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—— Abstract

This paper establishes logical and expression-based characterizations of the class of languages
recognized by nondeterministic register automata with guessing (NRA) over infinite alphabets. We
introduce Scoped MSO, a logic featuring a novel segment modality and syntactic restrictions on data
comparisons. We prove this logic is expressively equivalent to NRA over data domains where “strong
guessing” can be eliminated. Furthermore, we define Data Regular Expressions, a minimalist regular
expression calculus built from quantifier-free regions and equipped with k-contracting concatenation,
and demonstrate its equivalence to NRA over arbitrary relational structures. Together, these
formalisms and the translations between them establish a robust correspondence between register
automata, logic, and expressions over data words.
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1 Introduction

A remarkable property of the class of regular languages is its striking robustness: one and
the same class of languages admits several radically different descriptions. Over a finite
alphabet 3, finite automata, regular expressions, and monadic second-order logic over word
structures (MSO) define exactly the regular languages. This three-way equivalence (and its
numerous refinements via algebra, temporal logics, varieties, etc.) forms the backbone of
classical language theory and explains why “regularity” is such a stable and reusable concept.

When moving from finite to infinite alphabets — modelling systems with process IDs,
database keys, large alphabets such as Unicode, or data values in XML — this robustness
largely disappears. The standard abstraction for such traces is data words: sequences over
> x A where ¥ is a finite set of labels and A is a data domain called atoms, which is
modelled as a relational structure with countably-infinite universe. The intended access to
elements of A (called data values) is limited to testing relations from the signature of A;
common examples of atoms include equality atoms A_ = (N, =) and dense order atoms
Ao = (Q,<,=). The landscape of formalisms for data words is fragmented, featuring a
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wide array of automata types and logics whose expressive powers are often incomparable
and whose decision problems vary wildly in complexity and decidability [14, 18, 1, 2, 13].
Unlike the finite-alphabet case, there is no single notion that plays the role of “the” regular
languages for data words.

Register Automata. A natural candidate for a finite-state model over data words is the
register automaton, introduced by Kaminski and Francez [10]. These automata extend finite
control with a fixed set of registers capable of storing data values and comparing them for
equality. The model was subsequently extended to arbitrary atoms A [5]. In this paper, we
target the class of nondeterministic register automata with guessing (NRA®). The “guessing”
capability is the most permissive out of the three possible variants of nondeterminism in
register automata. While NRAS are a standard baseline, they have historically lacked an
MSO-style logical characterisation.

MSO Logic for NRA. Establishing a correspondence between NRA® and logic requires
careful calibration of the expressive power. Simply adding data atomic formulas to MSOI[<]
leads to undecidability [14, 3], even for the first-order (FO) fragment with three variables and
the simplest variant of atoms A_: one may encode grid-like structures of arbitrary dimension
in data words and simulate runs of Turing machines on them. Conversely, restricting the logic
too aggressively (e.g., to rigid guards, or to the two-variable FO fragment) yields decidability
but fails to capture the full expressive power of NRA® [8, 4, 3]|. The lack of closure of NRA®
under language complement [13] poses yet another challenge: any logic of the same expressive
power must impose limitations on the negation operation.

Expressions for NRA. Regarding expression formalisms for data languages over equality
atoms A_, Kaminski and Tan proposed unification based expressions [11]. Subsequently,
Brunet and Silva defined expressions featuring explicit binders for name allocation and
deallocation [6]. Their formalism provides a versatile specification language, allowing for
concise and readable expressions at the cost of a more involved definition of the semantics.
We aim for a complementary goal: a compact expression formalism whose syntax is close in
spirit to classical regular expressions and captures languages of NRA over arbitrary atoms.

Contributions. In this paper, we provide two new formalisms for languages of data words
over ¥ x A: Scoped MSO logic (MSOg[<, ¥, A]) and Data Regular Expressions (DRE[Z, A]),
recovering the classical trinity for register automata:

Automata (NRA®[3, A]) = Expressions (DRE[X, A]) = Logic (MSOs[<, 3, A]).

1. Data Regular Expressions: We introduce a compact expression formalism over 3 x A.
DRE are built from quantifier-free regions of data words. The expressions include a
parameterized operation on languages, called k-contracting concatenation, that enables
expressing non-local data value properties: k-contraction simulates the “transfer” of k
data values between factors, mirroring the finite set of registers of an NRA.

» We prove that L(DRE[Y, A]) = £L(NRA®[Z, A]) for arbitrary atoms A.

2. Scoped MSO: We define a logic tailored to the expressive power of NRA®. MSOg[<]
extends MSO with two features:
A segment modality 2x p, which evaluates ¢ on sub-intervals defined by a set of
cut-positions X; it constitutes a variant of quantifier relativization.
Restricted atomic predicates R(x) with a syntactic restriction preventing arbitrary
data comparisons that would exceed the capacity of finite registers.
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» We prove that £(MSOs[<, %, A]) = £(NRA®[S, A]), provided the atoms A admit the
elimination of strong guessing: a technical property we formalize. This condition holds for
commonly studied atom structures, including equality atoms A_ and dense order atoms
A.. We discuss natural adaptations of MSOg[<] for w-words and subclasses of NRA®.

Implications and Outlook. Our results complement the operational theory of NRA with
logical and expression-based characterisations paralleling the classical finite-alphabet setting,
offering new perspectives on languages over infinite alphabets. We leave open whether there is
any strengthening of MSO;[<, X, A] which retains decidable satisfiability, while going beyond
the class of NRA®[Y, A] languages.

2 Preliminaries

We use standard notations to denote natural numbers N, positive natural numbers N or

rationals Q. We denote ranges of natural numbers by [i, j] := {4,i+ 1,..., 75} and [j] := [1, j].

Words. Fix an alphabet ¥ and a word w = ajas - - a,, € £*. We write w[i] := a; and, for
an interval I = [4, j], we write w[I] for the infix a;a;t+1 - - - a;. The reversed word ay, --- a1
is denoted as wf'. The length n of w is denoted as |w|, and the set of positions of w is
pos(w) = [n]. The unique word of length 0 is called the empty word and denoted by e.

