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—— Abstract

Linear-constraint loops are programs whose transition relation is specified by a system of linear

inequalities. The termination problem asks, given a loop, whether it admits an infinite computation.
Decidability of termination remains open for linear-constraint loops over integers, rationals, and reals.
We focus on loops over integers and show that they are tightly connected to generalized Collatz
sequences — integer sequences generated by maps that are linear on each residue class modulo a fixed
natural number. We prove that termination of one-variable linear-constraint loops is decidable in
polynomial time, provided a long-standing conjecture about generalized Collatz sequences holds.
Conversely, we show that any decision procedure for one-variable loops would prove or refute specific
instances of this conjecture, which remain open. Moreover, we show that if a one-variable loop has a
cyclic trace, then it also has a cyclic trace of length at most two.
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1 Introduction

Termination analysis is a long-standing topic in theoretical computer science. The Halting
Problem — deciding whether a Turing machine halts on a given input — is undecidable,
going back to Turing’s original work. Nevertheless, termination can become decidable when
restricted to certain classes of programs.

In this paper, we analyze the open problem of termination for Single-Path Linear-
Constraint Loops (SLC). This problem originates in program analysis and verification,
where incomplete but efficient approaches such as ranking functions [22] and transition
invariants [21] are used as building blocks in verification tools to prove termination and other
liveness properties [8, 21, 10] and in Horn Clauses solvers [5, 27].

SLCs are loops of the form

while (Cz < d) do A ( w””, ) <b. (1)

Here, « is the vector of values of the program variables in the current step, and @’ denotes
their values in the next step. Moreover, A and C are matrices with rational coefficients, and
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b and d are rational vectors. Later in the paper, we introduce an equivalent definition with
the loop guard omitted. The decision problem is: given such a loop, does there exist an
infinite computation with program variables taking values in Z from some initial state?

The question of whether this problem is decidable was posed two decades ago [7], and
remains open to this day, not only for loops over Z, but also over Q and R. Recently,
decidability over R has been established in the two-variable case [9].

Decidability of termination varies across loop classes. We now discuss two additional
classes of linear loops to illustrate the current landscape.

On the positive side, a prominent decidable class of linear loops called affine SLCs, in
which the transition is deterministic and has the form

while (Cz < d) do &’ := Az +b.

Termination of affine SLCs has been proved decidable over R [26] — via spectral analysis of
A — over Q [7], by symbolic reasoning about matrix powers through eigenvalues, and over Z
[11], using different tools from geometry of numbers, such as the Khachiyan—Porkolab result
on deciding whether a convex semi-algebraic set contains an integer point.

On the negative side, another relevant class of linear loops called Multi-Path Linear-
Constraint Loops, which allows conditional choice among several linear updates:

Az +b; if Crx < dy,
while (true) do =’ :=

Termination of such multi-path loops is undecidable over R and Q [6] and over Z [1], even
for k = 2, via encodings of counter machines.

In [7], Braverman asked: “How much nondeterminism can be introduced in a linear
loop with no initial conditions before termination becomes undecidable?” Motivated by
this question and in light of the subsequent results, SLCs occupy an intriguing middle
ground between deterministic, decidable affine SLCs and highly expressive, undecidable
multi-path loops. Because nondeterminism in SLCs is convex, it does not allow for modeling
the unstructured nondeterminism of counter machines, at least not in a straightforward way.

In [2], the authors show that allowing a single irrational coefficient makes SLC termination
undecidable over Z, and they describe the SLC termination problem as “the most intriguing”
among loop-termination problems.

For a complete explanation of these results and further references, we refer the reader to
the recent survey on linear loop termination [3].

In this work, we study the SLC termination problem for the case of one variable. While
this restriction may seem severe, we show that this problem is deeply non-trivial even for
one-variable loops, connecting it with a long-standing number theoretic conjecture about
generalized Collatz sequences.

The study of Generalized Collatz sequences is a long-standing topic in number theory [18,
17, 15, 19, 13, 16]. These integer sequences are generated by generalized Collatz mappings of
the form

T(z) = if £ =4 (mod d)

The Uniform Distribution conjecture [18] asserts that every unbounded generalized Collatz
sequence is uniformly distributed modulo d* for every a € N. We formulate a weaker
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statement, the Reachability Conjecture, which posits that every sequence generated by
generalized Collatz mappings of a certain type called weak Collatz mappings, reaches a
certain residue class modulo d at least once. We prove the Reachability Conjecture for d = 2.

Our main result shows that, if the Reachability Conjecture holds, then termination of
one-variable SLCs is decidable in polynomial time.

For the other direction, we show that any algorithm deciding termination of one-variable
SLCs would, given a weak Collatz mapping, determine whether the Reachability Conjecture
holds for all sequences generated by that mapping. All cases with modulus d > 2 remain open.
This suggests that further progress on SLC decidability will require a deeper understanding
of generalized Collatz sequences.

Let us give the high-level explanation of the results of this paper and its structure.

Section 2 introduces the basic definitions and notation. In particular, we define the
SLC termination problem and split it into two subproblems: deciding the existence of cycles
(finite traces from some state to itself), and deciding the existence of self-avoiding traces
(infinite traces that never repeat a state).

Section 3 studies cycles. We show that deciding the existence of a cycle of a bounded
length can be reduced to an instance of Integer Linear Programming problem. The main
result of this section is that for a one-variable loop, the existence of any cycle implies the
existence of a cycle of length at most two; hence cycle-detection problem is decidable for
one-variable loops.

Section 4 introduces generalized Collatz sequences, and states the Uniform Distribution
and Reachability Conjectures. We prove the Reachability conjecture for the case d = 2, and
we prove that a one-variable SLC termination-checking algorithm, if it existed, could verify
specific open instances of this conjecture.

Section 5 analyzes self-avoiding traces and shows that, assuming the Reachability
Conjecture, termination of one-variable SLCs is decidable in polynomial time. The proof
is geometric in nature. We view the transition relation as a polyhedron in R? and analyze
its Minkowski-Weyl decomposition. Intuitively, we identify where the transition polyhedron
“points to”. Simplifying, the self-avoiding trace exists if the polyhedron points in the direction
where the absolute value of the variable grows. However, several corner cases arise, in one of
which, the trace of SLC forms a weak Collatz sequence, which avoids a certain residue class
modulo d. If the Reachability conjecture holds, we can conclude that this kind of execution
needs to terminate. Otherwise, the presented approach results in a semi-algorithm, which
does not give an answer in these specific cases.

