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—— Abstract

Allocating a set of resources to an online sequence of customers is a fundamental problem in online

algorithms with an extensive history. However, the natural extension where the algorithm is also
allowed to purchase inventory from suppliers, who also arrive online, is essentially unexplored. We
study this general trading problem under the objective of profit maximization, which is the difference
between revenue from sales and cost of purchases. Maximizing the difference between two competing
quantities is significantly more challenging than the sell-only case.

We show a logarithmic competitive ratio relative to the optimal offline solution. Our algorithm
is an exponential-weight—update dynamic pricing scheme, and our analysis dual-fits the algorithm’s
profit with respect to a linear programming relaxation that upper bounds the optimal offline profit;
we also prove (nearly) matching lower bounds. Finally, we extend our results by designing an
incentive-compatible mechanism for the setting in which customers are strategic and may misreport
their true valuations.
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1 Introduction

Consider the basic task of selling an initial inventory of goods to an online sequence of
customers. Every time step, a customer arrives and specifies a bundle of goods they wish to
purchase as well as the price they are willing to pay for that bundle. Upon arrival of each
customer, the algorithm must immediately and irrevocably decide whether to accept the
transaction and sell off the requested bundle, and the goal is to maximize the total revenue
obtained over the course of this sequence. This problem, which reduces to a packing integer (or
linear) program whose columns arrive in an online fashion, has been studied extensively under
a wide range of models, including fully adversarial environments [5, 36, 18, 16, 6], random-
arrival settings [22, 26, 2, 34, 1, 32], and various other stochastic assumptions [27, 23, 3]
(see also Section 1.3). When the constraint matrix is integral and the RHS is 1, even the
offline version captures very difficult computational problems such as mazimum independent
set; hence it is standard to make a “large inventory” assumption that the RHS values are
sufficiently large with respect to the matrix entries.
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The general, adversarial version of this online inventory-selling problem was introduced
by foundational work of Awerbuch, Azar, and Plotkin [5] more than 30 years ago in the
context of online routing; they gave logarithmic competitive ratio guarantees. Their model
was later generalized by Leonardi and Marchetti-Spaccamela [36] (see also [15], Chapter 13).
Subsequent work further extended these results, both in offline and online settings, to capture
combinatorial auctions with the objective of maximizing social welfare or revenue [4, 11, 35,
24, 16, 27]. Surprisingly however, the following natural generalization is poorly understood.
What happens if the algorithm is not only selling an initial inventory, but also replenishing
the inventory over time by buying from suppliers?

From Selling to Trading. Concretely, suppose that every time step either a customer
arrives as before, or a supplier arrives and announces a bundle they wish to sell and the price
they wish to sell at. The new goal of the algorithm is to choose when to accept buy /sell
transactions so as to maximize the cumulative profit over the online sequence, i.e. the
difference between revenue from sales and expenses from purchases. This problem seem
significantly harder than the sell-only special case, which might explain why it has not
been studied until now. For one, here the number of transactions can be arbitrarily large,
whereas in the sell-only case, the number of transactions is limited by the initial number of
items. Secondly, max profit objectives of the form max, A(x) — B(x) are already challenging
in offline scenarios with full information; online, an uncareful algorithm may easily incur
negative profit. We call this problem online bundle trading. To the best of our knowledge, no
competitive online algorithm (or even good offline approximation) is known for this setting.

Further extensions. The description above already captures many of the important aspects
of the online trading problem, but in practice the story is more involved still. For one,
customers/suppliers may be willing to buy/sell more than a single kind of bundle (though
the reader should remember this so-called single-minded case for simplicity): in general they
have a valuation function for bundles and will accept any bundle at the price at which they
value that bundle. Since arbitrary valuation functions may be computationally challenging,
we assume access to a demand oracle that, given item prices, returns a utility maximizing
bundle.! Second, customers and suppliers may be strategic and unwilling to reveal their
true reservation prices. We refer to this variant as the unknown valuation setting, and to
the simpler version, where all valuations are known, as the known valuation setting. For the
unknown valuation case, the goal is to design incentive compatible mechanisms. A formal
definition of our model appears in Section 2.

1.1 Our results

Our main result is logarithmic competitive algorithms for the online trading problem for
both the known and unknown valuation settings against optimal offline solutions. Let d be
the maximum size of a bundle of any customer and let v be the maximum to minimum ratio
of the value of any bundle of a customer. The algorithm is presumed to have access to upper
bounds on these values.

! While answering a demand query may be NP-hard in general, it is natural in our context to assume
that customers and suppliers can efficiently identify their preferred bundles; otherwise, it would be
unreasonable to expect a mechanism to meet their demands.
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» Theorem 1 (Main Theorem, informal). For every instance of the online trading problem
with a demand oracle for the valuations, large enough inventory compared with the bundle
sizes and every € > 0, there is an
O (% log(dv))—competitive deterministic algorithm for the known valuation case.
O (% log(d?”))-competitive randomized incentive compatible online algorithm for the un-
known valuation case.
The competitive ratio of both algorithms is with respect to an optimal offline fractional solution,
where supplier values at any time step are (1 + €) larger.

As in previous work (e.g., [5, 36]), we assume that the inventory is large. The main
additional assumption in our analysis is that the optimal offline solution to which we compare
our online algorithm’s profit sees the same sequence of customers/suppliers as the online
algorithm, except its suppliers’ valuations are (1 + €) higher for some fixed ¢ > 0.2 This
assumption can be seen as a form of resource augmentation, which is a common assumption
for many online problems (see, e.g., [44, Chapter 4], for a survey): beyond providing
a tractable benchmark when competing with the true optimum is impossible, resource
augmentation analysis concretely quantifies the value of the additional resource. Our lower
bounds, presented below, show that without such augmentation, no competitive algorithm
can exist. In fact, we do not know how to design even an offline approximation algorithm for
our problem without this assumption.

In the unknown valuation setting, our incentive compatible mechanism is (almost) a
posted price mechanism. The algorithm posts prices per unit for each item type, and these
may change over time between different suppliers and customers. The price of each bundle
s, denoted by pt, is the sum of prices of the items of s.> Given these prices, each customer
purchases a bundle maximizing her utility v! — p’ (so long as this utility is nonnegative) and
is charged price p’. Similarly, a supplier sells a bundle maximizing her utility p! — v’ paying
a price p! (as long as this utility is nonnegative).

We complement our algorithmic results with nearly matching lower bounds that show
our competitive ratio is best possible up to constant factors.

» Theorem 2 (Lower Bound, informal). For the online trading problem (even for the known
valuation setting and single minded customers/suppliers), when comparing to an optimal
offline fractional solution for which supplier values are (1 + ¢€) larger:
The competitive ratio of any deterministic or randomized algorithm is Q(L -log(dv)). In
particular, no algorithm can achieve a finite competitive ratio without resource augmenta-
tion (that is, when e =0).
There exists a constant ¢ > 0, such that if the inventory from an item type is smaller than
¢ -log(dv) times the number of items of type i in at least one of the bundles, then the
competitive ratio of any deterministic algorithm is unbounded.

1.2 Techniques

Our algorithms are natural to both describe and implement. Assume by scaling that the
values of the customers for any bundle is in the range [1,v], and that this range is known
to the algorithm. At any time step ¢ € [T], our algorithm maintains values z! for every

2 Instead of using a (1 4 €) value augmentation for the suppliers, we could also use a (1 + €) reduction in
the customers’ values and we would obtain similar results. We have arbitrarily chosen the first option.

