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—— Abstract

We study two fundamental geometric problems on a dynamic set of n axis-parallel boxes in d-
dimensional space. The mazimum depth problem asks for the largest number of boxes that contain
a common point, whereas Klee’s measure problem asks for the volume of the union of the boxes.
We present fully dynamic ezact data structures for both problems achieving 5(n<d71>/ 2) amortized
update time. This update time is optimal for an exact dynamic algorithm, up to logarithmic factors,
assuming the Combinatorial k-Clique Hypothesis. Previously, matching bounds were established
only for d =1 [Imai and Asano, J. Algo./83], and for d = 2 [Suri, Xue, Yang, and Zhu, SoCG’25].

Our approach integrates a classic grid-based partition framework with a novel charging analysis
that controls the cost of structure-sensitive offline routines within each cell. This argument allows us
to perform a global aggregation of the update time, by circumventing the worst-case costs associated
with individual cell updates. We believe this technique may be of independent interest for other
dynamic geometric problems.

2012 ACM Subject Classification Theory of computation — Design and analysis of algorithms
Keywords and phrases dynamic algorithms, maximum depth

Digital Object Identifier 10.4230/LIPIcs.ICALP.2026.34

Category Track A: Algorithms, Complexity and Games

1 Introduction

For a set O of geometric objects, the maximum depth of O is the largest number of objects in
O that have a nonempty common intersection. Maximum depth is an important parameter
capturing the local density of a family of geometric objects, and it has appeared in many
geometric and combinatorial settings. The maximum depth is closely related to the clique
number of the intersection graph of the objects. For example, for families with Helly number
two — including axis-parallel rectangles and boxes — pairwise intersection implies a nonempty
common intersection, and thus the maximum depth is exactly the size of a maximum clique
in the corresponding intersection graph [19, 26]. For fat objects in fixed dimension, the
maximum depth still provides a constant-factor approximation to the maximum clique size
of the intersection graph.
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Dynamic Maximum Depth and Klee’s Measure of Boxes

Computing the maximum depth of an input family of objects in R is a fundamental
problem in computational geometry and has been studied since the early days of the
field [24, 18, 4, 1, 3, 13, 30]. For (axis-parallel) boxes in R, the maximum depth problem can
be solved in O(n%/2) time [29, 12, 13]. This bound is believed to be tight up to logarithmic
factors, since any improvement would break the Combinatorial k-Clique Hypothesis [12].

For boxes, a closely related problem is Klee’s measure: given a set B of boxes, compute
the volume of their union (the Klee’s measure of B). The problem was first posed in 1977
by Klee [25], and it is among the earliest questions that influenced the development of
computational geometry. Since then, it has been studied extensively [6, 31, 29, 12, 13, 5].
Moreover, algorithms for Klee’s measure can typically be adapted to solve the maximum
depth problem with essentially the same running time [5]. In 1991, Overmars and Yap [29]
gave the first O(n%?logn)-time algorithm for Klee’s measure in R?. About two decades
later, Chan [12, 13] simplified and refined the approach to obtain an O(n%/?)-time algorithm.
Again, this bound is conditional tight up to logarithmic factors [12].

In this paper, we study the dynamic versions of the maximum depth problem and
Klee’s measure problem for boxes in R%. In this fully dynamic setting, boxes may be
inserted and deleted over time, and the goal is to maintain the maximum depth (respectively,
Klee’s measure) of the current set efficiently. Since the seminal work of Overmars and van
Leeuwen [28], dynamic geometric data structures have played a central role in computational
geometry. Many classic geometric problems have been studied extensively in the dynamic
model, leading to a rich collection of efficient data structures, including convex hulls [23, 10],
closest pairs [20, 21, 14], range searching [27, 17], geometric width [11], geometric set cover
and hitting set [15, 2, 16], geometric independent set [22, 9, 7], and geometric vertex cover
and matching [8], among others. Due to the importance of maximum depth and Klee’s
measure, it is natural to ask how efficiently one can maintain these quantities for a dynamic
set of boxes in R<.

The near-optimal é(nd/ %) running time for the static problems yields a lower bound for
the dynamic setting via a standard sweep-line reduction: Given a dynamic data structure
for maximum depth (or Klee’s measure) for boxes in R? with update time T'(n), one can
obtain a static algorithm for boxes in R4*! with running time O(n - T'(n)) by applying the
sweep-line framework of Imai and Asano [24]. Consequently, a dynamic data structure in R?
with update time O(n(¢=1/272) would yield a static algorithm in R4+ with running time
O(n(4+1)/2=2) In light of this reduction, the most compelling goal is to design dynamic data
structures whose update time matches the n(?=1/2 barrier up to logarithmic factors. We
formulate this as the following question, which is the main focus of this paper.

Do there exist dynamic data structures for maximum depth and Klee’s measure of
azis-parallel bozes in RY with update time O(n(?=1/2)2

For d = 1, the classic work of Imai and Asano [24] achieves O(log n) update time and thus
answers the above question affirmatively. Beyond this base case, however, the question had
remained poorly understood. Only very recently, Suri, Xue, Yang, and Zhu [30] proposed
(among other results) a dynamic maximum-depth data structure for rectangles in the plane
with O(nl/ 2logn) amortized update time. With additional work, their ideas can be adapted
to maintain Klee’s measure for planar rectangles as well, yielding 6(n1/ 2) update time. This
resolves the above question for d = 2. Unfortunately, while the 2D framework [30] extends
to higher dimensions, it does not achieve the target bound of 6(n(d_1)/ 2), already for d = 3
(see discussion in Section 2). Prior to this work, the above question was open for any value
of d > 3.
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The main contribution of this paper is to answer the question in the affirmative for every
fixed d € N. Specifically, we design fully dynamic data structures for both maximum depth
and Klee’s measure of axis-parallel boxes in R? with O(n(¢~1/2) update time.

» Theorem 1. There exists a fully dynamic maximum depth data structure for axis-parallel
bozes in R with O(n?=1/2) amortized update time.

Our techniques extend beyond depth queries and also yield an efficient dynamic structure
for maintaining the union volume for boxes.

» Theorem 2. There exists a fully dynamic Klee’s measure data structure for axis-parallel
bozes in R with O(n?=1/2) amortized update time.

2 Technical Overview

We provide an overview of our fully dynamic maximum-depth data structure. We focus on
the high-level ideas and the role of the key charging quantities. The dynamic Klee’s measure
structure follows the similar framework with a different interval primitive.

2.1 Overview of the 2D data structure

We start by recalling the main idea behind the 2D data structure of [30]. It partitions
the plane into r vertical strips so that each strip contains O(n/r) rectangle corners, and
maintains the maximum depth inside each strip separately. Although Q(n) rectangles may
intersect a fixed strip, all but O(n/r) of them have no corner in it; we call these rectangles
good (for the strip), and the remaining O(n/r) rectangles bad. Inside the strip, every good
rectangle spans the strip in the z-direction and is therefore equivalent to an interval on the
y-axis. This reduces the subproblem inside the strip to maintaining the maximum depth of a
dynamic set of (weighted) intervals: updates caused by good rectangles take only 5(1) time,
while updates caused by bad rectangles take O(n/r) time, since there are only O(n/r) bad
rectangles whose contribution must be recomputed. Moreover, each rectangle is bad for only
O(1) strips (namely those containing its left or right vertical side), and is good for all other
strips. Overall, the update time is O(r + n/r), which becomes O(y/n) by setting r = \/n.