Word structures. Given a w € ¥*, a word structure W(w) is the relational structure
defined as W(w) = (pos(w), <, (0)sex) where “<” is interpreted as the natural linear
ordering on pos(w), and for each letter ¢ € ¥ we have a unary relation symbol o =
{p € pos(w) | w[p] = o} interpreted as the set of positions in w labelled with o. While we
use o both for letters of 3 and position predicates, the intended meaning is clear from the
context.

2.1 Formalisms for regular languages

This paper’s starting point is the equivalence of the following three formalisms defining
regular languages. Fix a finite alphabet 3.

Nondeterministic finite automata. A Nondeterministic Finite Automaton (NFA) is a
tuple A = (Q, X, Qini, Qfin, 0), where Q is a finite set of states, Qin; and Qgy its initial and
accepting subsets, and 6 C @ x X x . We call the elements of § transitions and denote
(q,a,r) € & using the arrow notation ¢ = . A run of A of length n over w = ajay - - - ay is a
w-labelled path 7 = tyto---t, € §* in the labelled graph (Q,d), i.e., a sequence such that ¢;
has the form (-, a;, -) for every i, and for any two consecutive transitions p L gand r Los
we have ¢ = r. We say that A accepts w € ¥* if there exists a run of A over w that begins
in some initial state gin; € Qini and ends in an accepting state ¢gn, € Qgn- The language of A
is L(A) = {w € ¥* | A accepts w}. We write NFA[X] for the family of all NFA over X.

Regular expressions. Regular expressions over ¥ (RE[X]) are terms generated by the
grammar

EF:=0|ec|lacX|E+F|E-F|E".
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The language L(F) of an expression E is defined as follows

£0) =10 L) = {¢} £(a) = {a}
LE+F)=LE)ULEF)  LE-F)=LE)-LEF)  LE) = Um0 LE)",

where the language concatenation is K - L :== {uwv |u € K,v € L} for K, L C ¥* and K"
denotes n-fold concatenation of K with itself; K° := {e}.

» Theorem 1 (Kleene [12]). £L(NFA[X]) = L(RE[X]) for any finite X.

Syntax of MSO. The syntax of Monadic Second-Order Logic over words (MSO[<, X])
features first-order variables x,y, ..., second-order variables X,Y,... and is given by the
grammar

e =Jze|AX ol AU |eVY | |l <yl| X(z)]|a(z),

where a € . We write ¢ € MSO[<, X] when ¢ is generated by the above grammar. A
variable in ¢ is free, if it is not bound by any quantifier. We write free(¢) (or freei(y¢)) for
the set of free variables (of first-order variables, respectively) of ¢. A formula is a sentence,
if it has no free variables.

Semantics of MSO. The truth value of MSO[<, X formulas depends on the interpretation
J = (W(w),v) consisting of the word structure W = W(w) and valuation v: free(p) —
pos(w) U P(pos(w)). Boolean connectives and atomic formulas (z < y, X(y),a(zx)) are
interpreted in a standard way over W. In particular, J = a(z) iff v(z) € a". Quantifiers
range over pos(w):

J = 3z ¢ iff there is a position p € pos(w) such that W(w), v[z — p] = ¢,

J = 3X ¢ iff there is a set P C pos(w) such that W(w), v[X — P] = .
For a sentence ¢ € MSOI[<, ], we write W(w) = ¢ whenever W(w), vy |= ¢, where vy is the
empty valuation. The language of ¢ is defined as L(p) = {w € &* | W(w) = ¢}.

» Theorem 2 (Biichi, Elgot, Trakhtenbrot [7, 9, 19]). For every finite ¥, the languages
definable by MSO[<, Y] are exactly the regular languages over X.

Syntactic sugar. We use V¢ ¢ as a shortcut for -3¢ (—¢); position equality is defined as
x=y=-(x <yVy<x); Boolean constants can be defined as T=Jzx =2V -Jrzx ==z
and 1 = —T. Additionally, we add easily definable relations like the subset relation S’ C S.

2.2 Words over infinite alphabets

While the definitions of a word and a language do not require finiteness of the alphabet, all
the basic language-defining formalisms we have recalled in Section 2.1 critically depend on
that assumption. For instance, a finite automaton for the language ¥ consisting of one-letter
words has to contain a transition for every a € ¥, and making 3 infinite would cause the
transition relation to become infinite as well. One solution to this problem is to add more
structure to the alphabet and allow the model to make less precise queries about the letters.
This gives rise to the realm of atoms [15] and register automata [13].
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Atoms. We call atoms any relational structure A = (U, Ry, ..., R) with a countably infinite
universe U and a finite number of relational symbols in its signature. We assume that one of
R; is the equality of universe elements; it is sometimes written as ~ to avoid confusion with
other uses of =. Abusing notation, we write @ € A to mean « is an element in the domain
U of A. Atoms commonly found in the literature include equality atoms A— = (N, =) and
dense order atoms A. = (Q, <, =).

Data words. Data words are words over a two-track alphabet ¥ x A, consisting of a finite
label from ¥ and a data value from A. It is often convenient to decompose multi-track words

into separate tracks using convolution. For alphabets Aq, ..., Ay, the convolution of words
wy € A}, ..., w, € A} of equal length is the word ®@(wy,...,ws) € (A1 X -+ x Ag)* defined
by ®(wy, ..., wg)[i] = (wi[i],...,wk[i]). Thus, a data word can be viewed as the convolution

of a label word over ¥ and a data sequence over A.

» Example 3. Let A = (N, =) and ¥ = {a,b}. A two-track word ®(w,w) over ¥ x A is a
convolution of two tracks w € ¥* and w € A*:

w = abaab
w = 10,42,5,97,42

st =[] [o] [2] [a] [o]

Above, w[2] = w[5] = 42 and w([3] is a.

Quantifier-free formulas and regions over atoms. Let X’ be a finite set of variables. The set
Lita (X) of atomic formulas over A using variables X consists of all expressions R(z1,...,2,)
where R is a relation symbol from the signature of A and z; € X. A quantifier-free formula
over A using variables X is a Boolean combination of atomic formulas:

QU =T|-®|PAY| R(x1,...,%).

