semantic restrictions of population protocols: a toolbox

In this section, we define two restrictions of population protocols that will be used to simplify
our constructions.

We first define semi-deciders, which do not require the full behavior of deciders with
respect to stable configurations. Throughout the next sections, we will see that semi-deciders
are much easier to define for some languages, and we will rely on the forthcoming Lemma 6
to combine semi-deciders into deciders.

We then define protocols with stabilizing inputs, which are protocols where agents can
change their mind about their input. Such protocols are harder to design, since they are more
robust to change, but we show, in Lemma 11, that they exhibit a strong closure property:
they are closed under alphabet rewriting.

3.1 Semi-deciders
▶ Definition 5. We say that a PP semi-decides L ⊆ Σ+ if for all u ∈ Σ+ and every fair run
ρ starting from u, we have u ∈ L iff ρ contains a ⊤-stable configuration. We use the terms
PP[N ]-semi-decidable and IO-PP[N ]-semi-decidable with the obvious meaning.

Note that a decider is a semi-decider in which we additionally require that u /∈ L iff ρ

visits a ⊥-stable configuration; that is, all fair runs visit a stable configuration. Illustrating
the differences, Figure 2 shows the situations that can occur for runs from an input w.

w w w w w w

(1)

ns

⊤

⊥

(2)

⊥

⊤

⊤

(3)

⊤

ns

⊤

(4)

⊥

⊥

ns

(5)

⊤

⊤

⊤

(6)

⊥

⊥

⊥

Figure 2 Configurations labeled ⊤ , ⊥ and ns are ⊤-stable, ⊥-stable, and configurations from
which no stable configurations are reachable. Arrows depict partial, finite runs. Situations (1-6) can
happen in PP. Only situations (4-6) can happen in semi-deciders, while only situations (5-6) can in
deciders.

Our naming convention is justified by the following property:

▶ Lemma 6. A language L is PP[N ]-decidable iff L and its complement are PP[N ]-semi-
decidable. The same holds for IO-PP[N ].

Proof sketch. We combine the two semi-deciders for L and for Σ+ \ L by running them in
parallel. Each agent stores a pair of states, one for each semi-decider, together with a belief
indicating which semi-decider it currently trusts. Transitions either simulate one step of one
of the semi-deciders, or flip the belief so that beliefs can align; in particular, an agent may
flip when it meets an agent with the opposite belief, or when its currently trusted component
produces a ⊥-witness. For any input u, exactly one of the two simulations eventually provides
such a witness (since exactly one of u ∈ L or u /∈ L holds), which forces all agents to converge
to the correct belief and yields a stable consensus, hence a decider. ◀

We note these elementary closure properties:

▶ Lemma 7. If L1, L2 ⊆ Σ+ are PP[N ]-semi-decidable, then it is also the case for L1 ∩ L2
and L1 ∪ L2. This further holds for IO-PP[N ] and deciders.
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3.2 Protocols with stabilizing inputs
Agents of a protocol are generally not aware that they have reached a stable consensus
and hence “terminated.” To carry out a task A and use its output in a subsequent task B,
a protocol has to perform both tasks concurrently. The protocol for task B thus guesses
what the output of task A is going to be, but ought to be able to self-correct if it becomes
clear that the guess was wrong. In this subsection, we introduce a formal notion for this
“self-correction” which will simplify the design of composable protocols; this is inspired by a
recent presentation of [29] for PP[∅].

Let us consider protocols where each agent keeps a copy of its input. Formally, a protocol
P = (Q,Σ, O,∆) is said to be input-saving if

Q = Σ ×R for some finite set R;
Each σ ∈ Σ is identified with (σ, rσ) for some rσ ∈ R; and
The first component σ of any state (σ, r) ∈ Q is left unchanged by all transitions of ∆.

For all w ∈ Q+, let ι(w) ∈ Σ+ be the projection of w onto its first component. Given
u, v ∈ Qn, we write u⇝ v if either u → v, or v equals u except at a single position i where
u[i] = (σ, r) and v[i] = (σ′, r). This second type of transitions models a “change of mind” of
agent i on its input. We write ⇝∗ for the reflexive transitive closure of ⇝. Note what we do
not change the definition of run, which still relies on → only.

▶ Definition 8. We say that P semi-decides L ⊆ Σ+ with stabilizing inputs if (a) P is
input-saving, and (b) for all u ∈ Σ+, all u⇝∗ v and every fair run ρ starting from v, it is
the case that ι(v) ∈ L iff ρ visits a ⊤-stable configuration. We use the term “decides” if (b)
is strengthened with the condition that ι(v) /∈ L iff ρ visits a ⊥-stable configuration.