Section 6 presents the formal proofs of the results from Sections 3, 4, and 5.

Section 7 summarizes the results.

2 Preliminaries

2.1 Notation

We denote the sets of natural numbers, integers, rationals, and reals by N,Z,Q, and R,
respectively. The sets of positive, negative, and nonnegative real numbers are denoted by
Ry, R_, and Rxg.

Given S C R"™, we write Sz := S NZ"™ for its set of integer points.

Given T C R*" and 2 € R", define the slice T, := {z2 € R" | (2,23) € T}.

Vectors vy, vy € R™ are collinear if there exists r € R such that v; = rvy; we write vy || va.

If v1 and vy are not collinear, we write v Jf vo.
For p,q € Z, ged(p, q) denotes the greatest natural number that divides both p and g.
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For z € R define

1 ifz>0,
sign(z) :== ¢ -1 ifx <0,
0 ifz=0.

2.2 Convex sets and the Minkowski—Weyl theorem

Given S, 55 C R"™, the Minkowski sum is
Si1+ S ={y+z|yeSi,ze S}

A set K CR" is conver if for all z,y € K and all A € [0,1], we have Ax + (1 — Ny € K.

The topological closure of S C R™ is denoted cl(S) (the set of limits of the sequences of
elements of S). A set S is closed if S = cl(S5).

Intersections of families of closed sets are closed, and intersections of families of convex
sets are convex.

» Definition 1. Let S C R".
1. A convex hull of S is defined by

k k
conv(S) = {Zaivi |keN, a; €[0;1], v; €5, Zai =1}

i=1 i=1
2. A nonnegative (conic) hull is defined by

k
nonneg(S) = {Z av; | k€N, a; € Rxg, v; € S}

i=1
A convez cone is a set C C R" such that for every ci,c; € C' and every A € R>(, we have

Ac; € C and ¢1 + ¢ € C. Every convex cone is a convex set.

» Definition 2. Let K C R™ be a nonempty convex set. The recession cone of K is
rec(K):={veR" | K+Rsov C K}

For every nonempty convex K, rec(K) is a closed convex cone. A cone K is pointed if
Kn(-K)=0.
The following classical result appears in §8.9 of [24].

» Theorem 3 (Minkowski-Weyl Theorem). Let P C R™. The following are equivalent:
1. P is a polyhedron, i.e., P = {x € R™ | Az < b} for some A € RF*™ and b € RF.
2. There exist wy,...w; € P and vy,...,v, € R", such that

P = conv(wy,...,w;) + rec(P) = conv(wy, . ..,w;) + nonneg(vy, ..., V)

Moreover, if P is given by linear inequalities with rational coefficients, then w; and v; can be
chosen with rational entries.

Note that any polyhedron P C R"™ is closed and convex, because every linear inequality
defines a closed half-space in R™ and P is an intersection of finitely many half-spaces.

The following result trivially follows from basic results in convex geometry, but we present
the proof of this exact formulation for the sake of completeness.
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» Proposition 4. The following statements hold for closed convex cones C' C R2.

1. C can be represented as nonneg(vy, ..., vy) for some v; € R? with m < 3.

2. Ifvi,vs € R? and v, N va, then nonneg(vy,vs) contains no line in R2.

3. If C' cannot be generated by two vectors, then C' is either a half-plane or the whole plane.

Proof. By §8.9 of [24], C' decomposes as C' = C' + 1lin(C'), where lin(C) := C' N (=C) is the
lineality space and C” is a pointed cone.

If lin(C') = R?, then C' = R? = nonneg((0, 1), (1,0), (-1, —1)).

Assume lin(C) is a line, say nonneg(v, —v), and C # R2. Then R? = H; U H, Ulin(C),
where H; and Hs are the open half-planes with boundary lin(C). If C' N H; # ( for
some i € 1,2, then H; C C. Hence C is either the line nonneg(v, —v) or, if there exists
v' € C"\ lin(C), a half-plane nonneg(v, —v,v").

Finally, if lin(C') = 0, then C' = C’ is pointed and therefore generated by two vectors
(see, e.g., Example 2.39 in [25]); in this case, it cannot contain a line by definition of
pointedness. |

The next statement is Corollary 8.3.3 in [23].

» Proposition 5 (Recession cone of an intersection). If Py and P2 are closed convex sets with
PN Py # 0, then rec(Py N Py) = rec(Py) Nrec(Pe).

2.3 Loops

We consider Single-Path Linear-Constraint Loops (SLC'). Throughout, SLCs are over the
integers.

The vector of variables is € = (x1,...,2,)7. A state is a valuation over integers, i.e.,
a vector in Z". The vector of variables at the next step is ' = (z4,...,2,)T. An SLC is
specified by a system of linear inequalities

A8 )= 2

where A € ZF*27 and b € Z*.

» Remark 6. This definition differs from (1) in the Introduction because it omits an explicit
loop guard. The two forms are expressively equivalent, since the guard can be encoded in
the transition relation.

The transition polyhedron is the set R C R?™ of vectors satisfying (2).

» Remark 7. Since we study integer-valued loops, the actual transitions between states are
elements of Rz. We nevertheless work over the reals when convenient for proofs.

We identify an SLC with its transition polyhedron R C R2", and denote it by R. We
denote the size of the binary encoding of A and b as |R].

A trace is a sequence of states sq, sa,... such that (s;,s;41) € Ry for all ¢ > 1.

The SLC termination problem is to decide, for a given SLC, whether it has an infinite
trace.

2.4 Cycles and Self-avoiding Traces

We divide the termination problem into two problems for two different types of infinite traces.

For an SLC, a cycle of length k is a finite trace sq, ..., sk, s1. The existence of a cycle
implies the existence of an infinite trace. The converse need not hold:

175:5
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» Example 8. The SLC 2’ = z + 1 has no cycle but admits an infinite trace.
An infinite trace s1, s2,... is self-avoiding if s; # s; for all i # j.

» Observation 9. An SLC has an infinite trace if and only if it has a cycle or a self-avoiding
trace.

In the remainder of the paper, we analyze the problems of deciding the existence of a
cycle and the existence of a self-avoiding trace separately for a given SLC.

3 Cycles

3.1 Bound on a cycle length

Although cycles are finite objects (unlike self-avoiding traces), deciding their existence for an
SLC remains nontrivial, since a cycle can have arbitrary length. By contrast, deciding the
existence of a cycle whose length is bounded is decidable.

» Proposition 10. Given an SLC R and M € N, deciding whether R has a cycle of length
at most M is in NP with respect to |R|- M.