The formulas are interpreted in a standard way over a pair (A,v), where v: X — A.

Fix k € Nand &} == {x1,...,21}. For a word w = ay - - - a;, € A*, the quantifier-free type
of w, denoted type(w), is the set of all literals satisfied when variables X}, are interpreted
as data values in w. Formally, type(w) = {¢ € Lits(Xs) | A,v = ¢} where v(x;) = a;. A
quantifier-free region of a word w € A*, denoted region, (w), is the set of all words that have
the same quantifier-free type as w. Intuitively, words in region, (w) are not distinguishable
from w by quantifier-free formulas. We lift region, in a natural way to words over (AUY x A)*,
with some letters having additional labels from a finite alphabet . It is easy to see that A*
is a finite union of quantifier-free regions for any k.

Data word structures. Fix atoms A = (U, R}, ..., R}) and let ®(w, @) € (¥ x U)* with
|w| = |w|. The data word structure is the expansion of W(w) = (pos(w), <, (0)sex)

W(U], w) = (pOS(U}), < (U)O'EEa (Rl)ze[f]) )
where, if R; has arity m;, then for all py,...,pm, € pos(w),

Ri(p1s--- pm,) it RE(@[pi],... wlpm,]) -

188:5
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2.3 Register automata: a formalism for data languages

One of the common formalisms for defining languages of data words is a nondeterministic
register automaton (NRA®). Fix atoms A = (U, Ry, ..., R;) and a finite set R whose elements
we call registers. Let k := |R| and let Any := AU {nil}, where nil is a fresh element modelling
an empty register, and the signature of A,; is extended with a unary symbol nil interpreted
as {nil}. A register valuation is a function p: R — Ay.

Register constraints. Let Vi = UTGR{?, 7'2} be the variables representing register values
before and after a transition, and let V represent the current input symbol. A register
constraint ® is a quantifier-free formula over Ay with the variable set {V} U Vz. We denote
the set of all register constraints for R as constry(R). To evaluate a constraint, consider
two valuations g, p': R — A U {nil} and an input symbol « € A. These induce a combined
valuation v(y, a, p') on the variables {V} U Vg such that 7 — u(r), 7 +— g/ (r), and ¥ — a.

Register automata. A nondeterministic register automaton with guessing (NRA®) is a
tuple A = (@, 2, A, R, Qini, Qsin, 0), comprising a finite set of states @, a finite alphabet
Y, initial states Qin; € @, accepting states Qan C @ and a set of transition rules 6 C

Q@ x ¥ x constry(R) x Q. A transition rule (p,o, ®,q) € ¢ is written using double arrow
P
notation p RSN q.

The semantics is defined by an infinite transition system [A] = (C4,A4) over con-
figurations Cyq = @Q x (R — Auj), where Ay € Cyq x ¥ x A x Cy. A transition

(p, 1) =25 (q, 1)) € A4 exists iff there is a rule p LN q in 0 such that A, v(u,a,p) E ®. A

configuration (g, u) is initial if ¢ € Qini and u(r) = nil for every r € R. A configuration
(g, ) is accepting when ¢ € Qgn. The notion of a run = € A% is analogous to that in an
NFA; it is accepting if it starts in some initial configuration and ends in some accepting one.
The language L£(A) consists of data words labelling accepting runs of [A]. Every run 7 of
[A] has an associated sequence t; ---t,, € 6* of transition rules. We denote the family of
k-register NRA over ¥ x A by NRAj[X, Al.

Variants of nondeterminism in register automata. Fix A € NRAj and its run 7 =
(g0, 110) 2225 (quypu1) = -+ = (Gt 1) =2 (gn, fin) over w € (X x A)™. We say that
range [a, b] is a live interval of a data value £ whenever £ € u,,,(R) for all m € [a — 1,b], but
€& tg—2(R) (if defined) and € ¢ upy1(R) (if defined). In other words, the live interval of &
is a maximal range of letter positions for which £ is in both surrounding register valuations.

We say that A is guessing the value of the jth register in valuation g, if £ = pa(r;) is
different from all previous register values (in p,—1(R)) and from the data value a,. The
guess can be either weak or strong, depending on the run from configuration (qq, o) onwards.
Let [a + 1,b] be the live interval of £&. The guess of the value of jth register in valuation p,
is strong whenever ¢ does not appear in the input on positions [a, b + 1].

We distinguish two restricted subclasses of NRA®: weakly-guessing nondeterministic
register automata (NRA") and deterministic register automata without guessing (NRAY). We
say that A € NRA®[X, A] is weakly-guessing, if A is not guessing strongly in its accepting
runs. It is without guessing, if it never guesses a value in any of its runs.

» Definition 4 (Elimination of strong guessing). We say that atoms A have elimination
of strong guessing, whenever for every A € NRAY[X, A] there ewists a weakly guessing
B € NRAY[X, A] that recognises the same language.
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3 New formalisms equivalent to register automata

3.1 Data regular expressions

Fix atoms A and a finite . We introduce a notion of data regular expressions over % x A,
which are generated by the following grammar

E,F:=0|e|[w]|E4+F|E-F|E"T,

where k € N and w € A*(X x A)A* contains exactly one letter with a label from the finite
alphabet . Let DRE([X, A] be the set of all such data expressions. The language L(F) of
E € DRE([X, A] is a subset of (AUX x A)* and is defined as follows:

LO)=0 L(e) = {e} L([w]) = region, (w)
LE+F)=LE)ULF) LEF)=LE),LF) LET)=U,s LE)",

where -, is k-contracting concatenation defined as K - L == {uw ’ w € K,vfw e Lv e A’“}
for data word languages K, L, and L™ for n > 0 denotes the k-contracting concatenation of
n copies of L.

We say that an expression is well-formed if its language is a subset of (X x A)* i.e., all
letters from A without a label from ¥ vanish due to contracting concatenations. We denote
the set of all well-formed expressions by DRE[X, A] C DRE([X, A].