3 Technically, the prices of the bundles to customers is slightly more complex. See Section 1.2 for more
details.
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item type ¢ € [n] that can be viewed as a “base” price per one unit of that item type. Our
algorithm can be seen as a dynamic pricing algorithm that changes its prices per unit of item
type based on the current inventory: when the inventory of an item type 7 is full, the base
price for that item is 0, and the price increases exponentially as the inventory of the item
type ¢ decreases. Dynamic pricing of this form is a common practice in retail and is used
frequently (see e.g. [21] for a survey).

Known valuations. The base price of any bundle s, denoted by p, is the sum of base prices

of the items in the bundle s. Upon an arrival of a customer, the customer is allocated a
t

bundle that maximizes v — max{1, p%} if this value is non-negative, and is charged a price of
vt for the bundle. We remark that in the known valuation setting we may choose a bundle
that maximizes the standard utility of the customer defined as v’ — p’. However, max{1,p’}
is used later in the unknown valuation setting in which we do not want to charge a customer
with an arbitrarily small price, and would like the base price of a bundle to be at least 1.
Upon arrival of a supplier, the price per unit of each item type is scaled down by a factor of

t
(14 ¢). The algorithm purchases from the supplier a bundle that maximizes ﬂfe — v if this

value is non-negative, and pays a value of v! for the bundle.

Our analysis uses a dual fitting approach that significantly generalizes arguments previ-
ously used to analyze the customer-only setting [17, 16] (see also [18] for a survey on the
primal-dual approach in online algorithms). Here we work with a natural linear programming
relaxation for the profit maximization objective which, unlike the customer-only setting, is
no longer a pure packing problem. The dual has several moving parts; among other things,
it involves the prices z! generated during the algorithm execution. Interestingly, we relate
the primal and dual objectives by way of a weighted generalization of KL divergence whose
properties are useful to us.

Unknown valuations. Obtaining an incentive compatible mechanism requires several tech-
nical steps.* The algorithm starts by randomly sampling, once and for all before the online
sequence begins, a value p € [0,v] from a carefully chosen distribution. Next, when a
customer arrives the algorithm sets a price for bundle s of p?! = p + max{1,pt}. The
customer purchases a bundle that maximizes her utility vl — p as long as this utility is
non-negative, and is charged a price of p’f. A delicate technicality is that even if the customer
decides not to purchase the bundle because of this additional additive p > 0, but would have
purchased the bundle if p was 0, then the algorithm still updates the price per unit to future
customers/suppliers as if the bundle was sold to the current customer (hence, our incentive
compatible mechanism is not a simple posted price mechanism and requires a bidding phase).
In the supplier case, the algorithm behaves almost identically to the known valuation setting,

t

except that the algorithm posts a price of 5= > vl rather than the supplier’s true value, v}.
The algorithm for the known valuation setting has two free parameters that control the

base prices xt. We show that for the unknown valuation setting, if we carefully tune these

parameters, the analysis in the known valuation setting extends naturally.

1.3 Related Work

The most relevant related work to our setting is the following.

4 We note that some of these ideas extend previous techniques that were used in [4] to obtain an incentive
compatible mechanism for the customer-only setting.
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Customer only setting. As discussed, the adversarial version of this problem was introduced
by Awerbuch, Azar, and Plotkin [5] and later generalized significantly [36, 4, 11, 18, 35, 24, 16]
(see also [15], Chapter 13). The “large inventory” assumption is required even for this easier
customer-only setting [5, 36, 15, 16]. We note that our large inventory requirement is slightly
higher and in particular depends on the value of €. Additionally, whereas the customer
only settings [15, 16] admits a competitive ratio that deteriorates (i.e. increases) smoothly
as the size of the inventory shrinks, our setting exhibits a threshold phenomenon. Our
theorems show that for large enough d, v, there are constants ¢; < co such that if the
inventory is larger than <2 log(2dv) times the number of items of type ¢ in any bundle, then
our (deterministic) algorithm has logarithmic competitive ratio. However, if the inventory
is smaller than <! log(2dv) times the number of items of type ¢ in any bundle, then no
deterministic algorithm can have a finite competitive ratio.

The large inventory assumption is also assumed in relaxed stochastic models such as the
random arrival model. In this model the customers are chosen adversarially, but are given to
the algorithm in a random order [22, 26, 2, 34, 1, 32]. In this relaxed model, it is possible
to obtain a much better 1 — € approximation when the inventory of each item type is large
enough (Q(loféd) items of each type) [34, 1, 32] which is known to be tight [23]. We also
remark that in the random arrival model with only customers, the optimal offline solution
does not depend on the order of arrival. In our more general setting in which both customers
and suppliers arrive, the optimal offline solution and its value crucially depend on the arrival
order. It is an interesting open problem whether improved competitive ratio is possible in
our more general setting but with additional stochastic assumptions.

Prophet trading. Correa et al. [20] initiated the study of a general prophet trading problem
in which both buyers and sellers arrive sequentially. In their model (but our notation) the
algorithm holds an inventory of at most w items of a single item type, and faces a sequence
of T prices for this item. The prices are drawn from known distributions Fi, ..., Fr, and
the realization of the prices are revealed in a random order. At each time step t € T, the
algorithm is allowed to both buy or sell items at the current price with the goal of maximizing
the profit (the revenue obtained from selling the item minus the purchasing costs). They
design a static single-threshold price algorithm (i.e. buy or sell depending on whether today’s
price is above or below a fixed threshold) that they show is constant competitive, and they
also prove a constant lower bound. Recent work [43] extends their setting further to handle
multiple item types and matroid constraints on the inventory. Even more recent work by
Azar et al. [8] gave a 3-competitive algorithm and a matching lower bound for the adversarial
order prophet trading problem. As in our setting, they allowed both the algorithm and the
adversary to start trading with a full inventory (alternatively, they allow an additive constant
of initial inventory cost in the competitive ratio).

We may view [20, 8] as a (very) restricted stochastic case of our known valuation setting in
which at each time step both a customer and a supplier arrive, and each wishes to buy/sell any
quantity of a single item type at a fixed price per unit. The general problem we study allows
for arbitrary bundles containing multiple item types, and adversarial customers/suppliers
valuations for bundles. Because our setting is harder, we (a) only obtain logarithmic
competitive ratios, and (b) need the additional assumptions of a large inventory, and of a
weaker offline benchmark that sees supplier prices that are (1 + €) higher. Our lower bounds
show that both (a) and (b) are unavoidable. Unlike [20, 8], our algorithms require a more
sophisticated dynamic pricing scheme.

Apart from the related work already discussed, there are several other important lines of
work reminiscent of (but distinct from!) our problem.

17:5
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(Online) Bilateral Trading. Bilateral Trading has been studied extensively since the seminal
work of Myerson and Satterthwaite [41] (see also [14, 9]). Perhaps the closest version to our
setting is the online bilateral trade problem, where at every time step a buyer and seller
arrive as a pair. Each has a private valuation functions for a good. The algorithm, which
plays the role of the trading platform, posts a price for the good, and buyer and seller proceed
with trade so long as both are willing to trade at this price. A common goal is to maximize
the gain from trade defined as the sum of utilities of the buyer and the seller [19, 12, 10].
This setting is very different from ours (even for a single item type): the objective is different,
and furthermore buyers and sellers arrive and depart simultaneously, so the algorithm cannot
stockpile goods in inventory for later trades.