Note that this is more robust than simply semi-deciding: if P semi-decides L with
stabilizing inputs, then it semi-decides L. Intuitively, after u⇝∗ v, the configuration of the
population (i.e., the projection of v onto the second component) may be incompatible with
ι(v) since agents have possibly changed their mind several times on their input. Computing
with stabilizing inputs means that the protocol is able to fix its configuration so that it
reflects the expected output on ι(v).

It is known that any language L ∈ PP[∅] can be decided, and hence semi-decided, with
stabilizing inputs2 [29]. Let us turn to an example, which will be useful later:

▶ Proposition 9. The language 0∗1∗ · · · k∗ is IO-PP[<]-semi-decidable with stabilizing inputs.

Proof sketch. Let Σ = {0, 1, . . . , k} and L = 0∗1∗ · · · k∗. The protocol P = (Q,Σ,∆, O) for
L is defined by Q = Σ × {⊤,⊥}, O((σ, o)) = o, each σ ∈ Σ identified with (σ,⊤), and these
rules:

(x,⊤), (y, o) <−−−→ (x,⊥), (y, o) for x > y,

(x,⊥), (y, o) true−−−→ (x,⊤), (y, o).

The purpose of the first rule is to detect a misordering. The second rule allows any agent to
nondeterministically reset itself. ◀

We now turn to closure properties of protocols with stabilizing inputs. We first cover
union and intersection, then move on to (nondeterministic) alphabet rewriting.

2 It was claimed earlier by [2], but definitions and proofs were deferred to a full paper that never appeared.
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▶ Lemma 10. If L1, L2 ⊆ Σ+ are PP[N ]-semi-decidable with stabilizing inputs, then it is
also the case for L1 ∩ L2 and L1 ∪ L2. This further holds for IO-PP[N ] and deciders.

Given f : Σ → 2Γ and w ∈ Σn, let f(w) = {w′
1 · · ·w′

n | w′
i ∈ f(wi) for each i ∈ [1..n]}.

For example, if f(0) = {a, b} and f(1) = {b, c}, then f(01) = {ab, ac, bb, bc}. We extend this
notion to languages: f(L) =

⋃
w∈L f(w).

▶ Lemma 11. Let f : Σ → 2Γ. If L ⊆ Σ+ is PP[N ]-semi-decidable with stabilizing inputs,
then f(L) is PP[N ]-semi-decidable with stabilizing inputs. This further holds for IO-PP[N ].

Proof sketch. The construction builds a protocol that semi-decides f(L) by simulating, in its
second component, the input-saving semi-decider for L on a guessed word v ∈ Σ+ compatible
with the real input u ∈ Γ+ (i.e., u ∈ f(v)). Agents may revise this guess: whenever a ⊥
opinion is observed in the simulated component, an agent is allowed to change its guessed
letter to any σ consistent with its input letter (preserving u ∈ f(v) letterwise). If u ∈ f(L),
fairness ensures that the population can eventually rewrite the guessed word into some v′ ∈ L,
after which the simulation of the semi-decider for L reaches a ⊤-stable configuration and
changes become disabled; if u /∈ f(L), reaching a ⊤-stable configuration would force the
simulated input to lie in L, which is not possible. ◀

4 Expressiveness of IO-PP[<]

In this section, we provide a precise characterization of the languages decided by IO-PP[<].
For any language L ⊆ Σ∗, let us write ≡L for the syntactic congruence of L, i.e., w ≡L w′ iff
uwv ∈ L ⇔ uw′v ∈ L for all u, v ∈ Σ∗. A language is in the class DA if it is regular, and
satisfies, writing α(w) ⊆ Σ for the set of letters appearing in a word w:

(∀w ∈ Σ∗)
[
w ≡L w2 → (∀h ∈ α(w)∗)[w ≡L w · h · w]

]
, (1)

It is a fascinating result of Pin and Weil [27] that DA = ∆2[<]. We will leverage both
characterizations to show the theorem below. The left-to-right inclusion will rely on (1), and
the converse on DA = ∆2[<], semi-deciders, and protocols with stabilizing inputs.

▶ Theorem 12. IO-PP[<] = DA.

4.1 IO-PP[<] ⊆ DA
We first show that the set of stable configurations in a PP[<], and thus in an IO-PP[<],
admits a simple description. Given a finite alphabet Σ and two words u, v ∈ Σ∗, we say that
u is a subword of v, written u ⪯ v, if u can be obtained from v by removing letters. It is
well known that ⪯ is a well-quasi-order over Σ∗ [21]. A consequence is that every strictly
decreasing sequence of subword-closed sets must be finite.

▶ Lemma 13. Any protocol in PP[<] is a well-structured transition system w.r.t. ⪯, that is,
for all u, u′, w ∈ Q∗ with u ⪯ w and u → u′, there exists w′ such that u′ ⪯ w′ and w → w′.
Further, the set of b-stable configurations is subword-closed and computable.