Proof. It is known that the feasibility problem for Integer Linear Programming (ILP) —
deciding whether a rational polyhedron contains an integer point — is NP-complete [20]. We
give a polynomial-time reduction from our problem to ILP.

Given R and M, for each m € {1,..., M} we construct an ILP instance encoding the
existence of a cycle of length exactly m:

P, = {(ml,...,xm) | (Xm,x1) E RAVI<m: (i, @i41) € R}

Then R has a cycle of length at most M iff one of the polyhedra P,, contains an integer
point. Each ILP instance has size O(|R|- M). <

Proposition 26 of [9] shows that for Linear-Constraint Loops over Q or R, the existence
of a bounded infinite sequence is equivalent to the existence of a cycle of length one. The
next proposition shows that this equivalence fails over Z.

» Proposition 11. For every n, there exists an SLC over n variables that has a cycle of
length 2™ and no cycles of smaller length.

Proof. Fix n and consider the set of states S := {0,1}"™. Take any cycle C on S, so that each
s € S appears exactly once; |C] = 2". Let T be the set of transitions of C, so T' C {0,1}".
Let R := conv(T), which as a convex hull of a finite set of integer points, can be defined as
an SLC. We claim that Rz = T, i.e., conv(T') has no integer points other than its vertices in
T. This implies that the minimal cycle length of conv(T) is 2.

Suppose, to the contrary, that there exists p € Rz \ T. Enumerate T = {t*,...,t*"}
and write p = Zf:l a;t' with o; € [0,1] and >, o; = 1. Without loss of generality, assume
a1 > 0 and choose a coordinate j such that tjl- # p; (such a j exists since t* # p). Because
pj = 222:1 aité- is an integer and each t;- € {0, 1}, the only way the convex combination can
be an integer is if all t} with a; > 0 are equal. This contradicts tj # p;. Hence, no such p
exists. <

Since there is no universal bound on the minimal cycle length, it is natural to ask whether
a bound depending on the number of variables exists.
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» Question 12. For every n € N, does there exist a constant M (n) such that every loop over
n variables that has a cycle also has a cycle of length at most M(n)?

If the answer to Question 12 is positive, then cycle detection reduces to checking for cycles
of length at most M(n). If M (n) is computable, this yields decidability of cycle detection.

There exist convex sets that are not polyhedra (e.g., convex sets defined by quadratic
inequalities). We now show that a positive answer to Question 12 extends from polyhedral
relations to arbitrary convex relations.

» Proposition 13. Suppose that every SLC R C R?™ with a cycle also has a cycle of length
at most M(n). Then any convex relation T C R?"™ with a cycle also has a cycle of length at
most M(n).

Proof. If 7 has a cycle represented by the set of transitions {¢;,...,t,,} C 7, then
conv(ty,...,t,m) € T by convexity. The polyhedron conv(ty, ..., t,,) has a cycle and therefore,
by hypothesis, has one of length at most M (n). This cycle is contained in 7. <

3.2 One variable case

The following Theorem shows that the answer to Question 12 is positive for n = 1 with
M(1) =2.

» Theorem 14. If an SLC R C R? has a cycle, then it has a cycle of length at most 2.

Sketch of proof. Let us informally explain the idea of the proof with an illustration from
Figure la. Consider the set of transitions of a cycle (the black points). The center of this
set lies on the diagonal (the green point). If it has integer coordinates, then we obtain a
length-one cycle. Otherwise, it lies on a unit square in the integer lattice. Two vertices of
this unit square lie on the diagonal representing length-one cycles (the blue points). The

other two vertices lie on the anti-diagonal, representing a length-two cycle (the red points).

We then consider several cases, branching on the signs of different values, such as the largest
value among the states of the cycle. In some cases, we show that R contains points on the
diagonal below or above the blue points, yielding the existence of the length-one cycles. In
the remaining cases, we show R contains points on the anti-diagonal on both sides of the
green point, implying the existence of a length-two cycle. The formal argument is presented
in Section 6. <

4 Generalized Collatz sequences

The classical Collatz problem remains open. A key difficulty is its residue-class—dependent
dynamics modulo 2. Several generalizations have been studied, replacing the modulus 2 by
other moduli and considering related piecewise-linear maps [12]. In particular, the framework
proposed by Moller [19] has been investigated both theoretically and empirically [16]. In
this paper, we focus on the Uniform Distribution Conjecture of Matthews and Watts [18],
formulated for Moller’s generalization.

Let d be a positive integer with d > 2. Let mg,...,my_1 be nonzero integers such that
ged(m;,d) =1 for every i. Let R = {ro,...,rq—1} be a set of integers with the property that
for each i, m;i = r;(mod d). Then the generalized Collatz mapping T : Z — Z is given by

m;x —T;

T if x =14 (mod d)

175:7
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(a) Cycle intuition. (b) SLC R*.

Figure 1

For n € Z we define the sequence {T*(n)} ey recursively by

Tk( ) n, if k=0,
n) .=
T(T"*(n)), ifk>0

A sequence {sy}ren is called unbounded if for every n € N there exists k € N such that
|sk| > n.

We recall a longstanding number-theoretic conjecture, first stated by Matthews and
Watts [18] and further discussed, with empirical support, in [16].

» Conjecture 15 (Uniform Distribution Conjecture). If the sequence {T*(n)}ren is unbounded,
it is uniformly distributed modulo d* for each a > 1, i.e.

_— k(oy— - o 1
lim Ncard{k§N|T(n):z(modd)}:dTX

N—o0
fori=0,...,d*—1.

In this paper, we state a weaker version of this conjecture. First, let us define a more
restricted class of generalized Collatz mappings.

Let d be a positive integer d > 2, let m be a nonzero integer with ged(d, m) =1, and let
a be an integer. Then a weak Collatz mapping T : Z — Z is given by

T(x):= ma:—f(a—i—z% where 0 < ¢ < d, with maz = a+ 14 (mod d).
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» Conjecture 16 (Reachability Conjecture). Let T be a weak Collatz mapping. Suppose
for some n € Z the sequence {T*(n)}ren is unbounded. Then there exists k > 0 such that
mT*(n) = a (mod d).

The proofs of the next two propositions are presented in Section 6.
The following proposition implies that Conjecture 16 holds for mappings with d = 2.

» Proposition 17. Let T be a generalized Collatz mapping with d > 1. Suppose for some
n € Z the sequence {T"*(n)}ren is unbounded. Then it visits at least two residue classes
modulo d.