Two-Way Trading and Portfolio Selection. The problem of online portfolio selection has
been extensively studied (see e.g., [37] or [15, Chapter 14]). For example, in a simple one
way trading model introduced by El-Yaniv et al. [25], a trader faces a a sequence of prices
and would like to maximize her profit from selling a single item. Even closer to our setting is
the Two-way trading problem in which a trader with an initial one unit of money observes a
sequence of prices of a stock, and is allowed to buy/sell the stock at the given price with the
goal of maximizing her final wealth [28, 29]. Despite the seeming similarity, the focus on a
single-item type, the lack of inventory constraints, and the lack of restrictions on the number
of units per transaction make this problem very different from ours.

Other. In additional nearby work of [42], we wish to allocate goods to buyers, both of
whom appear and perish according to a Poisson process; buyers have linear or submodular
valuation functions and desire bundles respecting downward closed constraint families (e.g.
they only want want independent sets of a matroid). Similar problems have also been studied
in the operations research community. See e.g, network revenue management problem ([30,
Chapter 7]). This last line of research usually makes stochastic (as opposed to adversarial)
assumptions about the input [31, 33, 40, 39, 38].

Finally, we remark that our linear formulation is an extension of the dual formulation of
the positive body chasing problem introduced in [13]. A major difference is that in our problem
we require an integral solution, and [13] does not maintain an integral dual. Furthermore we
seek an incentive compatible mechanism, which is not a concern of [13].

2 Preliminaries

In this section, we formally define the problem considered in this paper and introduce

notation.
Problem Statement. The algorithm maintains an inventory of n item typesi=1,...,n,
and we use [n] to denote the set {1,2,...,n}. At any time ¢, the algorithm is required to

hold an (integral) amount 7! of item type i such that 7! € [0, w;] for some positive integer
inventory w; € Z,. The upper bound constraint on the inventory arises naturally from
storage limitations, risk management policies, or regulatory restrictions. We assume that
initially the inventory of both the algorithm and the adversary are full, ) = w; for all i € [n].
Alternatively, this assumption can be replaced by adding an extra additive constant to the
competitive ratio that is independent of the length of the sequence. Time steps t € [T] are
partitioned into time steps ¢t € Teyst in which a customer arrives, and time steps ¢ € Tgypp in
which a supplier arrives (i.e. [T] = Teust L Tsupp)-
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At time steps t € Teust, & customer arrives and provides a menu of bundles S*. Each
bundle s € S* contains as; € Z; items of type i and has a value v! to the customer. The
customer would like to purchase at most a single bundle s € S*.

At time steps t € Taupp, a supplier arrives and similarly provides a menu of bundles S*.
A bundle s € S* has as,; € Z; items of type i and has a value of v% to the supplier. The
supplier would like to sell at most one bundle s € S*.

At any time step t, the algorithm can buy/sell up to a single bundle s € S? from a
supplier /customer. The (integral) inventory of items of type 4, 7, must remain in the range
[0, w;] at all time steps. However, when the algorithm purchases a bundle from a supplier it
may dispose of any items that are not required for free if it already holds an inventory of w;
items of type ¢ and cannot increase the inventory of this item type. We use T/o € Teust and
Teupp € Tsupp to refer to time steps in which the algorithm sells or buys a bundle respectively
(as opposed to deciding not to buy/sell), and s! is the bundle allocated to the customer, or
bought from the supplier. We study two different settings for this model:

In the known valuation setting the values of the bundles are known to the algorithm and

the price it charges or pays is the bundle’s value. Hence, the profit of the algorithm is
Vatg = Yiey,, Vit T 2ateTy,, Vst

In the unknown wvaluation setting the algorithm we design an incentive compatible
mechanism. Here, at time step ¢ € Teust, the algorithm posts (compactly) a price pt for
each bundle s € S* and the customer buys a bundle s € S* maximizing her utility v} — p’
if this utility is non-negative. Similarly, at time step ¢ € Tgupp, the algorithm posts prices
pt for the bundles s € S* and the supplier sells a bundle s € S* that maximizes her utility
pt — v if this utility is non-negative. The goal of the algorithm is maximizing its profit

_ ¢ t
Valg = D reTr Dgt — e Dyt -

cust supp

A special case of our setting is when the customers (or suppliers) are single minded,
meaning that each customer would like to purchase a single bundle of items s (or a bundle
containing s) and has a value v’ to this bundle. Similarly, a supplier would like to sell to the
algorithm a single bundle s (or a subset of the bundle s) and has a value v’ to this bundle.

In the simpler setting of single minded customers/suppliers the bundle that maximizes
the utility can be computed trivially. In case that the number of bundles in the menu is
exponential, we assume that we are given a demand oracle to the customers/suppliers. That
is, given a price per unit of each item type xﬁ_l at the arrival of a customer, the customer is
able to output a bundle maximizing its utility v} — Z?Zl Qs 'xifl. Similarly, upon an arrival

of a supplier at time step ¢, it may output a bundle that maximizes > ., a; s - xf.*l

— vt
Our algorithm is given a parameter € € (0, 1], and we compare the profit obtained by our
algorithm with an optimal solution that maximizes the profit, but the value of each supplier
to each bundle s € S is (1 +¢€) - v} instead of v!. We note that instead of using a (1 + ¢)
value augmentation for the suppliers, we could also use a (1 + €) reduction in the customers’
values to achieve similar results, and we arbitrarily have chosen the first option. As our proof

is via duality of a fractional relaxation of the problem, the optimal solution can be fractional.

Additional Notation. Define d £ max;e7.,., stest {D 1y @s,i} be the largest size of a bundle
of a customer, as well as Upmin £ minge7s,, sest,vt 20 V5 and v £ maxer,,, sest U5 to be the
minimum and maximum value of a bundle to a customer. We assume the values d, vyin, v
are all known to the algorithm upfront. Without loss of generality we scale these values and
assume that vy, = 1.

17:7
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All logarithms in this paper are base e. We use a weighted generalization of KL divergence.
Given a weight function w, define

KLy (2 || y) == zn:w {x log (;) — i+ y] . (2.1)

i=1

It is known that KL, (z || y) > 0 for nonnegative vectors x,y (one can check this is true
term by term above).

3 The Algorithm

In this section we prove our main theorem that we state here formally.

» Theorem 3. For every instance of the online trading problem with a demand oracle for

the valuations, and for every € > 0, there is
Known valuations: A deterministic online algorithm that is O (% log(2dv))-competitive
provided that the inventory for any item type i € [n] is ¢ -log(2vd) times the number of
items of type i in any bundle for some large enough constant c.
Unknown valuations: A randomized incentive compatible online algorithm that is
O (% log(%))-competitive in expectation provided that the inventory for any item type
i€ [n]is< ~log(%) times the number of items of type i in any bundle for some large
enough constant c.

The competitive Tatio of both algorithms is with respect to an optimal offline fractional solution,

where supplier valuations at any time step are (1 + €) larger.

In Section 3.1 we present our main algorithm for the known valuation setting proving the
first part of the theorem. In Section 3.2 we show how to modify our algorithm in order to
design an incentive compatible algorithm for the unknown valuations setting proving the
second part of the theorem.

3.1 The Known Valuation Setting

We first consider known valuation setting. Our algorithm has two parameters p > 1 and
7 > 14 log(l + vdu) that are chosen later. The algorithm requires the following assumption
on the inventory size of each item type ¢ € [n] compared with the number of items of type
i € [n] in bundles presented to the algorithm.