2.2 Challenges in higher dimensions

A natural goal in R? is to replicate the same high-level principle: partition space so that
most boxes behave “one-dimensionally” inside each region (and can be maintained cheaply),
while only a small set of boxes interacts with the region boundaries. Two straightforward
generalizations break down for essentially the same reason: the contribution of the boundary-
interacting (“bad”) boxes can have prohibitively large combinatorial complexity. There are
multiple natural generalizations of this approach to higher dimensions; however, none of
them guarantees the desired bounds.

Partition into r slabs along one axis: Partition R? into r slab regions S, ..., S,
perpendicular to the z-axis, each containing O(n/r) box corners. Inside a slab S;, good
boxes are those with no corner in S;; they span the slab in the x;-direction and thus
reduce to (d—1)-dimensional boxes via projection. The difficulty is with the bad boxes:
their contribution inside .S; can be described by a piecewise-constant depth function over
R?~! whose rectilinear decomposition may require Q((n/r)?!) regions in the worst case
(because arrangements of ¢ boxes in R?~! can have complexity Q(¢t?~1)). Thus, even
assuming optimal lower-dimensional dynamic structures, the induced subproblem sizes
are too large to support the target update time.
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Dynamic Maximum Depth and Klee’s Measure of Boxes

Partition into 7%~ cells in the first d—1 dimensions: Choose  — 1 hyperplanes
perpendicular to each of the first d — 1 coordinate axes, so that these hyperplanes form
a grid partition of R? into %1 cells, each of the form O x R, where 0 C R*"! is a
(d—1)-dimensional axis-parallel box. Inside a fixed cell O x R, a box is good if it spans
the cell in the first d — 1 coordinates, i.e., it completely covers [1. Restricted to the cell,
such a box contributes exactly one interval on the last axis and can be maintained with a
dynamic maximum-depth data structure for intervals. The bottleneck is the remaining
bad boxes, namely those that intersect [J but do not cover it, so some side facet of the box
crosses the base (. A direct adaptation would handle these bad boxes in each affected
cell by sweeping along the last axis and repeatedly invoking a (d—1)-dimensional dynamic
maximum-depth subroutine. Even assuming optimal lower-dimensional update bounds,
this becomes too expensive once summed over the ©(r¢=2) cells whose bases can be
intersected by the boundary of a single updated box.

2.3 Overview of Our Techniques

At a high-level, we also follow the grid partition into cells of the form [0 x R, and we
retain the same “good boxes = interval updates” principle. The key new ingredient is a
structure-sensitive way to process the bad boxes within a fized cell.

Fix a cell 0 C R4 and consider the set of bad boxes whose projections intersect [J but
do not cover it. Our data structure represents their contribution to the depth inside O x R
by a piecewise-constant function on the last coordinate (equivalently, by a set of weighted
(type-2) intervals, one per piece). Thus, for a cell O x R, the total depth reduces to the
maximum depth of a set of weighted intervals on the last axis: type-1 intervals coming from
good boxes (weight 1) plus the type-2 intervals capturing the bad-box contribution.

The core task in an update is therefore the following: when the bad-box set for a cell
changes, we must recompute the new inside-0J depth function (and hence the new set of
type-2 intervals) efficiently. We accomplish this via an offline subroutine that further refines
(] by inserting additional axis-parallel hyperplanes so that, inside every resulting subcell,
each bad box becomes equivalent to a slab in R4~! (i.e., it is bounded in exactly one of
the first d—1 directions and is either fully present or fully absent in the other directions
throughout the subcell). Once this holds, the contribution of the bad boxes inside each
subcell reduces to a one-dimensional interval problem on the last axis.

The key idea to keep the refinement small is to avoid cutting at every bad-box endpoint in
every partially overlapping direction. Instead, we choose an ordering (permutation) o of the
first d—1 coordinate axes. For a given bad box, we treat the earliest axis (in o-order) along
which it only partially overlaps OJ as its active direction (the slab direction), and we cut at the
box endpoints only in the later partially overlapping directions. Equivalently, the box charges
every partially overlapping direction except its first one under o. In the formal development,
this choice is captured by the indicators ¢, o(-,¢) and the counts @, o(-,7) =1+ > ¢, 0(-, ).
For a fixed o, the number of inserted hyperplanes perpendicular to axis 4 is proportional to
@,0(-,1) — 1, and the number of resulting subcells is bounded by O([], ®,.0(-,%)), which
also governs the running time of the offline subroutine.

In the dynamic data structure, we maintain the values @, (-, 7) for every cell 0, every
axis i € [d — 1], and every permutation 0. When an update changes the bad-box set in a cell,
we pick the permutation ¢ that minimizes the product bound [[, #,n(-,%) and invoke the
offline subroutine under this choice to compute the updated inside-[] depth function (and
hence the new type-2 intervals) for that cell. Meanwhile, updates from good boxes remain
fast interval insertions/deletions (type-1 updates).
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The remaining challenge is to argue that the total cost of these offline computations over
all cells affected by a single box update is bounded by 5(n(d_1)/2). This is where the main
charging analysis enters. The affected cells lie on O(d) “slices” of the grid determined by the
facets of the projected box: fixing a coordinate t € [d — 1] and a slab index a € [r] specifies
a family of cells Vi(a). A global charging argument relates each local quantity &, o, (-,%)
to the distribution of box corners among these slices and shows that, for any slice V;(a),
choosing an order o whose first element is ¢ yields a strong bound on } ey, (o) [1; @o,00(-, %)
(Lemma 11). Combining this with the fact that each affected cell contains only O(n/r) bad
boxes yields the desired amortized update time after setting r = /n.

3 Preliminaries

Basic Notations. We use N to denote the set of positive integers and define Ny = NU {0}.
For an integer n € N, we write [n] = {1,...,n}. Throughout the paper, all rectangles and
boxes are axis-parallel.

Projection. Let B = [[*,[z;,#]] be a box in R?. For i € [d], let proj;(B) := [z}, ]]
denote the interval obtained by projecting B onto dimension i. More generally, for I =
{#1,... i} C [d] where 43 < --- < i, let proj;(B) := Hle[x;,wj;] denote the |I|-
dimensional box obtained by projecting B onto the dimensions in I. For a set B of boxes in
R, we write proj,(B) = {proj,(B) : B € B} for i € [d] and proj,;(B) = {proj,;(B) : B € B}

for I C [d].

Maximum depth. Let O be a set of geometric objects in R?. For a point p € R?, we define
dep,(0) = {O € O : p € O}|, which is called the depth of O at p. For a region R C RY, we
define depr(O) = sup,c dep,(O), which is called the mazimum depth of O inside R. We
write dep(OQ) = depga(Q) for the maximum depth of O.

Klee's measure. For a geometric object O in RY, we denote by V (O) the volume of O. Let O
be a set of geometric objects in R?. For aregion R C RY, we define Kleeg(0) = V ((Upep O)N
R), which is called the Klee’s measure of O inside R. We write Klee(O) = Kleega(O) for the
Klee’s measure of 0. Note that Klee(O) can be oo if O contains unbounded objects.