The next proposition links weak Collatz sequences to self-avoiding traces.

» Proposition 18. There exists a linear-time algorithm that takes as input a weak Collatz
mapping T(x) = W, with m > d, and outputs two one-variable SLCs, Ry and R_,
such that:

1. Ry has an infinite trace if and only if there exists n € Z such that, for every k > 0,
mT*(n)#a (modd) and TF(n)> 0.

2. R_ has an infinite trace if and only if there exists n € Z such that, for every k > 0,
mT*(n) #a (modd) and T"(n) <D0.

Proposition 18 implies that any decidability procedure for one-variable SLC termination,
if it existed, could, given a weak Collatz mapping, determine whether the Reachability
Conjecture holds for this particular mapping. This suggests that progress on decidability
requires progress in understanding the behavior of weak Collatz sequences. We conclude with
an example of a mapping for which the Reachability Conjecture remains, to our knowledge,
open, and we are unaware of any results that imply it.

» Example 19. Consider the weak Collatz mapping

4y —
T(z) = $3 Z, if 4z =4 (mod 3),
which can be rewritten as
4x
T(x)=|—]1.
(0) = 5]

For this particular 7', it remains open whether it is true that for every n > 3 there exists
k € N such that 3 | T*(n).

Proposition 18 implies that this question is equivalent to the termination question for the
SLC defined by

RY = {(z,2') €R? | 4r —2 < 32’ <4z — 1 and = > 3}.

dr—2
3

On the Figure 1b, RT is depicted as a red area, bounded by the two lines 2z’ = and

7 = %, starting from z = 3, since for 3 <z, z < L%””J

5 Self-avoiding Traces

The following theorem is the main result of the paper.

» Theorem 20. If the Reachability Conjecture holds, then the termination of SLCs over one
variable is decidable in polynomial time.

175:9
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This section is devoted to proving Theorem 20. The treatment of cycles is given in
Section 3. Now we turn our attention to self-avoiding traces. To determine the existence of
self-avoiding traces, we make a case analysis, based on the geometric placement of R in R2,
split into four Lemmas 21, 23, 24, and 25. Before stating these lemmas, we introduce an
auxiliary SLC that splits R? into different parts.

Define the following sets.

I+ = {(xl,xg) S RQ | O<a < 132}7 I_ = {(1‘1,582) € RQ | To <1 < 0},
A+ = {(1‘171‘2) € RQ ‘ 0< a2 = mg}, A_ = {(1‘1,.1‘2) € RQ | 1 =2 < O},
A=A, UA_, I=1,Ul.

Note that the topological closure of I, I_ and A are

c(Iy) =T, UAL U{(0,22) € R? | 29 > 0},

c(I_)=T_UA_U{(0,29) € R? | 25 < 0},

cl(A) =AU{(0,0)}.

Recall that any SLC R C R? can, by Theorem 3, be represented as

R = conv(wy,...w;) +rec(R) = conv(wy, ..., w;) + nonneg(vy, . .., Um),

with m < 3. Moreover, since R is defined by the set of integer linear inequalities, we may
assume that all w; and v; have rational coefficients.

The following case distinction, presented in four lemmas, is aimed at characterizing when
a given SLC admits a self-avoiding trace, and is based on the number of generators of rec(R)
and on the intersection of rec(R) with I, I, Ay and A_. Each lemma treats SLCs whose
recession cone has a specific number of generators.

» Lemma 21. Let R be an SLC. Suppose rec(R) = nonneg(vy, ve) and vy Jf vo. Then:

1. Ifrec(R) NI # 0, then the loop has a self-avoiding trace.

2. Ifrec(R)N (I UA) =0, then the loop does not have a self-avoiding trace.

3. Ifrec(R)NAL # 0 and Rz NI # 0, then the loop has a self-avoiding trace.

4. Ifrec(R)N(ITUA)C A_ and Rz NI_ =0, then the loop does not have a self-avoiding

trace.

Ifrec(R)NA_ # 0 and Rz NI_ # 0, then the loop has a self-avoiding trace.

6. Ifrec(R)N(IUA) C AL and Rz NIy =0, then the loop does not have a self-avoiding
trace.

(&,

Sketch of proof. This lemma handles the case where rec(R) is pointed and generated by
two noncollinear vectors. In this regime, R is “large” in the sense that the number of integer
points in its vertical slices, |R,, N Z|, is unbounded as n varies. Consequently, we can decide
whether the loop admits a self-avoiding trace by inspecting the direction of this cone.

Statements 1 and 2 are the essential ones.

The case where the recession cone intersects I, as in Figure 2a, corresponds to Statement 1.
In this case, it points in a direction in which the absolute value of the state increases; thus,
R admits a self-avoiding trace.

The case where the recession cone does not intersect I U A, as in Figure 2b, corresponds
to Statement 2. In this case, it points only in directions in which the absolute value of the
state decreases; thus, R does not admit a self-avoiding trace.

The case in which the cone intersects A is slightly more delicate and requires analyzing
the intersection R N I, which is done in the remaining statements.

The complete proof is given in Section 6. <
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(a) SLC that points towards I . (b) SLC that does not point towards I U A.

Figure 2 SLC with recession cone generated by two noncollinear vectors.

The next lemma, Lemma 23, treats the case in which rec(R) is generated by a single
vector. In this situation R is infinite but “thin”: each vertical slice R,, is bounded. We
quantify this thinness via the height.

» Definition 22. For T C R? and p € N, define the p-height of T by
1
height,,(T') := sup{|T. N (;;Z)| | z € Z}.

» Lemma 23. Let R be an SLC. Suppose rec(R) = nonneg(v) and v = (p,q) for p € Z,
q € Z and GCD(p,q) = 1. Then:

1. If |pl < |ql, sign(p) = sign(q) and height,|(R) > |p|, then the loop has a self-avoiding
trace.

If sign(p) # sign(q), then the loop does not have a self-avoiding trace.

SIflpl>1andl < height|p|(’R) < |p|, then the loop does not have a self-avoiding trace if
Conjecture 16 holds.

If [p| > 1 and height,,,(R) < 1, then the loop does not have a self-avoiding trace.
If height‘p‘(R) =0, then the loop does not have a self-avoiding trace.

If |p| > |q|, then the loop does not have a self-avoiding trace.

Ifp=q=1and RzN 1y # 0, then the loop has a self-avoiding trace.
Ifp=q=1and RzN Iy =0, then the loop does not have a self-avoiding trace.
Ifp=q= -1 and RzN1I_ #(, then the loop has a self-avoiding trace.

