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—— Abstract

We study dynamic algorithms for maintaining fundamental algebraic properties of matrices, specific-
ally, rank, basis, and full-rank submatrices, with applications to maximum matching on dynamic
graphs. Prior dynamic algorithms for rank achieve subquadratic update times but scale with the
matrix dimension n, and could not always maintain the corresponding objects such as a basis or
maximum full-rank submatrix.

We present the first dynamic rank algorithms whose update time scales with the matrix rank

r, achieving 5(7"1'405) time per entry-update and 5(1"1528 + z) per column-update, where z is the

number of changed entries. This extends to 6(\M |1-405)

edge-update time to maintain the size |M|
of a maximum matching. We also give dynamic algorithms for maintaining a column-basis subject

to column-updates and a maximum full-rank submatrix subject to entry-updates.
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1 Introduction

Dynamic algebraic algorithms maintain properties of matrices and vector spaces while
the input undergoes changes. These algorithms, when used as subroutines, have led to
improvements in various areas such as convex optimization [39, 24, 56, 57], network-flows [42,
46, 29, 27, 34], online algorithms [41, 53], failure-sensitive oracles [49, 75, 33, 50].

Many dynamic graph problems (where the goal is to maintain certain graph properties
while the graph undergoes edge insertions and deletions) such as reachability [70, 48, 60],
strong-connectivity [62] shortest path [71, 61, 28, 31], matching [72], near additive spanner [13,
25], have also been addressed using dynamic algebraic techniques. In fact, it has been shown
that achieving subquadratic upper bounds for many of these problems requires the use of
algebraic techniques. [1, 13].

This work focuses on two of the most fundamental properties of matrices and vector
spaces: rank and basis. Formally, the problem is defined as follows: we are given an n X n
matrix (i.e., a collection of vectors) that undergoes updates (e.g., column replacements).
After each update, we must return the new rank or basis. The “update-time” refers to the
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time required to compute and return the new rank or basis after an update. We consider
both column-updates (where an entire column/vector is replaced) and entry-updates (where
a single matrix entry is modified).

Dynamic Rank & Matching. Given a graph G, the size of a maximum matching is equal
to half the rank of the graph’s Tutte-matrix'. Hence, by maintaining the rank of a dynamic
matrix under entry-updates, we can maintain the size of a maximum matching in a graph
that undergoes edge insertions and deletions. The latter problem is known as dynamic
maximum matching. Via further reductions, this also extends to other graph problems such
as dynamic vertex-capacitated max-flow.

Dynamic maximum matching is a well-studied problem in the dynamic graph area with
substantial amount of work in recent years for the approximate setting [11, 65, 23, 20, 9, 22, 8].
In the exact setting, the upper bounds for n-vertex graphs are O(n!>28) [43], O(n!446) [72]
and O(n!40%) [32]. These upper bounds for exact matching are achieved via the reduction from
matching to rank, i.e., despite the graph application, these dynamic algorithms are entirely
algebraic and maintain the rank of the Tutte-matrix. The algebraic approach and slower
progress in the exact setting can be explained via conditional lower bounds. The two highest
corresponding conditional lower bounds for dynamic matching are Q(n“=1) ~ Q(n!-372)
based on the triangle detection conjecture? [1], and Q(n!-49%) [32] based on the hinted-Mv
conjecture®. These lower bounds imply that any upper bound must be algebraic (i.e., make
use of fast matrix multiplication) to beat the naive 6(712) upper bound* of recomputing the
matching from scratch on dense graphs [30, 37]. Further, depending on which conjecture one

1.405) ypdate time is conditionally optimal or nearly so (with only a

believes, the current O(n
0(n%91) gap to triangle detection for current bounds on w). While these conditional lower
bounds seemingly rule out substantial further progress in the exact setting, they only holds
for distinguishing between matching-size (or rank) n vs n — 1. Thus, the lower bounds do
not apply to graphs with small maximum matchings (or matrices with small rank), leaving
open the possibility of significant improvements for the low-rank/small-matching case.

Such improvements for low-rank matrices have previously been obtained in the static
setting. While computing the rank of an n x n matrix A generally takes O(n“) time, [38]
showed how to compute the rank in only O(nnz(A) 4 ) time, where nnz(A) is the number
of non-zeros (i.e., time to read the input matrix A) and r is the rank of the input matrix. So
for low-rank matrices (e.g., r < n'/2), the rank can be computed in nearly-linear time.

On the one hand, this highlights a gap in the dynamic setting: for sparse low-rank
matrices, naive recomputation of the rank from scratch via [38] is already faster than the
current O(n'-4%®) dynamic algorithms. So no non-trivial dynamic algorithm is known for
such matrices. On the other hand, the result of [38] suggests that it may be possible to
improve the dynamic complexity by having it depend on rank 7 rather than dimension n.
Our first result shows this is indeed possible: The rank 7 can be maintained in O(r!-40%)
time per entry-update. This also implies a dynamic algorithm for maximum matching size
with O(|M|}405) edge-update time, where |M]| is the size of the maximum matching.

The Tutte-matrix [73] is the symbolic adjacency matrix where the signs are flipped along the diagonal,
i.e. Ai’j = —Aj’i.

Triangle conjecture: Given an m-vertex graph, triangles cannot be detected in O(n*~¢) time.

The hinted-Mv conjecture [32] is a variation of the OMv conjecture [54], parametrized by the fast
matrix multiplication exponent. The lower bound Q(n!4%%) is for current bounds on rectangular matrix
multiplication [2].

We use 5() to hide polylog(n) factors.
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Dynamic Basis and Full-Rank Submatrix. The rank of a set of vectors (or a matrix) is
the size of the maximum linearly independent subset (or size of the maximum full-rank
submatrix). Previous fastest dynamic rank data structures [72, 32, 26] can maintain the
rank (i.e., size of basis/submatrix), but not the actual basis or submatrix itself. These
algorithms work via a black-box reduction by [72], which reduces dynamic rank to dynamic
matrix inverse (here one must maintain the inverse while the input matrix changes over
time). Thus improvements for dynamic matrix inverse [32, 26, 4] have directly translated to
better algorithms for dynamic rank and matching size.

However, when it comes to maintaining an actual basis, the only known algorithm is
that by [43] which, rather than a black-box reduction, was a dynamic algorithm specifically
designed for maintaining the rank®. Thus, this algorithm has not benefited from recent
advances in dynamic matrix inversion, and thus the update time remains at O(n!°2%), which
is slower than the O(n'4%) update time for rank. If there was a black-box reduction from
basis/full-rank submatrix to dynamic matrix inverse, similar to how there is a reduction
from rank, then these issues would be resolved.