Piecewise constant functions. We say that a function f : R — R is piecewise constant
if R can be partitioned into finitely many intervals Iy,..., I, such that, for every i € [r],
the restriction f7, is constant. Such a partition need not be unique. If we require r to be
minimum possible, then the resulting partition into maximal intervals on which f is constant
is uniquely determined; we call these intervals the pieces of f and denote them by I, ..., I".
For each piece I}, we write f(I}) = f(z) for an arbitrary a € I}; this value is well-defined
since fir+ is constant.

4  Offline dynamic maximum depth

In this section, we consider an offline variant of the dynamic maximum depth problem
and propose an algorithm whose running time depends not only on the number of update
operations but also on the structure of the boxes involved. We will use this offline algorithm
as a subroutine in our fully dynamic data structure.

34:5

ICALP 2026
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OFFLINE INSIDE-R Box MAXIMUM DEPTH in R
Input: An initially empty set B of boxes in R¢, a fixed box region R C R¢ and a
sequence of n updates to B, each of which is of one of the following two types:
Insertion: Insert a new box into 5.
Deletion: Delete an existing box from B
Output: A sequence (d1,...,9,), where §; € Ny is the maximum depth of B inside
the region R after the i-th update.

4.1 Dynamic maximum depth for slabs

In designing our algorithm, we require an efficient dynamic maximum-depth data structure
for slabs, i.e., boxes that are bounded in exactly one dimension. Formally, a slab L in R is a
box such that there exists exactly one index i € [¢] satisfying proj,; (L) # (—o0, 00).

If we have a dynamic set £ of slabs in R® that are all bounded in the same dimension,
then maintaining the maximum depth of £ reduces to maintaining the maximum depth of
a dynamic set of intervals and can be done with logarithmic update time. Moreover, the
following observation implies that even if the slabs in £ are bounded in different dimensions,
we can still maintain the maximum depth of £ with logarithmic update time by handling
each dimension separately.

» Fact 3. Let L be a set of slabs in R® and O be a fixred box in R¢. Then we have
dep (L) = Y ;_, depr(L;), where L; C L consists of the slabs bounded in dimension i.

Proof. Since £ = |J;_; £;, we have depp(£) < >;_, depg(L;). It remains to show the
reverse inequality. For each i € [c], let p; € O be a point satisfying dep,, (£;) = depy(L:).
Since all slabs in £; are perpendicular to the x;-axis, we have dep,(L;) = dep,, (L;) for any
point p € R¢ whose i-th coordinate is equal to that of p;. Let p* denote the point whose i-th
coordinate equals the i-th coordinate of p; for every i € [c]. Then dep,.(L;) = dep,, (L;) for
all i € [¢], and thus

dep,-(£) =) dep,- (L;) = D dep,,(L;) = ) _ dep(Li)-
i=1 i=1 i=1

Moreover, p* € [ since py,...,p. € 0. Therefore, dep(L) > dep,- (L) = iy depr(L;).
|

D1 S "p

Figure 1 Tllustration of Fact 3 in 2D. Blue (resp. yellow) rectangles represent horizontal (resp.
vertical) slabs, with p1 (resp. p2) achieving maximum depth. The point p achieves maximum depth
with respect to all slabs.
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» Lemma 4. Let O be a fized box in R¢. There exists a dynamic inside-00 maximum depth
data structure for slabs in R¢ with O(logn) update time.

Proof. Let £ be a dynamic set of slabs in R¢, and for each i € [c] let £; C L denote the slabs
perpendicular to the z;-axis. For each i € [¢], we maintain a data structure D; that supports
updates to £; and maintains depy(£;). Maintaining dep(£;) reduces to the one-dimensional
problem of maintaining the maximum depth of the dynamic interval set proj,(£;) inside
the interval proj;(0J), which admits O(logn) update time [24]. An insertion or deletion of
a slab affects exactly one index i, and thus triggers a single update to the corresponding
D,. Therefore, by Fact 3, Dq,...,D, together maintain depy(£). The update time is
O(logn). <

4.2 Solving the offline problem

Let O be a box in R°. We say a box B in R® is nontrivial in dimension i € [¢] with respect
to O if proj;(0) N proj,;(B) # 0 and proj;(0J) € proj;(B). For a permutation o of [c], an
index ¢ € [¢], and a box B in R°, we define ¢, o(B,4) = 1 if both of the following conditions
hold:

B is nontrivial in dimension 7 with respect to [,

there exists j <, i such that B is nontrivial in dimension j with respect to [J.
Otherwise, ¢,0(B, i) = 0. For a set B of boxes in R®, define &, o(B,) = 14 g3 o,0(B,9).

» Lemma 5. Let o be a permutation of [c] and O be a fixed box in R¢. Then OFFLINE
INsIDE-0 Box MAXIMUM DEPTH in R can be solved in O(nlogn - [[;_, @, 0(B*,i)) time,
where B* denotes the set of all bozes that are inserted into B in the sequence of updates.

Proof. For simplicity, we present the proof for the case [J = R¢ and drop the subscript [J
in the notation. the argument extends verbatim to an arbitrary fixed box [J by restricting
attention to [J. Without loss of generality, we assume the boxes in B* are in general position
in the sense that, for every i € [¢], the intervals in proj,;(B8*) have distinct endpoints.

For each i € [c], we define a set H; of hyperplanes perpendicular to the x;-axis as follows.

Let B = {B € B* : ¢,(B,i) = 1}. For each endpoint a € R of each interval in proj,(B}),
we include in H; the hyperplane x; = a. Note that |H;| = 2|B;| =2- ) 5. 3. ¢o(B,i). The
hyperplanes in Hy, ..., H. partition the space R® into [[;_, (|H:| + 1) = O(I];_, B, (B*,1))
cells; let I" denote the resulting set of cells. For each cell v € I', we maintain a dynamic data
structure D, that maintains the maximum depth of the current set B inside the interior of
«v; denote this value by y,. Under the general-position assumption, the maximum depth of B
is attained in the interior of some cell, and thus equals max,er y,. Therefore, replaying the
n updates for every v € I' yields a total running time O(|I'| - n - t), where ¢ is the maximum
update time of each individual D,.

The remaining task is to achieve ¢ = O(logn). The key observation is that, inside the
interior of any fixed cell v € I', every box B € B* behaves like a slab. To see this, fix
B € B* and suppose B is nontrivial in dimensions i1, ..., i, € [¢] with respect to R®, where
i1 <o -+ <o ip. By the definition of ¢, we have ¢5(B,i2) = -+ = ¢(B,i,) = 1. Hence, for
each j € {2,...,p}, we added to H;, the two hyperplanes corresponding to the endpoints of
proj;, (B). It follows that, for each such j, the interior of proj;, (y) is either contained in
proj;_ (B) or disjoint from it. Therefore, inside the interior of 7, the box B has the same
intersection as the slab Hzl:_ll(—oo, 00) X proj;, (B) x []i_; 11(—00,00). As a consequence,
inside the interior of v, maintaining the maximum depth of B reduces to maintaining the
maximum depth of a dynamic set of slabs. We can therefore instantiate D, using Lemma 4,
which supports updates in O(logn) time. This gives t = O(log |B*|) = O(logn) and yields a
total running time as claimed. <
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Let R be a region in R%~! and let B be a set of boxes in R?. We define the inside-R
depth function of B as the function 65 : R — Ny given by 65 (p) := deppy py(B) for all p € R.
Note that 5% is a piecewise constant function, for any choice of R. Indeed, as p moves from
—00 to 0o, the set of boxes intersecting the slice R X {p} can change only when p reaches
an endpoint of an interval in proj,;(8). Our offline algorithm above directly implies an
algorithm for computing the inside-[J depth function for a fixed box [J, which will be used in
our dynamic data structure.