As expected from the definition of DA, the core of the argument showing the inclusion
of IO-PP[<] in DA will rely on a pumping argument. As a first observation, we show that,
in an IO-PP[<], an infix of the form wzw with α(z) ⊆ α(w) can, in some sense, mimic the
behavior of the protocol on the simpler infix w.
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▶ Lemma 14. In an IO-PP[<], if uwv →∗ u′w′v′ with |u| = |u′| and |v| = |v′|, then for all
z with α(z) ⊆ α(w), there exists z′ such that uwzwv →∗ u′w′z′w′v′ and α(z′) ⊆ α(w′).

We use this first result to show a pumping lemma on IO-PP[<]. It results from the fact
that the sets of ⊤-stable and ⊥-stable configurations are subword-closed and Lemma 14.

▶ Lemma 15. Let L ∈ IO-PP[<]. There exists a computable m ≥ 1 such that, for all
w1, . . . , wm ∈ Σ+ and z ∈ Σ∗ with α(w1) = . . . = α(wm) ⊇ α(z), we have w1 · · ·wm ≡L

(w1 · · ·wm)z(w1 · · ·wm).

Proof sketch. Lemma 13 indicates that for both b ∈ {⊤,⊥}, the set of b-stable configurations
is subword-closed. As a consequence, writing Bε for B ∪ {ε}, it is a finite union of languages
of the form A∗

1B
ε
1 · · ·A∗

kB
ε
k with Ai, Bi subsets of Q, the set of states of our protocol [20,

Sect. 6.1.1]. Let Kb be the maximal factorization size k over all those languages, K =
max(K⊤,K⊥) and m = 2K + 1. Lemma 13 also states that the set of b-stable configurations
is computable for both b, in particular we can compute K⊤,K⊥ and m.

Intuitively, if we have a run from w1 · · ·wm to a ⊤-stable configuration w′ = w′
1 · · ·w′

m,
then we can match w′ with one of the expressions above, and some w′

i is entirely contained
in some A∗

j .
We then use Lemma 14 to expand the run w → w′ to a run from w′ = w1 · · ·wmzw1 · · ·wm

to some b-stable configuration w̃′, by expanding the wi section into wi · · ·wmzw1 · · ·wi.
We can thus show that if w is accepted, so is w′. Similarly, we show that if w is not

accepted, then it can reach a ⊥-stable configuration, and so can w′. We conclude that one is
in the language if and only if the other is. To prove the congruence relation we only need to
add words u and v around w, which does not significantly alter the proof. ◀

We can now show that IO-PP[<]-decidable languages satisfy the definition of DA. In
Lemma 16, we show that Equation 1 is satisfied, and in Lemma 17, that the languages are
regular, concluding the proof.

▶ Lemma 16. Let L ∈ IO-PP[<] and let w ∈ Σ∗ be such that w ≡L w2. It is the case that
w ≡L w · h · w for all h ∈ α(w)∗.

Proof. Lemma 15 implies that there is a (computable) number m such that wmhwm ≡L wm,
and since w ≡L w2, we obtain w ≡L w · h · w as claimed. ◀

▶ Lemma 17. Every IO-PP[<]-decidable language is regular. Moreover, given an IO-PP[<]-
protocol P, we can construct a finite automaton with the same language.

Proof sketch. We show that beyond some length, every word must contain a pattern of
the form (w1 · · ·wm)z(w1 · · ·wm) with α(w1) = . . . = α(wm) ⊇ α(z). By Lemma 15, this
means that every sufficiently long word is ≡L-equivalent to a shorter one, meaning that
≡L has finitely many equivalence classes. Since we can compute m, we can compute this
automaton. ◀

4.2 DA ⊆ IO-PP[<]
Recall that L ∈ Π2[<] iff Σ∗ \ L ∈ Σ2[<]. Since DA is equal to ∆2[<] = Σ2[<] ∩ Π2[<], it is
enough to prove that Σ2[<] languages are IO-PP[<]-semi-decidable, appealing to Lemma 6 to
conclude. Note that Σ2[<] is the set of languages expressible as finite unions of languages of
the form L = A∗

0a1A
∗
2 · · · am−1A

∗
m with the Ai’s being subalphabets (see, e.g., [26, Thm. 8.8]).
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Since semi-deciders are closed under union by Lemma 7, we need only show that L is IO-PP[<]-
semi-decidable to conclude. We start with a technical proposition that extends a result of [29]
to immediate-observation protocols, then provide a semi-decider for L in Proposition 19.
Since all constructions used here are effective, our proof also implies that given a finite
automaton recognizing a DA language, we can effectively construct an IO-PP[<]-protocol
recognizing the same language.