10. If p=q=—1 and RzNI_ =0, then the loop does not have a self-avoiding trace.

w N

e NO R

Sketch of proof. In this case, the cone is again pointed, but it is generated by a single vector.
Since the cone is not “large” as in Lemma 21, it requires a more delicate analysis.

The cases where the recession cone does not intersect I U A (Statements 2 and 6) are
similar to Statement 2 of Lemma 21 and are handled in the same way.

The cases where the recession cone intersects I are the essential ones and correspond to
Statements 1, 3, and 4, which are the most important in this Lemma.
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x x
10 10
9 9 /
8 8 /|
7 7
6 6
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3 3
2 2
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1 2 3 4 5 6 71 1 2 3 4 5 6 7
(a) Thin SLC. (b) Thick SLC.

Figure 3 SLC with recession cone generated by one vector.

The case where the height of R is too small, as in Figure 3a, corresponds to Statement 4.
In this regime, traces correspond to a weak Collatz sequence that visits only one residue
class. Thus, the non-existence of a self-avoiding trace follows from Proposition 17.

The case where the height of R is large enough, as in Figure 3b, corresponds to Statement 1.
This case is analogous to Statement 1 of Lemma 21. Here we show the existence of a self-
avoiding trace.

The case where the height of R is at least 1 but less than |p|, as in Figure 1b, corresponds
to Statement 3. In this case, every trace is a weak Collatz sequence that visits fewer than
|p| residue classes. If the Reachability Conjecture 16 holds, then the loop does not admit a
self-avoiding trace.

The complete proof is presented in Section 6. |

» Lemma 24. Let R be an SLC. Suppose rec(R) = nonneg(vy,v2) and v = —v2 = (p,q)
forp € Z>y, ¢ € Z and GCD(p,q) = 1. Then:

1. If0 <p < |q| and height,(R) > p, then the loop has a self-avoiding trace.

2. If p> 1 and 1 < height,(R) < p, then the loop does not have a self-avoiding trace if
Conjecture 16 holds.

If p>1 and height,(R) < 1, then the loop does not have a self-avoiding trace.

If height‘p‘(R) =0, then the loop does not have a self-avoiding trace.

If p > |q|, then the loop does not have a self-avoiding trace.

If p=q and Rz NI # 0, then the loop has a self-avoiding trace.

If p=q and Rz NI =0, then the loop does not have a self-avoiding trace.

If —p = q and height, (R) > 2, then the loop has a self-avoiding trace.

If —p = q and height,(R) < 1, then the loop does not have a self-avoiding trace.

10. If p =0, then the loop does not have a self-avoiding trace.

LN AW
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Sketch of proof. This lemma treats the case where rec(R) is a line (i.e., generated by vectors
v1 and —v1). In this setting, R is unbounded but “thin”: each vertical slice R,, is bounded.
Accordingly, we analyze the height height,(R) to determine whether a self-avoiding trace
exists.

The intuition is the same as in Lemma 23, but the argument requires some additional
technicalities. The complete proof is presented in Section 6. <

» Lemma 25. Let R be an SLC. The following statements hold.

1. If rec(R) = nonneg(vy, v2,v3) and it cannot be generated by two vectors, then the loop
has a self-avoiding trace.

2. Ifrec(R) = {0}, then the loop does not have a self-avoiding trace.

Sketch of proof. This Lemma analyzes the remaining two cases. The complete proof is
presented in Section 6. <

Finally, we are ready to prove the main theorem.

Proof of Theorem 20. In fixed dimension, integer feasibility for rational polyhedra can be
decided in polynomial time [14].

By Theorem 14, cycle detection for a one-variable SLC reduces to checking for cycles of
length at most two. Each such check can be expressed as an ILP instance of dimension four,
as in Proposition 10, and can therefore be performed in polynomial time.

Moreover, a Minkowski-Weyl decomposition of R can be computed in polynomial time [4].
By Lemmas 21, 23, 24, and 25, the remaining analysis consists of a constant number of two-
dimensional ILP feasibility checks, obtained by intersecting rec(R) with the cones I, I_, A,
and A_, and, in certain cases, by computing the height.

It remains to argue that the height checks can also be carried out in polynomial time. If
rec(R) = nonneg(v, —v), then all vertical slices R, are translates of one another; hence, the
height is independent of z and can be computed from any single slice.

If R = conv(ws,...,we)+nonneg(v) with v = (p, q), sign(p) = sign(q), and ged(p, q) = 1,
then the height of the slice R, varies monotonically with z: it increases with z when p,q > 0
and decreases with z when p,q < 0.

Since conv(ws,...,wy) is bounded, there exists M € N such that the absolute values of
the coordinates of all points in conv(ws,...,wy) are bounded by M.

q

Assume p,q > 0. Then for any zo > 21 we have R, + (22 — 21)5 C R.,. Moreover, if

z1 > M, then R, + (22 — 21)% = R.,. Hence, it suffices to check the height at z = M.

If p, g < 0, a symmetric argument shows that it suffices to check the height at z = —M. <«

» Remark 26. The algorithm in Theorem 20 can be used as a semi-algorithm without
assuming that the Reachability Conjecture holds: one can repeat the case distinction from
Lemmas 21, 23, 24, and 25. However, the procedure fails to return an answer in Case 3 of
Lemma 23 and Case 2 of Lemma 24.

6 Proofs
6.1 Cycles

First, we state an auxiliary lemma.

» Lemma 27. Let a,a,b be integers. If sign(a — ) = sign(b — «) # 0, then

2 2

ba — « ba — «
a+b—2a" a+b— 2

( ) € conv((a,a), (v, b))

175:13
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Proof. Define z = afb_f‘za. Note that 0 < z < 1 because sign(a — o) = sign(b — a) # 0.

Hence we obtain

z(a,a) + (1 — z)(a,b) € conv((a, a), (a, b))
Let us rewrite the expression.
b—a)a+(a—a)a (b—a)a+ (a—a)

b+a—2a ’ b+a—2a
2

z(a, ) + (1 = 2)(a,b) = ( )

2

ba — « ba — «

b+a—2a'b+a—2a

= (

)- <

Proof of Theorem 14. Suppose R has a cycle C = {s1,...,smn}, where all s; are different
states (otherwise we can take a smaller cycle) and m > 2. Then for every 1 < i < m:
(84, 8i+1) € R and (s, 51) € R, so

(ZZL 52’7 221 5%) cR.

m m

Denote z := # Consider the translated relation R’ := {(x — | 2],y — |2]) | (z,y) € R}
and translated states s; := s; — | z]. Then R’ has a cycle (s}, ..., s},), and the corresponding
average satisfies 0 < z — | z| < 1. Thus, without loss of generality, we may assume 0 < z < 1.
If 2 = 0, then there is a cycle of length 1. Suppose this is not the case.