The ability to maintain the size, rather than the corresponding object, is a common
limitation of dynamic algebraic algorithms. This issue extends to the applications of dynamic
algebraic algorithms such as maintaining reachability, strong-connectivity, maximum match-
ing, or shortest paths in dynamic graphs. [1] have proven that solving these problems in the
dynamic setting faster than the trivial 5(712) requires the use of fast matrix multiplication,
i.e., algebraic techniques. However, given the algebraic nature, most dynamic algebraic
algorithms maintain numbers/quantities rather than the respective combinatorial objects.
For example, [71, 31, 61, 25] maintain distances (i.e., length of shortest path) rather than
the paths. [72] maintains the size of the maximum matching rather than the matching.
For reachability, [70, 40] maintain boolean reachability information, but not the respective
paths. [32] maintains a boolean output whether the graph is strongly-connected, but not the
strongly-connected components. This inability to maintain the underlying object is a major
draw-back of dynamic algebraic methods and has been stated as open problems in [31, 32].
Recently, studying how to maintain objects via dynamic algebraic techniques has developed
to an active area of research with first progress for paths: [59] extended dynamic reachability
to path reporting, and [13, 3] can maintain shortest paths. [62] extends strong-connectivity
to maintaining the strongly-connected components. However, for maintaining a maximum
full-rank submatrix (rather than just the rank), or a maximum matching (rather than just
its size), the question remains open.

In this work, we give the first reduction from basis (and maximum full-rank submatrix)
to dynamic rank. The latter reduces to dynamic matrix inversion [72], thus, all recent
improvements to dynamic matrix inverse now also extend to dynamic basis. As a full-rank
submatrix corresponds to the vertex set used by the maximum matching, this is also the first
fully dynamic algorithm that maintains information about the exact maximum matching
beyond its size.

1.1 Our Results

Maintaining the Rank. Our first result are improved time complexities for maintaining
the rank of a dynamic n X n matrix, scaling with the rank of the matrix rather than its
dimension. In the following, nnz(A) is the number of non-zero entries in A, when given in
sparse representation.

5 [43] state their results for dynamic rank. It was not explicitly stated that they maintain basis or
submatrix, but internally their algorithm maintains the positions of leading 1s of the row-echelon form.
This allows to extract the basis.
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Entry Update

Column Update

Output New ‘ Previous New ‘ Previous
Rank plA05 | 1405 (79 39] | 241528 | pl-528 (72 39 ‘
Column-Basis | n'4% and r!®2 | p15%8 [43]5 o4 528
Submatrix n1405 o1 q p1-528

Figure 1 New and previous upper bounds for dynamically maintaining rank, basis, full-rank
submatrix. Parameter n bounds the width and height of the input matrix, r is its rank, and z is the
number of entries changed by the column update (i.e., input size of the update).

» Theorem 1. There are randomized dynamic algorithms that maintain, with high probability,
the rank of a dynamic n x n matriz A. Both have preprocessing time O(nnz(A) + rank(A)“)
and their update times are:

O(rank(A)1495) time per entry-update,

5(1rank(A)1'528 + z) time per column-update, where z is the number of entries changed

in the column.

The dynamic algorithms are robust against output-adaptive adversaries®.

The term z in the column-update time accounts for reading the input (i.e., change of the
column). For dense updates to low-rank matrices, the column-updates are nearly-linear time.
The complexity dependence on rank(A) is conditionally optimal, i.e., any further improvement
would also improve the high-rank time complexities of O(n!4%%) and O(n!'-528). These are
also the first non-trivial dynamic algorithms for low-rank matrices with nnz(A) < n!-4% or
n! 528 respectively.

Theorem 1 is obtained by developing a black-box reduction from maintaining the rank of

n X n matrices to r x r matrices, where r = O(rank(A)), via techniques of [38].

» Theorem 2. Assume there is a data structure that maintains the rank of a dynamic n X n
matriz A with U(n, z) column-update time, where z is the number of changed entries. Let
P(n) be the preprocessing time.

Then there is a randomized dynamic algorithm for maintaining the rank of A after
O(nnz(A) 4 P(rank(A))) time preprocessing with

O(z + U(rank(A), z) + P(rank(A))/rank(A))

update time for column updates that change z entries. The output is correct with high
probability and the dynamic algorithm is robust against output-adaptive adversaries.

Applying this reduction to the best-known dynamic rank algorithms (O(n'*?®) for column-
updates, and O(n!4%%) for entry-updates [71, 32]), results in Theorem 1. These upper bounds
depend on the current best bounds for fast rectangular matrix multiplication [2].

Since the rank of a graph’s Tutte-matrix is twice the size of a maximum matching,
Theorem 1 directly implies algorithms for dynamic maximum matching size. For bipartite
graphs, a reduction by [58] allows us to maintain the weight of the maximum weight matching
as well.

6 Here the adversary sees the output of the data structure, but not the internal randomness.



J. van den Brand, V. Kumar, and D. J. Zhang

» Theorem 3. There are randomized dynamic algorithms that maintain with high probability

the weight k of a mazimum weight matching in a bipartite graph with O(W - k*405) time
per edge-update, where W is the weight of the updated edge.
the size |M| of the maximum matching M in a general graph in O(|M|*49%) time per

edge-update.

1‘405)

The previous best bounds for these problems were O(n for maximum matching and

O(W2405 . n1405) for the weighted case [71, 32].

Maintaining a Basis. The dynamic algorithms of Theorem 1, and those of [71, 32] can only
maintain the rank of a matrix (i.e., set of vectors) but not a corresponding basis. We extend
the results to maintain a column-basis:

» Theorem 4. There is a randomized dynamic algorithm that maintains with high probability
a column-basis of a dynamic n x n matriz A in é(z + rank(A)1528) time per column update.
Here z is the number of entries changed during the column update.

The dynamic algorithm is robust against output-adaptive adversaries.

In case of column-updates, the time complexity matches that of Theorem 1 for maintaining
the rank. For entry-updates (i.e., when z = 1) there is a small slow-down compared to the
O(n'4%) update time for maintaining the rank. It still improves over the previous best
bound O(n'?8) for maintaining a basis under entry-updates [43].

Our result is the first to maintain a basis subject to column-updates. Column-updates
to a matrix correspond to adding and removing vectors to some set V = {vy,...,v,} and
maintaining a maximum linear independent subset of them. In this context, column-updates
are arguably more natural than entry-updates.

Theorem 4 is obtained by developing a reduction and using the O(n!%?%) column-update
time dynamic rank algorithm from [32].

» Theorem 5. Given a dynamic algorithm for maintaining the rank of a dynamic matriz
A € F™*™ with column-update time U(n) and processing time P(n).

Then there is dynamic algorithm maintaining a column-basis of A € F™*™ with column-
update time O(P(rank(A))/rank(A) + U(rank(A)) + z). Here z is number of entries that
changed in the updated column.