▶ Proposition 18. The language {w ∈ Σ+ | |w|a = 1} is IO-PP[∅]-semi-decidable with
stabilizing inputs.

Proof sketch. Each agent stores its current input, its last input, and a belief on the output.
If the current input of an agent mismatches its former one, then it resets itself to the current
one. Each agent eventually stabilizes to a fixed input (σ, σ, ·). The belief component then
controls the consensus: an (a, a,⊤) agent can turn any (σ, σ, ·) with σ ̸= a to ⊤, while the
presence of any (σ, σ,⊥) can spread ⊥ to other agents. Finally, if an a-agent observes another
a, it switches to ⊥; combined with the rule that lets an a-agent reset itself to ⊤, this makes
a-agents alternate forever between ⊤ and ⊥ whenever there are at least two a’s, preventing
stabilization in that case. As a result, if the input contains no a then every fair run reaches
a ⊥-stable consensus; if it contains exactly one a then every fair run reaches a ⊤-stable
consensus; and if it contains at least two a’s then some agent flips its belief forever. ◀

▶ Proposition 19. The language L = A∗
0a1A

∗
2 · · · am−1A

∗
m is IO-PP[<]-semi-decidable (with

stabilizing inputs).

Proof. Let Γ = {0, 1, . . . ,m}, K = 0∗1∗ · · ·m∗ and K ′ =
⋂

a∈Γ,a odd{w ∈ Γ+ | |w|a = 1}.
By Proposition 9, K is IO-PP[<]-semi-decidable with stabilizing inputs. Furthermore, by
Proposition 18 and Lemma 10, K ′ is IO-PP[∅]-semi-decidable with stabilizing inputs. By
Lemma 10, K ∩ K ′ is IO-PP[<]-semi-decidable with stabilizing inputs. Let f(i) = Ai for
even i, and f(i) = {ai} otherwise. We are done by Lemma 11 since L = f(K ∩K ′). ◀

5 Expressiveness of PP[<]

The crisp characterization of the previous section ties IO-PP[<] to a wealth of computational
models with strikingly different flavors. Chief among them, DA is characterized by a logic,
∆2[<], and by partially-ordered unambiguous automata. A natural question is thus whether
PP[<] also admits such a diverse array of characterizations. We fall short of providing exact
characterizations, but offer, in this section, two large classes of languages, one logically-defined
and one based on partially-ordered automata, that are PP[<]-decidable.

Our formalisms will involve Presburger arithmetic, the first-order theory of the naturals
with order and addition; e.g., ϕ(x) = (∃y ∈ N)[y ≥ 1 ∧ x = 2y] holds iff x is a positive even
number. Write ≡c for the equivalence of naturals modulo c. It is well known that Presburger
arithmetic together with ≡c with any c ≥ 2 admits quantifier elimination. For our purposes,
a Presburger formula is a (quantifier-free) Boolean combination of predicates of the form∑n

i=1 aixi < b or
∑n

i=1 aixi ≡c b, where ai, b ∈ Z, c ≥ 2 and variables xi are over N.

5.1 First-order logic over word intervals
▶ Definition 20. For w ∈ Σn and σ ∈ Σ, let #σ : {1, . . . , n} × {1, . . . , n} → N be the
function that counts the number of occurrences of σ between two positions of w, i.e.,
#σ(x, y) = |w[x..y]|σ. We define FOint as first-order logic over word intervals, that is, with
access to numerical values #a(x, y) where x and y are either first-order variables, the first
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position (denoted “1”) or the last position (denoted “max”). We will study FOint[<,+,≡],
where we allow numerical values to be compared, added, and tested modulo c for any constant
c. Note that a variable x can be expressed as

∑
σ∈Σ #σ(1, x), we will thus assume that the

atomic formulas only have terms of the form #a(x, y), though we write 1 for
∑

σ∈Σ #σ(1, 1),
and max for

∑
σ∈Σ #σ(1,max). The logics Σint

k , Πint
k , and ∆int

k are naturally defined.

▶ Example 21. Let us show that the median language
⋃

n∈N ΣnaΣn belongs to ∆int
1 [<,+,≡].

The following predicate asserts that x is the middle position: ψ(x) =
∑

σ∈Σ #σ(1, x) =∑
σ∈Σ #σ(x,max). The median language can either be expressed by (∃x)[ψ(x) ∧ a(x)], or

by (∀x)[(ψ(x) → a(x)) ∧ max ≡2 1]. Note that a(x) is the same as #a(x, x) = 1.

We now provide a convenient characterization of languages in Σint
1 [<,+,≡].