Figure 2 A cell v € I' (gray) that unbounded along one axis and its top-view. By the auxiliary
partitions, all boxes intersecting ~y are slabs. Colors indicate the bounded direction (yellow vs. blue).
The cross-section induced by the red hyperplane yields a 2D instance of horizontal and vertical slabs
as in Figure 1.

» Corollary 6. Given a permutation o of [d — 1], a box O in R¥™' and a set B of n
bozes in R?, one can compute the inside-0 depth function 55 : R — Ny in O(nlogn -

[ &, (proj_y (B), 1) time.

Proof. Let P be the set of endpoints of the intervals in proj;(B). Without loss of generality,
assume that the boxes in B are in general position, so P contains exactly 2n distinct points
D1, - -+, P2n With p1 < -+ < pa,. Consider a point ¢ € R moving from —oo to co on x4-axis,
and maintain a dynamic set By of boxes in R4~!, initially empty. Whenever ¢ reaches a
point p;, if p; is the left (resp., right) endpoint of proj,(B) for some B € B, then we insert
into By (resp., delete from By) the box proj [d—l](B)- Clearly, for any a € R, 55 (a) equals
the maximum depth of By inside O at the time ¢ = a. Thus, to compute 628, it suffices to
maintain the maximum depth of By inside [J under this sequence of insertions and deletions.
This is an instance of OFFLINE INSIDE-O Box MaxiMUM DEPTH in R?~!, as the update
sequence is fully known in advance. Moreover, the set of boxes that are ever inserted into

By is exactly projy_q (B). Applying Lemma 5 completes the proof and yields the stated
running time O(nlogn - H?:ll @, 0(Projjg_1)(B), 1)) <

5 Dynamic data structure for maximum depth

We now describe our dynamic data structure for maintaining the maximum depth of a
dynamic set of boxes. Let B be a dynamic set of boxes in R?, which contains n boxes initially.
Let r be a parameter to be specified later.

5.1 Construction of the data structure

In the preprocessing, for each dimension i € [d — 1], we construct a set H; of » — 1 hyperplanes
in R? perpendicular to the x;-axis such that, after sorting the hyperplanes along the z;-axis,
the number of corners of boxes in B lying between any two consecutive hyperplanes is O(n/r).
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Let H := Uf;ll H;. The hyperplanes in H partition R? into r¢~! regions, which we call cells.
We index cells by vectors @ = (ay,...,aq—1) € [r]9"!, where a; indicates the position of the
cell along dimension 7 (i.e., the cell lies between the (a; — 1)-st and a;-th hyperplanes in H;,
with the two outermost slabs treated as unbounded). Since we do not introduce hyperplanes
perpendicular to the zg4-axis, each cell is of the form OO x R for a box O C R*~!. For each
7 € [r]971, let Oy denote the unique box in R4~! such that the corresponding cell is [y x R.

By the standard periodic reconstruction trick, we may assume that |B| = ©(n) throughout
the reconstruction period. For simplicity, we also assume that, throughout the period, for
each i € [d— 1], the number of corners of boxes in B between any two consecutive hyperplanes
in H; remains O(n/r). This assumption can be removed by applying the same splitting
procedure as in [30]; we defer these implementation details to Appendix A.

For each @ € [r]?~!, our data structure maintains the following information:

?40,(Projjg_1)(B),) for all permutations o of [d — 1] and all i € [d — 1].
The subset By := {B € B : Oy N projj,_q;(B) # 0§ and Oy ¢ proj,_,(B)} € B.

A dynamic maximum-depth data structure Dy for weighted intervals, storing a multiset
Ty that consists of:

the interval proj,(B) with weight 1, for every B € B with Oz C Projiy_q (B); these
are called type-1 intervals,

the interval P with weight 65’? (P), for every piece P of the function 5571; these are
called type-2 intervals.

The basic correspondence between Zy and the inside-[]; depth function is easy to establish.

» Observation 7. dep,(Zy) = 68_(p) for allp € R.

Proof. Fix p € R. By construction, dep,(Z5) equals 65’; (p) plus the number of boxes B € B
satisfying Uz C projj;_1)(B) and p € proj,(B). The latter quantity is exactly 5S>Bﬁ(p).
Therefore, dep, (Zz) = 657 (p) + 5.7 (p) = 3B, (p). <

The intervals in Zy are stored in the data structure Dy for weighted intervals. Observation 7
implies that dep(Zz) = depy_ g (B), and hence maxgc,ja-1 dep(Zy) = dep(B). Accordingly,
maintaining the values dep(Zy) and taking their maximum over all ¥ € [r]9~! suffices to
obtain dep(B).

Consider an update on a box B that either inserts B into B or deletes an existing box B € B.
We process the update for every v € [r]~!. First, we update the values @U,Dﬁ(proj[d_l] (B),1)
for all permutations o of [d — 1] and all ¢ € [d — 1]. This is straightforward: for each such
pair (0,i), we compute ¢, (Projig_1;(B),7) and either add it to or subtract it from the
current value of @, o (projj;_1)(B),i), depending on whether the update is an insertion or
a deletion. We then update the set By, which is also immediate from its definition.

Next, we update the data structure Dz, since the interval multiset Z3 may change. There
are three cases. If Oz N projiy_q(B) = 0, then Z5 does not change. If U5 C proj,_y(B),
then Z3 changes only by a single type-1 interval: we insert proj,;(B) (with weight 1) if B
is inserted, or delete the corresponding type-1 interval if B is deleted. Thus, it suffices to
perform one insertion/deletion operation in Dy.

In the remaining case, we have Uy N projy_1;(B) # 0 and Oy € projj;_q(B), ie.,
B € By. In this case, the type-2 intervals in Zz change, and we proceed as follows.

1. Pick a permutation o of [d — 1] that minimizes H;j:_ll P50, (Projg_q)(B),1).
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2. Apply the algorithm of Corollary 6 with this permutation o to compute the updated
inside-Jz depth function 6,1:3,7;, which in turn specifies the updated set of type-2 intervals
in I{;.

3. Delete the old type-2 intervals from Dz and insert the new type-2 intervals into Dj.

We perform the above update for all @ € [r]4~1. Correctness follows from Observation 7 and

the fact that Dy always stores exactly the current interval multiset Z3. The main challenge

is to prove that this procedure achieves the desired amortized update time O(n(4=1/2),

5.2 Update time analysis

We show that each update of our data structure can be processed in 6((n/r)d_1 +rd-1)

time. Setting r = /n then yields the desired bound O(n(4=1/2),

Consider an update that inserts a new box B* or deletes an existing box B*. First observe
that, for every @ € [r]9~! such that Bz does not change, the corresponding local update
costs only O(1) time (it consists of maintaining counters and possibly inserting/deleting a
single type-1 interval). In total, this contributes 6(7"1*1) time. It therefore suffices to focus
on those ¥ € [r]¢~1 for which By changes; let V* C [r]?~! denote this set. Note that V*
consists exactly of the vectors ¥ for which [y intersects the boundary of proj,_,;(B*). For
v € V*, all steps of the update can still be performed in 6(1) time except: (i) recomputing
55’; via Corollary 6, and (ii) deleting the old type-2 intervals from Dy and inserting the
new ones. Since 65’1 has O(|Bg|) picces, step (i) costs O(|By|) time, which is dominated (up
to logarithmic factbrs) by the cost of step (i). Thus, it suffices to bound the total cost of
computing 65’; for all v € V*.