The dynamic algorithm is robust against output-adaptive adversaries.

Maintaining a Full-Rank Submatrix. Given a matrix A € F"*"™ computing a full-rank
submatrix corresponds to first constructing a column-basis (i.e., subset of columns of A) and
row-basis (i.e., subset of rows of A), and then taking the submatrix induced by the row and
column set”.

Running Theorem 4 or [43] on A and AT would allow to maintain a maximum full-rank
submatrix in O(rank(A)*52%) or O(n!*?®) time. However, maintaining the rank can be done
in O(rank(A)14%5) time via Theorem 1 (or O(n!4%%) via [72, 32]).

To address these issues, we develop a new approach for maintaining a maximum full-rank
submatrix. We show that maintaining such a submatrix (and thus also the rank of a matrix)
reduces to merely detecting when a dynamic matrix becomes singular (i.e., non-invertible;
det(A) = 0) for the first time.

7 This only works when we have a column- and row-basis. It does not work when these are merely linearly
independent column (or row) vectors. See full version for details.
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» Theorem 6. Assume there is a data structure that detects when a dynamic n X n matriz
A becomes singular for the first time, with U(n) time per entry-update. Let P(n) be the
preprocessing time.

Then there is a dynamic algorithm for maintaining a maximum full-rank submatriz (i.e.,
sets I,J C [n] with det(Ay ;) # 0 and |I| = |J| = rank(A)) after O(P(n) + n*) time
preprocessing with O(U(n)) entry-update time.

The reduction is randomized, correct with high probability, and works against an output-
adaptive adversary.

A reduction from rank to singularity-detection was previously given by [72], but it could
only maintain the rank, and not a corresponding object such as a basis or full-rank submatrix.

By applying our reductions to dynamic determinant algorithm of [32], we obtain the
following result:

» Theorem 7. There is a dynamic algorithm that maintains with high probability a rank(A) x
rank(A)-sized full-rank submatriz of a dynamic n X n matriz A. After each update, the data
structure returns the set of row/column-indices that define the submatriz. The preprocessing
time is O(n®) and the update time is O(n*4%%) per entry update.

This result also implies that we can maintain the vertex set of a maximum matching in a
dynamic graph undergoing edge updates. This improves over previous algorithms, which
could only maintain the size of the matching [72, 32, 26].

Remark: Combinatorial Approach. A combinatorial approach for maintaining a matching
(besides recomputation from scratch in O(n?2) time [30, 37]) is to find an augmenting path in
O(n?) time after each update. Beating quadratic time requires algebraic techniques [1].

Given how there is an O(n?) combinatorial and O(n!-49%) algebraic algorithm, it is natural
to ask if there is also an O(|M|?) combinatorial algorithm matching the O(|M|*4%%) proven
in Theorem 3. We observe that there is an O(|M|?) time combinatorial algorithm based on
augmenting paths using vertex sparsification from [52].

» Theorem 8. theoremthmCombinatorial There is a deterministic algorithm that maintains
the mazimum matching M C E in a dynamic bipartite graph G = (V, E) subject to edge
updates in O(|M|?) time.

1.2 Further Related Work

In addition to the conditional lower bounds stated in the introduction, there is also an Q(n)
conditional lower bound for dynamic maximum matching based on the OMv-conjecture [54].

Dynamic matching (maximal, maximum, weighted, etc.) is one of the most well-studied
problems in the dynamic graph area, see e.g.,[7, 14, 15, 17, 16, 68, 74, 52, 66, 64, 21, 63,
36, 35, 66, 19, 18, 12, 6, 10, 67, 11, 65, 23, 20, 9, 22, 8] and references therein. Maintaining
small matching/max-flow in the partially dynamic setting (only insertion/only deletions)
was studied in [55, 51, 47]. Further dynamic algebraic problems that have been studied
are dynamic characteristic polynomial [45], dynamic Frobenius normal form [61], dynamic
matrix vector multiplication [5], dynamic convolution (polynomial multiplication) [69]. [44]
studied dynamic algebraic algorithms from the perspective of algebraic circuit lower bounds.

Similar to the exact setting, in the better-than-2 approximate setting the dynamic
matching algorithms from [11, 22, 20] can also only maintain the size but not the matching
itself. Unfortunately our techniques for maintaining the vertex set seem to be difficult to
extend to the approximate setting, because they rely on distinguishing size n vs n — 1 (i.e.,
existence of a perfect matching).
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1.3 Preliminaries/Notation

We write [n] for set {1, ...,n}. For matrix M € F"*™ and sets A, B C [n], we let M4 g be the
submatrix consisting of the rows and columns with index in A and B respectively. Similarly,
we let M_4 _p be the matrix obtained via deleting the rows and columns with index in A
and B respectively. For bipartite graphs G = (U U W, E) with |U| = |W| = n, we define the
biadjacency matrix A € FUXW via A, =1if {u,w} € E and A, ,, = 0 otherwise. For
permutation o : [n] — [n] the sign of o is sign(o) = (—1)¢ where ¢ is the number of inversions
(i.e., number of pairs ¢ < j with o(i) > o(j)).

» Lemma 9 (Schwartz-Zippel-Lemma). Let F be a field and f be a non-zero polynomial
of degree d with variables x1,...,x,, i.e., [ € Flxy,...,x,]. Let r1,...,r, be i.i.d. uniformly
sampled elements of F. Then P[f(r1,...,rn) = 0] < d/|F|.

Intuitively, this lemma states that if there exists some input for f which evaluates to
non-zero, then finding such an input is trivial by simply sampling a random input.

» Lemma 10 ([38, Lemma 2.4&2.5]). Given n,k € N, in O(n) time we can construct a
random n x r matrix M € F™*" with r = O(k), such that

each column of M has at most 2[n/r] non-zero entries, and each row has 2 non-zero
entries.

for any matriz A € F™*", we have with probability at least 1 — O(1/k + k/|F|) that
rank(AM) = min(rank(A),r).

The matrix M in Lemma 10 can be seen as a rank-preserving random projection. It
projects m many n-dimensional vectors (the rows of A) onto a smaller r-dimensional space
such that with constant probability the rank is preserved. Since the new space is r-dimensional,
the rank is preserved only when at most r, hence rank(AM) = min(rank(A),r). Further,
the projection M is sparse, i.e., changing an entry of a row-vector v will change only 2
entries in its projection v M.

Remark. We can assume without loss of generality that field F has size poly(n), otherwise
we use a field extension of such size [38, Lemma 2.1]. Further, there is kg = ©(1) such that
for all k£ > ko, the success probability of Lemma 10 is at least 1/2. We can then further
boost the success probability of Lemma 10 by sampling several My, ..., M, and returning
max; e rank(AM;). Then we have w.h.p., that the returned rank is min(rank(A),r).