▶ Lemma 22. Any language from Σint
1 [<,+,≡] is a finite union of languages of the form

K = {a0w1a1 · · ·wmam | wi ∈ Σ∗, ai ∈ Σ, φ(xi,σ 7→ |wi|σ, yi,σ 7→ |ai|σ)} where m ≥ 0 and φ
is a Presburger formula over variables {xi,σ | i ∈ [1..m], σ ∈ Σ} ∪ {yi,σ | i ∈ [0..m], σ ∈ Σ}.

Thanks to the previous lemma, we are able to build a protocol PP[<] semi-deciding any
language in Σint

1 [<,+,≡], by building semi-deciders with stabilizing inputs for each K, and
then using the closure properties presented in Section 3.2.

▶ Proposition 23. Any language from Σint
1 [<,+,≡] is PP[<]-semi-decidable.

Proof. Let L ∈ Σint
1 [<,+,≡]. By Lemma 22, L is a finite union of languages of the form

L′ = {a0w1a1 · · ·wmam | wi ∈ Σ∗, ai ∈ Σ, φ(xi,σ 7→ |wi|σ, yi,σ 7→ |ai|σ)} where m ≥ 0 and φ

is a Presburger formula. It suffices to show that L′ is PP[N ]-semi-decidable with stabilizing
inputs. Indeed, by Lemma 10, that class of languages is closed under union.

Let Σ = {σ | σ ∈ Σ}, Ai = Σ×{i}, Wi = Σ×{i} and Γ =
⋃

i∈[0..m] Ai ∪
⋃

i∈[1..m] Wi. We
justify that the three following languages K, K ′ and K ′′ over alphabet Γ are semi-decided
with stabilizing inputs:

K = A∗
0W

∗
1A

∗
1 · · ·W ∗

mA
∗
m,

K ′ = {w ∈ Γ+ | φ(xi,σ 7→ |w|(σ,i), yi,σ 7→ |w|(σ,i))},
K ′′ =

{
w ∈ Γ+ |

∑
γ∈A1

|w|γ = 1 ∧ · · · ∧
∑

γ∈Am
|w|γ = 1

}
(recall Ai ∩Aj = ∅ for i ̸= j).

Let f(2i) = Ai and f(2i+ 1) = Wi+1. We have f(0∗1∗2∗ · · · (2m)∗) = K. By Proposition 9
and Lemma 11, K is PP[<]-semi-decidable with stabilizing inputs. Since K ′,K ′′ ∈ PP[∅],
these two languages are PP[∅]-decidable with stabilizing inputs [2, 29].

By Lemma 10, the language K ∩K ′ ∩K ′′ is PP[<]-semi-decidable with stabilizing inputs.
Let g((σ, i)) = g((σ, i)) = {σ}. We are done by Lemma 11 since L′ = g(K ∩K ′ ∩K ′′). ◀

▶ Corollary 24. ∆int
1 [<,+,≡] ⊆ PP[<].

In the forthcoming Conjecture 40, we postulate that these two classes coincide.

5.2 Partially-ordered Parikh automata
A partially-ordered nondeterministic Parikh automaton (poPA) is a tuple A =
(Q,Σ, δ, q0, F,Ψ) where:

Q is a finite set of states equipped with a partial order ≤;
Σ is a finite alphabet;
δ ⊆ Q× Σ ×Q is the transition relation, that satisfies p ≤ q for all (p, σ, q) ∈ δ; if p = q,
the transition is dubbed a self-loop, and otherwise, a progress transition;
q0 ∈ Q is the initial state, and F ⊆ Q is the set of final states;
Ψ is a Presburger formula over variables δ.
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For all t = (q, σ, q′) ∈ δ, we write q →t q′ and πΣ(t) = σ. We naturally lift these notations
to sequences. A word w ∈ Σ∗ is accepted by A if there exist ρ ∈ δ∗ and q ∈ F such that
q0 →ρ q, πΣ(ρ) = w and Ψ(t 7→ |ρ|t) holds. The language of A is the set L(A) of words it
accepts. Figure 3 depicts two examples of poPA.

Ψ = (s = t)

s: Σ
a

t: Σ
Ψ = (u = s + s′ + t + t′)

∧ (t + t′ > s + s′)

u: a
s: ⊏

t: ⊐

s′: ⊏

t′: ⊐

⊏

⊐

⊏,⊐

Figure 3 Example of poPA for the median language
⋃

n≥0 ΣnaΣn (left) and the coDyck-witness
language {anv | n ≥ 1, v ∈ {⊏,⊐}≥n, |v[1..n]|⊐ > |v[1..n]|⊏} (right).

Lemma 22 allows us to translate a formula from Σint
1 [<,+,≡] into a poPA by guessing a

factorization a0w1a1 · · ·wmam with a progress transition for each ai, and a self-loop for each
wi; and then using the Presbuger acceptance formula of the automaton to verify the guess.
We can also translate a poPA into a formula of Σint

1 [<,+,≡] by guessing the position of the
progress transitions and verifying the validity of the path. This yields:

▶ Theorem 25. A language is recognized by some poPA iff it belongs to Σint
1 [<,+,≡].

