Clustering Permutations Under the Ulam Metric:
A Parameterized Complexity Study

Tian Bai &

University of Bergen, Norway

Fedor V. Fomin &

University of Bergen, Norway

Petr A. Golovach &=

University of Bergen, Norway

Yash Hiren More =

University of Bergen, Norway

Simon Wietheger =
TU Wien, Austria

—— Abstract

Rank aggregation seeks a representative permutation for a collection of rankings and plays a central
role in areas such as social choice, information retrieval, and computational biology. Two fundamental
aggregation tasks are the center and median problems, which minimize the maximum and the total
distance to the input permutations, respectively. While these problems are well understood under
Kendall’s tau and related distances, their parameterized complexity under the Ulam metric, an
edit-distance-based metric on permutations, has remained largely unexplored.

In this work, we initiate a systematic study of the parameterized complexity of rank aggregation
under the Ulam metric. We consider both the center and median problems, as well as their
generalizations to the k-center and k-median clustering settings, parameterized by the number of
centers k and the distance budget d (corresponding to the maximum distance for center variants and
the total distance for median variants). Both problems are known to be NP-hard already for k = 1.

We show that the Ulam k-center problem remains NP-hard when d = 1, but is fixed-parameter
tractable when parameterized by k 4+ d. Our algorithm is based on a novel local-search framework
tailored to the non-local nature of Ulam distances. We complement this by proving that no
polynomial kernel exists for the k + d parameterization unless NP C coNP/poly. For the Ulam
k-median problem parameterized by the total distance d, we establish W[1]-hardness and provide an
XP algorithm. We also provide a polynomial kernel for the parameter k + d, which in turn yields a
fixed-parameter tractable algorithm.
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1 Introduction

Rank aggregation is the problem of computing a representative ranking from a collection of
permutations representing the preferences of individual voters. The roots for a mathematical
investigation of this problem can be traced back to early studies of social choice theory
and voting systems like Borda (1781) and Condorcet (1785), as well as later seminal works
such as those by Arrow [4] or Diaconis and Graham [20]. Rank aggregation constitutes
a fundamental task with broad applications in social choice theory, information retrieval,
computational biology, and database systems [1, 4, 21, 30, 19]. Algorithmically, two canonical
rank aggregation tasks are to compute the center and the median of permutations. Given a
distance function dist(-,-) on the space S,, of permutations over n symbols, the center of a
permutation set IT C §,, is a permutation o € S,, minimizing

max dist(m, o),

whereas the median of II is a permutation ¢ € S,, minimizing

Z dist(m, o).

mell

Among distance measures for rank aggregation, Kendall’s tau and the Ulam metric
are the two most natural and fundamental metrics, extensively studied in both theory and
applications [14]. Kendall’s tau distance counts the number of pairwise disagreements between
two permutations, thereby capturing local inconsistencies in ranking order. In contrast,
the Ulam metric is an edit distance that measures the minimum number of element move
operations (deletion and insertion) required to transform one permutation into another. This
metric captures global structural differences by isolating the longest common subsequence
(the elements that are not moved) and quantifying how many elements must be relocated to
achieve alignment.

The tasks of computing centers and medians under Kendall’s tau metric are well un-
derstood from different computational perspectives [2, 10, 21, 22, 27, 30, 33]. Finding the
optimal center or median under Kendall’s tau is NP-hard already if there are just four input
permutations [10, 21]. Additionally, the median under Kendall’s tau, also known as Kemeny
rankings, admits a polynomial-time approximation scheme (PTAS) [27]. Both versions of
rank aggregation under Kendall’s tau admit fixed-parameter tractable (FPT) algorithms
parameterized by the solution cost [5, 7], and other natural parameters [8, 9, 16, 17, 23].

In contrast, the study of rank aggregation under the Ulam metric is relatively unexplored,
especially from the perspective of parameterized complexity. A key reason is that Ulam
distance is a global measure whose combinatorial structure is inherently harder to exploit
algorithmically than the local nature of Kendall’s tau. Consequently, some algorithmic
work has focused on estimating the distance itself. Andoni and Nguyen [3] and Naumovitz
et al. [29] developed sublinear-time approximation schemes to estimate the Ulam distance
between two permutations, using connections to calculate the longest common subsequence.

Finding an optimal center under the Ulam metric was shown to be NP-hard over a
decade ago [5], while the median problem was only recently proven NP-hard [24]. A folklore
2-approximation exists for both the median and center variants under the Ulam metric.
Recently, Chakraborty et al. [15] obtained a (1.5 — ¢)-approximation (with any ¢ > 0) for
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the center problem with running time exponential in the number of input permutations m.
At a similar time, the first approximation algorithm to break the barrier of 2 for the median
problem appeared [12]. The subsequent work [13] extends the approximation framework
to the setting of finding & medians, achieving a similar approximation guarantee in time
(klog(mn))®®)mn3, where n is the size of the alphabet and m is the number of input
permutations. Very recently, Jaiswal et al. [26] improved on this work and provided a
randomized algorithm running in O((2k)*nd) time. All three works on the median problem
provide guarantees close to but below an approximation factor of 2.

To the best of our knowledge, no prior work has considered Ulam-based aggregation
through parameterized exact algorithms, despite the metric’s intimate connection to edit
distance and longest common subsequence — domains where parameterized techniques have
proven highly effective. The clustering problems under the Ulam metric seem more challenging,
as the Ulam metric is a more complex and less local measure than Kendall’s tau, which may
suggest that the computational landscape of Ulam-based aggregation could be significantly
different. One may notice that the Ulam distance is a smaller parameter than Kendall’s
tau, as every permutation can be transformed into the other by only moving the elements
that are in a different order in the two permutations. It may happen that two permutations
with Ulam distance 1 could differ in the relative order of an unbounded number of pairs
of elements. This highlights a fundamental structural disparity between the two distance
measures, which leads to the following natural question:

What is the parameterized complexity of rank aggregation under the Ulam metric?

1.1 Clustering Under the Ulam Metric: Definitions and Main Results

In this work, we initiate a systematic study of the parameterized complexity of rank aggrega-
tion under the Ulam metric. Beyond the classical parameter d, which captures the solution
cost (the maximum distance or the sum of distances, respectively), we consider substantially
more general variants of the problem: k-center and k-median clustering under the Ulam
metric [13]. These extensions, denoted by ULAM METRIC k-CENTER and ULAM METRIC
k-MEDIAN, are both natural and well established in the rank aggregation literature. In these
problems, one seeks k representative permutations that minimize, respectively, the maximum
distance to any assigned permutation (k-center) or the total sum of distances (k-median).

Formally, let S,,(X) be the set of all permutations over an alphabet X of size n, and let
disty (7, 0) be the Ulam distance between 7w and ¢ in S,,(X) (see Section 2 for the formal
definitions). We define our problems of interest as follows.

UrLaM METRIC k-CENTER

Input:  An alphabet ¥ of size n, a set of permutations II = {71, 72,...,7Tm} C Sp(X), and
integers k and d.

Task:  Decide whether there exists a set S = {01,02,...,0k} C S,(2) of k centers such that

max min disty (7, 0) < d.
7ell oeS
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ULAaM METRIC k-MEDIAN

Input:  An alphabet X of size n, a multiset of permutations II = {m1,m2,...,7mm} C Sn(X),
and integers k and d.

Task: Decide whether there exists a set S = {01,02,...,0k} C Sn(2) of k medians such that

Z min disty (7, 0) < d.
oes

mell

We remark that, in both clustering problems, the centers or medians are not required to
belong to the input set of permutations II. Hence, we consider variants of the problems that
are referred to as continuous in some literature. Both problems are known to be NP-hard
already for k = 1: hardness for the center variant was shown by Bachmaier et al. [5] and for
the median by Fischer et al. [24].