2  Technical Overview

We begin by outlining how to maintain a maximum sized full-rank submatrix (Theorem 7)
in Section 2.1. The idea of the algorithm is based on constructing a gadget matrix by
interpreting the full-rank submatrix problem graphically using connections between the
determinant of a matrix and perfect matchings in graphs. Rather than a full-rank submatrix,
we identify a vertex-set that must be deleted such that a perfect matching becomes possible.

Then, in Section 2.2, we explain how to improve the maintenance of rank (Theorem 1)
and basis (Theorem 4) for low-rank matrices. These latter results are based on a random
projection technique by [38].

45:7
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2.1 Maintaining Full-Rank Submatrix (Section 3)

The task of finding a maximum sized full-rank submatrix for n x n matrix A is equivalent
to finding a minimum set S,7 C [n] of rows and columns to delete from A such that
det(A_g_7) # 0. Identifying these sets will rely on the following structural Lemma 13,
proven in Section 3. In Lemma 13, matrix A is the original input matrix and B will be some
gadget matrix that we construct.

» Lemma 13. Suppose A € R™*™ and B € R™*™ with m > n for some commutative ring
R. Let

i T 0...0 T
A :
T, | 0...0
Y1
H:
Yn B
0O ... 0
Lo .50 |
Then,
det(H) = (=115l det(A _g_7) det(B_1,_g5)zyT.

S, TCn],|S|=|T]|

In particular, det(H) # 0 as a polynomial in x1,...,Tn,Y1,-..,Yn iff there exists S,T C
[n] with det(A_s,—7) # 0 and det(B_p _g) # 0.

Via the Schwartz-Zippel-Lemma 9 and replacing z1, ..., Zyn, y1, ..., yn by random field
elements, Lemma 13 can be restated as follows:

» Fact 11. W.h.p. matriz H has det(H) # 0 if and only if
there is S, T C [n] where det(A_g _7) # 0 and det(B_p _g) # 0.

We maintain whether det(H) # 0, for some gadget matrix B. We construct B in such
a way so that we know the collection of S,T C [n] with det(B_r _g) # 0. Thus, when
det(H) # 0, we know that det(A_g _7) # 0 for at least one of these S,T. In particular, by
maintaining det(H) for gadget matrix B, we can implement a binary search procedure to
determine a minimum S, T with det(A_g _7) # 0.

Invariant and Update Procedure. Our dynamic algorithm will maintain the following
invariant after each update to A. We maintain sets S,T C [n] and a matrix B such that
(i) S,T are the unique subsets of [n] for which det(B_p _g) # 0. Note that B is m x m
with m > n and S,T C [n], so only the first n rows/columns are allowed to be deleted.
(ii) A_g _7r is a maximum sized full-rank submatrix of A.
By property (ii), we know a full-rank submatrix of A, which is exactly what our dynamic
algorithm is supposed to return after each update. Property (i) will hold after we are done
processing the update to A, but uniqueness does not hold while processing the update, as
we are performing a binary search to find one valid S, T.
To outline how we maintain these two properties, consider the following possibilities after
we receive an entry-update to A. Since a single entry A; ; is updated, the rank of A can
change by at most 1, giving us the following cases:
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(1) The rank increases, so we can add one more row and column to the full-rank submatrix
of A. In particular, our task is to find and remove an index from S and an index from
T, such that (ii) holds again.

(2) The rank decreases, so we must remove a row and column from the (previously) full-rank
submatrix of A. In particular, the task is to find and add an index to S and an index to
T, such that (ii) holds again. This task is trivial since updating entry A; ; means that
the i-th row and j-th column are precisely the ones to be removed from the submatrix,
ie, S+ SU{i}, T+ TuU{j}

(3) The rank stays the same. We can reduce this to case (2)+(1): After an update to A, ;,
we add 4,7 to S, T, then attempt to remove an index from S and from 7T again via the
procedure of (1).

So our update routine is as follows: Before updating entry A; ;, we check if the update
will make A_g _7, and thus H, singular. If it would, we add ¢ to S and j to 1" before making
the update. In either case, we update A; ; and then attempt to find an index to remove from
S and an index to remove from T and remove them. We do this last step (searching for and
removing a pair of indices) twice.

We are left with describing the procedure for finding s € S and ¢ € T such that after
removal we still have det(A_g _7) # 0. To do this, we construct our gadget matrix B such
that the following holds:

» Property 12. Given S,T C [n] and C = {I,...,r},C" = {l',...,v'}, the matriz B has the
property that all S’,T' C [n] with det(B_1/ _gs/) # 0 are precisely the sets 8" = S\ {c},T' =
T\{d} forceCnNS,deC' NT.

Thus, when det(H) # 0, then know there is some S’,T" with det(A_g/ _7/) # 0, and by
repeatedly halving the size of C,C’ we can binary search for a single valid S, T".

Given the binary search structure, it suffices to restrict to C,C’ to be certain intervals.

(When n is a power of two, they will have the form {k-2°+1,..., (k+1)2¢} for £,k € N). We
show that for S, T and all the C,C’ needed in the binary search, there is a matrix B with
Property 12. Further, changing one entry in S, T and halving sets C, C’ results in only O(1)
changed entries in B. Thus, after an update to matrix A, we only perform O(logn) updates
to B and thus only O(logn) updates to H. In particular, when given a dynamic algorithm
maintaining det(H) Z 0 with update time U, we have a dynamic algorithm maintaining a
full-rank submatrix of A in update time O(U logn) (Theorem 78).

Gadget Matrix B via Gadget Forest F'. We get to choose matrix B in our algorithm. To
have precise control about the possible sets S, T where det(B_7 _g) # 0 we will use a graph
theoretic perspective based on perfect matchings in bipartite graphs. For any m x m matrix
B we can write the determinant as

det(B) = > sign(o) [[ Bioq)-
=1

c€Sm

Here o are permutations over [m]. When B represents a bipartite graph, i.e., edge {i,j}
exists if and only if B; ; # 0, then each non-zero product in above sum represents a valid

8 Theorem 7 states that it suffices to detect when det(H) = 0 for the first time. That’s because by our
construction of B, any updating causing det(H) = 0 will be followed by an update that reverts the
previous one. So one can simply revert and skip the previous update that made the matrix singular.
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perfect matching (given by (¢,0(¢))) in the graph. The main issue is that sign(o) € {£1}
could lead to cancellations if the perfect matching is not unique. To enforce uniqueness, we
let the graph represented by B be a forest.

We let B € F™*™ be the biadjacency matrix of a forest F' = ((U,V), E) on 2m vertices.
Here U = [m],V = [m] are the left/right vertices since a forest is bipartite. In particular,
the row indices of B correspond to U and the column indices correspond to V. As such,
B_r, _g is also forest since one only deleted the vertices S C U and 7' C V from forest F.
Thus, the condition det(B_p _g) # 0 is equivalent to F[U \ S,V \ T] (i.e., graph F after
deleting vertices S and T') having a perfect matching.