Recall that Σ2[<] is characterized by partially-ordered automata, while ∆2[<] is char-
acterized by unambiguous partially-ordered automata. We explore a similar notion for
∆int

1 [<,+,≡] and poPA. A poPA A is weakly unambiguous3 if every w ∈ L(A) is accepted
by at most one path (w.r.t. F and Ψ). Note that the automata of Figure 3 are weakly
unambiguous and can be complemented. By Theorem 25, this means that both languages
belong to ∆int

1 [<,+,≡]. More generally, we conjecture that weakly-unambiguous poPA are
closed under complement.

▶ Observation 26. If weakly-unambiguous poPA are closed under complement, then any
language recognized by a weakly-unambiguous poPA belongs to ∆int

1 [<,+,≡].

In the forthcoming Conjecture 40, we postulate that these two classes coincide. We
note, as a sanity check, that since ∆2[<] is characterized by unambiguous partially-ordered
automata, IO-PP[<] = DA = ∆2[<] ⊊ ∆int

1 [<,+,≡]. The strictness of the inclusion is in
particular witnessed by the regular language {a2n | n ≥ 1} over alphabet {a}, which trivially
belongs to ∆int

1 [<,+,≡] with formula max ≡2 0.

▶ Remark 27 (Two-way models). Recall that DA is also characterized by two-way deterministic
partially-ordered automata. We can show that two-way poPA are equivalent to poPA.
However, defining two-way deterministic PA as two-way deterministic automata with a
Presburger constraint, it is known that the model is as expressive as unambiguous PA [16],
which cannot express the languages of Figure 3.

3 The nomenclature, introduced in [7], stems from prior studies [9] which called “unambiguous” the PA
with an unambiguous underlying automaton. We note that the examples of Figure 3 can be shown,
using the tools of [9], not to be expressible with unambiguous PA.
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5.3 The regular languages of PP[<]
Lemma 22 gives a clear form for the languages of Σint

1 [<,+,≡]. If the language K therein is
regular, this points to the formula φ not arithmetically linking the wi’s between one another
nor imposing nonregular constraints on any single wi. Hence we have naturally:

▶ Conjecture 28. Let Com be the set of commutative regular languages. Let Pol(Com) be
the set of languages that are finite unions of languages L0a1L1 · · · anLn with Li ∈ Com and
ai letters. We conjecture that the regular languages of Σint

1 [<,+,≡] are exactly Pol(Com).

The class Pol(Com) has been studied in previous works: [1] conjectures that they
correspond to the regular languages requiring O(logn) communication and [18] shows that
it is included in the largest class of languages, closed under the so-called positive variety
operations, that does not contain (ab)+. We recall, for contrast, that DA is the largest class
of aperiodic regular languages, closed under the variety operations, that does not contain
(ab)+. To give additional credence to our conjecture, we show:

▶ Proposition 29. The language (ab)+ does not belong to Σint
1 [<,+,≡].

The class UPol(Com) is defined similarly as Pol(Com), except that we require that every
word w in the marked concatenation has a unique decomposition w = w0a1w1 · · · anwn with
wi ∈ Li. It is known [28] that UPol(Com) = Pol(Com) ∩ Pol(Com). We naturally postulate,
in Conjecture 40, that the regular languages of PP[<] are exactly UPol(Com).

6 Expressiveness of IO-PP[N ] and PP[N ] when successor is available

We now consider protocols where transitions may be fired only when two agents are adjacent.
Formally, we look at IO-PP[N ] and PP[N ] with +1 ∈ N , where +1 (sometimes written succ
in the literature) is the predicate {(x, x+ 1) | x ∈ N}. This study is reminiscent of the classic
study of FO2[<,+1] [15, 23, 33, 36] that followed that of FO2[<], the two-variable fragment
of FO[<] that is as expressive as IO-PP[<].

▶ Example 30. Recall that the set of all b-stable configurations of a PP[<] is subword-closed,
and hence regular. The following PP[+1] has a non-regular set of ⊤-stable configurations:

aÝ, bÝ true−−−→ a�, b� a�, a +1−−−→ ✓, aÝ a�, b� +1−−−→ p , p

b, b� +1−−−→ bÝ,✓

Let us set the opinion of each state to ⊤, except for p . The protocol is constructed so
that from a configuration of the form aÝa∗b∗bÝ, one marker moves to the right along the a’s,
while the other synchronously moves to the left along the b’s. If they meet at the frontier
between a’s and b’s, it means there are as many a’s and b’s, and that state p appears.