» Assumption 4 (Large inventory). For any item type i € [n], time t € [T], and a bundle
s € St, we require that w; > 8?77 Qs

The formal description of our algorithm appears as Algorithm 1, and we first describe it less
formally. At any time step ¢, the algorithm maintains values z! for each item type i that
depends on the current inventory rf. When the inventory of item i is full ! = 0, and 2!
increases exponentially as the inventory decreases to 0. Intuitively, at this point, the reader
may think of the value xz_l as the base price per one unit of an item of type ¢ just before the
arrival of the customer/supplier at time step ¢ (although our incentive compatible version
of the algorithm in Section 3.2 requires a more delicate setting of the prices). Using this
intuition, the price for a bundle s € S* is pt = 31" | as,; - 2t~'. Next,

Customer arrival: As v’ > 1, the algorithm allocates a bundle that maximizes the

utility of the customer v! — max{1,pt} if this utility is non-negative and charge the

customer v’. Otherwise, no bundle is allocated.
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Supplier arrival: The algorithm offers to the supplier prices that are 1+ € times smaller,

t
and buys a bundle that maximizes the utility of the supplier 1’;56 — ol if it is non-negative,

and otherwise no bundle is bought.

Algorithm 1 Trade (v,d,€).

1 Let r) = w; be the inventory of items of item type i € [n] at time step 0.
2 Let p > 1, and n > 1 + log(1 + vdu) be parameters chosen later.
3 At any time step t € [T] we set,

giml A ﬁ (eXp ((1 - Ti:) -77) - 1) . (3.1)

4 Upon arrival of a customer at time step ¢t € Teuet:

Let st = argmaxgeg: {0} — max{1,>1"  as; -2 '}}.
6 if v, —max{1,> 7"  as ;- z"'} >0 then Sell bundle s! to the customer and

t—1
%

update the inventory to be rf =r/"" — agt ;3

7 Upon arrival of a supplier at time step ¢ € Tsupp:

t_ 1 n =1 _ ¢
8 Let st = argmax gt {m Sy i s T — vs}.

if %ﬁ S Lase -2t =t >0 then Buy bundle s® from the supplier and

t =
S*

©

update the inventory to be ¢ = min{r! ™" + as ;,w;} ;

Let clust c 72113‘5 and 7;/11pp =
a bundle respectively (as opposed to deciding not to buy/sell), and let s be the bundle that
was sold/bought from the customer/supplier. In order to make our subsequent presentation

: 4 4
simpler, define for every ¢ € Tl U Toupp
n
t A i1
P = E Qgt g T; .
i=1

We prove the following theorem.

C Tsupp be the time steps in which the algorithm sells or buys

the quantity

» Theorem 5. Given parameter > 1 and n > 1+ log(1l 4+ vdu), and assuming that for any
item type i € [n], time t € [T], and a bundle s € S*, w; > 21 - as,;, Algorithm 1 maintains a

e
feasible integral inventory, such that

[ evt, 1 pt
OPT:o(ﬂ) 3 ((1—2>Pt+s*+>— > g
€ _tET' N K teT) Te

cust supp

n t t
=0 (f) vl — vy

1 DI
[ tET, teT!

cust supp

where OPT s an optimal offline fractional solution whose buying costs from a supplier at
any time step t € Toupp, s € St is (14 €)vl.

The first part of Theorem 3 follows by setting u = 1, and n = 1+log(1+vdu) = 14+log(1+wvd).
We start with a couple of simple observations.

17:9
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» Observation 6. Item prices are always positive, i.e. for allt € [T] and i € [n], we have
¢
x; > 0.

Proof. The algorithm explicitly maintains that r! < w; in Line 9, which in turn implies that

t—1
xfléd.—lu(exp((l—riw )~77)—1) > 0. <

We make another observation that comes from rearranging the price update rule (3.1).

» Observation 7. Define 7t = x! + ﬁ Then, for all t € [T and i € [n], it holds that

=t riml gt
og | =i ) =
= -
~t—1

Proof. Manipulating the price update rule (3.1), we get log(z;”") = log(ac;“1 + ﬁ) =
t—1
(1 - T?w—) 1+ log(1/du). Subtracting log(Z!™!) from log(z!) and dividing by 7 yields the

claim. <

3=

Before bounding the competitive ratio, one might worry whether Algorithm 1 even
maintains a feasible integral solution (namely why r! never goes below 0). We prove that
this is indeed the case.

» Lemma 8. Algorithm 1 produces a feasible integral solution.

Proof. Clearly, r! is integral since all bundles are integral. Furthermore, as already noted,
we maintain r! < w; explicitly. The only thing remaining to argue is that r! > 0.

We claim that whenever the algorithm decides to sell a bundle s’ with ase; > 1toa
customer, we have that z!~! < v £ max;er,, sest v%. To see this, note that otherwise since
ast ; > 1 and by Observation 6 z!71 > 0 we have, max{1, S ast -xffl} > gt bt >
v > v, which means that the algorithm does not sell the bundle to the customer (see
Line 6).

Rearranging (3.1), whenever the algorithm decides to sell a bundle s with age ;> 1

P (1 _log (1 —|—Ud,u)> > w; (1 + log(1 + vdu) — log (1 —|—vd,u)) > w; - i7

n U 8n
where the second equality follows since n > 1 + log(1l + vdu), and the last inequality
follows since € < 1. By Assumption 4 we have that ast ; < w; -

< and we conclude that

%7
rf = Tf_l — ast ; > 0. We remark that the analysis here does not require the full strength of
Assumption 4 that is used later in the proof. |

Analysis via Duality

To prove the competitiveness stated in Theorem 5 we present an LP formulation P for the
fractional version of the problem in which supplier valuations are inflated by (1 + €). We
then construct a feasible solution to the dual problem D whose value is O(Cﬂ#)
value obtained by the algorithm. Theorem 5 then follows directly by weak duality.

In the LP below, we may think of 7 and z, respectively as the indicators for whether
bundle s € S is allocated to the customer and supplier at time ¢, and as before, 7t as
the number of items of type i in inventory at time t. The constraints are straightforward
updating the inventory (which is in [0, w;]), and requiring that at most a single bundle is
allocated at any time ¢t. Note that by making (3.2) and (3.3) inequalities (as opposed to
equalities) we are allowing a free disposal of items.

(P) : max Z Zu§~y§—(1+e)- Z Zvizi

t€Tcust SES? t€Tsupp sES*

times the
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T ST =Y ag L Vi€ [nl, ¢ € Teust, (32)
sESt
Tt <7+ Z asi-Zz. Vi € [n], t € Tsupp, (3.3)
seSt
sESt
Z <1 Yt € Tsupp, (3.5)
seSt
< Vvt e [T7, (3.6)
77T >0 vt e [T)],s € S.

The dual formulation has variables x! that correspond to Constraints (3.2) and (3.3),
variables o' and (' corresponding to constraints (3.4) and (3.5), and variables ¢! that
correspond to Constraints (3.6).

T n
(D):minzzwi.z’;Jr Z at o+ Z Bt

t=1 i=1 tE€Tcust t€Tsupp
Z“Svi B Vit € Toust, s € S, (3.7)
i=1
Zas,zwff—ﬁt <vl-(1+4¢) Vt € Taupp, 8 € S, (3.8)
=1
7>t -zt Vi€ [n], t €[T], (3.9)
7, 0,0 B8 >0 Vi e [n], t € [T).

We have suggestively reused the name z for the dual variables: indeed, we will soon use
the values x! from (3.1) to set these.

Constructing the dual solution. We fit the following dual to Algorithm 1. Recall that
hst © Teust and T C Taupp are the time steps in which Algorithm 1 decides to sell or

cust supp

buy a bundle s’ respectively. We set

—t _ ot
—t

t_ -1
¢; = max{0,z; —x; "},

2

t : 7
7t v, ift e T
a’ = * o
0 otherwise

—t Do Gt xﬁfl —(I+eue ifteTl,,
B P . .
0 otherwise

We need to show dual feasibility, and that the cost of the algorithm is related to the dual
cost. We start with the first.