We summarize our main results in Table 1. Most notably, we establish fixed-parameter
tractability for both problems when parameterized simultaneously by k& and d. Prior to our
work, the parameterized complexity of these two clustering problems with respect to d was
not even settled for the much simpler case k = 1.

We contrast this tractability result by establishing hardness for parameterization by d
alone: ULAM METRIC k-CENTER is already NP-hard on instances with d = 1. In contrast,
UraM METRIC k-MEDIAN is in XP parameterized by d (that is, solvable in polynomial time
for each fixed d), but is W[1]-hard for parameter d, ruling out fixed-parameter tractability
under well-established complexity assumptions. Finally, we discover yet another difference in
the tractability landscapes of ULAM METRIC k-CENTER and ULAM METRIC k-MEDIAN.
While the latter admits a polynomial-sized kernel, we rule out the existence of such a kernel
for ULAM METRIC k-CENTER under established complexity assumptions. Our results for
the Ulam metric complement the mature theory developed for Kendall’s tau. We also hope
that they provide rigorous foundations for consensus ranking in applications where global
structural coherence under the Ulam metric is essential.

In the following, we provide a detailed overview of our results and the techniques employed.
Formal proofs are deferred to Sections 3 and 4. Some details and proofs marked by (%) are
omitted due to space constraints.

Table 1 Summary of our results.

Parameters k-center k-median

k NP-hard even if k =1 [5] NP-hard even if k = 1 [24]

d NP-hard even if d =1 (Thm. 1)  W/[1]-hard, XP (Thms. 4 and 5)
k+d FPT (Thm. 2) FPT (Cor. 7)

no polynomial kernel (Thm. 3) polynomial kernel (Thm. 6)

1.2 Contributions and Techniques for Ulam Metric k-Center

The first group of results in our work concerns ULAM METRIC k-CENTER. As previous
work already established that it is unlikely to obtain polynomial time algorithms even for
instances aiming for £k = 1 center, it is natural to ask for the tractability on instances where
we instead restrict the radius of the centers to d = 1. We answer this question negatively by
establishing the NP-hardness of ULAM METRIC k-CENTER for d is any positive constant at
least 1. This hardness result is established via a reduction from the VERTEX COVER problem
on triangle-free graphs.
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Figure 1 Exemplary vertex cover instance with solution {w, z} (black vertices) and the constructed
instance of ULAM METRIC k-CENTER with solution S = {ow,0x}.

» Theorem 1 (x). ULAM METRIC k-CENTER is NP-hard even if d is fived to any positive
constant at least 1.

The construction for d = 1 is relatively straightforward but closes an important gap: it
establishes that parameterization by d alone cannot yield fixed-parameter tractability under
standard complexity assumptions. The main idea of the reduction is to construct an alphabet
consisting of two symbols v, v per vertex v in the vertex cover instance. The input set II
contains one permutation per edge, all sharing a common base ordering except that the
symbol pairs of the two endpoints of the edge are swapped in the respective permutation. A
vertex cover then corresponds to a set of center permutations, each encoding a vertex by
swapping the respective symbol pair in the base ordering. Then each permutation encoding
an edge has Ulam distance 1 to only those permutations encoding vertices to which the
edge is incident, which ensures an equivalence between the vertex cover instance and the
UraM METRIC k-CENTER instance. We defer a formal proof to Section 3, but provide an
exemplary reduction in Figure 1.

A nontrivial challenge is that a single permutation — swapping symbol pairs of multiple

vertices — might cover several edges without corresponding to any single vertex in a cover.

We circumvent this problem by basing our reduction on triangle-free instances of VERTEX
COVER, so this case will never occur. Furthermore, a direct reduction from the d = 1 case
to general d is non-trivial; we overcome this by augmenting the d = 1 construction with
additional corresponding symbols for each vertex.

The NP-hardness of ULAM METRIC k-CENTER even if d = 1 or if £ = 1 naturally raises
the question of the parameterized complexity of the problem with the combined parameter
k + d. The following theorem establishes fixed-parameter tractability with respect to this
combined parameter.

» Theorem 2. UraM METRIC k-CENTER can be solved in 20(@k(d+R) . ppnlto()) time.
where m = || and n = |X|.

On first glance, it may seem that the finite number of permutations in our space would allow
for an approach based on some simple branching and local search around some permutation
m € II. This approach is infeasible, however, as for a permutation 7 of length n > d, there
are n®¥(@ permutations within Ulam distance d from 7, each of which is a potential candidate
for the center. This lower bound follows from a simple counting argument. One can choose d
symbols from the first half of 7 in (/%) ways and insert them into the second half in at least
(n/2)4 distinct ways, yielding a unique permutation at Ulam distance at most d from 7.

19:5
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A natural alternative is to adapt techniques from string-based clustering, which typically
perform bounded local search around a candidate solution and iteratively improve it by
resolving “dissimilarities” with inputs that exceed the target distance d. Such a paradigm is
well-known and has been highly successful for problems such as CLOSEST STRING [25] where
the “dissimilarities” correspond to bits contributing to the Hamming distance. However, two
permutations can admit Q((n/d)?) distinct LCSs of the same maximum length, making it
impossible to pinpoint a canonical set of elements to guide local improvements. Thus, such
techniques from string-based clustering cannot directly apply to the Ulam metric, and more
involved methods are required. Our algorithm embarks on a similar approach as the one
by Gramm et al. [25]. Rather sooner than later, however, the issue of not having a unique
witness LCS requires much more involved techniques and branching procedures tailored to
the Ulam metric to establish fixed-parameter tractability.

In our algorithm, we construct a family of candidate permutations that are at bounded
Ulam distances from hypothetical centers. These permutations will eventually converge
towards the center permutations. If £ = 1, then such a candidate can be initially chosen as
an arbitrary permutation from II; note that it should be at the Ulam distance at most d from
a center in any YES-instance of the problem. For k > 2, we initiate the set of candidates
using the idea behind the standard 2-approximation for the k-CENTER problem. On each
step, we either conclude that the current set of candidates can serve as centers, that is,
each permutation in II is at distance at most d from one of the candidates, or find a guide
permutation m, at distance at least d + 1 from all the candidates. Then we can guess a
candidate permutation 7. that should be transformed to a center for the cluster containing
the guide. Our crucial result (Lemma 16) shows that, given 7, and m,, we can efficiently
(in FPT time) enumerate a set of permutations with distance one to 7. such that for any
hypothetical center, there is a permutation in the set that is closer to the center than w. was,
see Figure 2 for a visualization of this idea. The proof of Lemma 16 is rather sophisticated
and combines the random separation [11] and branching techniques. The random separation
is used to highlight elements of 7. and 7, that should be moved to make these permutations
closer to the center and the neighbors of these elements that are not moved. Then we identify
an element of 7. that should be moved and, after that, find an appropriate place for this
element using branching. Repeatedly invoking Lemma 16, we ensure that the candidate
permutations converge to the centers.

The fixed-parameter tractability of ULAM METRIC k-CENTER with parameter k + d
established in Theorem 2 immediately leads to the question about the existence of a polynomial
kernel for this problem. The following theorem provides a negative answer to this question.

» Theorem 3 (x). ULAM METRIC k-CENTER does not admit a polynomial-sized kernel for
the parameter k 4+ d unless NP C coNP /poly.

