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—— Abstract

Andréka and Maddux classified the relation algebras with at most 3 atoms, and in particular
they showed that all of them are representable [1]. Hirsch and Cristiani showed that the network
satisfaction problem (NSP) for each of these algebras is in P or NP-hard [26]. The literature
contains many results on representations of relation algebras; in particular, some relation algebras
with four atoms are not representable. We extend the result of Cristiani and Hirsch to relation
algebras with at most 4 atoms: the NSP is always either in P or NP-hard. To this end, we construct
universal, fully universal, or even normal representations for these algebras, whenever possible.
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1 Introduction

Relation algebras are algebraic structures that can be used to abstractly reason about binary
relations. They are certain expansions of Boolean algebras; besides the operations for union,
intersection, and complement of binary relations, we also have a binary operation o for
composition of relations, and a unary operation ~ for reversing the arguments of a binary
relation. These operations need to satisfy certain natural identities; e.g., we require that
(a 0b)”=bod holds for all elements a and b of the relation algebra.
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Similarly to the fundamental facts that every group is isomorphic to a permutation group,
and every Boolean algebra is isomorphic to an algebra of sets, the initial hope was that every
relation algebra has a representation, which consists of a set of binary relations on some set
that behave as prescribed by the relation algebra [39].

» Example 1. We first look at a concrete structure from which a small relation algebra can
be obtained. Consider the structure (Q; <), where Q is the set of rational numbers and <
is the usual strict linear order on Q. For any two rational numbers x, y, exactly one of the
following holds: =z < y, x =y, or > y. Thus, the relations <, =, and > form a partition
of Q2. Moreover, < = >, where ~ denotes the usual converse operation on binary relations,
defined by R = {(y, ) | (z,y) € R}.

This partition gives rise to a relation algebra A with three atoms, denoted by r, Id, and 7.
Its domain A consists of all formal unions of these atoms, i.e., A = {0,r,7,Id,r» UId,# UId,
r U7, r U7 UId}. The other Boolean operations are defined in the usual way.

Let o denote the usual composition of binary relations, i.e.,

RoS={(z,2) | Jy: (x,y) € Rand (y,2) € S}.

In (Q; <), for example, we have < o < = < and < o > = (< U > U =). Accordingly, A has a
binary operation, also denoted by o, satisfying, for example, ror = r and r o7 = (r U7 UId).

Note that A is a Boolean algebra with 8 elements, together with a binary operation o
and a unary operation ~. Instead of obtaining A from concrete relations on QQ, one may
also start with the abstract algebra A and ask whether it has a “representation”, similarly
as above. Formally, we ask whether there exists a set D and an injective homomorphism
h: A — P(D?) preserving the Boolean operations, converse, and composition. In particular,
distinct atoms are mapped to disjoint binary relations, while formal unions such as r U Id
are mapped to the corresponding unions. In the present example, the ordered set (Q; <)

provides such a representation: take D = Q and map r, Id, and 7 to the relations <, =, and
>, respectively. The value of h on all other elements of A is then determined by preservation
of the Boolean operations; for example, h(r UId) = h(r) U h(Id) = (< U =). A

1.1 Network Satisfaction Problems and CSP Complexity

Starting in the 90s, another generation of researchers investigated relation algebras motivated
by applications in theoretical computer science, particularly for the theory of constraint
satisfaction. In a constraint satisfaction problem, we are given a finite set of variables and a
finite set of constraints, and the task is to determine whether there exists an assignment to
the variables that satisfies all the constraints. Constraint satisfaction problems have been
studied intensively if the variables take values from a fixed finite domain. Relation algebras
allow one to formalize interesting constraint satisfaction problems where the variables may
take values from an infinite domain.

Concretely, to every finite relation algebra A, we may associate the so-called network sat-
isfaction problem, which is a computational problem where the input consists of a “constraint
network”, i.e., a finite set of nodes V' and a function labeling pairs of nodes with elements
from the relation algebra, and the task is to decide whether there exists a representation
of A where this network is satisfiable. Under certain representability conditions, e.g., if A
has a square representation ([7, Section 1.5]; definitions may be found in Section 2), the
network satisfaction problem for A is a constraint satisfaction problem as described above,
but not necessarily for values from a finite set (the values rather come from the elements of
the representation, which might be infinite).
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If there is a so-called fully universal representation, then the network satisfaction problem
is in NP. However, the complexity sometimes even drops to P (polynomial time). The
computational complexity of the NSP has been shown to be NPc (NP-complete) or P for
each relation algebra with at most 8 = 2% elements by Cristiani and Hirsch [26] (such relation
algebras are called “small relation algebras”).

» Example 2. Let A be the relation algebra from Example 1. An A-network consists of
finitely many nodes and a function f: V2 — A mapping each ordered pair to some element
of the relation algebra. Under the representation over (Q; <), the label f(x,y) specifies the
allowed relative position of the values assigned to x and y.

For instance, consider a network with nodes x,y, z and function f such that f(z,y) =r,
f(y,z) =rUld, and f(z,2) = #UId, and such that all other pairs are labeled by r U+ UId.
Under the representation over (Q; <), these constraints mean = < y, y < z, and z > =,
respectively. This network is satisfiable, for example by assigning + =0, y = 1, and z = 2.

On the other hand, if f(z,y) =7, f(y,2) =, and f(z,x) = r, then the network is not
satisfiable in this representation, since it would require z < y < z < x.

In fact, the representation over (Q; <) is normal, in particular fully universal; see Section 2
for the definitions. The fact that the representation is fully universal implies that the network
satisfaction problem for A amounts to deciding whether a finite system of constraints over
the signature {@, <, <, >, >, =, #,Q?} can be satisfied over the rational numbers. A

Hirsch [30] asked whether the computational complexity of the network satisfaction
problem can be classified for all finite relation algebras. Bodirsky and Knéuer [12] proved
that the problem of deciding whether a given finite relation algebra has an NSP which is
in P is undecidable, which can be interpreted as a negative answer to Hirsch’s question.
The proof of the undecidability result relies on two earlier results, namely that there are
finite relation algebras whose NSP is undecidable [31], and that the question whether a
finite relation algebra has a representation is undecidable [29]. The classification for relation
algebras with a fully universal representation, however, remains wide open.

A particularly interesting subclass are the relation algebras that have a normal represent-
ation, i.e., a representation which is fully universal, square, and homogeneous [30]. While this
combination of assumptions still captures a rich class of relation algebras, it has a wide range
of strong and useful consequences, as we will see below. A relational structure is homogeneous
if every isomorphism between finite substructures can be extended to an automorphism of
the structure. If a relation algebra A has a normal representation, then A has a countable
normal representation ‘B, and this representation is unique up to isomorphism. Moreover, one
can express important properties of the automorphism group of % using A, and conversely,
properties of A are reflected in this group. It is known that the question whether a given
finite relation algebra has a normal representation is decidable [6].