Hence from now on, rather than argue about sets S,T with det(B_r,_g) # 0, we will
argue about vertex sets whose removal allows forest F' to have a perfect matching.

i

Figure 2 Base forest construction, before adding any dependence on S, T, C,C" C [n].

Gadget Forest. Base Gadget. We first describe a forest F' that does not yet depend on
given sets S, T, C,C’. We will then modify the forest for some given S, T, C,C’. The forest
is given by the following construction, depicted in Figure 2. We have two binary trees with
n leaves where every internal vertex is split into two (a colored and a white vertex), with the
colored vertex having the children and the white vertex having the parent. The leaves of the
two trees are labeled with 1,...,n. In particular, sets S, T C [n] of vertices that are to be
deleted from F will correspond to the left /right leaves. Any white vertex is labeled by the
set of leaves in that subtree, thus any possible set”’C, C’ corresponds to one white vertex of
the tree on the left/right.

Additionally, we have 2n vertices ({1, ..., £, on the left and ry,...,7, on the right respect-
ively) connected to their horizontal neighbor, i.e., I; connects to r;. We refer to these vertices
also as the “switch-vertices” and they will later be connected to other vertices in the forest
based on some given sets S,T,C,C".

Modification based on S and T. Recall that S,T must be the (unique) set of leaves to
be deleted so the forest has a perfect matching. If we want the forest in Figure 2 to have
a perfect matching, then each white tree node must be matched to its colored child. So

9 Recall that C,C’ are not arbitrary sets but facilitate a binary search. Thus they match the vertex labels
of the binary tree.
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the only way to have a perfect matching is if we were to delete all leaves. Since we want
to have to delete only S, T, we do the following: we disconnect pairs of switch-vertices and
connect them to leaves not in S, 7. Then those leaves must be matched to the respective
switch-vertices and must no longer be deleted. An example is given in Figure 3.

{12} .\/® T @

2

{3.4}

QOEO

T

Figure 3 For S = {2,3} the left leaves 1,4 are connected to switch-vertices. For T'= {1, 2}, the
right leaves 3,4 are connected to switch-vertices. Set S, T are the unique set of leaves after whose
deletion the forest has a perfect matching (bold lines).

Modification based on C and C'.  Given C (and C’), we disconnect another pair of
switch-vertices and connect them to the white vertices labeled with C' (and C’) of the left
(and right) tree. Observe that, since a switch-vertex always has a single neighbor, it must be
matched to that neighbor. So connecting a switch-vertex to some vertex v is equivalent to
deleting both the switch-vertex and v, when it comes to the graph having a perfect matching.
So to simplify Figure 4 we removed all vertices connected to switch-vertices.

B

OlS

{1,2} @ T
los
@

Figure 4 S = {1,2},T = {1,2},C = {1,2,3,4},C" = {1, 2}, vertices connected to switch-vertices
have been removed for simplicity. Observe that S’ = S\ {c} for c € C'N S are the only sets of leaves
whose deletion allows the blue forest to have a perfect matching. The choice of ¢ corresponds to an
augmenting path from the unmatched blue vertex to c. Likewise T =T \ {c¢'} for ¢ € C' N T are
the possible leaf deletions such that the red forest has a perfect matching.

{34}

Since internal tree vertex C' (e.g., a set like {1,2,3,4}) is removed, it can no longer be
matched to its colored child, so the colored child must be matched to either the top or bottom
half of set C' (e.g., {1,2} or {3,4}). We essentially get an augmenting path along the tree
from the removed vertex C' to one of the leaves. This only works if the leaf was not removed,
i.e., not connected to a switch-vertex, but also the leaf must not be in S (since S is the set
of leaves we want to delete). Thus one can show that, only deletion of leaves S = S\ {c}

45:11
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for any ¢ € C'N S allows the tree to have a perfect matching. The same argument holds for
the other tree, deleting leaves 77 = T \ {¢’} for any ¢’ € C” allows the tree to have a perfect
matching.

Thus, given S, T, C,C’ we have a forest where the possible set of leaf deletions such that
the forest has a perfect matching, are all of the form §' = S\ {c}, T/ = T\ {¢} for any
ceCnS,d eC’'NT. Using the bi-adjacency matrix of this forest thus yields a matrix
B with Property 12 required for our algorithm. Further, changing an entry in S or T', or
replacing C or C’ each will change only O(1) edges in the forest (since we only reconnect
two switch-vertices), i.e., O(1) entries in matrix B.

2.2 Maintaining Small Rank&Basis

The complexity of the submatrix-algorithm outlined in previous subsection scales in dimension
n. Here we outline how to maintain small rank more efficiently (Theorem 1), and how to
maintain a basis (Theorem 4) more efficiently for low-rank matrices. Our results rely on
Lemma 10 (see preliminaries) by [38].

Maintaining just the rank is simple with the above lemma, and we start by outlining that
algorithm. Then we extend the algorithm to also maintain a basis.

Maintaining Rank (Theorems 1 and 2). Let us assume for now that we just want to
maintain rank(A) up to some parameter k, i.e., we maintain min(rank(A), k).

To do this, we first sample two matrices L, R via Lemma 10 and then compute LT AR.
By Lemma 10 we have rank(LTAR) = min(k,rank(AR)) = min(k,rank(A)). So by
maintaining the rank of LT AR, we maintain the rank of A up to k.

Further, by Lemma 10, there are only 2 non-zero entries per row in L, R. Thus an
entry-update to A changes only 4 entries of LT AR. Also observe that matrix LT AR is of
size O(k) x O(k) due to width of L, R. Thus if we can maintain the rank of an n x n matrix
in U(n) update time, then we can now maintain min(rank(A), k) in 4 - (U(O(k))) = O(U(k))
update time. We run O(logn) independent copies of this so at least one preserved the rank
with high probability. Thus resulting in 5(U (k)) update time.

Next, we extend this to O(rank(A)) update time. To do this, we maintain the product
LT AR for different powers of k = 2%, i = 0,...,logn. Whenever the rank of A changes
by constant factor, we initialize a new dynamic rank data structure for some k = 2¢ with
i = [log(rank(A))] + 1. Until we must initialize a data structure for k = 21 there must
be at least 2°~! updates. (Because each update can change the rank by at most 1.) So the
initialization cost amortizes over O(2%) updates. This leads to an amortized update time of

O(U(rank(A)) + P(rank(A))/rank(A)),

where P(n),U(n) are the preprocessing and update time complexity of a dynamic rank data
structure for n X n matrices.