Let B denote the set of boxes after the insertion/deletion of B*. For i € [d — 1] and
a € [r], define

Vi(a) == {(a1,...,a4-1) € [r]¥" ' 1 a; = a}.

Intuitively, the cells Oz x R with ¥ € V;(a) are precisely those whose i-th coordinate is a.
Define v;(a) := Zﬁew(a) |cor(B) N (Of x R)|, i.e., the number of corners of boxes in B lying
in these cells. For 4,5 € [d — 1] and a,b € [r], define V; ;(a,b) and ~; ;(a,b) similarly. The
following basic properties are immediate from the construction.

» Fact 8. The following three properties hold.

(i) vi(a) = O(n/r) for alli e [d—1] and a € [r].

(i) Yo 7i(a,b) =;(b) for alli,j € [d—1] and b € [r].
(iii) For = (a1,...,aa-1) € [r]*", [Bs| < S0 i(as).

Combining Item 1 and Item 3 yields |Bz| = O(n/r) for all ' € [r]?~!, and in particular
for all ¥ € V*. By Corollary 6, computing 55’; takes time

d—1
@ <617| IOg |B’L7‘ . HEH H gpa,‘:la(proj[d—l] (BU)7 Z)) 5

i=1

where the minimum is over permutations o of [d — 1]. Thus, the remaining difficulty is to
bound the multiplicative factor min, H?:_ll ®,0,(Projja_1)(By), i) in aggregate over v € V*.
A per-cell bound is too weak; instead we carry out a global analysis. The key is Lemma 11,
which is based on the following relation between the @-values and the y-values.
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» Lemma 9. Let ¥ = (a1,...,aq-1) € [r]%"! and o be a permutation of [d — 1]. Then for
any box B in R and any i € [d—1], if $o.0,(Projjq_1)(B),i) =1, then there exist j € [d—1]
with j <, i and a vector @ € V; j(ai, a;) satisfying that cor(B) N (Ogz x R) # 0.

Proof. Assume ¢, 0, (Projiu_1(B),i) = 1. By definition of ¢, proj;_;)(B) is nontrivial
in dimension ¢ with respect to Lz, and there exists j <, ¢ such that projj;_ (B) is also
nontrivial in dimension j with respect to Oz. Therefore, there is a facet F; (resp., Fj) of
projj,_1)(B) perpendicular to the x;-axis (resp., x;-axis) that intersects Og. Let F} and F}
be the corresponding facets of B. Then both F; and FJ’ intersect the cell Oz x R. Since
i # j, there is a corner z € cor(B) lying on both F! and FJ’ Suppose z € Oz x R for
i@ = (by,...,ba_1) € [r]%"L. Then cor(B) N (Oz x R) # (. Moreover, because z € F! and F/
is perpendicular to the x;-axis while intersecting (I X R, the i-th coordinate slab of z equals
that of Oy X R, i.e., b; = a;. Similarly, b; = a;. Hence @ € V; ;(a;, a;). <

d—1

» Corollary 10. Let 7= (ay,...,a4—1) € [r] and o be a permutation of [d — 1]. Then for

any i € [d — 1], we have the inequality
By, (Proju_y(B),i)) =1 < Y 7ijlasa;).
JEld—1],j<oi

Proof. By definition, @, 0, (projiu_1)(B),i)—1 = >_pc i ¢0.0,(Projjs_y(B),i). Fora B € B
such that ¢, 0, (Projig_1;(B),i) = 1, Lemma 9 implies that there exists j <, i and some
u € V; j(a;,a;) such that cor(B) N (Oz x R) # (). Consequently,

0,0, (Projig_yy(B),i) < D Y eor(B)N (T x R)|.
jEld—1],j<ot weV; j(ai,aj)
Summing this inequality over all B € B yields

P40, (Projjg_1)(B),i) =1 < Z Z Z |cor(B) N (Oz x R)|

BeB jeld—1],j<,i @€V j(as,a;)

= Z Z |cor(B) N (g x R)|

je[d—l],j(ai ﬁe\/},j(a,y,aj)
= ) Yi,j(ai, aj). <
je[d—l],j(Ui

We are now ready to prove the key lemma. Roughly speaking, it bounds the total
“@-product complexity” over all cells in a fixed tube V;(a), provided the permutation o starts
with .

» Lemma 11. Let t € [d—1] and a € [r]. If o is a permutation of [d — 1] whose first element
is t, then we have 3 ey, (o) Hl 1 o0, (Projig_11(Bz), i) = O((n/r + r)i=2).

Proof. It suffices to prove } sy, o) Hi:—l ®,0,(Projjg_1)(B),i) = O((n/r+r)?=2). Without

loss of generality, assume ¢t = 1 and 0 = (1,...,d — 1). Then V;(a) consists of the vectors
(ai,...,aq_1) € [r]*! with a; = a and as,...,aq_1 € [r]. By Corollary 10,
T i—1
S T ooentpronn®.0< 3 Y 3 T {143 00
UEV}((L)% 1 a1=a azx=1 ag_1=11=1 j=1
a r T d—1 [i—-1
<22 2 I | tuaasa) +1)
a1=aaz=1 ag—1=17=2 \ j=1
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Define Q = {(j2,..-,ja—1) € [d— 12 : j; < iforalli € {2,...,d — 1}}. Then in the

d—1 1—1
above inequality, T1/Z) (02 (v (i) +1)) = X, vea Hz ) (g0, a5,) + 1),
and therefore

d—1 a r r d—1
> 1 200, (proj_y(B),i) < > S Y TG a) + 1),

T€Vi(a) i=1 (J25--Ja-1)€EQ @1=aaz=1  aq—1=1i=2

Since |Q| = O(1) (as d is constant), it suffices to show that for every fixed (jo,...,js—1) € Q,
the left sum-of-products is bounded by O((n/r 4+ r)¢=2). For each k € [d — 1], define

a r T k
Sy = Z Z Z H('Yi,j@(aiaajq‘,) +1).

a1=aaz=1 ap=1i=2

This is well-defined because j; < ¢ for all 4, and thus all indices appearing in the product are
at most k — 1. We prove by induction that Sy = O((n/r +r)*~1) for all k € [d — 1], which
immediately gives the desired bound for Sy = O((n/r + r)?=2).