The NSPs for relation algebras with a normal representation fall into the scope of the
so-called tractability conjecture in constraint satisfaction, which implies that CSPs of reducts
of finitely bounded homogeneous structures are in P or NP-complete [16]. In particular, the
subclasses of NP that properly lie between P and NP and were constructed by Ladner [34]
(conditionally on P # NP) do not show up when classifying such NSPs. Such a dichotomy
statement has been established for CSPs of finite structures [42] (announced independently
by Bulatov [18] and by Zhuk [43]). One of the motivations for the more general conjecture
from [16] is that many of the universal-algebraic methods used by both Bulatov and Zhuk can
be applied for the more general class. And indeed, there exists a universal-algebraic condition
which is a candidate for separating polynomial-time tractable from NP-complete CSPs
for reducts of finitely bounded homogeneous structures, and this condition has numerous
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equivalent characterisations [16, 4, 3, 5, 7]. If this condition applies, the CSP is provably
NP-hard; if not, then the conjecture states that the CSP is in P. In our case, the tractability
conjecture can be formulated as follows (for the definition of pp-constructability, see Section 2).
Let NAE := {0,1}\ {(0,0,0),(1,1,1)} be the ternary Boolean not-all-equal relation.

» Conjecture 3. Let B be a normal representation of a finite relation algebra A. If B does
not pp-construct ({0,1}; NAE), then CSP(B) and NSP(A) are in P.!

We mention that the scope of the tractability conjecture from [16] for NSPs of relation
algebras is larger than just the relation algebras with a normal representation: e.g., if a
relation algebra has a representation which is homogenizable in the sense that we can add
finitely many first-order definable relations to make it homogeneous, then its NSP is covered
as well.

Homogeneous structures are also of central interest in model theory; via Fraissé’s the-
orem, they are particularly easy to construct and provide a rich source of examples and
counterexamples. It is conceivable that the class of homogeneous structures with a finite
relational signature can be classified in some sense. There are uncountably many [28], but
the uncountable families usually have a particularly simple shape [23]. One of the approaches
in the study of homogeneous structures is to fix some (often binary) relational signature (e.g.,
the signature of graphs [33], digraphs [23], permutations [21], metric spaces [22], etc.) and to
then classify the homogeneous structures with this signature. One of the motivations for this
research program is its success story of producing beautiful and interesting mathematical
structures that have inspired research in the areas mentioned above. Systematically listing
finite relation algebras and then testing for the existence of a normal representation is another
approach that can produce interesting new examples of homogeneous (or homogeneizable)
structures.

There are potentially further well-behaved subclasses of representable relation algebras
beyond those admitting homogenizable or even normal representations. To identify such
classes, it is natural to consider families of relation algebras that are both sufficiently
representative and sufficiently small to allow for a detailed analysis. Restricting the number
of atoms provides such a family.

1.2 Contributions

We extend the mentioned result of Hirsch and Cristiani on small relation algebras, and
systematically study all relation algebras with at most 16 = 2* elements. An exhaustive
list of the building blocks for such relation algebras has been computed by Maddux [37],
confirming results of Comer [25], namely a list for the integral symmetric relation algebras
with four atoms (numbered 156565 by Maddux) and a list for the integral relation algebras
with an asymmetric atom among its four atoms (numbered 1373737 by Maddux).

We prove that the NSPs for these not so small relation algebras are in P or NP-hard. In
the case where the algebra has a normal representation, our results confirm the mentioned
tractability conjecture from [16]. More formally, we obtain the following results.

» Theorem 4. Let A be a finite relation algebra with at most four atoms. Then NSP(A) is
in P or NP-hard.

! In the case where B is a normal representation of A, CSP(%) and NSP(A) are the same computational
problem up to the translation between A-networks and A-structures.
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» Theorem 5. Let B be a normal representation of a finite relation algebra A with at most
four atoms. If B does not pp-construct ({0,1}; NAE), then CSP(8B) and NSP(A) are in P.

For all but one of these algebras we also prove the containment of the NSP in NP; the one
exceptional case is 56g5. Actually, its NSP is also contained in NP, but the proof requires
substantially different techniques and is published separately (see [8]).

In addition to our classification of NSP complexity, we revisit representability for all
finite relation algebras with at most 4 atoms. Several of the algebras in the list do not have
a representation (in which case the NSP is trivial and in P). We determine for each of the
representable algebras A whether A has a normal representation, and if not, whether at
least it has a fully universal (or even fully universal square) representation. This result is
of independent interest in the theory of relation algebras; representations for all relation
algebras with at most 3 atoms have been found in 1994 [1]. For this purpose, we present a
combinatorial characterization for the existence of a fully universal square representation.

We think of this paper as exploratory work towards more general classifications of the

complexity of NSPs, or representability questions, of suitable subclasses of relation algebras.

Maddux’s list of relation algebras with at most four atoms is at the same time rich enough
to display diverse behaviour, while remaining small enough for detailed analysis, including
computer-assisted inspection.

We verified that in many cases, the existing methods apply (e.g. [12, 11, 10]). At the same
time, we also needed to develop new methods (such as proving NP-hardness of the NSPs
by reductions from the approximate graph coloring problem CSP (K3, K5) [19]; a so-called
promise constraint satisfaction problem), as well as several ad hoc arguments for concrete
cases. Several of these deserve explicit mention.

2445; this algebra is related to the class of 3-edge-coloured cliques with no rainbow triangle,
which exhibits some nice combinatorics, and has a fully universal representation. Our
structural insights are then the basis for a polynomial-time algorithm for its NSP; see
Section 5.1 for details.

1737; this algebra is related to the class of quasi-transitive oriented graphs, which has been
studied in graph theory [2]. There is no fully universal representation and we identify an
atomic network with 4 vertices which is consistent but unsatisfiable. By working with the
class of consistent atomic networks that exclude this 4-element network, we can construct
a universal representation for 1737. Our structural insights in combination with results
from [2] are then also useful for a polynomial-time algorithm for the NSP of 173;.

51g5; this algebra contains exactly one non-trivial equivalence relation, and in every
representation, the equivalence relation can have at most 3 classes. Our representability
results for this algebra follow a similar pattern as our results for 1737: while there is no
fully universal representation, we can identify four atomic networks that are consistent
but unsatisfiable. Excluding those, we can construct a universal representation; it follows
that the NSP is in NP, and in fact it is NP-complete.

56¢5; this relation algebra is similar to the previous one, but allows one extra triple
compared to 5lgs. It has a representation, but not a fully universal one. Its NSP is
NP-hard.