The set of ⊤-stable configurations cannot be regular since, from w ∈ aÝa∗b∗bÝ, the state
p will appear iff |w|a = |w|b, e.g.,

aÝabbÝ → a�abb� → ✓aÝbb� → ✓aÝbÝ✓ → ✓a�b�✓ → ✓p p✓.

The main result of this section is:

▶ Theorem 31. Let N be a set of NSPACE(n)-decidable numerical predicates that contains
+1. We have IO-PP[N ] = PP[N ] = NSPACE(n).

To show this result, it is enough to prove that NSPACE(n) ⊆ IO-PP[+1], since PP[N ] ⊆
NSPACE(n) has been established beforehand in Theorem 4.
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6.1 NSPACE(n) ⊆ IO-PP[+1]

We start by showing that transitions using the successor predicate can be simulated with
immediate-observation transitions.

▶ Lemma 32. Let L be a PP[+1]-semi-decidable language. There exists a PP[+1]-protocol
P ′ semi-deciding L and such that each +1-transition of P ′ is immediate-observation.

Proof sketch. The construction turns a PP[+1]-protocol P into a new PP[+1]-protocol P ′

by replacing each transition δ = (a, b) +1−−→ (c, d) with a short four-step handshake along the
successor relation, using auxiliary markers aδ and back,δ. The four rules are:

a, b +1−−→ aδ, b aδ, b +1−−→ aδ, back,δ

aδ, back,δ +1−−→ c, back,δ c, back,δ +1−−→ c, d

Intuitively, one agent announces that it wants to perform δ, the neighbor acknowledges, and
the two agents then update one after the other; additional clean-up rules erase incomplete
handshakes so that executions cannot block when several handshakes overlap. ◀

▶ Lemma 33. The language of a linear-bounded nondeterministic Turing machine is
IO-PP[+1]-semi-decidable.

Proof sketch. Given a linear-bounded nondeterministic Turing machine M , we construct an
IO-PP[+1]-protocol P that simulates M under stabilizing inputs. Thanks to Lemma 32, we
only need to ensure that true-transitions are immediate-observation.

Let Σ′ be the tape alphabet of M . The protocol P works over Γ∗ where Γ = (P ∪ {−}) ×
Σ′ × {fst,−, lst}. For example, w = (−, a, fst)(p, a,−)(−, b, lst) represents the configuration
of M in state p, with the head on the second cell, and the tape containing aab.

The protocol P simulates M using +1-transitions with the agent containing the current
state p. If M accepts, then P spreads ⊤ across the population. There are two challenges:
1. Since we want to semi-decide under stabilizing inputs, P must reset the population and the

simulation of M whenever an agent changes its mind on its input. This is implemented as
follows. Any agent who has changed its mind can flag the last agent. Using +1-transitions,
this can spread from right to left, resetting the population along the way.

2. If the input of P is an invalid configuration of M , then the population should not reach a
stable ⊤-consensus. For example, if two agents both represent the head of M , then they
change their belief to ⊥ upon meeting. Similarly, we must detect whether “fst” and “lst”
occur exactly in the first and last agent.

The resulting protocol P does not semi-decide the language of M , but rather the set of
configurations of M leading to acceptance. So, we need to intersect with the set of initial
configurations, and then project onto the second component of Γ. This can be done thanks
to Propositions 9 and 18 and Lemmas 10 and 11. ◀

▶ Corollary 34. NSPACE(n) ⊆ IO-PP[+1].

Proof. Let L ∈ NSPACE(n). As NSPACE(n) is closed under complement, there exist two
linear-bounded nondeterministic Turing machines M and M recognizing L and Σ+ \ L,
respectively. By Lemma 33, we can build two IO-PP[+1]-protocols, say PM and PM , that
semi-decide L and Σ+ \ L, respectively. Lemma 6 allows to conclude. ◀



M. Blondin, M. Cadilhac, B. Courchesne, L. Guillou, C. Mascle, and I. Vialard 167:17

7 Decidability of checking whether a population protocol is a decider

A good portion of our results assumes that a given population protocol is a decider or a
semi-decider in order to construct an object (a Turing machine in Theorem 4, a formula in
Theorem 12, etc.). To fully understand how constructive these proofs are, we ought to study
whether it is decidable, given a population protocol, to check if it is a decider. In other words,
is the syntax of deciders decidable? From the perspective of formal verification, this is also a
natural problem, known as the well-specification problem. It is decidable for PP[∅] [13], and
undecidable when protocols are extended with an infinite alphabet (where agents carry data
from an infinite domain, and transitions can use equality constraints between those data),
except for immediate-observation protocols [34].

We show that the problem is undecidable already for PP[<] and IO-PP[+1], and provide
a natural conjecture that would entail that the problem is decidable for IO-PP[<].