» Example 5. Counsider equality atoms A_ = (N, ~) and let ¥ = {o}. We write a for the
pair (o,a) € ¥ x A. Contracting concatenation enables expressing long-distance relationships
between data values in a word. For instance, the language of data words that have the first
and last data value equal can be defined by the following well-formed expression:

o

E—[0]+ ([80] " [08}) + ([80] 1 ({000 + [o10)) " -, [08}) .

0000

[¢] (¢] (¢] ¢} o (¢] ¢} o
We have 7877 € L(E) because 77 € L£([00]), 787,777 € £([000] 4 [010]) and 77 € £([00]).

The information about the data value from the first position is present in the prefixes/suffixes
of length one that get contracted.

» Remark 6. The operator -, is associative, because the design of expressions ensures that the
regions of k-contractions do not overlap: for every E € DRE([X, A], and for every w € L(FE),
w is either empty, or contains a non-contractible letter from ¥ x A.

» Theorem 7. L(NRA®[Z, A]) = L(DRE[S, A]) for any finite ¥ and atoms A.

3.2 Scoped MSO

Syntax of Scoped MSO. Fix finite ¥ and atoms A = (U, Ry, ..., R;). The syntax of Scoped
MSO uses first-order variables x,, . . ., second-order variables X,V ..., and is generated by

o =3 |IX elSxeleAY eV | gz <y|X(z)]|a(z)]| R(Z),

for all letters a € X, relations R € {Ry,..., R;} and where & = (z1,...,,) matches the
arity of R. There are two additions compared to the grammar of standard MSO (as per
Section 2.1): 2x is the scope modality and R(z) is a data atomic formula.

A first-order variable in ¢ is top-level if its binding existential quantifier does not occur
within the scope of a negation; otherwise, it is nested. (Note that variables in V& ¢ = =32 -
are inherently nested).

188:7
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» Condition 8 (Well-formedness). A formula ¢ is well-formed if every data atomic formula
R(Z) occurring in ¢ contains at most one nested variable.

» Example 9. Consider equality atoms A— = (N, ~). The formula 3z =[Jy. x ~ y Az # y]
is well-formed because z is top-level. However, =[x Jy. x ~ y Az # y| is not, as the outer
negation makes both = and y nested. The modality Sx preserves the top-level status of
variables; thus, 3X 2x 3z —[Jy.  ~ y A & # y] remains well-formed.

We denote the set of all well-formed formulas as MSOg[<, X, A].

Subscopes. Let I = [a,b] and let X C N. We view X as a set of split points, and we define
the set subs(Z, X) of the contiguous sub-ranges obtained by cutting I at every position in X.
Formally, subs(1, X) is defined using the set of left boundary points B = (X NI)U{a, b+1}.
A range [a/, V'] belongs to subs(I, X) whenever a’ and o’ + 1 are two consecutive left boundary
points from the list resulting from enumerating B in the increasing order.

» Example 10. Let I = [a,b] = [10,20] and X = {5,7,11,13,17,23}. The set of left
boundary points B = (X NI)U{a,b+ 1} is {10,11,13,17,21}, and therefore

subs(I, X) = {10}, {11,12}, {13,14, 15,16}, {17, 18, 19, 20} .
I m m m I

a X X X b

Semantics of Scoped MSO. We interpret MSOg[<, X, A] formulas over a tuple J =
(W(w,w),v,I) consisting of the data word structure W = W(w, @), valuation v: free(p) —
pos(w) U P(pos(w)) and a discrete range I = [i,j] C pos(w) called a scope. Boolean
connectives and atomic formulas (x < y, X(y),a(z), R(Z)) are interpreted in a standard way
over (W, v), ignoring I. In particular, J = R(z) iff v(7) € R". Quantifiers are relativised to
the current scope I:

JE 3Jz ¢ iff there is a position p € I such that W(w, w), v[z < p|, I = ¢,

J = 3X ¢ iff there is a set of positions P C I such that W(w,w),v[X « P|,I |= ¢.
Finally, 2x enforces the formula on all induced sub-scopes:

JE2x ¢ iff W(w,w),v,I' = ¢ for every I' € subs(I,v(X)).
When the scope interval is the entire pos(w), we drop it in the interpretation tuple and write
W(w,w),v |= . When ¢ is a sentence, we drop the valuation and write W(w, w) |= ¢, and
we define the language of ¢ as L(p) = {®(w,w) | W(w, w) = ¢}.

» Example 11 (A formula of MSO;[<] and its interpretations). Consider equality atoms
A_ = (N,;~) and let ¥ = {o} be a unary alphabet, allowing us to disregard the finite-
alphabet letters. Consider the following formula of MSOs[<, X, A_]:

p=3dpIXexTapgarVp.a<p A(p ~aVvp ~p).
P

The word @w = 3,0,3,3,0,7,7,7,0,4,0, 4 belongs to L(¢). To see this, consider the valuation
v of 2x Ja ¢ such that v(p) = 2 and v(X) = {1,6,10}. The modality 2x requires its
subformula to be true on three subscopes I; = [1,5], Iz = [6,9] and I3 = [10, 12] obtained by
splitting the initial scope I = [1,12] on points from X.
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w|[3:0:3:3:0: 7 7:0:4:0:4|F2x3avy
pos 1 2 3 4 6 7 8 9 10 11 12
m 4 m m
X:p X X
initial scope: I=[1,12]
I,=[1,5] I5=[10,12]
—_— —N—
w|3:0:3:3.0[7:7:7:04:04:Fq wi3:0:3:3:07:7:7:014:0 4|
pos|1:2:3:4:5|6:7:8:9:10:11:12 pos: 1 :2:3:14:5:6:7:8:9[10:11:12
pof *
a:p p a
I>=[6,9]
@:i3:0:3:3:0(7:7:7:0{4:0:4:=19
pos 1 2 3 1 > 6 7:8 9 |10:11:12
* 1
D a

This is indeed the case. We have W(w), v[a 1], I; = ¢, because a is the minimal element
of I and for every p’ € I; the data value w[p’] belongs to the set {w[0],w[1]} = {0,3}
containing the values at positions a and p. Analogously, we obtain W(w), v[a + 6], I = ¢
and W(w), v[a + 10], I3 E 9.