For the base case k = 1, we have §; = Y0 __ Hi:z Vi, (aisaj,) = O(1). Assume
Sr_1 = O((n/r +r)¥=2) for some k > 2. In the product HLQ(%,ﬁ (ai,a;,) + 1), all factors
with ¢ < k — 1 are independent of ay, since j; < ¢ < k — 1. Hence,

k—1 T
Z Z Z (H Vigi (@i, a5;) +1) - Z(%jk(ak7ajk)+1)>

a;1=aazx= 1 ap_—1= =1 = akzl

r k—1 T
S 3 (Mol - (4 3 selon)) ).
aij=a ax=1 ap—1=1 =2 ap=1

By Item 2 of Fact 8, Y7 _; V& j, (ak; aj,) = 75, (aj, ), and by Item 1 of Fact 8 this is O(n/r)
for every value of a;, . Therefore,

a r T k—1
Sp=0@/r+r)- Y > - > [(ug(aia;) +1) = O((n/r+r) - Sy-1),
a1=a az=1 ap_1=11=2
which yields S = O((n/r +r)¥~1) and completes the proof. <

» Corollary 12. > .
computing 55’1.

geve Iy = = O((n/r)% 4+ nr?=3), where Ty denotes the time cost of

Proof. Recall that V* consists of all ¥ € [r]9~! such that Oy intersects the boundary
of proji,_y(B*). Equivalently, [y intersects one of the 2(d — 1) facets of projy;_,;(B”).
Let F1,...,Fq_1,F],...,F}_, be these facets, where F;, F] are perpendicular to the z;-
axis. For each i € [d — 1], there exist indices a;,a; € [r] such that F; C |J; Oz and

F' c U, Og. Hence, V* C U] (Vi(as) U Vi(a})) and

veV;(ay)

vEVi(al)

andi S Te+ D Ty

veV* i=1 \7€V;(a;) veVi(al)

Combining Corollary 6 and Fact 8, we have for every ¥ € V* and every permutation o of
[d - 1}?

d—1
~(n . :
T = 0] (’I“ : I | qja,Dﬁ(prOJ[dfl] (Bﬁ)’l)> ’

i=1
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Fix i € [d — 1] and choose a permutation o whose first element is i. Applying Lemma 11 to
the tube V;(a;) (and similarly to V;(a})) yields

Z Tg:5<;'(n/r+r)d’2>, Z ngé(%-(n/r+r)d’2).

veVi(ai) veVi(a)

Since d is a constant, n/r- (n/r +7)4"2 = O((n/r)1 + nrd¢=3). Summing over all i € [d —1]
(a constant number of terms) yields the desired bound. <

Combining Corollary 12 with the O(r?=1) cost for the cells outside V* shows that the
update time is O((n/r)*=" +nr?=3 4+ r9=1). Moreover, the middle term is always dominated

by the other two terms: if 7 < \/n then nr?=3 < (n/r)4=1, whileif r > y/n then nr¢=2 < rd-1,

Therefore, the update time is O((n/r)4=1 +r4=1). Setting r = \/n yields O(n(4=1/2), proving
Theorem 1.

6 Adaptation to dynamic Klee's measure

In this section, we explain how to modify the data structure from the previous sections to
maintain Klee’s measure for axis-parallel boxes in the fully dynamic setting. The proofs of
this section are defer to Appendix B.

6.1 Offline subroutine

We first modify the offline algorithm from Section 4. The only additional ingredient is the
following analogue of Fact 3.

» Fact 13. Let L be a set of slabs in R and O be a fized box in R. Then we have
1 — Kleeg(£)/V(O) = [I;_,(1 — Kleeg(£;)/V(0)), where L; C L consists of the slabs
bounded in dimension i and V(O) denotes the volume of OJ.

Fact 13 implies an analogue of Lemma 4, namely a dynamic inside-[] Klee’s measure data
structure for slabs with O(logn) update time. Using this slab data structure in place of
Lemma 4, we obtain an analogue of Lemma 5 for OFFLINE INSIDE-[] BoX KLEE’'S MEASURE
with the same running-time bound.

To formulate the analogue of Corollary 6, we define the inside-R measure function of B
as k5 : R — R, where

ke (p) = Kleepy () (B) for all p € R.

As in the maximum-depth setting, /@IB% is a piecewise constant function whose breakpoints
lie among the endpoints of the intervals in proj;(5), and hence it has O(|B|) pieces. The
following corollary follows by the same sweep-line reduction as in the proof of Corollary 6.

» Corollary 14. Let o be a permutation of [d — 1] and O be a fized box in R¥~1. Given a set

B of n bozes in R, one can use O(nlogn - Hf;ll @, 0(Projq_1)(B),i)) time to compute the
inside-0] measure function Klé.

34:13

ICALP 2026



34:14

Dynamic Maximum Depth and Klee’s Measure of Boxes

6.2 Dynamic data structure

We now modify the dynamic data structure from Section 5. We use the same partition of R?
into r¢=1 cells indexed by ¥ € [r]71, and we maintain Kleer, g (B) for each cell individually.
We follow the notation from Section 5.

Recall that for maximum depth we maintained, for each v, a weighted interval multiset
T7 that encodes the inside-ll; depth function. For Klee’s measure, we define Z analogously,
replacing the pieces of 65’; by the pieces of ﬁg’;. However, the relation between Kleer g (B)
and Zy is slightly more involved. We therefore separate Zy into two parts: let Z.. C 7y be the
set of (weight-1) intervals corresponding to boxes B € B with [y C proji,_,(B), and let
TZ C Iy be the set of intervals corresponding to the pieces of the function ngf;. For each
I € 7}, we denote its weight by w([l) := ngﬂﬁ (I). For a set T of intervals, we write | JZ for
the union of the intervals in Z.

» Fact 15. Kleeq, ,r(B) = Klee(Zy) - V(Og) + > ez VUI\UZE) - w(d).

To evaluate the right-hand side of Fact 15, we store Z. and Z! in two data structures
D’. and D. The data structure D/, maintains Klee(Z) and also supports range queries for
Klee’s measure; this additional capability is needed when constructing and maintaining D.
The data structure D7 maintains the quantity >, 7. V(I\UZg) - w(l).

Before defining D, we introduce an auxiliary structure A on Z.. Given a pair (L, R)
of query intervals, A checks whether there exists an interval in Z whose left endpoint lies
in L and right endpoint lies in R. Such a structure can be obtained by mapping each
interval in 7, to a point in R? (left endpoint as the z-coordinate and right endpoint as the
y-coordinate), reducing the query to dynamic 2D orthogonal range emptiness. Standard
dynamic range-emptiness structures (e.g., dynamic 2D range trees) support both updates
and queries in 5(1) time, and we use A as such a black box.

Next, we define DY, a dynamic range Klee’s measure data structure built on Z..

» Definition 16. A dynamic range Klee’s measure data structure stores a set Z of intervals
and supports the following three operations:

Insertion: Insert a new interval into I.
Deletion: Delete an existing interval from I.
Query: For a query interval Q, return Kleeg(Zg) where Io ={I € Z:Q ¢ I}.

» Lemma 17. There exists a dynamic range Klee’s measure data structure with 6(1)
amortized update time and O(1) query time.

Let D’ be the data structure from Lemma 17 instantiated on Z.. Querying D’ with
Q = (—00, +00) returns Klee(Z%).

We now define D7. It is an interval tree built on Z/, whose stored values depend on
both Z7 and Z. The intervals in Z7 form a partition of R. The leaves of D, correspond
one-to-one to the intervals in Z, in left-to-right order. For a node ¢ of D7, let Z7(t) C Z
denote the set of leaf intervals in the subtree rooted at ¢, and define

Th(t) = {T e Ty : | T (t) £ T}

At node t we store the value

n(t):= Y VI\JTi0) - wll).

I€TY(1)
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If ¢ has children s; and s, then Z%(t) C Z1(s1) NZy(s2), and 7(t) can be computed from 7(s1)
and 7)(s2) by testing, for each child s € {s1, s2}, whether Z%(s) = Z.(t). We set n’(s) = n(s)
if Z.(s) = Z.(t) and 7'(s) = 0 otherwise, and then n(t) = n'(s1) + 7'(s2). Using A, this
equality test can be performed in O(1) time, and hence 7(t) can be computed in O(1) time
given n(s1) and n(s2).