There are already several thousand relation algebras with five atoms [37], making a
direct extension of the present classification substantially more challenging. The four-atom
examples are expected to correspond to large subclasses of the five-atom list, and analysing
these subclasses will help to identify useful generalisations by methods developed in this
article.
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1.3 Significance for Constraint Satisfaction

We believe that network satisfaction problems for relation algebras with a normal represent-
ation are an important class on which to test the mentioned tractability conjecture. The
reason is that this approach can lead to CSPs with different behaviour, challenging the
current methods. Previously, the tractability conjecture has mainly been tested on structures
obtained as follows: fix a homogeneous finitely bounded “base” structure of fundamental
interest (such as (Q; <) or the Rado graph), and study the CSP of all first-order reducts of
it (see, e.g., [9, 15]). The advantage of this approach is that the model-theoretic properties
of the entire class of structures obtained like this are inherited from the base structure,
and the remaining task is mostly universal-algebraic. This advantage is at the same time
a disadvantage, because by fixing a base structure we might overlook some phenomena
that only appear for other base structures. The approach of the present article avoids this;
and indeed, our study shows that new structures with different behaviour and interesting
polynomial-time CSPs may show up.

2 Preliminaries

In the following, we will introduce some concepts from universal algebra and constraint
satisfaction, as well as formal definitions of relation algebras and representations.

2.1 Constraint Satisfaction

Our basic terminology and notation (relational structures, homomorphisms, etc.) is standard;
see e.g., [32], or the long version of the article. Let B be a structure with a finite relational
signature 7. Then the constraint satisfaction problem CSP(8B) is the problem of deciding for
a given finite T-structure 2 whether there exists a homomorphism to ‘8.

» Example 6. CSP({0,1};NAE) is the positive not-all-equal 3-SAT problem, which is
NP-complete [27]. A

A more refined tool than many-one reductions to determine the computational complexity
of a CSP are pp-interpretations and pp-constructions. The advantage of these kinds of
reductions is that they have an algebraic characterization and hence open up ways of solving
complexity questions by means of universal algebra. A formula is called primitive positive
(shortly pp) if it is of the form Jxy - -z (1 A -+ - Atby,), where each 1; is atomic, i.e., of
the form T, L, x =y, or R(x;1,...,x;) for some relation R in the signature.

» Definition 7. Let 2l and B be structures with relational signatures 7 and o, respectively. A
primitive positive interpretation of dimension d of 2 in B is a partial surjection h: dom(h) C
Be — A such that for every relation R, say of arity k, which can be defined by an atomic
formula over A, the (k- d)-ary relation h=*(R) given by

{(bi1, .- brds -y bg1, ..., beg) € B¥ | (h(by1, ... b1a)s ... h(bk1, - .., bra)) € R™}

can be defined in B by a primitive positive formula pgr. Since equality and T are always
allowed as atomic formulas, there must in particular exist
a o-formula o1 (called the domain formula) such that o1(b1,...,bq) holds if and only if
(b1,...,bq) is in the domain of h;
a o-formula o= such that p=(by,...,bg,c1,...,cq) holds if and only if h(by,...,bq) =
h(Cl, ey Cd).
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In this case we say that B pp-interprets A. We say that B pp-constructs 2 if B pp-interprets
a structure € that is homomorphically equivalent to 2, i.e., there exists a homomorphism
from A to € and one from € to 2.

The following is well-known.

» Proposition 8 (see, e.g., [7, Theorem 3.1.4]). If B pp-constructs A, then CSP() is log-
space reducible to CSP(B). In particular, if B pp-constructs ({0,1}; NAE), then CSP(B) is
NP-hard.

An important concept from universal algebra to study the complexity of CSPs of finite
and w-categorical structures is that of polymorphisms.

» Definition 9. Let 7 be a relational signature. A polymorphism of a 7-structure B is a
homomorphism f from the direct product B* to B.

Intuitively, polymorphisms are a generalisation of automorphisms; the existence of certain
polymorphisms of B can imply tractability of CSP(%8), while non-existence of certain
polymorphisms often implies hardness.

2.2 Relation Algebras

(Integral) relation algebras have also been discovered and studied with a different formalism
and under the different name of hypergroups [44] (also called polygroups [25]).

» Definition 10. A relation algebra is an algebra A with domain A and signature {U, ",
0,1,1d, ", 0} such that

1. the structure (A;U,N, 7,0, 1), with N defined by x Ny := (T U Y), is a Boolean algebra;
o s an associative binary operation on A, called composition;

for all a,b,c € A: (aUb)oc=(aoc)U(boc);

foralla€e A: aold = a;

foralla € A: i =a;

foralla,be A: (aUb)” =aUb;

foralla,be A: (aob)” =boa;

for all a,b e A: bU (do (aob)) =b.

PN RWN

If A is a relation algebra with elements a and b, then we write a < b if a Nb = a holds in
A. Clearly, < defines a partial order on A. An element b € A\ {04} is called an atom if
there is no element a € A\ {0%,b} with a < b. The set of all atoms is denoted by Ay.

For a finite relation algebra A, the operation o is completely determined by its restriction
to the atoms. A tuple (z,y,2) € (Ag)? is called an allowed triple if 2 < z oy. Otherwise,
(z,y, 2) is called a forbidden triple. We denote by

Cy(A) :=={(z,y,2) € Ag | 2 <z oy}

the set of all allowed triples. An element a € A is called reflexive if Id < a, symmetric
if & = a, transitive if a®> < a, and an equivalence relation if a is reflexive, symmetric, and
transitive. A relation algebra A is called symmetric if all a € A are symmetric, integral if
0#1and xoy =0 implies x =0 or y =0 (see [36]), and simple if Loz o1 =1 for all z # 0.
Each relation algebra has an associated finite relational structure, its atom structure.

» Definition 11. Let A be a relation algebra. The atom structure of A is the finite relational
structure Ao with domain Ay and the following relations:
for every b € A the unary relation b*° := {a € Ay | a < b},

168:7
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the binary relation E®° := {(ay1,as) € A% | a1 = az}, and
the ternary relation R¥° := Cy(A).
If Ry, Ry C B? are two binary relations, then R; o Ry denotes the composition

Ry o Ry :={(x,2) € B*| there exists y € B with (z,y) € Ry and (y, 2) € Ry}.

» Definition 12. Let A = (A;U,,0,1,1Id, 7, 0) be a relation algebra. A structure B with
signature A is called a representation of A if

1. 0% = g;
i l‘B — UaEA a%’.

. 1d® = {(u,u) | u € B};

. for all a € A we have (@) = 1%\ a®;

. for all a € A we have (@)® = {(u,v) | (v,u) € a®};
. for all a,b € A we have a® UbY = (a Ub)®;

. for all a,b € A we have a® o b® = (a0 b)®.

Relation algebras that have a representation are called representable.