» Theorem 12. £(NRA"[Z, A]) = L(MSOs[<, ,A]) for any finite ¥ and any atoms A.

» Corollary 13. If atoms A have elimination of strong guessing (as per Definition 4), then
L(NRA[S, A]) = LIMSOs[<, 3, A)) and satisfiability is decidable for MSOs[<, %, A] if and
only if language emptiness for NRA®[Z, A] is decidable.

Note that language emptiness is decidable for register automata over both equality atoms
and dense order atoms. Furthermore:

» Lemma 14. Both equality atoms A— = (N, =) and dense order atoms A = (Q, <) have
elimination of strong guessing.

Not all atoms have elimination of strong guessing; for example the random (Rado) graph
atoms A = (V, E) do not admit it. Section 5 discusses how assumption about strong guessing
elimination can be lifted at the cost of extending the logic.

4 Translations between the new formalisms and register automata

We outline the core ideas behind Theorems 7 and 12; their detailed proofs can be found in
the full version of the paper [16].

4.1 Translations between Data Regular Expressions and register
automata

A k-register automaton can only transport k data values across a cut in the input. The
operator - of DRE is designed to reflect exactly this: a word belongs to K - L if and only if

it can be split as ww such that there exists an overlap v € AF with uwv € K and vfw € L.

Conceptually, v is an interface that transfers k data values needed to continue recognition on
the right. We provide reductions between DRE and NRA®.
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From expressions to automata. The translation is done with a structural induction on
expressions. The only non-classical steps are the case of k-contracting concatenation -
and its iterated variant (-)®*. The core idea is to verify the existence of the appropriate
k-contracted infix vvft (v € AF), the automaton guesses v nondeterministically and stores its
k data values in registers. This allows us to faithfully simulate reading vo™ without seeing it
in the input.

From automata to expressions. Here the main idea is to separate finite control from data
value consistency. We first forget data and view a run as a word over the finite alphabet
of transition rules; the set of control-consistent transition rule sequences is regular, hence
described by an ordinary regular expression (via Theorem 1). We then insert data back
by replacing each transition rule ¢ by a language of words of length 2k + 1. On the data
track, that language encodes the relationship between the pre-valuation of the k registers, the
current data value, and the post-valuation, as prescribed by t. We ensure that the valuations
are consistent using k-contracting concatenation.

4.2 Translations between Scoped MSO and register automata

We illustrate the translations underlying the proof of Theorem 12 on concrete examples,
working out the main steps in each direction. These examples are meant to expose the
structure of the problem while avoiding tedious details.

4.2.1 From logic to automata

Consider equality atoms A_ = (N, ~) and let ¥ = {o} be an unary alphabet allowing us
to disregard the finite-alphabet component of the input word. Starting with a formula
© € MSOg[<, X, A_], our goal is to construct A € NRA" such that £(A) = L(¢). The
construction has three main steps, in which we:

1. compile ¢ into a pair of formulas ¢y and ¢,

2. translate ¢4 and ¢, into register automata A and A, and

3. construct the final automaton A based on A4 and A,,.

We fix the formula ¢ = 3Ip X Sx Jap £ aAVD'. a < pP'A(p' ~aVp' ~ p) from Example 11.

4.2.1.1 Step 1: Compiling ¢ into a pair of formulas ¢4 and ¢,

The idea is to compile away the modality 2, and decompose data value dependencies into
two distinct types, both easily expressible with register automata.

Multi-track words. We slightly extend the logic to multi-track words. The construction
uses two auxiliary tracks v, and u, for every top-level variable = of ¢ and one input word
track w. Intuitively, the role of u, is to specify the set of disjoint scopes in which variable
x is used, while v, is supposed to carry the value of x relevant to the current scope. The
alphabet of track v, is data values A_, while the alphabet of u, is {®,0}. For our choice of
@, we have five tracks: vy, up, Ve, uq and w. The logic is extended with track accessor terms,
allowing us to write, for instance, v,[z] ~ w(y| to express that the data value at position z
on track v, is equal to the one at position y on track . Let proj_, be the projection function
that given a multi-track word ®(vp, up, Vq, Uq, @) erases auxiliary tracks and outputs just
the input word track w € AZX.

We compile ¢ into a pair of formulas (1, ¢, ). Here, we only state the crucial properties
of the resulting formulas ¢4, p.,; the translation is detailed in the full version [16].



R. Piorkowski

» Property 1. The languages of formulas before and after translation satisfy

L(p) = proj (L(py) N L(#+)) -
Intuitively, a word w belongs to £() if and only if there exist values for the auxiliary tracks
Up, Up, Vg and u, such that @(vp, up, Ve, e, @) belongs to both E(g%) and L(p):

vp|0:0:0:0:0:0:0:0:0:0:0:0

Up|®:0:0:0:0:0:0:0:0:0:0:0

Ve|3:3:3:3:3:7T:7:7:7:4:4:4

U | ®:0:0:0:0: ®@:0:0:0:@:0:0
w303307770404):goew»w?,03307770404):goi/\goH
posl 1 :2:3:4:5:6:7:8:9:10:11:12 posl1:2:3:4:5:6:7:8:9:10:11:12

Vertical and horizontal constraints. In general, track accessor terms of the extended logic
allow us to relate values of different tracks and at different positions. For instance, for a
valuation v such that v(z) = 3 and v(y) = 9, the multi-track word structure above satisfies
vplx] ~ wly] because v,[3] = w[9] = 0. We distinguish two special subclasses of data atomic
formulas:
vertically-testing: formulas relating the values of multiple data track accessors over a single
position, for instance v,[z] ~ w(z]. These atomic formulas express local relationships —
between data values at a single position.
horizontally-testing: formulas relating the values from many positions, but on a single
data track, for instance vy[z] ~ v4[y], expressing non-local data value relationships.

» Property 2. All data atomic formulas of ¢4 are vertically-testing, and all data atomic
formulas of ¢, are horizontally-testing.