The lower bound of Theorem 3 holds already for & = 1. The proof is based on a Polynomial
Parameterized Transformation (PPT) reduction from the classical CLOSEST STRING problem
to ULAM METRIC k-CENTER. To build such a transformation, we employ a distance-
preserving transformation between binary strings and permutations, where for every pair
of binary strings, their Hamming distance is the same as the Ulam distance between the
permutations to which they translate. The reduction establishes that from the perspective
of parameterized complexity with respect to the radius d, ULAM METRIC k-CENTER is at
least as hard as CLOSEST STRING. Theorem 3 then follows by pipelining the PPT with
established lower bounds on the kernelization of CLOSEST STRING by Basavaraju et al. [6].
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Figure 2 Tllustration of the key idea behind our FPT algorithm for the k-center problem under
Ulam distance. 7. denotes a candidate center, 74 a guide permutation with distance between d and
2d from 7., and o represents the true (optimal) center that covers both m. and ;. We enumerate
in FPT time a set of permutations (shown as {p1, p2, ps,pa}) at distance 1 from 7.. Among these
candidates, at least one candidate (shown as ps) reduces the Ulam distance to o and thus corresponds
to a correct branch.

1.3 Contributions and Techniques for Ulam Metric k-Median

The second group of results is concerned with ULAM METRIC k-MEDIAN. Recall that the
problem is NP-hard for k£ = 1 [5]. While ULAM METRIC k-CENTER is also NP-hard for d = 1,
this is not the case for ULAM METRIC k-MEDIAN. It is easy to obtain a polynomial-time
algorithm for this problem for each fixed value of d.

» Theorem 4 (x). ULAM METRIC k-MEDIAN can be solved in O((mn)??) time, where
m = [II] and n = |X|.

The algorithm builds on a simple branching technique, where we observe that the medians
can be obtained by applying a total of d move-operations on the input set, and we branch on
these d moves by brute-force. The result in Theorem 4 is tight in the sense that the existence
of an FPT-algorithm for the parameterization by d is unlikely due to the following lower
bound.

» Theorem 5. UrLAM METRIC k-MEDIAN is W[1]-hard parameterized by d.

Our proof of Theorem 5 relies on a careful reduction from MULTICOLORED CLIQUE. The
instance is designed in a way that all but one of the medians in any hypothetical solution are
already present in the input set II. The challenge is to find that additional median in a way
that it is sufficiently close to a number of input permutations. Crucially, the permutations
are designed in such a way that this is only possible if all edges covered by the median form a
clique, see Figure 3 for a schematic example. On a high level, we construct the instance such
that there is one special symbol per color, and the position of that symbol in the additional
median encodes which vertex of that color is selected for the multi-colored clique.

Interestingly, our proof indicates that the hardness of the problem does not so much
depend on identifying which symbols need to be moved but also importantly on deciding
where to move these symbols.

In contrast to the lower bound on the polynomial kernel for ULAM METRIC k-CENTER
obtained in Theorem 3, ULAM METRIC k-MEDIAN admits a polynomial kernel.

19:7
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Figure 3 Illustration of the reduction from MULTICOLORED CLIQUE to ULAM METRIC k-MEDIAN.
Left shows an instance of MULTICOLORED CLIQUE with four color classes ({w}, {z},{y,y'}, and
{z,2'}) and a colorful clique Q = {w, z,y, 2}. Right shows the schematic solution to the constructed
UrLAaM METRIC k-MEDIAN instance. Each edge is encoded as an input permutation; edges whose
endpoints form a multicolored clique are covered by a single external median og (underlined), while
all other edges each serve as their own median in singleton clusters (also underlined).

» Theorem 6 (x). ULAM METRIC k-MEDIAN admits a kernel with O(d* + dk) permutations
over an alphabet of size O(d* + d?k?), computable in O(m*nlogn) time, where m = |II| and
n = |X|.

Our kernelization result is based on the observation that for any YES-instance of ULAM
METRIC k-MEDIAN, II contains at most k + d distinct permutations. This allows us to
reduce the size of II. Then we reduce the size of the alphabet ¥ by making replacements of
identical subpermutations by shorter ones. Here, we use the fact that two permutations at
Ulam distance at least d + 1 cannot belong to the same median in any solution. Thus, we can
identify some sets of permutations such that every set of permutations that shares a median
in a hypothetical solution is a subset to one of the sets. We show that the pairwise Ulam
distance within each set are small. Combined with the fact that there are only few distinct
permutations, this implies that in each set there are many (or long) identical subpermutations,
which we can then shorten to reduce the size of the alphabet 3.

Combining Theorems 4 and 6, we immediately obtain an FPT-algorithm with the following
running time.

» Corollary 7. ULAM METRIC k-MEDIAN can be solved in (kd)®® + O(m2nlogn) time,
where m = || and n = |X|.

2 Preliminaries

Basic notation. We use [n] to denote the set {1,2,...,n}. Let ¥ be a finite alphabet with
|2 = n. A permutation of length n over ¥ is a bijection 7 := [n] — 3. We write S,,(%) for
the set of all permutations of length n over ¥. Thus, each 7 € §,,(2) is an ordering of the
symbols of ¥. We often write a permutation as a sequence m = w(1)7(2) - - - w(n).

A subsequence of a permutation 7 is obtained by deleting zero or more elements from 7
while maintaining the relative order of the remaining elements. A common subsequence of
two permutations 7y and 7o is a subsequence that appears in both permutations. We denote
by LCS(m1,m2) the length of the longest common subsequence of 71 and 5.
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Ulam distance. A move operation on a permutation m removes one element from its current
position and inserts it at another position, while maintaining the relative order of all other
elements.

For two permutations 7,0 € S,,(X), the Ulam distance disty (7, o) is the minimum number
of move operations needed to transform 7 into o:

disty (m,0) = min{ d : = can be turned into o using d moves }.
A classical identity characterizes this metric in terms of the longest common subsequence:
disty (7,0) = n — LCS(m, o).

Thus, the Ulam distance measures the minimum number of elements that must be
relocated to make the permutations consistent in relative order. We remark that a longest
common subsequence, and thereby the Ulam distance, between two permutations of length
n can be computed in time in O(nlogn) by relabeling the alphabet such that the first
permutation has increasing order and then finding a longest increasing sequence in the other
(relabeled) permutation. The Ulam distance on permutations is analogous to the Levenshtein
edit distance on strings in the following sense: both distances identify a longest common
subsequence and keep it untouched while performing edit operations on the remaining
symbols.

For a set S C S, (X) of permutations and 7 € S,,(X), we write disty (7, S) to denote the

minimum distance from 7 to any permutation in S, that is, disty (7, S) = minyes disty (7, ).

For two strings s, t of equal length over an alphabet, the Hamming distance disty(s,t)
counts the number of positions where the corresponding symbols differ.

Graphs. We work with simple undirected graphs. For a graph G, we denote by V(G) its
vertex set and by E(G) its edge set. A vertex cover of a graph G is a subset X C V(G) such
that every edge in E(G) has at least one endpoint in X. A clique in a graph G is a subset of
vertices such that every pair of vertices in the subset is connected by an edge. A graph is
triangle-free if it contains no clique of size 3. A proper vertex coloring of a graph G assigns
colors to vertices such that no two adjacent vertices share the same color.

Parameterized Complexity. A parameterized problem is a language L C X* x N where ¥*
is a set of strings over a finite alphabet 3. An input of a parameterized problem is a pair
(z,k) where z is a string over ¥ and k € N is a parameter. A parameterized problem is
fized-parameter tractable (or FPT) if it can be solved in f(k)-|2|°™") time for some computable
function f. The complexity class FPT consists of all fixed-parameter tractable parameterized
problems. A parameterized problem is in the class XP if it can be solved in |z|f (%) time for a
computable function f(-). The standard way to rule out the existence of an FPT-algorithm
for a parameterized problem under the standard parameterized complexity assumption that
FPT # W([1] is to show that it is W[1]-hard, that is, at least as hard as any problem in the
class of parameterized problems W[1]. A problem is para-NP-hard if it is NP-hard even when
the parameter k is a constant.