» Lemma 9. The solution (%, 0, @, 3) is feasible to D .

ICALP 2026
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Proof. By construction we have a® > 0, ZZ > 0, and ZE >t — xffl, and by Observation 6
also acfl > 0.

By the behavior of the algorithm (Line 9), if ¢ € T, then Y7 | age ;@)
and hence ' > 0. Hence, it remains to check constraints (3.7) and (3.8).

Consider first any time ¢t € Teust \ Toyse i which no bundle is sold. In this case, by
line 6 of Algorithm 1, for all s € S* we have max{1,> 1  as; - 2! '} > v’ (note the
strict inequality), as v, > 1 for any bundle s € S?, it means that for every s € S
S as xﬁ_l > vl and therefore setting @' = 0 and noticing that in this case ! = xt !
satisfies constraints (3.7). Next, consider any time ¢ € 7/, in which a bundle s, =
argmaxgege {vf — max{1,> ;" | as; 'xf_l}} is allocated to a customer. By the definition of
st, we have for any s € S

—(1—}—6)’033 >0

n n
—t_ .t t t—1 t—1
o' =vg > v, + max{l, g agt ;- x; }—max{l, g Qs - T;
i=1 i=1

n n
> ol + 1 — max{1, E Qoo >0l - E asi- ot
i=1

i=1

'+ @ > vt where the
first inequality holds since the values x! only increase at time steps ¢ € Teust-
Similarly, let t € Toupp \ Toupp be a time in which no bundle is allocated to the supplier.
t—1
<

Line 9 of Algorithm 1 guarantees that in this case for all s € S* we have >, a,; - 2}

(1+¢€) - vs, and therefore setting Bt = 0 satisfies constraints (3.8). Finally, at times ¢ € T,
t—1

. . t 1 n
in which a bundle s, = argmax gt {1—+E DD

Thus, we get that for any s € St, Y7 as,;-at+a" > 3" as; !

%

7

- vﬁ} is bought from the supplier,

we have for all s € S?,

n n n

St -1 -1
Zlas,i-xf—ﬂ S.Zlas’i.xg _gé%)f{zlas’i'w? —(1+6)-v§}§(1+6)~v5
1= 1= 1=

The first inequality holds since the values z! only decrease at time steps ¢ € Tgypp. Hence,
we satisfy the dual constraints (3.7) and (3.8). <

The remaining challenge is to relate the cost of the algorithm to the cost of the dual
solution. This is proved in Lemma 10. Theorem 5 follows directly by combining Lemma 9
and Lemma 10 along with weak duality.

» Lemma 10. Let P' £ 3" a2t~ " for every time step t € T}, U Tl Then, the
value of the dual solution is bounded as

szﬁ—FZa—FZB

tE T] t€Tcust te7—sup7)
i€[n]
[ e-vt, 1 pt
o) | X (0P e) - 2
€ LteT!, n # teT, te

cust

=0(§)- D v ) v

tET’ teT)

cust supp

supp

Proving Lemma 10 requires several intermediate claims.



Y. Azar, N. Buchbinder, R. Levin, and O. Vardi

> Claim 11. Recall that 7t £ z! + ﬁ. For time steps in which the trader allocates a bundle
to a customer or a supplier we have the following.

1 & 7t 1

VEE The = wi-Tilog (iﬂ;) < e/s. (Pt+>, (3.10)
i Z K
1

W Ty | 3 wedtlos (o) - 3wl <Pt By

ilzt>0

Proof. Consider a time step ¢t € 7/,q. Then,

*sz 7t log <At 1) Zas i T fZas*ﬂ i exp (ﬁjzn) (3.12)
7

7

1
< /8. Zas i 3: =e/8. Zas e (J:f_l + d) (3.13)

I

< e/ <Pt + 1) : (3.14)
7

Step (3.12) follows by using Observation 7 twice, and the fact that r!~! —r! = ast ;. Inequality
(3.13) follows by Assumption 4. Inequality (3.14) follows since d > Y7 | ay ; Next, at a
time step t € T,,, we have,

szxlog<At 1) Zwl i

z|x >0 ? z\x’ 0
t—1
§ - E w; - 2t log (At 1) - E st i - T (3.15)
1|m >0 ilzt=0
= - g ast i T - E ast i ~1’§_1 (3.16)
ilzt>0 ilzt=0
== > agi- 3 'exp ( ) Y agal! (3.17)
i|zt>0 l‘.Lt 0
< —e /8 g st i a: g ast i x (3.18)
ilzt>0 ilzt=0

n
< —ec/® E st i -xffl = —e /8. pt.

Inequality (3.15) follows by Assumption 4 and the fact that ¢ < 1. Equalities (3.16) and

(3.17) follow by using Observation 7, and by the fact that if 2! > 0 then r! < w;, which

means rt ! —rl= —agt ;. Inequality (3.18) follows from Assumption 4. The final inequality

follows since fﬁfl > xﬁfl. 4

> Claim 12. The following inequality holds: ~, . (P75 + #> — /4 YT Pt >0.

supp

Proof. By the non-negativity of the KL divergence, we have that for all ¢ € T, U Tgupp

1 7t 1 zt
0< = E Wy - [m log(tl)—z + 7t 1}:7 E w; - [x log< tl)—x +at” 1].
n i Ty

ilzt>0 " i|zt>0

17:13
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Summing up the inequalities for all time steps ¢ € T U Toypp, We get
1 ~t z; t—1
0<- Z Zwi- z;-log | 525 —at+ !
K T iy 12120 T
+ = > D> wi [ ] (3.19)
t€7:’upp ilzt=0

Zzwz 1og<f)+1z Zwlxlog< SR

teTcmt g g t€Tupp Lilzi>0 ilzt=0
1 n
IS (0T — a0 (3.20)
N =1
1
SGE/S' Z (Pt+ > 76/8 Z Pt (321)
2667-(‘,/ust IU/ tet’upp

Inequality (3.19) follows by adding the term z!~* — 2!~! that equals 0. Equality (3.20) is a

telescoping sum. Finally, inequality (3.21) follows by plugging inequalities (3.10) and (3.11)

from Claim 11, and since 27 — 29 = 27 > 0. Dividing by e“/® concludes the proof. <
We are finally ready to prove Lemma 10.
Proof of Lemma 10. First, for all time steps t € T/, we have
Sl =3 untel - af ) = S ule 3 < 3w atlos ()
i=1 i=1 i=1 i=1 i
;o1
<op(pPte2). (3.22)
W

The penultimate inequality follows because for any a > b > 0, we have (a — b) < alog(e/p).
The last inequality is due to Claim 11 and since € < 1.