4.2.1.2 Step 2: Translating formulas into register automata Ay and A,

Constructing Ag.  Due to Property 2, the language E(Lﬂ$) can be recognised by a register
automaton. Indeed, each position has only finitely many quantifier-free types over the
data signature. Intuitively, given position p, there are only finitely many ways the values
of data tracks at position p can relate to each other. In our case, there are three data
tracks vp, v, and w, and five possible equality types of a 3-tuple of data values, namely
(1) all values pairwise equal (o, o, @), (2-4) two values equal and one different from them
(o, 0, B), (o, B, ), (B, a, ), and lastly (5) values pairwise different (a, 8,7). This allows us
to translate (4 into a formula of the standard MSO, with quantifier-free types stored in the
finite alphabet. By Theorem 2, we obtain a deterministic finite automaton, which we then
convert into a O-register NRA Ay. For our chosen ¢, this process yields the following Aj4:

b e f g

’UPZ (o7 « 'Up [0 (03 (e}

a up: [O |l 0 d up: [oflo|f o

Up: | & va: | B B Up: | @ var | B[ B B

up: | @ ug: | @l o Up: | O uq: @]l o]l o

vat | B w: BB vae: | B w: | B[ B[
Ug: | ® o
B «

O

Above, the vector labelling transition a is a shorthand notation for the guard expressing the
equality type (a, 3, 8) on data value tracks and requiring @ on finite-alphabet tracks:

valV] = @[V] £ 0,[7] A w,[V]=e A u[v]=e;

other transitions are interpreted analogously.
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Constructing A,,. Conceptually, A; captures the “regular part” of the language L(y),
and the only missing part is the ability to equate data track values on different positions,
which has to be done indirectly. For a top-level variable & and position p € N, marker o
at u,[p] signals that the current position should contain the same data value as v, [p — 1],
whereas ® marks the beginning of a new scope with a potentially different data value on v,.
The role of ¢, is to enforce such rules, and its shape depends only on the set of data tracks.
For our chosen ¢, we obtain the following register automaton

Wivl=e |, wlv]=o wWlvl=e | wlv]=o
Ao = r oOo A o r aCp ’
%:’U;D[v] ‘%:%:vp[v] gzva[v] ?j:?zzva[v]

where @) denotes the standard product construction for the intersection of languages of two
NRA€. Note that A, depends only on the set of top-level variables of the formula.

4.2.1.3 Step 3: Constructing A

Let Ag = A; @ As. By Property 1, we have proj, (£(Ag)) = L(g). In the final step, we
erase the auxiliary tracks. Finite labels are simply forgotten, whereas data values remain
only in register value traces. Let A be an NRAY[E, A] built from Ay by erasing all tracks
but w. The correspondence between accepting runs of Ay and A is illustrated below.

© GEEENCEECETNCECNCED
© SEIERND GENERD CEEEND

a:d:f:f:g:e:f: fig:e:g:f
T P>G=>T>T>T>T>T>T>T>T>T>T->T

v, 000000000000 - @C

(o] o] 0] o (o] (o] o (o]
» © FEEED G CEND

(o}

Up ®:0:0:0:0:0:0:0:0:0:0:0

Ve 3:3:3:3:3:7:7:7:7:4:4:4 o d f g e f g e g
U, @0 000 @ 0:0:0:@:0:0 T PorqoT >TSS ST ST ST >T > T >T>T
wi3:0:3:3:0:7:7:7:0:4:0:4 v o i3:0:3:13:0:7: 7T 7:0:4:0:4
pos 1 2 3 4 5 6 7 8 9 10 011 : 12 pos 1 2 3 4 5 6 7 8 9 10 : 11 :12

The values of the auxiliary tracks are duplicated in the register traces of Ag; their live
intervals are marked with thick red and blue lines. In A, the data values from the erased
tracks are preserved in register traces. This ensures that £(A) = proj (L(Ao)) = L(p).

4.2.2 From automata to logic

In this section, we construct the MSOg[<] formula for an example NRA". The construction
illustrates the core difficulties of the translation. Fix unary ¥ = {o}, so that we can omit the
finite-alphabet component from transitions and words. Let A = (N, R, =), where R(a, b, ¢)
holds for valid side lengths of some non-degenerate triangle: a +b>cAa+c>bAb+c > a.
Let A be the following weakly-guessing NRA" [, A], with transition guards W (wait), O,
(observe the value stored in ) and G, (guess a new value for r):
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W=RE§,V)ANT=TA =7

O, =R(E, 1, V)AL =LANJ=gAL ="V
O, =R(Z,§,V)NT=FANY=GANY=V
G, = R(Z,7,V) A =17

G, = R(Z,9,V) AT =2

Observe that A does not compare the current letter vV with register values & and § after
taking the transition. Any NRAY can be brought to such form at the cost of doubling the
number of registers: we only need to maintain the invariant ¥’ = % between the values of
register = and its copy 7', a comparison such as R(%, v, gj) translates to R(%’, v,7).

Live intervals of registers and their witnesses. Below, there is an accepting run 7 of A
over word w = 4,5,4,8, ..., with the register values specified for each inter-letter position.
Live intervals are marked with thick coloured lines. As A is weakly-guessing, every live
interval features at least one witness: a position on which the register value is equal to the
data word letter. Witnesses are marked with coloured triangles and underlines.

- CHENECNCENCE CEDECNTYTED CEIETETYD CREDJCED CIED
 CHEYD GERD ) CYCEETEE) O CRTTRTRTED

W 0y Gy 020y Gy Ge W0y GyOyOp W Ga WGy Oy Op Gy Gy Op Oy G O W
T P2P>S>P>Tr—=>(>T—=>P>P>S>P>8S>>(—>S>S=>P>S—>(—>S>P>Tr—>(0—>S—>(0—>(

w :4:5:4:8: 7:5:17:11:17:12: 8 '15:11: 9 1 4 :9 :14:10: 6 : 8 :115:12: 7 :16:11

1 2 3 1 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25

Defining the existence of an accepting run. In MSOg[<, X, A] we can define a path in the
graph of A from initial to final state in the standard way, as a sequence of transition rules:
for each of the twelve rules, we existentially quantify a set of positions P; over which that
rule is applied. The language of A is then defined by

AP, ... 3P13. Runa(P) A Data4(P),

where Run 4 (P) says that (i) every position has exactly one associated transition rule, (ii)
consecutive transition rules have matching states, and (iii) the first rule starts in Qini, and

the last ends in Qgy,. This is identical to how automata runs are defined in standard MSO[<].