In case of column-updates, the same techniques works, because changing one column of A
changes at most 2 columns of LT AR. So there, too, the reduction has only a constant-factor
blow-up for the number of updates.

Maintaining Basis (Theorems 4 and 5). When performing a column update, the rank can
change by at most 1. In particular, if the updated column was already part of the basis then
it might have to be removed or replaced. If the updated column was not part of the basis,
then it might need to be added to the basis. In either case, the task of maintaining a basis
reduces to the following problem: Given dynamic matrix A and a linearly-independent set of
column-vectors B, find if there is a column in A that can be added to B.



J. van den Brand, V. Kumar, and D. J. Zhang

Observe that if all columns of A are linearly dependent to B, then any linear combination
Avw is also dependent to B. Conversely, if A contains a column that is linearly independent,
then there exists v = e; (a standard unit vector) such that Awv is independent of B. By
Schwartz-Zippel-Lemma, 9, this then implies'® that for random vector v, we also have that
Av is independent of B with high probability. Now assume we have a dynamic rank data
structure supporting column updates. If adding column Awv to B increases the rank, we
know A contains an independent column. We can use this to binary-search for the first
independent column in A, by repeatedly zeroing out half the entries of v. Each step in the
binary-search corresponds to adding and removing a column Av to B. So we need O(logn)
column-updates to find a new linearly independent column.

The last bottleneck is that computing Av takes O(n?) time. Thus we must maintain the
possible Av-products that occur during the binary-search, rather than computing them from
scratch in each iteration.

During initialization, we precompute all Av-products that could show up during binary-
search. Then when a column of A changes, there are only O(logn) matrix-vector-products
that must be updated. In particular, updating one product Av during a column-update to
A takes only O(zlogn) time, where z is the number of entries changed in A by the update.

In summary, let U(n) be the update time of maintaining rank of a dynamic n x n matrix
H, subject to column-updates. Then we can maintain a column basis in time

O((U(n) + z) logn).

This is O(n'528 + z) update time using [32]. Since the reduction only relies on detecting
whether rank(B) increases or decreases, we can run the rank data structure on M'B for
random matrix M from Lemma 10, improving the complexity dependence in n to rank(A).
Similarly, instead of maintaining the products A for the binary-search, we maintain (M " A)v.
Since an entry update to A changes only 2 entries of O(MT A), there is no complexity
increase. This leads to Theorem 4, i.e., O(rank(A)'528 4 ) update time.

3 Maintain Submatrices

In this section, we prove our reduction from maximum full-rank submatrix to singularity
detection.

» Theorem 6. Assume there is a data structure that detects when a dynamic n X n matriz
A becomes singular for the first time, with U(n) time per entry-update. Let P(n) be the
preprocessing time.

Then there is a dynamic algorithm for maintaining a maximum full-rank submatriz (i.e.,
sets I,J C [n] with det(Ar j) # 0 and |I| = |J| = rank(A)) after O(P(n) + n*) time
preprocessing with O(U(n)) entry-update time.

The reduction is randomized, correct with high probability, and works against an output-
adaptive adversary.

As outlined in Section 2.1, the reduction is simple if we assume all non-zero entries of the
matrix are random field elements, because then full-rankness is equivalent to perfect bipartite
matching. The main challenge is to prove an equivalent result when the input matrix does

10 Consider for instance the polynomial det([B|Av] " [B|Av]) which is non-zero if and only if [B|Av] (the
matrix B with new column Awv appended) is linearly independent.
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not have random entries. To do this, we translate the graph reduction from Section 2.1 to
matrix perspective. Hence we strongly recommend readers to first read Section 2.1 before
reading Section 3.

The gadget-graph described in Section 2.1, is translated to a biadjacency matrix, whose
determinant is analyzed in Section 3.1. That analysis requires careful handling of signs of
permutations, which would not have been an issue in the random-entry case. In particular, we
relate the determinant of the original input matrix A with the determinant of the biadjacency
matrix that represents the binary trees in Section 2.1.

In Section 3.2, we analyze the determinant of the binary-tree-matrix and analyze the
determinant behavior when performing the binary-search outlined in Section 2.1.

Lastly, in Section 3.3 we combine the results and prove that the binary-search yields an
algorithm for maintaining a maximum full-rank submatrix.

3.1 Block Matrix Determinant

In this subsection, we prove the following lemma, which relates the determinants of matrix
A and B. Here matrix A will be the original input matrix whose submatrix we want to
maintain. Matrix B will correspond to the biadjacency matrix of the binary-tree gadgets in
Section 2.1. The lemma will be used in Section 3.3, so show that updates to B can be used
to binary-search for suitable rows and columns in A that are linearly independent.

» Lemma 13. Suppose A € R™*™ and B € R™*™ with m > n for some commutative ring
R. Let

i X1 0...0 T
A :
Ty, | 0...0
Y1
H:
Yn B
o ... 0
Lo .0 1
Then,
det(H) = (=115 det(A _g._7) det(B_1_g5)zyT.

S,TCn],|S|=|T]|

In particular, det(H) # 0 as a polynomial in x1,...,%Tn,Y1,-..,Yn i there exists S, T C
[n] with det(A_g _7) # 0 and det(B_p,_g) # 0.

Proof. Let X € R"™™ Y € R™*" be defined by X;; = x;, Yy = y; for i € [n] and
XZ]:YJZZOfOTZ#]

A 1

A X I1I
det(H) = det {Y B]—det { I I] v I
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A

e

Figure 5 Shape of matrix H (Lemma 13), the green and cyan diagonals are the random z1, .., Zn
and y1,...,yn. The black boxes represent the non-zero entries of matrix B, which is the biadjacency
matrix of the forest given in Figure 2. The bottom right diagonal are the edges connecting left and
right “switch-vertices.” The black wedges represent the two binary trees.

By the Cauchy—Binet formula we can write det(H) as

A I
Z det L1 det X det I
I 1 Y I
s,rc(Briim) [ntm). S B I
S, T T,[n+m]

Note that the first (resp. last) determinant is zero unless S (resp. T') selects exactly n of
the first 2n and m of the last 2m columns (resp. rows). Thus, det(H) is equal

A\ s, )\ T

3 (=) FTIHBWIHBY) oy Xs,v

S,TC[n],U,VC[m] Yur

Blm\v.m)\v
where we define
a(S) =[{(i,5) i€ S,j€n]\S,i<j} and B(U) = [{(i,5) :i € [m]\U,j € Ui <j}|

The determinant is zero unless each of the four blocks is square, and S =V and T = U.
Note that for S C [n], a(S) + B(S) = |S|(n — |S]). Thus, (—1)*S+(D+EW)+AV) — 1 and

det(H) = > (=1 det(App s ) det (B g, mp )2y "
S,TC[nl,|S|=|T|

The (—1)‘5 | comes from swapping Xg,v and Yy 7 onto the diagonal. |

3.2 Binary-Search Gadget Matrix

By choosing B, we can check if a certain subcollection of submatrices of A all have determinant
zero via Lemma 13. Intuitively, matrix B represents the biadjacency matrix of the forest in
Section 2.1, e.g., Figure 2. An example of what H looks like for such B is given in Figure 5.
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{1}

Figure 6 7; 4 and its biadjacency matrix.