A kernelization algorithm or kernel for a parameterized problem L is a polynomial-time
algorithm that takes as its input an instance (z, k) of L and returns an instance (z', k") of
the same problem such that (i) (z, k) € L if and only if (2/, k') € L and (ii) |2'| + k' < f(k)
for some computable function f: N — N. The function f(-) is the size of the kernel; a kernel
is polynomial if f is a polynomial. A decidable parameterized problem is FPT if and only if it
admits a kernel. However, up to some standard complexity-theoretic assumptions, there are

19:9
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FPTproblems that have no polynomial kernels. One of the ways to exclude a polynomial kernel
for a parameterized problem is to show that there is a polynomial parameter transformation
from a parameterized problem for which the existence of a polynomial kernel does not exist
unless NP C coNP/poly, where a polynomial parameter transformation is a polynomial-time
reduction such that the parameter in the new instance is bounded by a polynomial in the
original parameter.

3 The Complexity of Ulam Metric k-Center

In this section, we study the ULAM METRIC k-CENTER problem. We first show that the
problem is already NP-hard for d = 1. Our main result in this section is the fixed-parameter
tractability of the problem parameterized by k + d. Nevertheless, under standard complexity
assumptions, the problem does not admit a polynomial kernel parameterized by k + d.

3.1 Lower Bound for Constant Radius d

We prove that ULAM METRIC k-CENTER is NP-hard when the radius is fixed to the constant
d, via a reduction from VERTEX COVER. Notice that VERTEX COVER remains NP-hard
in triangle-free graphs [32]. This follows from a standard 2-subdivision transformation:
replacing each edge by a path of length 3 eliminates all triangles and increases the size of
a minimum vertex cover by exactly one per original edge. We may thus assume without
loss of generality that the input graph is triangle-free, which suffices to prove Theorem 1.
The idea of the reduction is to have two symbols per vertex. All permutations relevant to
the reduction look almost entirely the same, except that only the pair of symbols for one or
two vertices are swapped to encode that respective vertex or edge. If we let the input set of
permutations encode all edges of the graph this way, then a vertex cover corresponds to a set
of permutations encoding vertices. This holds as each permutation encoding an edge has
Ulam distance 1 to only those permutations encoding vertices to which the edge is incident.

» Theorem 1 (x). ULAM METRIC k-CENTER is NP-hard even if d is fized to any positive
constant at least 1.

3.2 Fixed-Parameter Tractability by k + d

Since the problem is NP-hard even for constant d or k, neither parameter yields tractability
on its own. We therefore consider the combined parameter k + d, and show that the Ulam
center problem is fixed-parameter tractable under this parameterization.

Our algorithm relies on iteratively updating candidate permutations to eventually con-
verge towards the center permutations by moving one symbol in a candidate in each step.
Specifically, given a candidate permutation 7. and a guide permutation 74, we can enumerate
(in FPT time) a set P of permutations that differ from 7. by one move. Among them, at least
one gets closer to any true center that covers both m. and 7. The key technical ingredient
is captured in Lemma 16.

Our approach is based on the 2-colorings of the symbols in 74 and 7.. The 2-colorings
encode which symbols are allowed to be moved toward a specific permutation ¢ € P. We
formalize when such a 2-coloring is fitting with respect to o, an exemplary coloring is
visualized in Figure 4.

» Definition 8 (d-fitting coloring and witness). Letd € N, 7 € §,,(X), and col: ¥ — {red, blue}
be a coloring function of w. We say col is a d-fitting coloring (of ) with respect to some
permutation o € S, (X), if there is a subset of symbols X C X such that
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Figure 4 A permutation 7 with a d-fitting coloring with respect to a permutation o, with witness
Y. =1{1,2,3,4,5}. Substrings highlighted in red form blocks. The rightmost block contains more
than d red symbols, meaning that it cannot contain any moved symbol.

|2:| = disty (m,0) and o can be obtained from m by moving the symbols in ¥, ;
for every symbol in x € X, we have col(x) = red; and
for every symbol x € X\ X, if © appears in m within 3d symbols (before or after) of some
symbol in 3, then col(x) = blue.
Moreover, such a subset of symbols X is called a witness of the coloring col to be d-fitting.

Intuitively, red symbols are candidates for being moved (i.e., they may or may not actually
be moved), but blue symbols are definitely not moved. Moreover, if a red symbol is indeed
one of the moved symbols (i.e., it belongs to 3,), then all symbols within distance 3d of
it must be correctly colored blue (if they are not moved) or red (if they are moved). In
other words, whenever the coloring correctly identifies a moved symbol as red, it must also
correctly color its entire 3d-neighborhood.

Consequently, the red symbols in a d-fitting coloring col of = w.r.t. o that are not separated
by 3d consecutive blue symbols are tied to each other in the sense that either both or none
of them belong to any witness ;. This motivates the following definitions of blocks.

» Definition 9 (Blocks). Let d € N, 7 € §,(X) and col: ¥ — {red, blue}. A block is a
mazximal substring (i.e., consecutive sequence) B of m such that

the first and last symbols of B are colored red; and

B contains no 3d consecutive blue symbols.

See also Figure 4 for a visualization of blocks. By definition, any two blocks are disjoint
and separated by at least 3d blue vertices in 7. We immediately obtain the following

observation by recoloring all symbols in a block blue if it contains more than d red symbols.

» Observation 10. Let d € N, 7 € S,,(2). Suppose col is a d-fitting coloring of © w.r.t.
some permutation o € S,,(X). If disty (7, 0) < d, there is a d-fitting coloring col’ of m w.r.t.
o such that there are at most d red symbols in each block. Moreover, such a coloring col’ can
be obtained from col in O(n) time.

We next argue how the notion of d-fitting colorings and that of witnesses provide a means
to find a permutation that is one step closer to any true center o than the candidate 7.

» Lemma 11. Letd € N, m., my € S, (X). Let col. and coly be d-fitting colorings of m. and g
w.r.t. some permutation o € Sp(X) with 1 < disty (7., 0) < d and disty(7my,0) < d. Consider
any symbol x € X such that there are witnesses ¥.. and ¥4 of col, and coly, respectively, with
x € X\ Xy Then in time O(dn) we can compute and enumerate a set P with |P| < 6d + 2
and there is © € P with disty (77, o) = disty (7., 0) — 1. The computation does not require the
sets ¥, and X4 as input.
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Proof. Consider an arbitrary pair . and X, of witnesses. Intuitively, € ¥, means that by
moving x to a specific new location in 7., we make 7. closer to 0. As x ¢ 3, the position of
x in 7, gives an indication for that location.

To see where to move z in 7., let b; be the closest symbol to the left of = in 7, that is
still blue in both permutations, and let b, be the closest such symbol to the right of = in 7.
If there is no such symbol on the right and/or left, consider b; or b, to be a phantom blue
symbol before/after the first/last symbol of the permutation, respectively. As X, does not
contain any blue symbols, it does not contain any of z,b;, and b,.. Thus, as x lies between
by and b, in 7,4, it lies between them in o as well. As b, and b, are blue in col. as well,
they do not change their position between 7. and 0. We add all permutations to P that
are obtained by moving x in 7. to some location between b; and b,.. This ensures that we
consider all possible ways of moving x closer to its position in o, leading to the fact that P
always contains a permutation 7 that is one step closer to ¢ than 7.