Using this together with Claim 12, we bound the value of the dual solution (except for
the value of @) as follows:

> w;i- 7+ > B < > [27;.(Pt+i>}+ > (PP = (1+e)vg) (3.23)

te[T) L€ Toupp teT! teT

cust supp
i€[n]
[ 1 30n 1 _
< m - Pt - Pt e Pt -\ €/4 Pt
<X [ (red)]r T T (Ped) et 8
t€7—(;,u5t - tet’upp tETCIust teTs’upp
(3.24)
I 30 1 30 pt
=y (2n+”)-<Pt+)]— > ( i (1+)—‘/4—(1+e)>1+
T ‘ I er, N € ‘
30 1 30 pt
< <2 + 77) > <Pt + ) - > (77 + 157 ) (3.25)
€ " 1+e€
t€7_(‘,lust teK/uPP

<2n+30677> > (P%i) (13 +3277> > 1}1: (3.26)

teT! €T upp

cust
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(13 3077) (1_9. 3 (Pt+i> <13 32”) 3 1]1:. (3.27)

€T ot teTs,

supp

Step (3.23) follows from (3.22) and the fact that 7', 3" are all 0 when ¢ & Tt U T4
Step (3.24) follows from adding 30’7 times the inequality of Claim 12. Step (3.25) holds since
e<land (14¢e)e *> (1 +e)(1 —€/4) > (14+¢€¢/2), and (3.26) since n > 1. Step (3.27)
follows since

30n _ 30n 30 13 3077 30 13¢ 301 ( e)
2n+—< —+4+13n— — n< —4+13n——n——n=|1 =) (1=-=).
e s s S = (Bt 1
Finally, by the construction of the dual solution, we have Y, @ = 37 et St

Adding this to the final inequality, we get:

ZwZ€+Zﬁ+Za

te[T) t€Tsupp t€Tcust
i€[n]
30 ¢ 1 pt
< 3 s (e )| (-5 2 (Peg) - 2
tE Tl = m)oodm e
[ 6'U‘§t 1 Pt
o [z (o) s
¢ te7—(‘:’uat Tl N teﬁ/“pp + ¢

:O(ﬂ>~ szi— Z Uii
¢ [ teT, teTy,

cust supp

The last inequality follows ﬁrstly sinceasn > 1,40 >1, e <1, and v’ o = 1 for t € Teust-
For every t € Tl., we have € v! ot /m+1/u < 20! ot More crucially, by the properties
of the algorithm at each time step t e Tl in which the algorlthm sells a bundle to a
customer, we have Pt =37 ag ;2" <max{1,31" | as ;-x!"'} <!, (see Line 6), and
at each time step t S 7;’upp in which the algorithm buys a bundle from a*supplier, we have

Pt:z:lﬁlti CE 1>(1+e) t(seeLine9). <

3.2 The Unknown Valuation Setting

In this section we prove the second part of Theorem 3 by designing an incentive compatible
algorithm. Our incentive compatible algorithm is based on Algorithm 1 and its analysis
with the following changes. We initially sample a random threshold p > 0 (in a way that is
described formally later). Then,
When a customer arrives, the algorithm sets a price for each bundle p, £ p +
max{1,3°1 as; - 2}~ '} for every bundle s € S*. The customer buys the bundle s’
maximizing her utility v{ — p% if this utility is nonnegative. Additionally, regardless
of whether any bundle is allocated in round t, if vzi —max{1,>""  as ; -z '} is non-
negative, the algorithm subtracts the bundle contents from the inventory and updates
the values z! accordingly as done by our algorithm for the known value setting, Al-
gorithm 1. Note that as p > 0, then whenever v’ o — (p+ max{l, S as i) >0,
then vf, — max{1,3°, as ;-2 '} is also non-negative. Formally, as the machanism
may up*date the prices even if a bundle is not allocated to the customer, the incentive
compatible mechanism is not a posted price mechanism, and requires a bidding phase.

supp*
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When a supplier arrives, the algorithm sets a price p’ = 1ie Yo Qs le for every

bundle s € S*. The supplier sells the bundle s maximizing his utility p% — v! if this
utility is nonnegative.

In addition to the above changes, the algorithm chooses the parameters p and 7 carefully
as we describe in the formal description of Algorithm 2.

Algorithm 2 Trade-Truthful (v,d, €).

1 Let Y = w; be the inventory of items of item type i = 1,...,n at time step 0.
2 Set the parameters = 22 - (1 +logv), and n = 32(1 + log(1 + dvp)).
3 Let 0 = §. Choose randomly a value p > 0 as follows,

)= {O with probability 1 — 4 (3.28)

27 j€{0,1,...,|logv]}, with probability 71“1‘?)“] ’

4 At any time step t = 1,...,T we set,

gl e ﬁ (exp <(1 - ri)il) ~n> - 1> . (3.29)

5 Upon arrival of a customer at time step t € Teust:

6  Set the price of bundle s € S* to be p! = p+max{1, 31 as,; 2!}
7 Let st = argmax,eg {0! — pl} = argmax,ege {v! — max{1, 3 | a,; -2 '}}.
8 if v, —max{1,) gt ;- xﬁ_l} > 0 then update the inventory to be

t _ t—1
=T

o if ol —pl =v!, —max{1,Y 1 as ;- 2.7'} — p>0then Sell bundle s’ to the

customer and charge a price of p’, ;

r — Qst 5 3

10 Upon arrival of a supplier at time step ¢ € Tgupp:

11 Set the price of bundle s € S* to be pl, = = - Y21 ag; - x)

t_ ¢t 1 n t—1 _
12 Let st = argmax,egt {p’, — vl } = argmax gt {m Sy Qs T — vs}.

13 if p!, —o!, >0 then Buy bundle s’ from the supplier, pay a price of p’,, and

[
S*

update the inventory to be rf = min{rffl +agt i, wit;

» Remark 13. We remark that in Step 8 the inventory is updated even if eventually in
Step 9 the algorithm does not allocate the bundle to the customer (since p is too large). The
algorithm can be lazy and delay disposing items until the inventory exceeds the capacity.
However, for our analysis, we require that the algorithm updates the values z! as if the
items were allocated.

We begin with the following observation.
» Observation 14. Algorithm 2 is incentive compatible.

Proof. We observe that Algorithm 2 sets prices for each bundle in Steps 6 and 11 allocates
to the customers/suppliers a bundle si that maximizes their utility with respect to these
prices (if it is non-negative). Hence, we get that the algorithm is incentive compatible. <«

Next, we have the following claim.
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> Claim 15. At any time step ¢ € [T, the inventory of the algorithm rf, the values x! and
the identity of s; is the same in Algorithm 2 as in Algorithm 1.

Proof. The claim follows inductively on the time steps ¢t € T. We observe that whenever a
supplier arrives, the allocation is identical in both algorithms (only the price paid is different).
Whenever a customer arrives at time step t € Teust, as p > 0 is simply an additive shift, the
bundle si chosen in Step 5 in Algorithm 1 is the same as the bundle chosen by Algorithm 2
in Step 7. Moreover, even if the bundle s is not allocated to the customer in Step 9 (which
can happen if p is too large), the algorithm still updates its inventory in Step 8 (as in Step 6
of Algorithm 1) as well as the values ! that depend on the inventory. <

By the above claim, we get by the analysis of Algorithm 1 that the inventory of Algorithm 2

is always feasible. Moreover, the dual solution D as constructed in Section 3.1 is also feasible.

Therefore, setting the parameters u = 32/c- (1 + logv), and n = 32(1 4 log(1 + dvu)) (Line 2
of Algorithm 2) we get, by Theorem 5 that,

ot
orr=o(2)| ¥ (-5 e ) - 2

cust supp

Next, let T, Toupp be the time steps in which Algorithm 1 sells bundle s. to the
t

customer at price vi, or pays the supplier a cost of v¢ st - Algorithm 2 updates its 1nventory

St
the same way in these steps. However, it pays the suppher a higher price of p’ - vl

and charges the customer a (random) lower price of p ¢ < vt s¢ if the bundle st is allocated
to the customer. Nevertheless, the next lemma bounds from below the expected profit of

Algorithm 2.