We start by formally defining the graph gadget in this Section 3.2. Then in Section 3.3
we use those gadget to facilitate the binary-search for new rows/columns to be added to a
full-rank submatrix.

First, we define the structure of the trees. Figure 6 shows their structure.

» Definition 14. For integer v > 1> 1, let T;, be a rooted tree defined recursively as follows:
Ifl =r, then T, consists only of a root labeled {1}
If I < r, then T, consists of a root labeled {I,...,r} with an (unlabeled) child vertex
whose children are the roots ofT | and TLHTHI , and

Note that each vertex of Ti , is labeled by the set of its descendant leaves.

We write £, for the set of vertex-labels used in 7.

» Definition 15. Let L; , be the labels of vertices in T . Observe that

L {{{z,...,r}}ucl,m UL tge)yy, <7

’ {{1}} l=r
In addition to the binary-trees, we also have additional “switch-vertices” at the bottom,
used to “switch off” vertices. The graph in Definition 16 represents the two trees and the
additional switch-vertices at the bottom. The vectors a,b € (L1,,)* in Definition 16 represent
which k vertices of the tree are currently switched off, i.e., which tree vertices are connected
to switch-vertices. In particular, a; is the vertex switched off by connecting it to the ith
switch-vertex.

» Definition 16. For a,b € (£1,,)*, where 0 < k < n, let B,(a,b) be the graph consisting of

Ti.n and a copy 7'1”71 and an additional 2n vertices ui,...,Un,V1,...,V, and additional edges
~ —~ A/ A/ o~ .
(uy,ar),. .., (ug,ax), (vi, lll)’ ooy (Uky %)y (Ukg15 Vkg1)s - -+ 5 (Un, V), where Gy is the vertex

in Tin with label ay, and by, is the vertex in T} ,, with label by,.

The biadjacency matrix of this graph will later be used as our matrix B in Lemma 13.
Here we want to the first n rows/columns of B correspond to the leafs of the trees.

» Definition 17. For a,b € (£1.,)", let B,(a,b) € RU=2xUn=2) pe the biadjacency matriz

of By(a,b), where the leaves of T1 n are the first n vertices on the left side, and the leaves of
1.n are the first n vertices on the right side.

The binary-tree and switch-vertices will be used to perform a binary-search. Since graph

B has two trees, it will be useful to also define notation where we consider only a single

tree with a few switched off vertices. (Observe that in the following definition, only the
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switch-vertices attached to the tree exist. There are no switch-vertices that are not attached
to some tree-vertex.) Further, as Lemma 13 argues about B_r _g (i.e., rows/column with
index in 7" and S removed), we also want notation that describes the corresponding vertex
deletion to the tree.

» Definition 18. For S C{l,...,r} and ay,...,ar € Ly, let Let T2 denote the tree
Tir with k switch-vertices attached to vertices with labels a1, ..., a respectively, and let
Tob o (=S) be T4 with vertices with label {i} for i € S removed.

L,r

The property det(B) # 0 corresponds to graph B having a perfect matching. The
following Lemma 19 describes under which conditions our tree has a perfect matching.

» Lemma 19. Suppose iy, ...,ix € {l,...,r} Then, 71{:1},...,{1‘;“}(75) has a perfect matching
W S={....r}\{i1,...,ix} and |S|=r+1—-1—k.

Proof. Suppose 7, has a perfect matching. Then, i1,...,i; ¢ S, as otherwise

their switch-vertices will be isolated. Furthermore, i1, ..., 7, must be distinct, as otherwise

’{Zl},ma{ik}(_s)

the neighborhood of the k switch-vertices will have fewer than k vertices, which violates
Hall’s condition. By the requirement that both sides of the bipartition have the same number
of vertices, we get that |S| =r—1+1—k. Thus, S={l,...,r}\ {i1,..., ik}

Conversely, suppose S = {l,...,r}\{i1,...,ir} where |S| = r—I+1—k, so that i1,..., 0
are distinct. We can obtain a perfect matching in 72’{:1}""’{”}(—5) by matching {41 },..., {ix}
to its switch-vertex, and the remaining labeled vertices to their child in 77 ,. <

Lemma 19 concerns the case where the leafs of the tree are connected to switch-vertices.
To facilitate the binary-search, we also want to connect one other tree-vertex to a switch-
vertex. The following Lemma 20 states under which conditions such a graph has a perfect
matching.

» Lemma 20. Suppose iy, ..., ik—1 € {l,...,r} and I € L;,. Then, ﬁf:l}""’{i’“’l}’j(—S) has
a perfect matching iff S = {l,...,r}\{i1,...,ix—1,7'} for some i’ € I such thatiy,..., ix_1,7
are distinct.

Proof. We will prove the lemma by induction on r — [. Let m = |5~ ].

Perfect Matching = condition on S. Suppose a perfect matchings exists. We must have
i1,...,1p—1 distinct, as otherwise the neighborhood of the k£ — 1 switch-vertices will have
fewer than k — 1 vertices, which violates Hall’s condition.

Suppose that I € Ly,11,r
The vertex labeled {I,...,r} must be matched to its child, and so
ﬁﬁl,mn{{il}7"'1{ik—1}71}(7S n{l,...,m}) and

, M

Ty he o g m 41,y

m

must have perfect matchings.

By Lemma 19, SN {l,...,m} ={l,...,m}\ {i1,...,95—1}.

By the inductive hypothesis, SN{m+1,...;r} ={m+1,...,7}\ {i1,..., 01,7} for
some i € T\ {i1,...,0k—1}

Thus, S = (Sn{l,....mHuSn{m+1,...;r}) ={l,...,r}\ {i1,...,9k—1,7} where
i1,...,1;_1,1 are distinct.

The case where I € L;,, is similar.

ICALP 2026
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Now, suppose I = {l,...,r}. Then, the vertex labeled I must be matched to its switch-
vertex, and its child matched to either the vertex labeled {l,...,m} or {m+1,...,r}.