We argue that we only need to add at most 6d + 2 such permutations to P. Consider the
next 2d + 1 symbols to the left of z in m,. Note that they belong to at most one block in
mg. In each block, there are at most d red symbols, and at least d + 1 of these symbols are
blue in col,. Thereby, these symbols do not appear in any witness 3, of col,. Let L be the
set of these blue symbols (select the closest d + 1 to z, if there are more than d + 1). As
disty (mg, 0) < d, the symbols in L appear as a subsequence of ¢ which is interrupted only
by at most d other symbols. Call the set of these interrupting symbols I. As the symbols
in L U I occur consecutively in o, the symbols in (L UT) \ X, appear consecutively in 7,
except some potential interruptions by symbols in X.. Thus, the symbols in L \ ¥, have a
pairwise maximal distance of at most |L| + |I| 4+ |2.| — 1 < 3d in 7.. Thus, they belong to
at most one block in 7. and so at most d of them are red in col.. Hence, there is a symbol
b; € L which is blue in both col, and col,. The same line of argument shows that a suitable
symbol b, exists among the 2d 4 1 symbols to the right of z in 7.

As the distance between b; and b, is at most 4d + 2 in 7, and disty (7, 7g) < 2d, the
distance between b; and b, in 7. is at most 6d + 2, giving that many possibilities on where
to insert xz. If one or both of b; and b, are phantom symbols at the beginning/end of a
permutation, the same upper bound applies.

We can find by and b, in time O(d) by starting a search outwards from z in 7. Listing
all obtained permutations takes time in O(dn). |

It remains to show how to find such a symbol x. For technical reasons, we require a
weak notion of consistency between two d-fitting colorings, which motivates the following
definition.

» Definition 12 (Consistent d-fitting colorings). Let d € N, ., 7y € S,(X), and col., coly be
d-fitting colorings of m. and m, with respect to some permutation o € S, (%), respectively.
We say that col. and col, are consistent d-fitting with respect to o if there are respective
witnesses X, 3, C X, such that for every symbol x € £. U X, we have coly(z) = red if and
only if x € ¥y, and col.(x) = red if and only if v € X..

We first show how to enumerate a set of candidate pairs of colorings to be consistent
d-fitting with respect to any o.

» Lemma 13. Let d € N and m., gy € Sp(X). There is a set C of 2-coloring pairs such that
the size of C is bounded by |C| < 20(d*) logn; and
for every o € S, (X) with disty (7., 0) < d and disty(7g,0) < d, C contains a consistent
d-fitting coloring pair of m. and m, w.r.t. o.

20(d?)

Moreover, such a set can be computed and listed in nlogn time, where n = |X|.
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Proof. We construct the collection C using the notion of (a, b)-universality. An (a, b)-universal
set U C {0,1}* is a set of bitstrings of length a, such that for each subset S C [a] of size
b, the projection of I onto the coordinates in S yields all 2° possible bitstrings of length b.
Equivalently, if we restrict each string in I to any fixed set of b coordinates, all possible 2°
binary patterns appear. Naor, Schulman, and Srinivasan [28] showed that such a set exists
with size at most 2°6°(1°2%) Jog a, and can be listed in time 2°6°(°2%) g log a.

In our setting, we take a = 2n and b = 12d? + 4d. Applying the above, we obtain an
(@, b)-universal set C C {0,1}* of size

2bpO(logb) log(a) = 9O(d’+log? d) logn = 20(d?) logn,

which can be listed it in time QO(dQ)nlog n. Each bitstring in {0, 1}?" naturally defines a
pair of 2-colorings of the symbols in 3: the first n bits define the coloring col. of 7. and the
last n bits define a coloring col, of 7.

Now, consider any permutation ¢ with disty (7., 0) < d and disty(mg,0) < d. Let 3,
and X, be minimum-sized sets of moved symbols in 7. and 7,4, respectively, to obtain . By
Definitions 8 and 12, the 2-colorings col. and col, are consistent d-fitting w.r.t. o if

(i) every symbol in X, (resp., 3 ) is colored red in col. (resp., coly);
(ii) every symbol in ¥\ X, (resp., X\ 3,) within distance 3d of a moved symbol in 3,
(resp., Xg) is colored blue in col, (resp., coly); and
(iii) every symbol in X, \ 3, (resp., X. \ X,) is colored blue in coly (resp., col.).

Recall that both sets have size at most d. The number of symbols involved in these
conditions is at most

(1Ze] + [Z6]) + 2 - 3d(|Ze| + [Z4]) + (1Ze] + |Zy]) < 1242 4 4d = b.

Because our (a, b)-universal set contains all possible pairs of colorings on any set of b positions,
it must contain a pair that assigns suitable colors to all b involved symbols. Hence, this pair
is consistent d-fitting w.r.t. o. <

Given a guide 7,4 and the candidate 7., Lemma 13 allows us to guess a consistent d-fitting
coloring pair (col.,coly) w.r.t. some center o within distance d of both. We now use the

colorings col. and col, to capture the structural relationship between the two permutations.

To this end, we consider a certain vertex cover of their permutation graph. Here, a permutation
graph G, of two permutations 7., 7, € S,,(X) is the graph whose vertex set is the alphabet
¥ and its edges are exactly the (unordered) pairs of vertices whose order is reversed between
7. and my. For each edge in Gm,%y exactly one of 7. and 7, has the two incident symbols
in the same order as the center o. A vertex cover of G, », thus gives an indication of which
symbols need to be moved to transform 7, and 7. into o.

» Lemma 14. Let d € N, 7.,y € Sp(X). Let col. and coly be consistent d-fitting colorings
of m. and w4 w.r.t. some permutation o € S, (X). For every pair of witnesses X, %4 for col.
and coly there is an inclusion-wise minimal vertex cover X of G, r, with X C ¥, UX,.

Proof. We begin by showing that ¥, U %, is a vertex cover of G, r,. Consider an edge zy
in Gr, r,. By definition of the permutation graphs,  and y appear in reversed order in 7.
and 7,. Since o is obtained from 7. (resp., m4) by moving symbols in ¥, (resp., X,), at least
one of x and y must be moved in one of the two permutations. Hence, at least one of x and
y belongs to 3. U X, showing that 3. U X, is a vertex cover of Gz, x,-

The lemma follows by exhaustively removing elements from X, U X, upon whose removal
all edges are still covered. <
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Such a vertex cover indeed suffices to find a suitable vertex x as required for Lemma 11.

» Lemma 15. Letd € N, m., 1y € S, (X). Let col. and coly be consistent d-fitting colorings
of me and g w.r.t. some permutation o € S,,(X) with disty (7, 0) < d and disty (mg,0) < d.
Consider an inclusion-wise minimal vertex cover X of Gﬂmﬂg with X C ¥, UX, for a pair
of witnesses L., X4 for col, and coly. Then in time O(|X|) we can find o symbol x € ¥ with
x € X.\ Xy. The computation does not require the sets L. and X4 as input.

Proof. Observe that m, can be transformed into 7. by deleting and reinserting the symbols
in X, so disty(mg, me) > d implies that |X| > d. As disty(my,0) = |E4] < d, we have that
there is a symbol z € X such that z € £, \ ;. As coly and col. are consistent d-fitting, we
have that col.(x) = red and col,(z) = blue. It suffices to consider any such colored symbol
', as coly(2") = blue implies 2’ ¢ ¥, and thus, by X C X, U3, we have 2/ € ¥.\ E,. <«

With this, we are ready to forge our central tool:

» Lemma 16. Letd € N, and g, . € S,,(X) be two permutations with d < disty (mg, 7c) < 2d.
There exists a set of permutations P C S,,(X) satisfying

the size of P is bounded by |P| < 20@) 1og n; and

for each permutation o € S, (X) with disty (ny,0) < d and disty (7., 0) < d, P contains a

permutation © € P that is one step closer to o than 7., i.e., disty (7, o) = disty (7, 0) — 1.
Furthermore, such a set can be computed in QO(dz)nlogn time.