» Lemma 16. The exzpected profit of Algorithm 2 is at least,

t J t Pt
Z ((1—26)~maX{I,P}+2(1+IOgU).USi)_ Z T

LET st LET upp

Proof. By construction, for all time steps t € ’7;/upp, the algorithm pays m Consider a

time step t € T, in which max{1, P*} = max{1,>}  az -z} '} < vg . If max{l, P*} <
vty <max{1,P'} +2° = 1 + max{1, P} then the algorithm’s expected revenue is at least

(1 —6)-max{1, P'} > (1 —26) - max{1, P'} + g - (1 + max{1, P'})

> (1 —26) - max{1, P'} + g vl

Otherwise, let k € {0,1,..., [logv]} be such that, max{1, P*}+2% < v, < max{l, P'}+2~FF1,

The total expected revenue of the algorithm is:

k
(1 —46) - max{1, P'} + 5J : <max{1,Pf} + Zw‘)

1+ [logwv P
> (1 —0) - max{1, P'} + ﬁ - (max{1, P'} 4 2")
0 t

>(1-9)- 1, Pt —— " Vg.
> (1= 8) - max(1P'} + ool

The last inequality follows since v, < max{1, P'} +2*"!1 < 2. (max{1, P'} + 2*). <
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Plugging § = ¢/8 into Lemma 16, the algorithm’s expected revenue is at least,

E[Valg]z Z <(125)maX{l,Pt}+2dvéi> Z P

1T he (1+1ogv) (€T | T
t
€ €V pt
= E (1—7) -max{l,Pt}—i-*) — E .
W ( 4 16(1 + logv) v Lte

cust supp

Combining this with the upper bound on the optimal profit we get,

orm-o) [ (09w il) -z

T €T
t

n ¢ t € Vst € Pt
~0(2)-| 5 ((1-5) mestn s )- ¥

€ |:t€”rc’l.st 4 32(1+1logv) = 32(1+logw) = 1+e€

Lot t
~o(") (1) max(r, Pt N B L (e
O(e { 2 ( 1) el P+ e ey D 1| =O() ElVag)
HET €T upp

where the final inequality uses the fact that v!, > 1 for ¢ € Tous. Finally, note that
1 = O(log(dv/e€)). Hence, the algorithm is O (n/€) = O (log(dv/€)/€)-competitive concluding

the proof of the second part of Theorem 3.

4 Lower Bounds

In this section, we prove our lower bound theorem.

» Theorem 17. For the online trading problem (even for the known valuation setting and
single minded customers/suppliers), when comparing to an optimal offline fractional solution
for which supplier values are (1 + €) larger:
The competitive ratio of any deterministic or randomized algorithm is Q(+ -log(dv)). This
holds even if all the items are of a single type. In particular, without the 1 + € supplier
value augmentation, the competitive ratio of any algorithm is unbounded.
There exists a constant c, such that if the inventory from an item type is less than < -log(dv)
times the number of items of type i in some of the bundles, then the competitive ratio of
any deterministic algorithm is unbounded. This holds even with respect to an optimal
solution that can hold a single item from each type.

In Section 4.1 we prove the first statement of the theorem. Due to space considerations,
we leave the second part of the proof (which is similar) to the full version [7].

4.1 Q(: - logdv) Lower Bound

In this section we prove that the competitive ratio of any deterministic or randomized
algorithm is Q(1 - log(dv)), even in the special case where all items are of a single type. In
particular, without the 1 4 € value augmentation of the suppliers, the competitive ratio is
unbounded. We prove two lower bounds separately: (a) (2 - logv) even when all customers
and suppliers wish to buy or sell a single item (d = 1), but the value for the item is in [1,v]
for some arbitrary value v > 1; (b) (< - log d) even when the value of the bundles requested
are in the range [1,2] (i.e. v = 2), but the bundles may contain up to d items for an arbitrary
d € Z4. The two lower bounds are very similar, but we show them separately for clarity.
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Our bounds hold even when the algorithm is allowed to sell or buy items fractionally.

Observe that any randomized algorithm R for the trading problem (against an oblivious
adversary!) induces a feasible fractional solution r, where r! is the expected inventory item
type ¢ that algorithm R holds at time ¢. Therefore, the lower bound we prove holds even for
randomized algorithms.

Intuition. In the hard input sequence we construct, there are unbounded number of
phases. In each phase, the adversary presents to the algorithm a stream of suppliers each
selling at exponentially decreasing cost a full inventory’s worth of the same item. As long
as the algorithm purchases “enough” of the items, the phase continues. Otherwise, the
adversary presents a set of customers offering to buy items at a price (1 + ¢€)? times the last
(cheapest) supplier’s price, and the phase ends. If the last suppliers arrive with a cheapest
price per unit of item of x, then the optimal solution purchases a full inventory for a price
per unit of (1 + €)z (paying (1 + €) times the price paid by the algorithm), and immediately
sells at a price per unit of (1 + €)? - x, making profit of € - (1 + €)= per unit. On the other
hand, we argue that we can define “enough” such that the algorithm needs to spend too
much money over the course of the sequence to make more than a fraction of this optimal
profit. We repeat this construction an arbitrary number of times in phases to amortize away
any initialization constants.

In the Q(% log v) lower bound the decreasing prices per unit are achieved via suppliers
with decreasing values. In the Q(% log d) lower bound, the decreasing prices are instead
achieved via suppliers with (roughly) fixed values but increasing sizes of bundles. There is
an additional technical complexity in the second bound that stems from the fact that bundle
sizes must be integral, and to achieve this we vary valuations slightly in the range [1,2].

4.1.1 Proof of the (3 log v) lower bound

» Lemma 18. The competitive ratio of any deterministic or randomized algorithm is Q(% .
logv). This holds even if d = 1, all the items are of a single type, and the customers/supplier
are single minded.

Proof. We assume that v is such that v > (14 €)%, and let ¢ = [1/2-log;, v| — 1 be an
integer (thus larger than 3). The input sequence is divided into phases, each of which consists
of an adaptive sequence of steps in which suppliers arrive, followed by one single step in which
customers arrive. We denote by yo € [0, w] the inventory of the algorithm at the beginning
of the phase (before step 0), and let y; € [yo,w] be the (potentially fractional) inventory of
the algorithm before the ¢-th step. Let i, = [ % - ¢ (so that - . ¢ € [is,i; 4 1) and iy € [0, ).

At the t-th step, w suppliers arrive, each offering to sell a single item with value
(HE);’(”H) € [(1+Ue)2 ,1]. The algorithm may purchase some fraction of items from the

suppliers, thus increasing its inventory to ys+1 > y¢. If % -c <1t + 1, then w customers
arom € [v, (1 + €)?], and the
phase ends. Otherwise we continue to step t + 1. Let F' be the final time step in which

arrive, each wanting to purchase a single item with value

suppliers arrive. Thus the inventory of the algorithm before the arrival of the last w suppliers

is yp. These suppliers have value and thus the customers have value

Note that every phase must eventually end because at each step in which no customer
arrives (and the phase continues) we have i;11 > i; + 1, and for all ¢, we have i; < ¢. Note
also that due to our choice of ¢ = [1/2-log,, v] — 1, the values of all the suppliers and

customer are indeed in the range [1,v].
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Figure 1 Tllustration of the accounting scheme. We imagine the algorithm fills its inventory from
left to right. By construction, the price at which the algorithm can fill any fraction of the j-th

. . v
interval is at least T2

Let Avgig and Avgq, be the profit of the algorithm and the adversary in a single phase.
To complete the proof of the lower bound, we compare these two quantities.