~No o, OWON

All relation algebras with at most 23 = 8 elements have a representation [1]. Tarski [39)
asked whether every relation algebra is representable. This question was answered by
Lyndon [35], who found a relation algebra with 2°¢ elements which is not representable.
Monk [38] later showed that this problem has no easy fix, because the class of representable
relation algebras cannot be axiomatized by a finite set of identities, and not even by a
finite set of first-order sentences, answering another question of Tarski. However, it follows
from results of Tarski [40] that there is an infinite set of identities that axiomatizes the
representable relation algebras.

A useful tool to construct more complex relation algebras from simpler ones is the so-
called 2-cycle product; the construction preserves representability (and, as we will see, even
fully universal representability, normal representability, etc.) and it will also be useful in
complexity considerations.

» Definition 13. Let A and B be two finite relation algebras such that Ao N By = {Id}. The
2-cycle product A[B] is defined to be the up to isomorphism unique relation algebra C such
that CO = AO @] BO and

Cy(C) = Cy(A) U Cy(B) U {(a,b,b) | a € Ay \ {Id},b € By \ {Id}}.

» Definition 14. If A is a relation algebra, then an A-network (V, f) consists of a finite
set of variables V and a function f: V2 — A (see, e.g., [7, Section 1.5.3]). If B is a
representation of A, then (V, f) is called satisfiable in B if there exists a function s: V — B
such that for all x,y € V we have (s(z),s(y)) € f(z,y)®. An A-network (V, f) is called
atomic if for all z,y € V we have that f(x,y) is an atom in A;
consistent (also: path-consistent, 3-consistent, or closed) if for all x,y,z € V we have

f(,y) < f(@,2) 0 f(z,y) and f(z,z) <1d; (2.1)
satisfiable if it is satisfiable in some representation of A.

» Definition 15. The network satisfaction problem for a fized finite relation algebra A,
denoted by NSP(A), is the following computational problem: The input consists of an
A-network (V, f). The task is to decide whether (V, f) is satisfiable.
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» Definition 16. A representation B of a relation algebra A is called universal if every
satisfiable A-network is satisfiable in B, and fully universal if every consistent atomic
A -network is satisfiable in B.

» Definition 17. A representation B of A is called normal if it is square, fully universal,
and homogeneous.

It follows from Theorem 19 below that the question whether a given finite relation algebra
has a normal representation is decidable. The following definition is standard in model theory
when phrased for structures; we present here a relation algebra version.

» Definition 18 (The Amalgamation Property). Let A be a relation algebra and let C be a class
of consistent atomic A-networks. We say that C has AP(k,l,m) (the (k,l, m)-amalgamation
property ) if for any two networks (Vi, f1), (Va, f2) € C with |V1| = k,|Vi N Va| =1, and
[Va| = m, if f1(a,b) = fa(a,d) for all a,b € ViNVa, then there exists a network (V1UVa, f) € C
with f(a,b) = fi(a,b) for alli € {1,2} and a,b € V;. We say that C has the Joint Embedding
Property (JEP) if AP(k,0,m) holds for all k,m € N.

» Theorem 19 ([6, Theorem 8]). Let A be a relation algebra with k atoms and let C be the
class of all consistent atomic A-networks. Then A has a normal representation if and only
if C has AP(k+1,k, k+1).

Some relation algebras do not have a normal representation, but still have a fully universal
representation. Such representations can be conveniently constructed with the following
theorem, which is essentially due to Comer [24], but phrased there in a different formalism.

» Theorem 20. Let A be a finite relation algebra. Then A has a
fully universal representation if and only if the class of all consistent atomic A-networks
has AP(3,2,n) for all n;
Sfully universal square representation if and only if the class of all consistent atomic
A-networks has the JEP and AP(3,2,n) for all n.

3 Representations for Algebras with at most 4 Atoms

In this section we revisit the representability for relation algebras with at most 4 atoms. We
will show that we may focus on integral relation algebras. Exhaustive lists of integral relation
algebras have been computed by Maddux [37]. There are

2 integral relation algebras with two atoms (Table 1),

3 integral asymmetric relation algebras with three atoms (Table 2),

7 integral symmetric relation algebras with three atoms (Table 3),

37 integral asymmetric relation algebras with four atoms (Table 4), and

65 integral symmetric relation algebras with four atoms (Table 5).

It can be shown that a relation algebra is simple in the sense defined earlier if and only if
it is simple in the sense of universal algebra (see, e.g., [20]). The following lemma shows that
we can focus on simple relation algebras.

» Lemma 21 (see, e.g., [12]). Let By be a representation of Ay and Bo a representation
of Ao, and suppose that A1 N As = & and By N By = &. Then A; X Ay has a union
representation, which is the (A; X Ag)-structure B1 W By with domain By U By defined by
(a1,a2)P19%2 .= g1 Ual?,
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Figure 1 Multiplication table of the simple non-integral relation algebra from Example 22.

» Example 22. Consider the relation algebra A on four atoms a, b, ¢, d, which is uniquely
given by requiring ¢ = d and the multiplication table given in Figure 1. It has a normal
representation B with domain {0,1} which is given by «® = {(0,0)}, b® = {(1,1)},
¢® ={(0,1)}, and d® = {(1,0)}. The algebra A is simple, but not integral. It is easy to see
that its NSP can be solved in polynomial time. A

It turns out that we can even restrict our attention to integral relation algebras.

» Proposition 23. The algebra from Example 22 is up to isomorphism the only simple
non-integral relation algebra with at most four atoms.

Comer [25] states that at least 28 of the 102 integral relation algebras with four atoms are
not representable. Results of Maddux [37] imply that in fact 31 do not have a representation.
(And, as we have mentioned earlier, all others turn out to have a representation.)

» Theorem 24. The following 31 integral relation algebras have no representation:
the 11 asymmetric relation algebras 1437, 1637, 2137, 24372937, 3237, 3437,
the 20 symmetric relation algebras 21652365, 35653865, 40654565, 47655065, D465, D865,
6065 .-

Therefore, their NSPs are trivial and in P.

Examples of finite relation algebras with a normal representation include those with a
flexible atom (see, e.g., [11]).

» Definition 25. Let A be a relation algebra. An atom a € Ay is called a flexible atom if
a < xzoy holds for all z,y € Ap \ {Id}.

The relation algebras with a flexible atom are listed in Figure 2. Note that if a relation
algebra has a flexible atom then it has a normal representation, as one can, when applying
Theorem 19, always use a flexible atom for all undetermined values.

With the criterion presented in Theorem 19 we verified using a computer program that
the following relation algebras with at most four atoms have a normal representation:

12,29,13,23,33,17,27,37,47, 67,77,

157—1237, 1537, 18372037, 2237-2337, 3137, 3337, 35373737,

165865, 1065, 1165, 1365, 1465, 1065, 18652065, 25652965,
32653465, 4665, 5265, D365, DDe5, D765, D965, 6165—06565. (3.1)

We will now discuss how representability properties of relation algebras translate to their
cycle products, and apply our results to the case of integral relation algebras with four atoms.