Proof. We compute a collection C of pairs of 2-colorings of ¥ according to Lemma 13. For
each 0 € S, (%) with disty (mg,0) < d and disty (7., o) < d, there exists a consistent d-fitting
pair of colorings (cols, coly) € C w.r.t. o. Thus, for each pair in C we perform the following
procedure, adding permutations to P as we go along.

Based on Observation 10, we can assume that both col, and col, have at most d red
symbols in each block (if not, we recolor some blocks blue accordingly). We list all inclusion-
wise minimal vertex covers of G_ ., that have size at most 2d. We can do so by a simple and
well-known branching technique: Start with an empty cover, iteratively take any uncovered
edge vw and create two branches where you add v or w to the vertex cover, respectively, and
repeat this procedure 2d times (or until all edges are covered). This list of at most 22¢ = 4¢
covers may contain some that are not inclusion-wise minimal, but these can be filtered out
in time O(4¢ - V(Gr.x,)|) = O(4%n).

By Lemma 14 and as every witness for col. or col, has size at most d, at least one of the
listed vertex covers consists only of vertices in ¥.UX,, where 3. and X, are witnesses for the
respective colorings. This holds true for every permutation o for which the current colorings
are consistent d-fitting. Using Lemma 15 on each of the vertex covers, we obtain a set of
at most 4¢ symbols, and for every suitable o at least one of these symbols is included in
.\ X, for respective witnesses. We note that applying Lemma 15 to vertex covers containing
vertices which do not stem from union of witnesses might yield incorrect symbols, but for
each of the vertex covers we still add at most one symbol. We apply Lemma 11 to each of
the 4¢ symbols, thereby producing a set of 4% - (6d + 2) permutations, which we all add to
P. Note that the lemmas guarantee that for every ¢ for which the colorings are consistent
d-fitting, we added at least one permutation which is one step closer to o than the current
candidate 7.

The final size of P is bounded by

Pl < [C]-4%(6d + 2) < 201 logn.
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The runtime estimate is based on combining the size of C from Lemma 13 with the
time to find the unique vertex cover respecting a given pair of colorings. All other steps,
like processing the blocks, are asymptotically dominated by that time. There are at most
20(d) log n pairs of colorings to enumerate. For each pair, the branching procedure on the
vertex covers takes O (4% (|E(Gr,x,)| + [V(Gxr..z,)])) = O(4%dn) time as |V(Gr, x,)| =n
and the existence of a vertex cover of size 2d implies that |E(Gx, x,)| < 2dn. Thus, the total
time to compute P is in

20(d*) logn - O(4%dn) = ZO(dz)nlog n. <
Now we are ready to prove Theorem 2.

» Theorem 2. UrLaM METRIC k-CENTER can be solved in 20(@kd+k) . ppnlto() time.
where m = || and n = |X|.

Proof. We may assume without loss of generality that any YES-instance admits a solution
with exactly k centers. Indeed, if a solution exists with fewer than k centers, we can always
add arbitrary permutations as centers until we reach exactly k centers. In addition, we
exclude the trivial YES-instances where k& > m. Now, consider a hypothetical solution
S* ={o},03,...,07} consisting of k centers. For each ¢ € [k], let the ith cluster be the set
of permutations in II with distance at most d to o}. If a permutation would fit into multiple
clusters, we assign it to only one of them arbitrarily.

We describe our algorithm as a branching procedure. It maintains a candidate set
S C S,(X) of size at most k along with a budget b; for each candidate o; € S. Here, S
is intended to evolve into a solution to the ULAM METRIC k-CENTER instance, and each
budget b; indicates how many modifications to o; remain (or have been used so far). In each
branch, the algorithm checks whether the current candidate set S covers all permutations in
IT within distance d. The algorithm halts and accepts the instance if and only if at least one
branch finds a valid solution. We now describe the procedure in detail; see Algorithm 1 for a
high-level overview.

In the course of the algorithm, we one by one initialize each candidate o; as a permutation
from II, and evolve it into the ith center. Initially, pick the permutation m; € II and set the
first candidate o1 to equal this permutation: o; := w. Then, the algorithm adds it as the
first candidate to S and initializes its budget as b; = d.

Next, the algorithm branches on a permutation 7 € II that has distance more than d to
each of the candidates in S. If there is none, then the current candidates form a solution, and
we accept the instance. Otherwise, the permutation 7 either belongs to one of the existing
clusters or to a new cluster.

Existing cluster: For each candidate o; € S with remaining budget b; > 0 and distance

at most 2d to 7w, we consider the case where m belongs to the ith cluster. We invoke

Lemma 16 with d, guide my = 7, and 7. = o; to obtain the set P of permutations. For

each permutation o, € P, we create a new branch where we replace o; by o and decrease

its budget by one.

New cluster: If |S| < k, we create a branch where 7 belongs to a new cluster. Specifically,

we let oj5/11 = 7 as a new candidate, initialize its budget as bjs41 = d, and add it to S.
If none of the two above cases applies, we reject the branch. We accept the instance if and
only if at least one branch accepts it. If none of the branches accepts the instance, we reject
the branch.

Observe that if the algorithm accepts an instance, it indeed finds a solution. Conversely,
consider a YES-instance of ULAM METRIC k-CENTER witnessed by some solution $* =
{o%,0%,...,0%}. When branching on a permutation = € II not covered by the current
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Algorithm 1 Solving UrLAM METRIC k-CENTER for radius d on permutations II.

Input: An alphabet X of size n, a set of permutations II if size m, integers k and d.
Output: Decide the whether there exist S C S,,(X) of size k such that for each
7 € I1, there exists o € S with disty (m,0) < d.
1 01 < m €1II; // Initialize the first candidate center
2 by < d; // Initialize the budget of o3
3 return ALG (E,H, k,d,{o1}, {bl});
4 Procedure ALG(Z, I, k,d, S={o1,...,0151}, {bi}gl)

5 if for every w € II there is o; € S such that disty (7, 0;) < d then accept
instance;
6 Pick arbitrary 7 € II with disty (7, 0;) > d for all o; € S;
// Branching on how a permutation not yet covered by S is covered

7 for each o; € {0; € S : b; > 0,disty(m, 0;) < 2d} do

// The case that 7w is in the ith cluster.

P + invoke Lemma 16 with (d, 7y, 7.), where 7, <= m and 7. < o;;
9 for each o € P do
10 0; < 0}; // Modify the candidate o;
11 b; <~ b, —1; // Update the budget of o;
12 accept instance if ALG (Z, I, k,d, S, {bi}ﬁ‘l) accepts;
13 end
14 end
15 if |S| < k then

// The case that m belongs to a new cluster.
16 0j < m, where j = |S|+1; // Add 7 as a new candidate center
17 bj < d; // Initialize the budget of .
18 accept instance if ALG(Z,H, k.d,SU{o;}, {bi}gzl) accepts;
19 end
20 reject branch;

candidates S, there exists a branch where 7 is assigned to the cluster to which it belongs
in S*. Moreover, when 7 is assigned to the ith cluster from the current candidates S, by
Lemma 16, there is a permutation o, € P that is one step closer to ¢} than ¢;. Thus, in the
respective branch, we replace o; by o}, moving it one step closer to of. Since each candidate
starts with the distance at most d to its respective center in S*, after receiving at most d
updates, it will have converged to that center. From this point on, it will not receive any
more updates since there are no permutations assigned to that cluster with a distance of
more than d. Therefore, there is a branch in which the algorithm finds the solution S* and
accepts the instance.