7.1 The syntax of PP[<], IO-PP[+1] and PP[+1] deciders are
undecidable

First, we consider the emptiness problem: given a PP[N ] protocol P, is there an execution
from an initial configuration u to a ⊤-stable one? We use a technique from [34] to show a
general reduction to the syntax problem.

▶ Lemma 35. The emptiness problem for PP[N ] (resp. IO-PP[N ]) reduces to deciding the
complement of the syntax of PP[N ] (resp. IO-PP[N ]) deciders.

Proof sketch. From a protocol P = (Q,Σ, O,∆), we construct a protocol P ′ such that P ′ is
not a decider iff P can reach a ⊤-stable configuration. The construction adds a fresh sink
state q⊥ with O(q⊥) = ⊥, and for every state q with O(q) = ⊥ we add a transition allowing
an agent in q to switch to q⊥.

As a consequence, from any configuration that contains a ⊥-agent, a fair execution can
drive the system to the ⊥-stable consensus q∗

⊥. On the other hand, if a ⊤-stable configuration
is reachable in P , then the same configuration is reachable in P ′ and remains ⊤-stable there:
none of the added transitions to q⊥ are enabled from ⊤-states. Therefore P ′ is not a decider.

Conversely, if P has no reachable ⊤-stable configuration, then no fair run of P ′ stabilizes
to ⊤. Every fair run stabilizes to q∗

⊥ and P ′ decides the empty language. The construction
preserves immediate observation, as each new transition updates at most one agent. ◀

This reduction, combined with the translation from linear-bounded Turing machines to
IO-PP[+1] from Section 6, already yields the following result.

▶ Corollary 36. The syntax of IO-PP[+1] and PP[+1] deciders are undecidable.

▶ Theorem 37. The emptiness problem is undecidable for PP[<]. Hence the syntax of PP[<]
deciders is also undecidable.

Proof sketch. We reduce from the Post correspondence problem. Specifically, we take
two homomorphisms h1, h2 : B∗ → A∗ and construct a PP[<] that can reach a ⊤-stable
configuration if and only if there is a word u such that h1(u) = h2(u). We obtain it as a
product of three protocols. One makes sure that we can only reach a ⊤-stable configuration
from an initial one of the form #1v#2u#3 with v ∈ B∗ and u ∈ A∗. The two others check
that we can reach a ⊤-stable configuration only when h1(u) = v and h2(u) = v, respectively.
Each one does so by making agents simulate two reading heads going through u and v in

ICALP 2026



167:18 Population Protocols over Ordered Agents

lockstep and verifying that hi(u) = v. Initially all agents have opinion ⊥, and in order to
change it they must carry the reading head at some point, hence we cannot skip any letter
in order to reach a ⊤-stable configuration.

Hence, a ⊤-stable configuration is reachable iff there exist u, v with h1(u) = v = h2(u). ◀

7.2 The syntax of IO-PP[<] deciders is decidable, conditionally
We present a conjecture on the reachability relation of IO-PP[<], then show that it entails
decidability of the syntax of their deciders:

▶ Conjecture 38. The set of configurations reachable from a DA language in an IO-PP[<]
protocol is also a DA language.

▶ Theorem 39. If Conjecture 38 holds, then the syntax of IO-PP[<] deciders is decidable.

Proof sketch. We use two semi-decision procedures. The first one checks, for each length n,
if the protocol is a decider on words of length n. If the input protocol is not a decider, we
will observe it for some n. The second one looks for invariants witnessing that the protocol
is a decider. We look for two disjoint languages K⊤,K⊥ such that every input word is in
one of the two, they are closed under transitions of the protocol, and from everywhere in Kb

we can reach a b-stable configuration. Assuming the conjecture, we can assume that those
invariants are in DA. We show that we can enumerate potential regular invariants and check
the requirements, yielding the second semi-decision procedure. ◀

In fact, one could slightly strengthen the statement above: it suffices to know that the set
of configurations reachable from a DA language in P (instead of in every IO-PP[<]-protocol)
is also a DA language, to be able to check whether P is a decider. This means that if we
can prove Conjecture 38 over only a subclass of IO-PP[<]-protocols, then we know that the
syntax of that subclass is decidable.

8 Open questions

The most tantalizing open question left open by this work is the characterization of PP[<].
We conjecture that the logic and automata models introduced in Section 5 are tight:

▶ Conjecture 40. PP[<] is the class of languages recognized by ∆int
1 [<,+,≡] and the class

of languages recognized by weakly unambiguous poPA. The regular languages of PP[<] are
exactly UPol(Com).

Conjecture 40 would entail in particular that weakly unambiguous poPA are closed under
complement. We note that it is not known whether weakly unambiguous PA themselves
are closed under complement, but it may be easier to show such closure under the partially
ordered assumption.

Conjecture 38 is also very natural and left open.
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