If t is a leaf corresponding to an interval I € Z, then

n(t) = (V(I) ~ Kleer(Z(1))) - w(l).

We obtain Kleer(Zj(t)) by querying D with @ = I in O(1) time, and then compute 7(t) in
O(1) time. It follows that D’ can be built in O(|Z7|) time by a bottom-up construction.
After an insertion or deletion in 77, we can update D in O(1) time. Consider an
interval I inserted into Z7. or deleted from Z7. Let ¢, and ¢, be the two leaves of D’ whose
corresponding intervals in Z contain the endpoints of I. Let m; be the path from the root
to t;, for i € {1,2}. Only nodes on 7; Ums may change, a~nd we can update them bottorri-up,

spending O(1) time per visited node. Since |my[, |m2| = O(1), the total update time is O(1).

We do not separately support insertions/deletions to Z7: in our setting, whenever Z! changes,
it changes globally, and we rebuild D’} from scratch on the new Z7.

At this point, D’; provides Klee(Z7), and the root of D% stores ;.7 V(I\UZ}) - w(I).

Applying Fact 15 yields Kleeq g (B).

Update time

Finally, we consider the update time for a fixed cell (37 x R when a box B is inserted into
B or deleted from B. If Oy C proji,_,;(B), then we insert into Zj; (or delete from Zj) the
interval proj,(B). In this case we update A and D7, and then update D7 as described
above; the total cost is O(1).

Otherwise, we recompute the inside-[]z measure function ng and rebuild D7 on the
resulting set Z” of pieces. By Corollary 14, the cost of recomputing mg’; matches (up to
logarithmic factors) the cost of recomputing 532 in the maximum-depth structure. Moreover,
rebuilding D costs 6(\Ig|) = O(|Bj|), since the number of picces of Iigi is O(|Bg]). Therefore,
the per-cell update time is the same as in the maximum-depth setting up to logarithmic
factors. Applying the same global analysis as in Section 5 yields an overall amortized update
time O(n(4~1/2), proving Theorem 2.

7 Conclusion and open questions

In this paper, we develop fully dynamic data structures for maintaining the maximum depth
and Klee’s measure of a set of axis-parallel boxes in any constant dimension d, achieving a
near-optimal amortized update time of 6(n(d_1)/2). While this update time is close to the
conjectured lower bound, several directions remain open for future investigation.

A first and perhaps most natural question is whether one can eliminate the logarithmic
factors in the update time, mirroring the historical progression of static Klee’s measure
algorithms [29, 12, 13]. A second direction is to improve the preprocessing time and the
space complexity. It is plausible that the preprocessing can be reduced to O(n%?) time,
whereas our current preprocessing and space usage is comparatively brute-force and requires
O(n(4+1/2) time and space.

Our results address the ezact problems in the fully dynamic setting, but it is also natural
to study relaxations. For instance, one may ask whether maintaining a (1 — ¢)-approximation
to the maximum depth or to Klee’s measure admits asymptotically faster updates. Another
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variant is the semi-dynamic setting, where updates are restricted to insertions only or

deletions only. It remains open whether these relaxations allow substantially smaller update

times.

Since this work focuses on boxes, an obvious next step is to design dynamic maximum-

depth data structures for other object families, such as balls, simplices, or more general convex

bodies. These extensions appear considerably more challenging, as the maximum-depth
problem is already known to be 3SUM-hard even for disks [4].

Finally, from a technical perspective, it is also interesting to explore whether our charging

analysis can be applied to other partitioning-based problems involving boxes.
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A Low-level implementation details

In this section, we provide the implementation details omitted in Section 5, namely periodic
reconstruction and the splitting procedure.

A.1 Reconstruction

Our data structure uses the standard technique of periodic reconstruction, as in [30]. After
the i-th reconstruction, let n; := |B| denote the number of boxes at that time. We then
perform n;/2 update operations before initiating the (¢ + 1)-st reconstruction. During this
i-th period, i.e., the interval between the i-th and (i + 1)-st reconstructions, we therefore
have |B| = ©(n;).

Since our data structure supports updates in O(n
we can rebuild it from scratch in O(n(?t1)/21logn) time by inserting the n boxes one by one.
Thus, the (i41)-st reconstruction takes O(ngdﬂ)/2
n;/2 operations in the i-th period yields an amortized reconstruction cost of O(n
per operation, which keeps the amortized update time at O(n(?=1/21logn).

(@=1)/21ogn) time on a set of size n,

logn;) time. Amortizing this cost over the
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A.2 Splitting

We now describe how to maintain the invariant assumed in Section 5: for each i € [d — 1],
the number of corners of boxes in B lying between any two consecutive hyperplanes in H,; is
always O(n/r).

Fix ¢ € [d—1] and consider a reconstruction period in which the set size satisfies |B| = ©(n)
(where n denotes the size at the beginning of the period). The hyperplanes in H; partition
R? into slabs along the x;-axis. Whenever the number of corners of boxes in B in the slab
defined by two consecutive hyperplanes H,, 1, H,, € H; reaches 291n/r, we insert a new
hyperplane H' perpendicular to the z;-axis between H,, 1 and H,, so that the numbers of
corners in the two new slabs (between H,, 1 and H' and between H' and H,,) are both
exactly 29n/r. Consequently, every cell Oy x R whose i-th coordinate equals a; is split into
two cells [ x R and 00" x R.

By construction, immediately after the split, each of the two new slabs contains at most
24n /1 corners, and a slab is split only once it accumulates 2%1n/r corners. Thus, at all
times, the number of corners between any two consecutive hyperplanes in H,; is at most
24+ 1n /r = O(n/r).

On the other hand, to make the proof in Section 5 go through, we also need to ensure
that the total number of cells remains O(r¢~!) despite splittings. This is guaranteed by the
following fact, which is a direct generalization of Fact 4 in [30].

» Fact 18. Ower the first t update operations within a reconstruction period (with parameter
n fized at the beginning of the period), the number of splittings along any fixed axis is at
most 2tr/n.

Proof. Since deletions do not trigger splitting, it suffices to account for insertions among the
t operations. Fix an axis i € [d — 1]. For each inserted box B, we charge it to the (at most)
two slabs along the x;-axis, defined by consecutive hyperplanes in #;, that contain corners
of B at the time of insertion.

Each such charge corresponds to inserting at most 2¢ new corners into the charged slab.
Therefore, a slab S must receive at least n/r charges before its number of corners grows from
at most 29n/r to 24T n /r, at which point S is split. Equivalently, every split of a slab S is
preceded by at least n/r charges to S. Since each insertion contributes at most two charges
along the z;-axis, the total number of charges along this axis over the first ¢ operations is
at most 2t. It follows that the number of splits along the x;-axis is at most nQ—/tr = 2" a5

n ?

claimed. <

» Corollary 19. Despite splittings, the number of cells remains O(r?=1).

Proof. Consider an arbitrary reconstruction period. By construction, the period contains at
most n/2 update operations. By Fact 18, the number of slab splittings along each axis is at
most

2-(n/2)-r

=r.