Let o denote the state of C' with the largest absolute value, and let a and b be the
neighboring states of o in C. Hence, (a,®) and (a,b) are in R. Since |a|, [b] < |a| and all
s; are different, we have sign(a — ) = sign(b — o) # 0. Now we can apply Lemma 27 and

obtain

2 2

ba — a ba — a
a+b—2a’ a+b— 2

( ) € conv((a,a), (o, b)) CR.

2 . .
Denote § := ab_f;_o‘m and consider the following cases.

Case 1: 8 < 0or1 < B. In this case, since 0 < z < 1, either (0,0) or (1,1) can be
expressed as a convex combination of (z, z) and (5, 8), yielding a cycle of length one.

Case 2: a < 0. Note that a < a,b < —a and a,b and « are distinct. Thus, a +b— 2a > 0,
and ba — o < 0, which implies 8 < 0. Hence, the statement follows from Case 1.

Case 3: 0 < avand 0 < B < 1. Since 2a > a + b, rewriting 8 < 1, we obtain
a+b—2a < ab—a?,

a? —20<ab—a—b,
(a—1)2<(a—1)(b-1).

If, for some i, s; = —a, then we can take —« instead of v and the statement follows from
Case 2. Thus, we can assume that for every ¢ we have —a < s;. Therefore,

lal, |b] < o,

—a<a,b<a,

—a—-1l<a-1,b—1<a-1.



M. Carelli

Hence inequality (o« —1)? < (a —1)(b—1) can be satisfied only if a = —a+1 and b = —a + 2
ora=—a+2and b=—a+ 1. Without loss of generality, assume the first case.
Then a is the smallest value in C'. Let ¢ denote the predecessor of a in C.

All states in C' are different, and the length of C' is at least 3, hence —a+2 < ¢ < a.

Since sign(a — a) = sign(c — a) = 1, then we can apply Lemma 27 to get

2 2

ac—a ac—a

c+a—2a c+a—2a

( )€ conv((a7 a), (e, a)) CR,

ac—(a—1)? ac— (a—1)2
c+3a—2 c+3a—2

—(a—1)2 —(a—1)2 —(a—1)2
ac—la- < 0, hence (0,0) € conv((“;g; L7 aclac L) () z)) CR.
It remains to prove the statement for ¢ = o — 1. Since (o — 1,1 — &) and (o, 2 — «) are

in R we get that

13
272

(

If c < a—1, then

) ER.

(a a)eR

It is easy to see that points (1,0) and (0, 1) lie on the interval

13
22 _a) (1= C
a-1.3axa-aa)cr,
because (a—%,% —a) = (%,%)—i—(a—l,l—a} and (1 —a,a) = (%,%)—l—(%—a,a—%).
Hence, R has a cycle of length 2. |

6.2 Generalized Collatz Sequences

Proof of Proposition 17. Assume the contrary, there exist T, n and i such that T%(n) =
i (mod d) for every k > 0. Hence,

m;T*(n) —r;
7 .
We prove by induction on k, that for every k > 1

Tk+1(n) _

k k-l g gk—1—5
nmg —1i) ;g mid
dk

nm; —nr;
d

T"(n) =

For k =1 we get T'(n) = . Assuming the formula for & let us prove it for k + 1,

k k=1 j jk—1—j k
miTF(n) —r;  mi(nmg —r 35— mid 7)) —rid
d - dk+1
k+1 _ .k 3 gk—j
" =i} mid
dk+1 :

T (n) =

Hence, for every k > 1,
k=1
nmf —r; ngdk_l_] =0 (mod d").
j=0
Multiplying it by m; — d yields
k=1
(m; = d)(nmy —r; 3 mid* ™' 7) = nmy

Jj=0

—ndmbf —ri(mF —d*) =0 (mod d").
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Since d*¥ = 0 (mod d*) and ged(m;,d) = 1, we obtain for every k that
nm; —nd —r; = 0 (mod d¥).

As this holds for all k¥ and d > 1, it follows that nm; — nd —r; = 0. Thus n = ==,
Therefore T%(n) = n for all k, contradicting unboundedness. <

Proof of Proposition 18. Recall that T has the form

T(x):w, if mx =a+i (mod d)

Define

RY ={(z,2)eR?* |mr—a—d+1<dd’ <mr—a—1land 0 <z <2}
Note that,

RE ={(n,T(n)) € Z* |0 <n < T(n) and mn # a (mod d)}.

Therefore every infinite trace of RV is self-avoiding and corresponds to the unbounded
sequence {mT"(n)}reny with mT*(n) # a (mod d), and T*(n) > 0, for every k > 0.

For the other direction, if there exists an infinite unbounded sequence {T*(n)}en of
positive values, then, since m > d, from some step it takes values large enough to have
T*(n) < Tk (n). It implies the existence of a self-avoiding trace of R*.

The proof for

R :={(z,2")eR?* |mz—a—d+1<dr’ <mzx—a—1and 0>z >z}

is symmetric. |

6.3 Self-avoiding Traces

Let us formulate an auxiliary notation and an auxiliary lemma.
C+ = {(331,332) S RQ ‘ 1 >0> Z‘g} Cc_ = {(xl,xg) S R2 | T9 > 0> 331}

» Lemma 28. Let vy, v, w,u € R? be nonzero vectors with vy Jf va, w € Cy, u € C_ and
w,u € nonneg(vy,v2). Then nonneg(vi,vs) NA # () and nonneg(vy,ve) NI # 0.

Proof. If w || u, then nonneg(w,u) is a line contained in the closed cone nonneg(vy, va),
contradicting Proposition 4, since vy }f v2. Thus w f u.

Let us prove that there exists a € Ry, such that aw + (1 — a)u € cl(A). Denote
ety Since w € Cy and u € C—, we

obtain wy; — we > 0, ug — u; > 0 and since w }f u they cannot be both equal to 0. Hence
denominator of « is nonzero and o > 0. A direct computation gives

w = (w1, ws) and u = (u1,u). Define o :=

U2 — U1 w1 — w2

aw+(l—a)u=w u
w1 — w2 + Uz — UL w1 — w2 + Uz — UL

_ wi(ug —ur) + ur(wir — wa) walug —ur) + uz(wr — wa)
Wi — W + Uz — U7 ’ wy — W + U2 — U7
Wiy — ULW wWily — ULW

1U2 1W2 1U2 1W2 ) € c(A).