M. Bodirsky, M. Jahn, S. Knduer, M. Konecny, and P. Winkler

Name | Flexible Atoms || Name | Flexible Atoms
29 a 3265 a

33 T 3365 a

67 a 3465 a

77 a,b 5565 a
3137 a 5765 a
3337 a 595 a
3537 a 6165 a
3637 T, 7X 6365 a
3737 a,r, v 6465 a,b

6565 a,b,c

Figure 2 Integral relation algebras with at most four atoms and at least one flexible atom.

12 22
A | LIA] | A[L] | 2[A] | A2y
13 | 1s7 T37 237 837
23 | 337 937 437 1037
33 | 537 1137 637 1237
17 | 1es les 265 565
27 | 365 265 465 665
37 | Ses 365 665 765
47 | Tes 465 865 865
57 | 1565 965 1765 1265
67 | 1665 1065 1865 1365
77 | 195 1165 2065 1465

Figure 3 Relation algebras formed by 2-cycle products of small relation algebras.

» Theorem 26 ([36, Theorem 5], see also [24]). Let A and B be two finite representable
integral relation algebras such that Ag N By = {Id} and |Ao|,|Bo| > 2. Let € and D be
square representations of A and B, respectively. Then A[B] is representable and has the
representation D[€] on the domain D x C defined as follows. For all a € Ag \ {1d},b €

By \ {1d}:

Idg[e] = {((UO7U0)7 (ulvvl)) | Ug = U1,V = Ul}’
a®1® = {((ug, vo), (ur,v1)) | wo = us, (vo,v1) € a®},

b©[€] = {((UQ,’U()), (ulvvl)) | (u0>u1) € bg}'

» Lemma 27. Let A, B be finite integral relation algebras with Ag N By = {Id} and repres-
entations € and ®. Then

1. if € and © are fully universal, then D[] is a fully universal representation of A[B].

2. if € and D are square, then D[C] is a square representation of A[B].

3. if € and © are normal, then D[] is a normal representation of A[B].

To obtain a relation algebra from 1373737 as a 2-cycle product, we have to multiply
an algebra from 13-33 with 15 or with 25. See the first three lines of Figure 3 for all such
products. Since all these algebras have a normal representation (see (3.1)), the 2-cycle
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product has a normal representation as well. To obtain a relation algebra from 1g5—65¢5
as a 2-cycle product, we can restrict ourselves to the case where we multiply algebras from
1,—77 with 15 or with 25, see the last seven lines of Figure 3. Except for 57, all factors have
a normal representation, so the corresponding products have a normal representation.

We are now left with relation algebras that are representable, but that do not have a
normal representation. By verifying the criterion from Theorem 20, we obtain that the
algebras 1337, 3037, 24¢5, 3065, and 3145 have fully universal square representations. It turns
out that all remaining algebras do not have a fully universal representation. For the four
algebras 95, 1265, 1565, and 175, this can be shown by using the fact that they can all be
written as 2-cycle products with one factor being 57, which does not have a fully universal
representation. 39g5 has a square representation B with 7 elements, but it has no fully
universal representation. Moreover, it can be shown that all of its square representations
have at most 16 elements. 62g5 has a square representation 8 with 13 elements, but also no
fully universal representation. All square representations have at most 16 elements.

Finally, we are left with the three relation algebras 1737, 51g5, and 56¢5, which have
infinite square representations, but no fully universal ones. For the first two of them, we
even obtain the following stronger results.

» Theorem 28. There is a consistent, but unsatisfiable atomic 1737-network N on four
vertices and a square representation B of 1737 such that a consistent atomic 1737-network is
satisfiable in B if and only if it does not have N as a subnetwork.

» Theorem 29. There are four consistent, but unsatisfiable atomic 51g5-networks Ny, Na,
N3, and Ny on four vertices and a square representation B of 5lgs such that a consistent
atomic 5lgs-network is satisfiable in B if and only if it has none of N1, No, N3, and N4 as
a subnetwork.

4 NP-hard Algebras with at most 4 Atoms

In this section we present NP-hardness results for relation algebras with at most 4 atoms. If
the relation algebra has a normal representation, it falls into the scope of the tractability
conjecture (Conjecture 3), and we provide a pp-construction of ({0,1};NAE) in each of
these cases. For the relation algebras with at most 3 atoms, a classification has already
been established in [26], with two corrections in [10]; in particular, 67 is NP-complete. For
the relation algebras with 4 atoms, the NSP for 1537 has been shown to be NP-complete
by Broxvall and Jonsson [17]; by inspecting their proof, it is not difficult to obtain a
pp-interpretation of ({0,1};NAE) in the normal representation of 1537, confirming the
tractability conjecture in this case. The remaining hardness proofs are grouped according to
the applied proof method.

The NP-completeness of the NSP(3965) and NSP(6265) follows from our representability
results together with the following lemma:

» Lemma 30. Let A be a finite simple relation algebra such that the mazimum cardinality
of all square representations of A equals n € N. Then NSP(A) is in NP. If A additionally
has a square representation with at least three elements, then NSP(A) is NP-complete.

The network satisfaction problem for finite symmetric relation algebras with a flexible
atom is in P or NP-complete [11]. The tractability conjecture (Conjecture 3) has already
been confirmed for this case (compare to [12, Theorem 9.1]). To determine which of the two
cases applies in the concrete cases, we need the following propositions.
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» Proposition 31 ([11, Theorem 2.21 and Proposition 6.1]). Let A be a finite, symmetric,
integral relation algebra with a flexible atom and B a normal representation of A. If B does
not have a binary injective polymorphism, then CSP(B) is NP-complete.

» Proposition 32 ([12, Lemma 4.3]). Let A be a finite symmetric relation algebra with
a normal representation B that has a binary injective polymorphism. Then (p,p,p) is an
allowed triple of A for all p € A.

The relation algebras 32¢5, 3365, 5565, 5765, 9965, 6365, and 6445 are all symmetric, have
a flexible atom (see Figure 2), but contain an element p such that (p,p,p) is a forbidden
triple. Thus, they have no binary injective polymorphism by Proposition 32, and therefore,
by Proposition 31, their NSPs are NP-complete. The algebra 34¢5 is symmetric and has a
flexible atom too. It can be shown that its atom structure has an NP-complete CSP, which
implies that NSP(3465) is NP-complete as well due to the following theorem:

» Theorem 33 ([11, Theorem 9.1]). Let A be a finite symmetric relation algebra with a
flexible atom and atom structure Ag. Then CSP(o) and NSP(A) are polynomial-time
equivalent.