It remains to define a formula Data 4(P) to ensure that the run encoding P satisfies the data
relations at every position.

Verifying data relations for a single position. Let us first consider a simpler task of
verifying data relations at a single fixed position p. For instance, for p = 16, we need to
verify that R holds between values 9 (current letter) and 10, 8 (register values before position
16, coming from positions 11 and 18).

X 10 10 10 10 10

y 8 8 8 8 8 8

W 0, Gy O, Oy Gy Go W 0, Gy Oy Op W Gy W Gy O, O, Gy Gy Oy Oy Gy Op W
e papaSapﬁ7’~>q~>TapapaSapas~>q~>q4>Sat;s——>p4>$~>q4>$4>p~>7’~>q4>$~>q~>q
w45487517111712&151194(9141_068151271611

1 2 3 1 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25
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Encoding that in MSOg[<, A] is straightforward if both live intervals are within the scope
(in our example: if the scope contains at least [11,18]). Indeed, we can write the following
formula DataLoc4(p, P):

Ipe, Gz, be, pyaayvby~ LiveA,x(ampxaba‘-,P) /\LiveA,y(ayapwby:P) A
p € [az, by + 1] Ap € [ay, by + 1] A R(pg, Py, D)

where Live g (0, Py, b, 15) is an MSO[<]-definable formula asserting that a, and b, are
the endpoints of a live interval of register x, and the register value is found at the position
Pz € [az, bz, given the run encoding P. For instance, in the above run, Live A,z holds for
a, = 15, b, = 18 and p, = 18. With the register value witnesses extracted, verifying register
consistency amounts to asserting the data value relation R(pg,py,p).

Verifying data relations for all positions: a challenge. Recall that our goal is to define
Data_4(P) that verifies data relations for all positions. We cannot simply define Data 4(P) =
Vp DataLoc4(p, P), as this is outside MSOg[<, ¥, A]: variables p,, p, become nested and the
atomic formula R(p,,py,p) does not satisfy Condition 8. Solving this requires a careful use
of the modality 2 instead of the universal quantifier.

Operating intervals. Above, verifying register relations for position 16 required having the
interval [11, 18] contained within the current scope. In the same vein, we can determine
ranges required for all word positions; we call them operating intervals. Every operating
interval is a union of two overlapping live intervals.

» CEEENCEETED CENTETCED CETETETYD CREDEEED YD
mcmm—m

4:5:4:8:7:5:17:11:17:12: 8 :15:11: 9 4 :9 :14:10: 6 : 8 :15:12: 7 :116:11
pos 1 23456785910 11:12:13 1415 16 17 18192021 2223 24 25
y ¥ ¥ ¥ ¥ N i | [N 2R 2R 2R 2R i | | [ =¥ ¢ ] | i ‘ ‘
7 I \L 7 1 1 i L7 L7
7 7 7 7 k7

A crucial observation is that the number of operating intervals incident with a word position
p is bounded, so a fixed number of 2 modalities is enough to assert the correctness of
register relations within every operating interval. We proceed by showing that property in a
systematic way.

Types of operating intervals. There are four ways the beginnings and the ends of two
overlapping live intervals can be ordered: order types T,, Ty, Ty and T,:

T, T T.: T T.: %

LT
) ) ) T

)

We construct the formula Data A(P) using a case disjunction on active interval shapes
Data4(P) = Dataq »(P) A Data . (P) A Datay .(P) A Datag-(P),

where formula Data 4 ;(P) verifies register relations for all positions whose two live intervals
combining to the operating interval have the order type T;. We focus on Data 4 .(P) and
Data 4 -(P), as the remaining two cases are symmetrical.
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Constructing the formula Data 4 .(P). Live intervals contributing to type T, operating
intervals are highlighted below:

1} I} I? I2 I3 3
@ |ENENTRTYTED CNIEIEDYD CRDyIED
GEEEEEEED CPIETED
w 4 5 4.8 7 517111712 8 1511 9 4 9 14:10. 6 8 1512 7 16.11
1 2 3 4 5 6

7 8 © 10 : 11 : 12 : 13 : 14 : 15 : 16 : 17 : 18 : 19 : 20 : 21 : 22 : 23 : 24 : 25

y o ¥ ii 2

There are three type-T, operating intervals: J; = I} U I;, Jo=T12U Ig and J3 = I2 U IZ’.

Observe that J; and J3 have an empty intersection. This property is not accidental: let
(Ji)ieL) be a sequence of operating intervals of type T, where each .J; = Il U I;. For every
Jiy Jiv1, Jit2, the intersection J; N J;4o is empty, because

max J; = max I; < min I;H — 1 <max I;H < min I;+2 = min J; o .

Thus, the sequence decomposes into two subsequences of pairwise disjoint operating intervals:
S2 = (Jai)ie1/2)) and S} = (J2i+1)ie[[1/2]), of even and odd indices of (J;). These sequences
are definable in MSOg[<]. Let EvenM 4 (X, P) be a formula that verifies that X is the set of
minimal elements of intervals from SO, given a run encoding P, and similarly OddM 4xY, 15)
for S1. We define Data 4 .(P) as follows

X 3Y. EvenM 4 #(X, P) A OddM 4..(Y, P) A (2x Data/y .(P)) A (Sy Data/y .(P)),
where Data;",(]j’) verifies data consistency for all positions in the intersection of live intervals:
Elpwv Qg bwa Dy, Gy, by LiVCA.JIJ(a’:I?)]){I:: ba, P) A LiveA,y (ayvpya bya P) A
Type,(az, by, ay,by) ANYp. p € [az,by + 1] = R(pz,py, D),

where, Type, verifies the order type. Note that p, and p, are not nested in Data 4(P).