= (

b
w1 — W2 + Uz — U W — W2+ Uz — U
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Since w }f w we have aw + (1 — a)u # (0,0), thus aw + (1 — a)u € A. Recall that
u, w € nonneg(vy, va), hence aw + (1 — a)u € A.

Since aw + (1 — a)u §f vy, and aw + (1 — @)u }f va, we get that aw + (1 — a)u is in
the interior of nonneg(vy, va), thus, some open neighborhood of aw + (1 — a)u is contained
in nonneg(vy,v2), but any such neighborhood intersects I, since A C cl(I). Hence, the
statement follows. <

Proof of Lemma 21. 1. Without loss of generality assume nonneg(vy,v2) NI # 0. The
case when nonneg(vy,ve) N I_ # @ follows from the considered one applied to —R.
The set nonneg(vy,v2) N I is a (possibly nonclosed) convex cone as the intersection
of two convex cones. Let us prove that it contains at least two noncollinear vectors.
Indeed, for the contradiction, suppose there exists a vector v, such that every vector in
nonneg(vy,v2) N Iy is collinear to v. Thus, nonneg(vy,v2) N I C nonneg(v).
Informally, nonneg(vq, v2) contains “half of a neighborhood of v”. Formally, for angles
—7 < €1 < €3 <, let rot,(e1,€2) be the set of vectors v € R? such that there exists
an angle 6 with €; < 6§ < €3 and vyt is the image of v under rotation by 6 around the
origin. Equivalently, rot,(e1,e2) = {Rgv | €1 < 0 < €2}, where Ry is the rotation matrix.
Since v € nonneg(vy,vy) and vy }f vg, there exists € € (0, 7) such that either rot,(0,¢) C
nonneg(vy, v2) or rot,(—e,0) C nonneg(vy, va).
Moreover, since I is open and v € I, we can choose € > 0 small enough such that
rot,(—e,e) C I. Consequently, one of the sets rot, (0, €) or rot,(—e,0) is contained in
nonneg(vy,ve) N Iy, contradicting the assumption that nonneg(vy,v2) N Iy C nonneg(v).
Hence, there are two non-collinear vectors w, u € nonneg(vy,v2) N Iy. Then

|(nonneg(vy,v2) N I4), NZ| > |nonneg(w, u), N7Z| > n|l - —]

lw|  fu]" n—oo
Hence, for sufficiently large n, there always exists a transition from n to a larger value,
thus the loop has a self-avoiding trace.

2. Suppose there is a self-avoiding trace {s;};en. If there are infinitely many negative and
infinitely many positive states, then infinitely many indices 4 satisfy s; < 0 < s;4.1 and
infinitely many satisfy s; > 0 > s;41. Thus, sets RN Cy and R N C_ are unbounded. In
that case, their recession cones are non-empty, thus, by Proposition 5, there are non-zero
vectors w € rec(R) N Cy and u € rec(R) N C_. Hence, by Lemma 28, rec(R) N A # ().
Contradiction.

Suppose instead there are only finitely many negative s;. The case when there are only
finitely many positive s; follows from the considered one for —R.

Then there are infinitely many ¢ such that s;4; > s; > 0. By Theorem 3, R =
conv(wy, ..., w;) + rec(R). Hence, for every i, there are w’ € conv(ws,...,w;) and
v' € rec(R), such that (s;, s;41) = w’ + v*. Consider the normalized vectors ﬁ along
the infinite subsequence with s;.1 > s; > 0. Since it is an infinite sequence on a compact

v i Since for every j holds 42— € rec(R)

v 0% ]
this sequence must converge to v € rec(R) and [[v[| = 1. Let us prove that v € cl(I).

sphere, it must have a converging subsequence i

Assume that v ¢ cl(I). Since —

, llo% ]
for every j > N, | HZ:'H —v|| < e. Let us take e < dist(v,cl(I})). Thus, nonneg(v' €

R? | lv = 2| € €)Nnecl(ly) = 0, hence by Proposition 5 rec(nonneg(v’ € R? | |jv —

converges to v, for every e there exists IV, such that

v'|| < €)) Nrec(conv(—wy,...,—w;) + I;) = 0, which implies that nonneg(v’ € R? |
lv —v'|| <€) N (conv(—wi,...,—w;) + I;) is bounded by Theorem 3. For every j >
N, (si,,8,41) —w% = v € nonneg(v/ € R? | [[v — /|| < €), but (s, si,41) € Ly,
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hence v¥% € conv(—wsq,...,—w;) + I+. Since the sequence si,; is unbounded and the set
conv(wi, . ..,w;) is bounded, the sequence v% is also unbounded, but it is contained in a
bounded set. Thus v € cl(I1) by contradiction.

Since v € cl(I;)Nrec(R) and rec(R)N (1L UA ) = () we obtain v € {(0,22) € R? | 25 > 0},
hence v = (0,1). There exists N, such that for every j > N holds |4~ — (0,1)| < 0.1,

o'
hence sz i € {(z1,22) | 1 < 0}, because otherwise
'
flo'd | _ _

R | 3zy € R: (21, 22) € conv(wy,...,w;)} is finite, denote it as K. Since s;; = w" + v'
from the proven above, for every j > N, 0 < s;; < K. That contradicts the distinctness
of s; and the assumption that there are only finitely many negative s;.

3. Ifrec(R)N A4 # 0, then Ay Crec(R). If (a,b) € Rz N I, then (a,b) + Ay C R, hence
for any n > a it is always possible to make a transition to n — a + b. Thus, the loop has
a self-avoiding trace.

4. Suppose there is a self-avoiding trace {s;};en. If there are infinitely many negative and
infinitely many positive states, then infinitely many indices 4 satisfy s; < 0 < s;4.1 and
infinitely many satisfy s; > 0 > s;41. Thus, sets RN Cy and R N C_ are unbounded. In
that case, their recession cones are non-empty, thus, by Proposition 5, there are non-zero
vectors w € rec(R) N Cy and u € rec(R) N C_. Hence, by Lemma 28, rec(R) NI # (.
Contradiction.