An equivalence relation E C B? is called proper if E is a proper subset of B?; it is
called trivial if it is the equality relation on B, and non-trivial otherwise. The algebras 337,
437, 737, 937, 1137, 1837, 2037, 1657 2657 3657 4657 10657 11657 25657 26657 and 2865 all have a
normal representation B and a non-trivial proper equivalence relation e such that e® has
only finitely many classes. Hence, their NSPs are NP-complete by the following theorem:

» Theorem 34 ([10, Theorem 23]). Let A be a finite relation algebra with normal represent-
ation B and a non-trivial proper equivalence relation e € A such that e® has only finitely
many classes. Then CSP(B) is NP-complete.

Next, we consider algebras which do not contain a non-trivial proper equivalence relation.
A permutation group is called primitive if it does not preserve a non-trivial proper equivalence
relation. Note that if A is a finite relation algebra with a normal representation B, then
Aut(B) is primitive if and only if A does not contain equivalence relations besides 1 and Id.

Using the following theorem, we obtain NP-completeness for the NSPs of 2357, 3637, and
4665.

» Theorem 35 ([10, Theorem 29]). Let A be a relation algebra with a normal representation
B. If Aut(B) is primitive and a € Ay is symmetric such that (a,a,a) is forbidden in A,
then CSP(B) and NSP(A) are NP-complete.

The proofs of Theorem 34 and 35 in [10] already confirm the tractability conjecture
(Conjecture 3) in all cases which we considered.

The following lemmas imply that if a relation algebra is a 2-cycle product of two relation
algebras A and B, and A or B has an NP-complete NSP, then the network satisfaction
problem for the 2-cycle product has an NP-complete NSP as well.

» Lemma 36. Let A and B be finite relation algebras such that NSP(A) and NSP(B) are
both in NP. Then NSP(A[B]) is in NP as well.

» Lemma 37. Let A and B be finite representable relation algebras such that AgN By = {Id}.
Then there is a polynomial-time reduction from NSP(A) to NSP(A[B]) and from NSP(B) to
NSP(A[B]). If 2 and B are normal representations of A and B, respectively, then B[2]
pp-constructs A and B.
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From these two lemmas and Table 3 we infer the NP-completeness of the NSPs of 1037,
565, 665, 965, 1265, 1365, 1565, 1665, 1765, and 185 and confirm the tractability conjecture
for those among them that have a normal representation.

We prove the NP-hardness of seven NSPs by means of pp-interpretations. For the algebras
1937, 2765, and 295, it can be inferred from the nonexistence of certain polymorphisms that
the respective normal representation pp-interprets ({0, 1}; NAE); the argument is summarized
in the following proposition.

Let B be a normal representation of a finite relation algebra A and X C Ay. An operation
f: B™ = B is called X-canonical (with respect to B) if there exists a function f: X™ — A,
such that for all z,y € B" and ay,...,a, € X, if (z;,y;) € a® for all i € {1,...,n}, then
(f(x), f(y)) € f(ai,...,a,)®. The function f is called the behaviour of f on X.

» Proposition 38. Let A be a finite relation algebra with a normal representation B. If there
are two distinct elements x,y € Ay such that every polymorphism f of B is {x,y}-canonical,
but its behaviour on {x,y} is not a binary symmetric, a ternary majority, or a ternary
minority operation, then NSP(A) is NP-complete.

We take a different approach for the two hardness proofs of NSP(3337) and NSP(3537), in
which we directly give a pp-interpretation of a structure with NP-hard CSP in the normal
representation of the respective relation algebra.

Let H = (V; E) be the Henson graph, i.e., the countable homogeneous graph whose age
is the class of all finite undirected triangle-free graphs. We obtain a (normal) representation
B = H" of 67: we set b® := E, a® := {(u,v) € V2 \ E | u# v}, 1d® := {(u,v) € V? | u =
v}, and extend to all other relations by taking the respective Boolean combinations. It is
known that NSP(67) is NP-complete [10]. By a reduction from CSP(H), we obtain that the
normal representations of 3137 and 5265 pp-construct ({0, 1}; NAE); consequently, NSP(3137)
and NSP(5245) are NP-complete.

The algebras 30¢5, 3037, and 3165 do not have a normal representation and hence do
not fall within the scope of the tractability conjecture. We show the NP-hardness of their
NSPs by many-one reductions from again the Henson graph and from NP-hard Boolean
satisfiability problems.

As we have seen (Theorem 29), the algebra 51g5 has a universal representation, which is
obtained by excluding four atomic networks that are consistent but unsatisfiable; it follows
that the NSP is in NP, and in fact it is NP-complete. The algebra 5645 is similar to the
previous one, but allows one extra triple compared to 51g5. Its NSP is NP-hard as well;
proving the containment of the NSP in NP turns out to be challenging and was published
separately (see [8]). We obtain the NP-hardness of NSP(51¢5) and NSP(56¢5) as a corollary
of the following new technique based on a recent hardness result from the area of promise
constraint satisfaction problems [19].

» Proposition 39. Let A be a representable finite relation algebra with two symmetric atoms
p,q such that (p,p,p) and (q,q,q) are forbidden and (p,q,q) is an allowed triple. Then
NSP(A) is NP-hard.

» Remark 40. This method also shows that the NSP for each of the algebras 17, 57, 1g5, 265,
5657 10657 1265; 1565, 1665, 1765, 39657 55657 6265, and 6365 is NP-hard (WhiCh was already
established earlier), since each of them is representable and has two atoms satisfying the
condition of Proposition 39.
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5 Tractable Algebras with at most 4 Atoms

We present polynomial-time algorithms for the network satisfaction problem for all the
remaining integral relation algebras with at most four atoms.

Let 20y be the atom structure of a relation algebra A that has a fully universal represent-
ation. The following implies that if CSP(2ly) is in P, then so is NSP(A).

» Proposition 41 ([12, Proposition 2.16]). Let A be a finite relation algebra with a fully
universal representation B. Then there is a polynomial-time reduction from NSP(A) to
CSP(2).

The good news here is that there is a complete complexity classification of finite domain
CSPs, as we mentioned in the introduction; the bad news is that CSP(2(y) might be NP-
complete, while NSP(A) is still in P; this happens for instance for the point algebra 13 [41] and
will later force us to treat some cases separately. But first, we will make use of Proposition 41
via the following lemma:

» Lemma 42. Let A be a relation algebra with a fully universal representation and atom
structure Ag. If Ay has a polymorphism f which is binary symmetric or a ternary weak near
unanimity operation, then NSP(A) is in P.

The atom structures of the algebras 1o, 25, 47, 77, 8¢5, 1465, 2065, 5365, 6165, and 6545 all
have a binary symmetric polymorphism; hence, the NSPs of those algebras are in P. For the
algebras 33, 37, 5377 637, 1237, 2237, 3737, 765, and 19657 we obtain tractability of their NSPs
since their respective atom structures all have a ternary weak near unanimity polymorphism;
for 37, this was already shown in [14].