Constructing the formula Data 4 -(P). The case of Ty is slightly different than one of 7.
Within one operating interval, there can be more than one live interval of y. Below, the sole
operating interval J = I! = [1,7] of type Ty contains two different live intervals of y.

17:11:17:12: 8 :115:11: 9 :4:9 :14:10: 6 : 8 115:12: 7 :16:11

6 7 8 9 10 - 11 : 12 : 13 : 14 : 15 ;16 : 17 : 18 : 19 : 20 - 21 : 22 : 23 : 24 : 25
¥

Unlike the case of T, operating intervals of type T are pairwise disjoint. Let M 4 +(X, P) be
a formula verifying that X is the set of minimal elements of all type-T% operating intervals.

We define Data 4 »(P) as follows:
3X. Ma(X, P) A (2x Data/y (X, P)),

where Data;\’.,(X , P) finds the value of 2 and recursively uses modality 2 to verify data value
consistency within every live interval of y separately, assuming we have a formula M 4, to
select their minimal endpoints:
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Iz, Gzy ba, Py, Gy, by Y. LiveA,I(aI.,pm,bx,P) A LiveA’y(ay,py.,by,P) A
Type-.-(aacv bmvaya by) A MA,y(Y7 Oz, bz, 15) A
(2y Liveay(ay,py,by,) AVp. p € [ay, by, + 1] = R(ps,py,p)) -

In the above formula, a, and b, are endpoints of some live interval of y combining with the
unique live interval of x that yields the order type T%. We need to verify R within all such
intervals separately, hence the use of 2 and a; and b;. This completes our example.

Generalisation. The recursion becomes more convoluted when the input register automaton
has more than two registers, but the analysis of order types T, and T4 illustrates most of
the conceptual difficulties. In the k-register general case, operating intervals are still formed
from two live intervals: one extending the most to the left and the other the most to the
right. Each live interval can belong to one of k registers, which increases the number of
types beyond four. Using modality 2, we essentially express “for all operating intervals
corresponding to registers r; and r;”, which allows us to properly define positions p,, and
pr; on which r; and r; have their value. This way, we have dealt with two registers and can
recursively deal with the remaining ones. At the bottom of the recursion, we have access
to top level variables (p,.) holding correct values for every register r, and we can verify the
transition constraints.

5 Extensions and restrictions of Scoped MSO

5.1 A logic equivalent to register automata over infinite words

Fix a finite alphabet ¥ and atoms A. An infinite word over ¥ x A is a sequence (a;)ien,
with a; € ¥ x A. We write (X x A)¥ for the set of infinite data words. The notion of a data
word structure extends verbatim to this setting by taking the set of positions to be N,..

Register automata require no syntactic changes for w-words; only the acceptance condition
is replaced by the standard Biichi condition. For A € NRAY[E, A], we define £“(A) as the
set of w-words admitting an infinite run that starts in an initial configuration and visits
accepting states from Qg, infinitely often. The semantics of MSOg[<, 2, A] is unchanged
over infinite data word structures: formulas are interpreted over positions N, with scopes
now being intervals of N as before.

> Claim 15. For every finite ¥ and atoms A, £*(MSO[<, ¥, A]) = £ (NRAY[Z, A]).

Indeed, accepting runs of NRAY over infinite words and MSO-definable as in Section 4.2.2;
only Run(ﬁ) needs to be adapted to express the Biichi acceptance condition.

For the converse direction, as in Section 4.2.1, we can translate ¢ to formulas ¢4 and
¢ such that £%(p) = proj (L (py) N LY(¢)). Hence, by the w-regular analogue of the
Biichi-Elgot—Trakhtenbrot theorem [17], £ (gpi) is recognised by a register automaton with
the Biichi acceptance condition.

5.2 A logic equivalent to register automata with strong guessing

A modified logic MSO{[<, X, A] can capture NRA® languages even for atoms A without
elimination of strong guessing. Weak guessing is essential in our main logical characterisation:
MSOs[<, 3, A] can only refer to data values that occur in the input word, whereas a strongly
guessing NRA® may introduce fresh data values that never appear on the input track. To
accommodate such behaviour, one can enrich the multi-track variant of MSOg[<, X, A]
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(described in Section 4.2.1) with top-level existential quantification over data tracks. Formally,
we extend the syntax with quantifiers of the form 3¢[-] ¢, where ¢[-] is a new track-accessor
term ranging over A.

Semantics. Let uy,...,ur € &% and v1,...,vp € AY be length-L tracks. Then we have
W(ug, ..., uk,v1,...,00), 0,1 = 3t[-] ¢ whenever W(uq,...,ug,v1,...,05,0),v,1 = ¢ for
some v’ € Al where inside ¢ the term t[z] is interpreted as v'[v(x)] for each first-order
variable x. Intuitively, 3¢[-] equips the logic with a source of fresh data values, mirroring
strong guesses performed by the automaton.

> Claim 16. £(MSO{[<, ¥, A]) = L(NRA®[S, A]) for any finite ¥ and arbitrary atoms A.

5.3 A logic equivalent to register automata without guessing

A simple refinement of Scoped MSO suffices to capture the formalism of NRAY. We write
MSO{[<, X, A] for the variant obtained by replacing the scope modality with a scoping
quantifier Sx , and adapting the notion of top-level variables accordingly:
W,v, I = 2x,4 ¢ iff for every subscope I’ = [a,b] € subs(I,v(X)) we have W, vy «+
al,I' E ¢. In the logic-to-automata translation, scopes correspond to live intervals of
registers in the run. The variable y is bound by Sx,, as the initial position in every
sub-interval. This corresponds to the beginning of a live interval of an NRA", enforcing
the “no-guessing” discipline: register values are always read from the input each time a
new live interval begins.
a first-order variable is top-level if it is bound by some 2x , that does not occur under
negation in the syntax tree, and it is nested otherwise;
the well-formedness condition on data atoms is unchanged: every occurrence of R(Z) may
contain at most one nested variable.

> Claim 17.  £(MSO}[<, ¥, A]) = £L(NRAY[Z, A]) for any finite ¥ and arbitrary atoms A.
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