Since we start the period with r slabs along each axis, after at most r additional splits the
number of slabs along each axis is at most 7 + r. Therefore, the total number of cells is at
most (r + )41 = O(rd=1). <
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B Missing proofs
B.1 Proof of Fact 8

Proof. Item 1 follows directly from the construction (and maintenance) of H;: for each
i € [d—1] and each a € [r], the cells {0z x R: ¥ € V;(a)} form exactly the slab between two
consecutive hyperplanes in H;, and by invariant this slab contains O(n/r) corners of boxes
in B. Thus v;(a) = O(n/r).

Item 2 is immediate from the definitions. Fix 4,5 € [d — 1] and b € [r]. The sets V; ;(a,b)
partition V}(b) as a ranges over [r], and therefore

Z%(a, b) = Z Z |cor(B) N (O x R)| = Z |cor(B) N (Og x R)| = ~;(b).

a=1 7eV; j(a,b) TeEV;(b)

For Item 3, fix ¥ = (a1,...,aq_1) € [r]*"! and consider any box B € By. By definition of
By, we have proj;_q(B) N0y # 0 and Oy ¢ projy,_,;(B). Hence there exists a dimension
i € [d — 1] such that proj,(0z) € proj,(B). Since proj,(0z) intersects proj;(B), at least
one endpoint of proj,(B) lies in the interior of proj,(dz). Equivalently, there is a facet F of
proji,_q(B) perpendicular to the x;-axis that intersects Ug.

Let F’ be the corresponding facet of B in R%, and let z € cor(B) be any corner incident
to F’. Then z lies in the slab with i-th coordinate equal to a;, and therefore z € Oz x R for
some @ € V;(a;). We charge the box B to this corner z. Doing this for every B € By yields

d—1 d—1
Bs| <> > feor(B)N (Dz x R)| = Z%(ai),

=1 @eVi(a;)

which is exactly Item 3. <

B.2 Proof of Fact 13

Fix i € [c]. Every slab L € £; is unbounded in all coordinates except the i-th one. Let
Ui := Upe,, Proj;,(LN0) C proj,(0d). Then J, ., (LNDO) = [[;_; proj;(0) x U; x
[[—i;1 proj;(0J), and therefore

Kleeg(L;) =V ( U (me)> = |i] - ][ Iproj, (D).

LeLl; VED
Dividing by V(0) = [;_, [proj;(0)| gives

Kleeo(£) | |Ui_ [proj,(0)| ~ U]

e T ren@)] ~ 0 Iproi, )]

Now consider the full slab set £ = J;_, £;. Inside J, the complement of the union is

O\ JuznD)y=0n (C] <D\ U (LmD))

LEL i=1 LEL;
= Hprojj(D) X (Proji(D) \ Ui) = H(proji(‘:l) \ Ui)'
i=1 \ j#i i=1
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Taking volumes yields V(O) — Kleery(£) = []_, (|proj;(0)| — |U;]). Dividing by V(O) and
substituting the expression for each L; gives

K roj,([d)| — |U:| Kleery(L;
et H'p Ol 1oy H(l— L >>.

proj, (0 1

B.3 Proof of Fact 15

Proof. Let U :=JZ, C R be the union of the type-1 intervals. For each p € R, define the
cross-section value

m(p) = K|ee|:|5><{p}(8) =V << U B> N (Oz x {p})) .

BeB

By Fubini’s theorem (or equivalently by additivity of volume along the z4-axis),

Kleer), i (B) = /R m(p) dp

If p € U, then there exists a box B € B such that [y C projj;_1)(B) and p € proj,(B),
which implies Oz x {p} C B and hence m(p) = V(Og). If p ¢ U, then no such box exists, and
the only boxes contributing to the cross section inside Oz x {p} are those in By. By definition

of the inside-0z measure function, we then have m(p) = mg’i (p). Since I7 is precisely the

set of pieces of ﬁg’{, for each I € Z! the function equals the constant w(I) on I.
Therefore,

Kleer, «r (B / dp+/ mg’;(p) dp
pe pgU
= )- U+ ) w(I)- [T\ U
IEI”
= Klee(T}) - V(@y) + 3 V (I\UII;) ~w(I). <
IeIg

B.4 Proof of Lemma 17
We first observe the following simple fact.

» Fact 20. For any disjoint intervals X and Y and any interval set T, Kleexyy (Z) =
Kleex (Z) + Kleey (7).

Let {e1 < --+ < en} be the sorted distinct endpoints of all intervals in Z. Define
Ai = (ei,ei_H) for 1 S ) S N—l, and AO = (—00761)7 AN = (BN,OO). Let .A = {Ao, ‘e ,AN}
be the set of these disjoint intervals. We consider a standard BST 7 on A storing the atomic
intervals A; € A at its leaf nodes. For any node v € T, let A, denote the interval spanned
by its leaf descendants (atomic interval A; if v is a leaf). Define

|A;|-1[3T € Z:4(I) =e; or r(I) = e;41] where I = [¢(I),r(I)], if vis a leaf,
K(v) = S (k) 1[Ta, =Ta, ]+ [Au| - 1Ta, #Za]), if v is internal.

v’ €v.children

» Fact 21. x(v) = Kleey, (Za,) for allveT.
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Proof. The claim holds trivially when v is a leaf node. Since A; is atomic, Z4, is nonempty
when some I € T includes A; and defines one of its endpoints, thus Kleey,(Z4,) = | 44|
Otherwise, Z4, = () and the measure is 0. If v is an internal node, then by Fact 20,
Kleea,(Za,) = Dy co.children Kleea,, (Za,). Thus it suffices to show that for each child v’
either Kleey ,(Za,) = k(v') or [Ay|. If Ta, = Za,, then Kleey ,(Za,) = Kleea ,(Za,,) =
x(v") trivially by induction. Otherwise Z4, # Z4 ,, and since A,, C A, we cannot have
an interval that contains A, but fails to contain A,., so the difference lies in the existence
of some I' € Ty, \ Za,. Thus I' is an interval that fully contains A, but does not
contain A,, consequently every point of A,  lies in some interval of Z,4, , and therefore
KIeeAU, (IAW) = ‘AUI|. <

To compute Kleeg(Zg), let V denote the O(log N) canonical nodes whose intervals

{A, :v € V} form a disjoint partition of Q. By Fact 20, Kleeg(Zg) = >,y Kleea,nq(Zq).

For each v € V. If A, C @, then Kleea,ng(Zg) = Klees,(Zg) = Kleea,(Za,) - 1[Za, =
o) + |Av] - 1[Za, # Zg]. Otherwise if A, ¢ @, then v is necessarily a leaf corresponding

to some atomic interval A4;, and Kleea,ng(Zg) = Kleea;,nq(Zg) = r(4i) - [4i N Q/|Aql.

Since 1[Z4, = Zg] can be evaluated in O(1) time using the auxiliary structure A, and
[V| = O(log N), the value of Kleeg(Zg) can be computed in O(1) time via queries to 7.
Furthermore, insertions or deletions of an interval I’ in Z can be reflected in 7 in O(1)
time. Observe that x(v) remains unchanged for any node v spanned by I’, since by definition
I'¢ZTy,={I€l:A,¢I}if A, CI'. Hence, the update only affects leaves incident to
endpoints of I’ and the leaves’ ancestors. Accounting for rotations, splits, and merges in 7,
at most O(log N) nodes are changed in 7. Let P be the union of root-to-leaf paths from
affected nodes. For each v € P, recomputing x(v) using A takes O(1) time and restores the

invariant k(v) = Kleea, (Za,). Therefore, the total update time is O(1).
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