Finally, we analyze the running time of the algorithm. Recall that the input of the
branching procedure contains a set of candidates S along with their budgets {b; : o; € S}.
Define the measure of the current input of a branch as

IS|
pi= (o= IS+ 1)+ bi

i=1

and denote by T'(u) the worst-case running time of the algorithm on inputs with measure p.
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Observe that each time we add a new candidate to S or modify an existing candidate in
S, the measure u decreases by one. On the one hand, when we add a new candidate to .S,
the size of S increases by one while the budget of the new candidate is initialized to d. Thus,
the measure decreases by (d+ 1) —d = 1 and there is at most one such branch. On the other
hand, when we modify a candidate to a permutation from P, its budget decreases by one
while the size of S remains unchanged. Thus, the measure decreases by 1 as well, and there
are at most |S| - |P| < k - 2°(@) log n such branches by Lemma 16. Moreover, computing P
takes time in ZO(dZ)nlog n, and the remaining time spend on this iteration is dominated by
the computation of all Ulam distances to the current candidates (achievable in O(kmnlogn)
time). Therefore, we have the recurrence

T(w) < 20(d2)nlogn + O(kmnlogn) + (1+ k- 20(d@*) logn) - T(p—1).

Notice that the measure satisfies u < k(d + 1) and the algorithm halts when @ = 0. Solving
the recurrence yields

T(k(d+1))=(1+k- 20(%) log n)k(dﬂ) . (20(d2)n10gn + kmnlogn)
= 20(@k) . [ O(dk) . (log n)*@+D . O(mnlogn).
Observe that

(log n)k(dJrl) — gk(d+1)loglogn - ok?(d+1)*+(loglogn)® _ ok (d+1) .n(loglogn)Q/logn’

which bounds the total running time by

20(d3k+d2k2) . Odk) O(mn1+(loglogn)2/logn log n) _ 20(d2k(d+k)) - mntte®)

This shows that ULAM METRIC k-CENTER is in FPT by k + d. |

We prove that the fixed-parameter tractability of Ulam distance with respect to k 4+ d
does not extend to a polynomial kernel via a reduction from a problem on binary strings.

» Theorem 3 (x). ULAM METRIC k-CENTER does not admit a polynomial-sized kernel for
the parameter k + d unless NP C coNP /poly.

4 The Complexity of Ulam Metric k-Median

This section studies the parameterized complexity of ULAM METRIC k-MEDIAN with re-
spect to the parameters d and k 4+ d. We first prove that ULAM METRIC k-MEDIAN is
W(1]-hard parameterized by d but is in XP for this parameterization. Then we show a
polynomial kernel parameterized by both k and d, implying fixed-parameter tractability for
this parameterization.

We first rule out fixed-parameter tractability by d alone under established complexity
assumptions. We then contrast it with a simple XP-algorithm for ULAM METRIC k-MEDIAN.

For the hardness result, we give a reduction from MULTICOLORED CLIQUE. An instance of
MULTICOLORED CLIQUE consists of a graph G with a proper vertex coloring using k" colors,
and asks whether G contains a clique of size &’. The problem is known to be W[1]-hard when
parameterized by k' [31]. For clarity, we here describe the reduction and then separately
prove that it preserves YES-instances and NO-instances.

Let C = {c1,ca,..., ¢} denote the color set, let V(G) = {v1,v2,...,v,} be the vertex
set of G and let E(G) = {e1,ea,...,em } be the edge set of G, where n' = |V(G)| and
m' = |E(G)|. Without loss of generality, we assume that k' > 4, as instances with smaller
values can be solved in polynomial time by brute-force.
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We construct an instance (I, k, d) of ULAM METRIC k-MEDIAN with k = m/ — (1;’) +1.
The idea of the reduction is to create one permutation for each edge in G. We build the
instance in a way such that the existence of a multicolored clique @ C V(G) allows the
construction of a center permutation og such that edges with both endpoints in @ have
small total distance to o, while every other edge can take itself as its center. Consequently,
the number of centers required is m’ — (‘g‘) + 1 = k, and the median distance is entirely
contributed by the edges inside ). It remains to choose a suitable value for d.

Formally, let ¢ = (g)(ls' —2) + 1. Furthermore, we define the alphabet as the union
of the color set, some v-symbols representing the vertices, and some z-, y-, and z-symbols
representing the edges:

S=Ccu{v):ie(qg,veV(G}U {x;,y;,z; i€ [ql,e; € B(G)}.
We have n = |X| = ¥ +n/q+3m’q. We first construct a base permutation mpase € Sp(2) that

starts with alternating between the z- and y-symbols, followed by the v- and the z-symbols,
and finally the color-symbols:

11 q ,49 1.1 q .9 1 1 q q
Toase = L1 Y1 T3 Yy Lo Yz " Lo lYg " Tpyr Ypnr = Loyr Yoy
1,2 q 1,2 q 1 2 q
/Ul Ul -..’Ul ’U2 ’U2.-.v2 DR /Un, ’Un/ .../Un,
1.2 q 1 .2 q 1 2 q
lel-"Zl 2222"'22 --'Zm/Zm/"'Zm/
C1 Co:-:Cg .

For each edge e; = v,vy € E(G) with a < b, we introduce a permutation 7., obtained from
Thase as follows. Suppose v, has color ¢, and v, has color cg. Swap x; and y; for each i € [q;
move ¢, to the right of v7; move cg to the right of v}/; and move the remaining color-symbols
to the right of z;-z without changing their relative order. That is,

. 1,1 q .49 1.1 q .9 1 1 q q
Te; = Ty Y1 Ty Yy (Y5 T Y T T Yr = Ts Yy
1 1 1 1
vpeof v, 0l ca-~-vb---vg Cg--~’un,---vg,
1 q 1 q 1 q 1 q
Zl.-.zl...zj...zj Xa,,B Z] 1.-.Zj 1...2 /...Zml’

where Xa,3 = €1°-"Ca—1 Cat1 " C3—1 C3+1-"-C . Finally, recall that k = m' — (g) + 1.

We set d = (g)(q + (K’ — 2)), and let the set of permutations consist of all permutations for
edges in the graph, i.e., Il = {7, : ¢; € E(G)}.

» Lemma 17. The stated reduction from MULTICOLOREDCLIQUE to ULAM METRIC k-
MEDIAN preserves YES-instances.

Proof. Assume that G contains a clique Q of size at least k', which contains exactly one
vertex of each color. We prove that there is a set S of size k that is a solution for the ULAM
METRIC k-MEDIAN instance (I, &, d). For each vertex v; € Q, let c,(;) be the color of v;.
Define og to be the permutation obtained from mase by moving each symbol c, ;) € C
right after the symbol v;? € Q. (There is no color-symbol after v;f if v; ¢ Q.) That is, if
Q= {’Ujl,sz,...,Ujk,} with j; < jo < --+ < jis, then
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— 1 1 q ,49 1 1 q .9 1 1 q q
O'Q = 1‘1 y1-~-:l:1 yl l‘2 y2"'£L'2 yQ ZL‘m/ ym’“'xm’ ym/
SO S L L0 . L
Ui 272 Wy Uji—1""Y5 -1 Y5 V5 [Co(a)| Yii+1 " V41

. T 1. .9 ] 1 9
Vji—1 " V5,—1 Vg, V5 B Vii+1 Vg4

. ool I ] 1 ool
Vi —1" " V5,1 Y5, Y5, Celee)| Yi+1° Y541
1 q 1 q 1 q 1 q
. Un/ ... /l}n, zl “ e zl z2 “ e z2 “ e zm, e Zml .