Bounding. Auv,4,: The adversary can buy w items from the last w suppliers and then
immediately sell the entire inventory to the w customers.® To purchase the w items, it pays
w- (1 +€) ’ (1+€)2,L)(iF+1)
in the last step). Hence, its total trading profit in the phase is

Avago =w - [ o — (14 €) o | = —
(1 + 6)211: (1 + 6)2(2p+1) (1 + 6)21174-1

(this is (1 + €) times the price offered to the algorithm by the suppliers

Bounding. Awvgg:  To analyze the profit of ALG, we imagine that it represents the
inventory it holds as a subset of the interval [0, w]. We further imagine that when buying, it
fills the interval [0, w] from left to right, and when it sells it clears inventory from right to
left (i.e. LIFO, see Figure 1). This is purely for accounting purposes and will not change the
total profit of the algorithm. Next, we partition the inventory in the interval [0, w] into ¢
(sub-)intervals indexed by j = 0,1,...,c— 1, where the jth interval is the inventory between

(2w, % -w)]. The algorithm maintains the following invariant.°
U

» Invariant 1. The price paid per unit for the j-th interval is at least [(EEGDE

Proof. Since the algorithm fills its inventory [0, w] according to the LIFO policy, the occupied
inventory at time ¢ is always the interval [0, y;]. Suppose that [y;, y:11] N [L - w, jtl cw] # 0,

in other words the algorithm partially fills the interval j in time step ¢. Then % .c < j 41,
so by construction the suppliers in time step ¢ have value at least (l-s-e)%’ and hence the

fraction of the j-th interval covered by [y, y:+1] is bought at no less than this price. <

To conclude the proof, recall F is the final time step in which suppliers arrive, and the
inventory of the algorithm before the arrival of the last w suppliers is yz. As the phase ends
this means that % ¢ <ip + 1 meaning that ypyi < iFC'H -w (the algorithm did not fill
more than a single sub-interval). The profit the algorithm can make from selling items in

the interval [%F -w,ypy1] is at most

Technically, in the first phase, the adversary’s inventory is full and it does not need to pay to fill its
inventory, which only helps our analysis. In every subsequent phase, the inventory of the adversary is
initially empty.

Note that the algorithm did not pay for its starting inventory: to account for this, we can imagine the

algorithm starts the game with a profit of Z;;é % ———%G7 which it then pays to ensure the invariant

c (14-¢€)
holds. This adds an absolute constant to the profit of the algorithm, which can be amortized to 0 after

sufficiently many phases.
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_ Zi w v _ v < W v _ v
Yr+1 c (1+e)2ir  (14€)20r+) ) = ¢ (1+e)2ir (14 €)20r+D)

w v 14 1 < 2w €V 2 A
a1 € — — T = va v
¢ (14¢)?2irtl 1+e/) = ¢ (14e%rtl ¢ ¢

If the algorithm chooses to further sell inventory the range [0, %F - w], which was purchased

at a price per item of at least the algorithm makes no profit (and will even lose

v ___
(1_,,_6)21‘,17 I

money for selling from the range [0, 21 - w]).

We conclude that the competitive ratio of the algorithm is at least ¢/2 = Q(% logv). <

4.1.2  Proof of the (3 log d) lower bound

» Lemma 19. The competitive ratio of any deterministic or randomized algorithm is Q(% :
logd). This holds even if v = 2, all the items are of a single type, and the customers/supplier
are single minded.

Proof. This time we construct an instance for every d > 2. We assume that d is a power of
2 that divides w, and € is such that d > (1 +€)®. Let ¢ = —1+ |3 - logy,.d| be an integer,
which by this assumption is at least 3.

Again, the input is divided into phases, each of which consists of an adaptive sequence
of suppliers, followed by one set of customers. We denote by yo € [0, w] the inventory of
the algorithm at the beginning of the phase (before step 0), and let y; € [yo,w] be the
(potentially fractional) inventory of the algorithm before the ¢-th step. Let i; = [ % - ¢ (so
that % . c € [ig,4; + 1) and 4; € [0,¢]). Additionally define z; = W By our choice of
c=—-1+ L% -log,, . d], we have 1 < m% <d,fort=0,...,c+1. Let d; be the smallest power
of 2 greater than 1/x;, and define v, = ;- d; € [1,2]. We have d; € [1,d].

At the t-th step, w/d;+1 suppliers arrive, each offering to sell d;11 items at value vyy;.

Note d divides w and d; is also a power of 2 less than d, so d% is integral. The algorithm
may purchase some fraction of items from the suppliers, thus increasing its inventory to
Y1 > yp. I y‘ufl -¢ <1y + 1, then d% customers arrive, each offering to buy a bundle of d;
items for a price of vy, and the phase ends. Otherwise we continue to step ¢t + 1. Note that
every phase must eventually end because at each step in which no customer arrives (and the
phase continues) we have i;11 > i; + 1, and for all ¢ we have i; < ¢. Once again let F' be the

final time step in which suppliers arrive.

Bounding Avgg,. The adversary can buy dpy; items from each of the last ﬁ suppliers,
thus buying w items in total and filling its inventory.” Then it can sell dr items to each of
the % customers, thus selling w items in total and clearing its inventory. Its total profit (it
pays 1 + € times more than the algorithm to the suppliers) is:

Av Yy (14 )—w v w ! L+e w ¢
adv = . - € ' = — — - =w- - ,
d dF F dF+1 F+1 (1 + 6)211: (1 + 6)2(1F+1) (1 + 6)21p+1

where we used that v;/d; = 2, = (1 + €)% by definition.

7 Once again, in the very first phase the adversary starts with a full inventory and does not have to make
any purchases.
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Bounding Avgy. Once again, to analyze the profit of ALG we imagine that it fills the
interval [0, w] from left to right when buying, and clears it from right to left when selling.

We again partition [0, w] into ¢ (sub-)intervals indexed by j = 0,1,...,¢ — 1, where the jth

j i+1 . . . . . . .
L. w, 1. w]. The invariant we maintain this time is very

interval is the inventory between [Z

similar to the one before.®

» Invariant 2. The price paid per unit for the j-th interval is at least (14‘6)%

Proof. The LIFO policy ensures that the occupied portion of the inventory [0, w] at time
step t is the interval [0,y:]. Suppose that [y:, yi+1] N [2 - w, % -w] # 0 (the algorithm

c
fills some part of the jth interval at time ¢). Then % .c < j + 1, so the suppliers at
time step t offer a bundle of d;y; items with value v44; such that the price per unit is

dn = Tl = (1+e)%(it+1) > (1+6)12(j+1). This is precisely the price per unit paid for the

pbrtion of the j-th interval covered in this step. |

Hence, when the ﬁ customers arrive at the end of the phase with wishing to buy a

bundle of size dr at price vg, their value per item is Z—i By construction,

— — 1
= J,’F = (1+5)2iF .

the customers arrive at time ¢t = F'+1 when 22 . ¢ <ip+1 (ypp1 < w- %), so the profit

of the algorithm from selling the cheapest items in the interval [%F cw, ypy1) is at most,

( _E.i). LI 1 ¥, LN 1
Yr+1 c F (14 e2ir  (1+e2Gr+) ) = ¢ (1+€)2ir (14 €)20rtD)

w 14 1 < 2w € 2 A
— € — —— —_———— = . v )
c 14+e/) = ¢ (Q1+e2rtl ¢ adt

1
(14 e)2irtl (

If the algorithm chooses to further sell inventory the range [0, %F - w], which was purchased

at a price per item of at least the algorithm makes no profit (and will even lose

money for selling from the range [0, 21 - w]).

We conclude that the competitive ratio of the algorithm is at least ¢/2 = Q(Llogd). <«
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