A particularly natural polynomial-time algorithm in the context of the network consistency
problem and the network satisfaction problem for a fixed relation algebra A is the path
consistency algorithm. It takes as input an A-network (V, f) and repeatedly considers three
variables u, v, w and updates f(u,v) by intersecting it with f(u,w)o f(w,v). The NSPs of 137,
237, and 837 can be solved by the path consistency procedure, and are thus polynomial-time
tractable.

We are left with the two algebras 2445 and 1737, which turn out to have polynomial-
time tractable NSPs as well. Our algorithms for them are more involved and make use of
structural results about consistent 24¢5- and 1737-networks, respectively, to solve their NSPs
by a divide-and-conquer approach. The algebra 1737 is related to the class of quasi-transitive
oriented graphs, which has been studied in graph theory [2]. As we have mentioned, it has
a universal square representation, which is obtained by excluding a single consistent, but
unsatisfiable atomic network on four vertices (Theorem 28); this representation is in turn
closely related to series-parallel partial orders. We discuss the NSP of 24¢5 in the following
section and refer to the long version of the paper for 1737.

5.1 The Relation Algebra 245

The algebra 245 has four symmetric atoms Id, a,b, ¢ and (a,b,c) as forbidden triple. It
is related to the class of 3-edge-coloured cliques with no rainbow triangle, which exhibits
interesting combinatorics, and has a fully universal representation.

We need the following facts about consistent atomic 24¢5-networks (V, f). If d € {a, b, c},
let G4 be the graph G4 := (V;{(x,y) | f(z,y) € {d,1d}}). The following is straightforward.
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» Lemma 43. Let (V, f) be a consistent atomic 24¢5-network. If Cy and Cy are different
connected components of Gq, for some d € {a,b,c}, then f is constant on all pairs (x,y) for
x € Cy and y € Cs.

The following lemma is due to Sebastian Meyer (personal communication).

» Lemma 44. Let (V, f) be a consistent atomic 24g5-network such that the image of f is
not {Id}. Then at least one of the graphs G, Gy, and G. is disconnected.

Note that all relations of the relation algebra 24¢5 can be generated from the following
relations: Id = a UbU c and Ry := (dUId) for d € {a,b,c}. For example, @ = R o R..
Similarly we can obtain b and . We can then obtain all others by appropriately intersecting
the ones that we already have. It therefore suffices to present an algorithm for the NSP
restricted to networks with the relations R := {Rq, Ry, Rc,1d,1Id, 1} (see the long version of
the paper for details).

» Definition 45. Let (V,g) be a 24¢5-network such that the image of g is contained in R
and let d € {a,b,c}. A d-cut of (V,g) is a partition of V into k > 2 disjoint sets C1,...,Ck
such that if g(x,y) € {Rq,1d}, then x and y must lie in the same part. A d-cut is valid if
for all distinct i,5 € {1,...,k} there exists d; ; € {a,b,c} \ {d} such that d; ; < g(u,x) for
allue C; and x € C.

» Definition 46. A non-identity solution to an A-network (V,g) is a solution (V, f) such
that there are x,y € V with f(x,y) # 1d.

» Lemma 47. Let (V,g) be a 24¢5-network such that (V,g) has a non-identity solution and
the image of g is contained in R. Then there is a valid d-cut in (V,g) for some d € {a,b,c}.

Proof. Let (V, f) be a non-identity solution of (V, g). By Lemma 44, there exists d € {a, b, ¢}
such that G4 is disconnected. Let C4,...,C; C V be the connected components of Gg4.
Clearly, it is a d-cut of (V, g). Lemma 43 implies that it is valid. <

Note that the condition from Lemma 47 can be checked in polynomial time: to check
whether (V, g) has a valid d-cut, we first compute the connected components of the graph
(Vi{(z,y) | 9(z,y) € {Rq4,1d}}) (e.g., via depth-first search). If the connected components
provide a valid d-cut we are done. Otherwise, there exist two components C; and C; that
witness that the cut is not valid. In this case, we merge C; and C; into one component. If
the resulting d-cut is valid, we are done. Otherwise, we repeat contracting components. If
the procedure ends up with a single component, then there does not exist a valid d-cut.

» Proposition 48. NSP(24¢5) is in P.

Proof. Let (V,g) be a given 24g5-network. As we have explained earlier, we may assume
without loss of generality that the image of g is contained in R.

1. If there is no pair of variables labelled Id, then answer “satisfiable” (we may map all of V/
to the same point in a representation of 24¢5).

2. Otherwise, if for every d € {a, b, c} there is no valid d-cut in (V, g) return “unsatisfiable”
(there is no solution by Lemma 47).

3. Otherwise, let C1,...,Cy be a valid d-cut in (V, g), for some d € {a,b,c}, and recursively
solve the subinstances induced on each of Cy, ..., Cjk.

4. If a recursive call returns “unsatisfiable”, then return “unsatisfiable”.
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5. Otherwise, return “satisfiable” (a consistent atomic network (V, f) with f(z,y) < g(x,y)
for all «,y € V can be obtained from solutions for C, ..., Cy by setting f(z,y) := d, ;
for every « € C; and y € C; with ¢ # j).

The proof that this algorithm is correct follows by induction on the number of variables of

the instance. The running time is in O(n?) if n is the size of the input. <

6 Open Problems

We view our complexity dichotomy for the network satisfaction problem for relation algebras
with at most 16 elements as an encouraging basis for a more general classification result
without any restriction on the number of elements for the finite relation algebras with a
normal (or even just fully universal) representation. The following other problems are also
left open.

» Question 49. [s the existence of a fully universal representation for a given finite relation
algebra effectively decidable?

» Question 50. What is the smallest relation algebra A such that NSP(A) is not in NP ?

The network consistency problem (NCP) of a relation algebra A is the following computa-
tional problem: Its input is an A-network (V, f). The task is to decide whether there exists a
consistent atomic network (V, s) (which will also be called the solution to the given problem
instance) on the same set of vertices V' such that for all z,y € V' we have s(z,y) < f(z,y).
Unlike the network satisfaction problem of a finite relation algebra A, which can be undecid-
able [31], the network consistency problem for A is always in NP. For relation algebras with
a fully universal representation, the NSP and the NCP have the same complexity, whereas for
other algebras, additional efforts are required; e.g., if A has no representation, then NSP(A)
is trivial, whereas NCP(A) is generally not.

» Problem 51. Obtain a similar classification for the network consistency problem.

» Problem 52. Obtain a similar classification for the variant of the network satisfaction
problem where the inputs are restricted to networks (V, f) such that the range of f consists
only of atoms and 1.
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A  Appendix

In Tables 1-5, we present Maddux’s lists of integral relation algebras, together with references
and comments about their representability and the computational complexity of their network
satisfaction problem, thus summarizing the findings of the previous sections. The first column
is the numbering introduced by Maddux. The following columns are labelled by triples
(omitting brackets and commas for space reasons). An entry of the table contains the triple
if it is an allowed triple of the relation algebra; this uniquely describes the relation algebra.