We then let S = {og} UII\ IIg, where IIg C II is the set of (’g) permutations associated
with an edge that has both endpoints covered by Q. Observe that |S| = m'— (g) +1=kand
the sum of distances of each permutation to its closest median is at most ZWGHQ disty (7, 0g).
Any permutation in Iy can be transformed into og by moving the & — 2 color-symbols that
are not yet at the correct position as well as the g symbols of the form x; with ¢ € [¢]. Thus,

the total sum of distances is at most (g) (g+ (K —=2)) =d. <

» Lemma 18. The stated reduction from MULTICOLOREDCLIQUE to ULAM METRIC k-
MEDIAN preserves NO-instances.

Proof. We prove by showing that the existence of a solution to the constructed ULAM
METRIC k-MEDIAN instance implies the existence of a solution to the MULTICOLOREDCLIQUE
instance.

Assume the ULAM METRIC k-MEDIAN instance is solved by a set S of permutation
medians which minimize the sum of distances. Consider the clustering of IT described by 5,
where we have one cluster per median permutation in S and each permutation in IT is assigned
to the cluster of the closest median under Ulam metric (breaking ties arbitrarily). For ease of
presentation, we partition the alphabet ¥ into two parts: Y’ is the set of z- and y-symbols;
and X" is the set of v-, 2-, and color-symbols. By construction, any permutation 7, in II
is a concatenation of two substrings 7, € Sapq(X) and 7! € Sprynigrmq(X”). It is easy
to see that disty (e, , m.,) = disty (n[,,7m,,) + disty (7, 7)) for any pair of permutations
Teys Tey € 1. We further define C' = {n : 7, € C'} and C" = {r : 7. € C} for any cluster
C in the clustering.

Clearly, there exists a cluster of size at least two as k < m’. Consider a cluster C of size
|C| > 2. We first argue that C' is the unique cluster of size more than one. Let o be its median
with optimal total distance to the permutations in C'. By the optimality of o, the center o
starts with a substring 0’ € Sap/(X’) and end with a substring 0" € Spn/grmrq(2”). It is
easy to see that disty (7, o) = disty (7., o) +disty (7, o’’) for any permutation 7. € C. This
means that we can optimize ¢’ and ¢” independently to minimize the total distance. First,
restrict our attention to the z- and y-symbols. For any pair of permutations w ,m,, € C’,
we have disty (77, , 7,) > 2q as they have swapped the z- and y-symbols for distinct edges.
Thus, we can derive that

1
Z disty (7, 0") = OT=1 Z (disty (7g,, o) + disty (7, 07))

L EC {m, .m.,}CC

1 .
2 |C/|7_1 Z dlStU(ﬂ'él,ﬂ';Q)
{ms, 7 }CC

1 c’
> o1 (5)) 2=1¢1a = 0
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Suppose for the contraction that there were r clusters Cq, Ca,...,C, (r > 2) of size at least
two with respective medians o7, 0}, ...ol.. Summing over all these clusters yields

/

(CT1+1C3] 4+ +ICia < Y Y distu(ng, o)) <d = (2)(q+(k’—2)) < ((’;’)H)q,

iglr] w,eC!

which implies that |C1] 4+ |Co| + -+ 4+ |Cr| < (’“2/) By the definition of k we have
k/
m' 4= (IO +|Cof + - +[Cr) Sk = m' — (2) o

leading to r < 1, a contradiction. Hence, we conclude that C' is the unique cluster of size
more than one, which indicates |C| >m' — k' +1 = (g)
Since (IL, k, d) is a YES-instance, we have d is at least

> disty(me,0) = Y disty(rl, o)+ > disty(nl,0”) > |C'lg+ Y disty(x),0”).

r.€C weC xeC! xeC!

Since d = (’g)(q + (k' —=2)) and |C'| =|C| > (g), we derive that

/
Z disty (7, 0") < (Z)(k' —-2)=¢q—1.

weC

This implies that only color-symbols can be moved from ¢” to each permutation 7/ in C":
there are ¢ copies of each v- and z-symbol in ¥ and they are ordered the same way in all
permutations. Suppose C C C is the set of colors located before z} in ¢’ and let k = |C|.
Recall that each permutation 7. has two of the k' > 4 color-symbols placed before 21; one
each after the symbols for its incident vertices. Thus, for at most (’;) of the permutations
in C”, both of these color-symbols are in C. All other permutations have to move at least
one of the two symbols, which requires a total of at least (g) — (’;) units of the budget.
Additionally, for each permutation in C”, all ¥’ — 2 color-symbols after 2z} have to be moved,
except a total of at most k' — k symbols across all permutations. As a result, the total

number of required move operations is at least
K’ k K’ .
Z disty (7, 0") > <2> — <2> + <2) (' —2)— (K — k)

w/ec”
= (’;/> (K —2)+ %(kz’(k’ —3) —k(k - 3)) > (Z/) (K = 2).

Combine this with the bound on }__, ., disty (7, 0’), and we finally have

Z disty (me,0) = Z disty (7L, o) + Z disty (7, 0")

T.€C xeC weCr

(Yo ()20

Hence, all inequalities above are in fact equalities, which yields |C’| = k" and k = k’. In other

Y

words, all color-symbols are placed somewhere before 2} in . Note further that the budget
d is only sufficient if for every permutation 7., € C both color-symbols “incident” to e are
located between the same substrings of v-symbols as in o. Hence, the union of all endpoints
of the (g) distinct edges described by C has size |C’| = K/, implying that these edges form a
k'-clique in G. <
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The W[1]-hardness of ULAM METRIC k-MEDIAN immediately follows from Lemmas 17
and 18 and the facts that the described reduction can be computed in polynomial time and
determines d by a computable function of k’.

» Theorem 5. UrLAM METRIC k-MEDIAN is W[1]-hard parameterized by d.

We contrast this lower bound by designing a simple XP-algorithm for ULAM METRIC
k-MEDIAN.

» Theorem 4 (x). ULAM METRIC k-MEDIAN can be solved in O((mn)?) time, where
m = |II| and n = |X|.

Last, we find a polynomial-sized kernel with respect to k 4 d, which also establishes the
fixed-parameter tractability ULAM METRIC k-MEDIAN by k + d.

» Theorem 6 (x). ULAM METRIC k-MEDIAN admits a kernel with O(d? + dk) permutations
over an alphabet of size O(d* + d?k?), computable in O(m?*nlogn) time, where m = |II| and
n = |X|.

5 Conclusion

We initiated the study of the parameterized complexity of the ULAM METRIC k-CENTER and
UraM METRIC k-MEDIAN problems. Prior to our work, even the parameterized complexity
for the case k = 1 with parameter d was unknown for these problems.

It is known [18] that CLOSEST STRING cannot be solved in 2°(21°8) . (nm)OM) time
unless the Exponential Time Hypothesis (ETH) fails (we refer to [18] for the formal definition
of ETH). Then the Polynomial Parameter Transformation from Theorem 3 implies the same
computational lower bound for ULAM METRIC 1-CENTER. Is it possible to solve ULAM
METRIC 1-CENTER for k = 1 in d®@ . (nm)®®) time similarly to CLOSEST STRING?

For ULAM METRIC k-MEDIAN, it is shown that the problem is W[1]-hard when paramet-
erized by d but is in XP under the same parameterization. Furthermore, the problem admits
a polynomial kernel for the parameterization by both k and d. The latter result together with
an XP-algorithm implies that ULAM METRIC k-MEDIAN can be solved in (kd)©(® - (mn)©()
time. Is it possible to improve this running time? Similarly to ULAM METRIC k-CENTER,
we find that this question is interesting even for k = 1. Is there a single-exponential (or even
subexponential) in d algorithm?
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