There cannot be only finitely many negative s;, due to the argument identical to the

argument in statement 2 of this lemma.

v’
llv*7 |

€ I, which is impossible,

since € rec(R). Since the set conv(wy,...,w;) is bounded, the supremum sup{z; €

If it contains only finitely many positive terms, then there is some index with 0 > s; > s;41,
contradicting Rz N I_ = 0.

5. This statement follows from the statement 3 applied to —'R.

6. This statement follows from the statement 4 applied to —R. |

Proof of Lemma 23. 1. Assume 0 < p < q. The case when ¢ < p < 0 follows from the
considered one applied to —R.
If height|,,|(R) > p, then there exists z € Z, such that

1
R.N(-Z)| > p.
| (p )l

For any 2’ > z, using (p, q) € rec(R) we can shift by (2’ — z)/p along (p, q), which maps
z1 =z tox; =2’ and adds (2’ — 2) to the second coordinate. Hence

1 1 q 1
R N(=Z)| > |R.N(~Z)+ = (2" —2)| = |R. N (=Z)| > p.
|z(p)||z(p)p( )IIz(p)l
Since |R /| is convex |R. N (%Z)| > p implies that R, contains at least p consecutive

points from %Z, hence at least one of them is an integer. Thus |R,  NZ| > 1.
Since 0 < p < q there exists N € N, such that for every 2z’ > N, R,» C I,. Hence,
R. NZ C [2' + 1;00). Thus, for every 2z’ > max(N, z), it is possible to make a transition
to a larger value. Hence, the loop has a self-avoiding trace.

2. Assume p < 0 < g. The case when ¢ < 0 < p follows from the considered one applied to
—R. In that case,

rec(R) C R_ x Ry U {(0,0)}.

By Proposition 5 the set R N (R?\ (R_ x R,)) is bounded. Therefore, any self-avoiding
trace would eventually have to make transitions only from R_ to R, which is impossible.
Hence, no self-avoiding trace exists.
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3. Assume 0 < p,q. The case when p, ¢ < 0 follows from the considered one applied to —R.
The case when sign(p) # sign(q) follows from the statement 2 of this Lemma.
Denote h = height,|(R). There exists z € Z, such that [R. N (5Z)| = h. Since R is

1
: P
convex the points of R, N (%Z) are of the form {qup“ﬂ}lgigh for some a € Z.

Let us prove that for all 2’ € Z,
1 1 q
Ry N(=Z) CR,N(=Z)+ =(2 —2). 3
(p ) (p ) p( ) (3)

For 2’ > z since (p,q) € rec(R) and 2z’ — z > 0 the following holds

1 q 1
R.N(=Z)+ =(Z —2) C R, N(=7),
(p) p( ) (p)

but since |R. N (%Z)| < h we get (3).
Suppose that 2’ < z, then for any r € R,/ N (%Z), since (p,q) € rec(R) and z — 2’ > 0,
we obtain r + 1(z — 2') e R2 N (%Z). Thus, we get (3).
Hence Rz C {(z,y) € Z* |y = ”_TH, 1<i<h}.
Non-existence of a self-avoiding trace follows from Conjecture 16, since h < p.

4. The proof is analogous to the proof of the statement 3, but at the end, instead of
Conjecture 16, Proposition 17 needs to be applied.

5. In that case R N Z? = (), so the claim is immediate.

6. If |p| > |q|, then

rec(R) C {(1,22) € R? | |x1| > |22| or 21 = 25 = 0}.

Hence, the set RN {(z,y) € R? | |z| < |y|} is bounded. Assume there is a self-avoiding

trace {s;}ien. Then there are infinitely many ¢, such that |s;| < |s;41|. Contradiction.
If p=¢>0, then rec(R) = A;. If p=¢ <0, then rec(R) = A_. Hence, the proofs of
statements 6,7,8 and 9 are analogous to the proofs of statement 3, 4, 5 and 6 of Lemma 21
<

Proof of Lemma 24. The proofs of 1, 2, 3, 4, 5, 6, and 7 are analogous to the proofs of
Lemma 23, items 1, 3, 4, 5, 6, 7, and 8, respectively.

Assume —p = ¢. Since ged(p,q) =1 we have p=1, ¢ = —1.

Denote h = height, (R). Take z € Z, such that |R, NZ| = h. For every 2’ € Z,

R.NZ+ (2 —2) CR.NZ,
and since |R,» N Z| < h, equality holds
R.NZ+ (2 —2)=R.NZ.

Denote RoNZ = [a;b], then h=b—a+ 1. Thus Rz ={(z,y) € Z|a <y+x <b}. If
h =1, then for every trace s, s2, 53 we have s; + so = $3 + s3 = a, hence s; = s3, the loop
does not have a self-avoiding trace, thus statement 9 is proved.

If h > 2, then let us define a trace {s; }ien by

a—s;, ifiis odd,
S1 = 2|(JJ|7 Si+1 =
b—s;, if i is even.

For every odd i we get siyo =b—a+s; >s; and s;41 =a—s; <a—3s <a—2la] <0,
hence this trace is self-avoiding. Thus, statement 8 is proved.

The statement 10 follows from the fact, that if p = 0, then the set {x € Z | Jy € Z. (z,y) €
R} is bounded, thus an infinite trace can visit only the finite number of different states. <«
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Proof of Lemma 25.

1. If rec(R) = nonneg(v1, ve, v3) and this cone cannot be generated by two vectors, then
by Proposition 4 it is either a whole plane or a (closed) affine half-plane. In the former
case, R = R2. For the latter case, note that any closed affine half-plane must intersect I,
hence the argument of Lemma 21.1 applies and yields a self-avoiding trace.

2. Ifrec(R) = {0}, then R is bounded, hence any infinite trace can visit only a finite number
of states and thus cannot be self-avoiding. <

7 Conclusion

In this paper, we have studied the termination problem for SLCs over Z. We have observed
that a loop has an infinite computation iff it admits either a cycle or a self-avoiding trace.

We first analyzed cyclic traces. For one-variable SLCs, we have proved that the existence
of a cycle implies the existence of a cycle of length at most two. An open question is whether,
for n > 1, there exists a bound K (n) such that any n-variable loop that has a cycle also has
one of length at most K (n).

Next, we have formulated the Reachability Conjecture for weak Collatz sequences — a
special case of a long-standing conjecture — and proved it for modulus d = 2. We have shown
that a decision procedure for one-variable SLC termination would verify the Reachability
Conjecture for specific mappings; for most mappings (in particular, all cases with d > 2), the
conjecture remains open.

Finally, assuming the Reachability Conjecture, we have established that termination of
one-variable SLCs is decidable in polynomial time.
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