In the tables, we use the following abbreviations:

none: no representation exists

—f.u.: the relation algebra is representable, but there is no fully universal representation.

fou.: there exists a fully universal square representation, but no normal representation.

normal: there exists a normal representation, but the algebra has no flexible atom.

flex: there is a flexible atom (which implies the existence of a normal representation).

In [10] it has been noted that in the case of 27 and 67 the claims about the complexity of
the NSP from [26] are incorrect, and we state the corrected results.

Table 1 Integral relation algebras with two atoms.

2 aaa | Representability | NSP Complexity
1z normal P [26]
29 aaa | flex P [26]

Table 2 Integral asymmetric relation algebras with three atoms.

#s3 || rrr rri | Representability | NSP Complexity
13 T normal P [41]

23 rr7 | normal NPc [26]

33 rrr rri | flex P [26]

Table 3 Integral symmetric relation algebras with three atoms.

#7 || aaa bbb abb baa | Representability | NSP Complexity
17 abb normal NPc [26]

27 aaa abb normal NPc [10]

37 bbb abb normal P [26]

47 aaa bbb abb normal P [26]

57 abb  baa | —f.u. NPc [26]

67 aaa abb  baa | flex NPc [10]

77 aaa bbb abb baa | flex P [26]
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Table 4 The relation algebras 137—3737 with the four atoms a,r, 7, Id, where a is symmetric and

r is non-symmetric, representability information, and complexity of their NSP.

’ 37 H aaa TTT TTY arr rar raa T7UTQ H Representation | NSP Complexity
137 rrr arr rar normal P
237 aaa  TTT arr rar normal P
337 rriarr  rar normal NPc
437 aaa rrY arr  rar normal NPc
537 rrr rrv arr  rar normal P
637 aaa rrr rrv oarr rar normal P
T37 rrr raa normal NPc
837 aaa  TTT raa normal P
937 rry raa normal NPc
1037 aaa rry raa normal NPc
1137 rrr  rrv raa normal NPc
1237 aaa YT TTT raa normal P
1337 aaa YT arr raa fu. P [13]
1437 rrr arr rar raa none P
1537 || aaa 7rrr arr rar raa normal NPc [17]
1637 rrr rrioarr rar raa none P
1737 aaa TTT TrT arr rar raa —f.u. P
1837 rra normal NPc
1937 rrr  rrv rra normal NPc
2037 aaa arr  rar rra normal NPc
2137 aaa  TTT arr rar rra none P
2237 aaa YT T arr rar rra || normal P
2337 rrr raa rra normal NPc
2437 aaa  TTT raa  rra none P
2537 e rrr raa rra || none P
2637 aaa T TTT raa rra none P
2737 rrr arr raa  rra none P
2837 aaa  TTT arr raa rra none P
2937 e rroarr raa  rra none P
3037 aaa YT TTT arr raa  rra fu. NPc
3137 aaa arr rar raa T°ra flex NPc
3237 rrr arr rar raa rra none P
3337 aaa  TTT arr rar raa T°ra flex NPc
3437 rri  arr  rar raa rra none P
3537 aaa rriarr rar raa  rra flex NPc
3637 rrr rritoarr  rar raa rra flex NPc
3737 aaa Trr rri oarr rar raa rra flex P
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Table 5 The symmetric relation algebras 165—6565 with four atoms a, b, ¢, Id, representability
information, and complexity of their NSP.

‘#65 H aaa bbb ccc abb baa acc caa bcc cbb abc H Representation | NSP Complexity

les abb acc bee normal NPc
265 aaa abb acc bee normal NPc
365 bbb abb acc bee normal NPc
465 aaa bbb abb acc bee normal NPc
565 cce  abb acc bee normal NPc
665 aaa ccc  abb acc bee normal NPc
765 bbb ccc  abb acc bee normal P
865 aaa bbb ccc abb acc bee normal P
965 abb baa acc bee —f.u. NPc
1065 aaa abb baa acc bee normal NPc
11es5 aaa bbb abb baa acc bee normal NPc
1265 ccc  abb  baa acc bee —f.u. NPc
1365 || aaa ccc abb baa acc bee normal NPc
1465 aaa bbb ccc abb baa acc bee normal P
1565 baa acc caa  bee —f.u. NPc
1665 || aaa baa acc caa bee normal NPc
1765 bbb baa acc caa bee —f.u. NPc
1865 aaa bbb baa acc caa bee normal NPc
1965 aaa cce baa acc caa bee normal P
2065 aaa bbb ccc baa acc caa bee normal P
2165 abb baa acc caa beec cbb none P
2265 aaa abb baa acc caa bec cbb none P
2365 aaa bbb abb baa acc caa bee  cbb none P
2465 aaa bbb ccc abb baa acc caa beec  cbb fou. P
2565 abe normal NPc
2665 aaa abb abe normal NPc
2765 aaa bbb abb  baa abe normal NPc
2865 || aaa abb acc abc || normal NPc
2965 || aaa bbb  ccc baa caa abc || normal NPc
3065 || aaa ccc  abb  baa caa abe || fu. NPc
3165 aaa bbb ccc abb baa caa abe fu. NPc
3265 || aaa abb  baa acc caa abe || flex NPc
3365 aaa bbb abb baa acc caa abe flex NPc
3465 aaa bbb ccc abb baa acc caa abe flex NPc
3565 aaa bbb abb acc bee abe none P
3665 aaa bbb ccc abb acc bee abe none P
3765 aaa bbb abb baa acc bee abe none P
3865 aaa bbb ccc abb baa acc bee abc none P
395 abb caa bee abe —f.u. NPc
4065 aaa abb caa bee abc none P
4165 aaa bbb abb caa bee abc none P
4265 aaa bbb ccc abb caa bee abe none P
4365 abb  baa caa bee abe none P
4465 aaa abb  baa caa bee abe none P
4565 bbb abb  baa caa  bee abc || none P
4665 || aaa bbb abb  baa caa  bee abc || normal NPc
4765 ccc  abb  baa caa  bee abc || none P
4865 aaa cce  abb  baa caa bee abe none P
4965 bbb  ccc  abb  baa caa bee abe none P
5065 aaa bbb ccc abb baa caa bee abe none P
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5465
5565
5665
5765
5865
595
6065
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6465
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abb
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baa
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acc
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caa

caa

caa
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caa

caa
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caa
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caa
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caa

caa

caa

caa
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bee
bee
bee
bee
bee
bee
bee
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bee
bee
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bee
bee
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cbb
cbb
cbb
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abc
abc
abc
abc
abc
abc
abc
abc
abc
abc
abc
abc
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—f.u.
normal
normal
none
flex
—f.u.
flex
none
flex
none
flex
—f.u.
flex
flex
flex
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NPc
NPc
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NPc

NPc
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