In the first case, both

Tﬂz,mﬂ{{il}7---7{%71}»{1’»--7”1}}(75ﬂ {I,...,m}) and

l,m

Tnfri;rﬂ{{u} ..... {ikfl}}(_Sﬂ{m_’_ 17.“’74})

have perfect matchings.
By the inductive hypothesis, SN{l,...,m} ={l,...,m}\ {i1,...,4k—1,7} for some
S {l,...,m}\{il,...,ik_l}.
By Lemma 19, SN{m +1,...,r} ={m+1,...,r}\ {i1,...,ix-1}.
Thus, S = {l,...,’l‘}\{il,...,ik_l,i/} for i/ € {l,...,m}\{il,...,ik_l}.
In the second case, both
bt g q g1, m)) and

lm

Tﬁm+1,rﬂ{{i1},...,{ik,l},{m+1,...,7-}}(75m{m+1 D)

m+1,r

have perfect matchings.
Again, by Lemma 19 and the inductive hypothesis, S = {l,..., 7} \ {i1,...,ix_1,7}
fori' e {m+1,...,7}\ {é1,.. ., 061}

In all cases we have S = {l,...,r} \ {i1,...,ix—1,¢'} for &/ € I\ {i1,...,ix_1}

Condition on S = Perfect Matching. Now, we show the converse. Suppose S = {I,...,r}\
{i1,...,9k—1,4'} for some i’ € I such that iy,...,ix_1,7" are distinct. We can explicitly

1}”""{i’“’l}’I(—S) as follows:

construct a perfect matching of 7;{;
Take the symmetric difference of the unique perfect matching of 7;,.(—{l,...,r}) with

the path from I to {i'}, and match {i1},...,{ix—1}, I to their switch vertices. <

» Lemma 21. B, (({i1},...,{is—1}, 1), {41}, {Jk=1},J)) has a matching covering all
vertices except T on the left and S on the right iff T = [n] \ {i1,...,ix—1,7} and S =

)\ {1, d1-1,4'} for some i’ € I and j' € J, and zero such matchings otherwise.
Proof. Note that B((a1,...,ax), (b1,..., b)) is isomorphic to a disjoint union of 7%, ~**
and Tf}lb’“ and n — k isolated edges.

B((ay,...,ag), (b1,...,bx)) has a perfect matching covering all vertices except T on the

left and S on the right iff 7,"}~** (=T and lejl’“"b" (—S) both have perfect matchings. <

The matrix B, (({i1}, ..., {ik—1}. 1), {71}, - - {Jr=1}, J))—1,—s is the biadjacency mat-
rix of the graph B, (({i1},..., {ir-1}, 1), {j1},- -, {jk—1},J)) after removing vertices S and
T. Further, since that graph is a forest, if it has a perfect matching, then it has at most one
perfect matching. Thus

det(Bn(({i1}7 BRI {ik—l})l)v ({.71}7 B {jk—l}v J))—T,—S) 7é 0

if and only if the graph has a perfect matching, even without replacing the non-zero entries
with random field elements. Schwartz-Zippel-Lemma is not needed. Thus we get Corollary 22.

» Corollary 22. det(B,,(({i1},...,{tk=1}, D), ({G1}, - s {=1}, I))=1,—s) 0 iff T = [n] \
{i1, .. yik—1,7} and S = [n)\ {41, .-, 11,5’} for some ' € I and j' € J.
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3.3 Maintaining Maximum Full-Rank Submatrix

In this section, we prove our reduction Theorem 6 for maintaining a maximum full-rank
submatrix Ay ; (I,J C [n]) of dynamic matrix A. The idea is to greedily add row/column
indices to I, J, where the correct indices are located via a binary-search. First, observe that
such a greedy procedure works, as proven in Lemma 23.

» Lemma 23. Suppose rank(A) > k. Then, for any k x k full-rank submatriz of A, there is
some row and column that can be added to make a (k+ 1) x (k+ 1) full-rank submatriz.

Proof. Suppose rank(A; ;) =k for |I| = |J| = k.
I indexes k linearly independent rows of A, so there is some ¢ ¢ I such that I U {i}
indexes k + 1 linearly independent rows. In other words,

rank(AIU{i}y[n]) =k+1

Now, J indexes k linearly independent columns of Ay [n], SO there must be some j such
that J U {j} indexes k 4 1 linearly independent columns of A ;},m)- Then,

rank(Aupy,g0(y) =k + 1
as desired. |

Next, we show how to find new row/column indices via binary-search, when having access
to a dynamic algorithm that detects when matrix H (Lemma 13) has det(H) = 0.

» Lemma 24. Suppose det(Ay;, . i 3. 0u,in}) 7 0. We can find (i', ") such that

det(A{il7"':ikai/}v{j1v~~s.jk7j/}) # 07

or determine that rank(A) = k, in O(logn) calls to a dynamic singularity detection algorithm.

Algorithm 1 Augment via binary search.

Input :A andiy,..., i, j1,...,jr such that det(Ag, i1 0i,..ny) 70
Output: (i', ") such that det(Ag, . i} {1,de.g’t) 7 0, or that none exist
1 if det(H((41, ..., ik, {1,...,n}), (J1,-- -, Jks {1,.--,n}))) = 0 then

2 return none erist

3l 1,r+mn

4 while [ < r do

5 if det(H((i1,. .., {{,.-., U*TTJ}), (J1s---5Jk,{1,...,n}))) =0 then
6 ‘ L+ |Bo] +1;

7 else

s | | re 15

9 l'+ 1,7 < m;
10 while I’ < v’ do

1| A det(H((ir, ik (o oy 1)y G e oo i {05+ [E57]1))) = 0 then
12 ‘ U+ L%J +1;

13 else

14 ‘ 7 Lllg"“lj;

15 return ([,1')
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Proof. See Algorithm 1. Here matrix H((¢1,..., %, 1), j1, .-, Jk,J)) is the matrix H from
Lemma 13 where we use B((i1, ..., %%, 1), (1, -+, i, J)) (Definition 17).

By Lemma 13, det(H) # 0 iff there is 5,7 C [n] with det(A_s_7) # 0 and
det(B_p,_g) # 0. Corollary 22 states that det(B_r _g) # 0 happens iff

T =[n]\{ir, i, '}, S =[n]\ {1, js 5’}

for some ¢’ € 1,5’ € J. Thus det(H) # 0 iff there is ¢/ € I, 5 € J with 0 # det(A_g_7) =
det(Ags, . in,i'} {jrsnjn,g’})- Hence we can binary-search over sets I,J to find such T
which is precisely what we do in Algorithm 1.

Observe that each iteration changes only O(1) entries of B to relink the switch-vertices.
Further, it suffices to have a data structure that detects for the first time when det(H) = 0,
because we can simply revert the previous update. The matrix H initially has det(H) # 0
when initializing with B((i1, ..., %), (1, -, J&))- |

We can now prove our main reduction Theorem 6.

» Theorem 6. Assume there is a data structure that detects when a dynamic n X n matriz
A becomes singular for the first time, with U(n) time per entry-update. Let P(n) be the
preprocessing time.

Then there is a dynamic algorithm for maintaining a mazimum full-rank submatriz (i.e.,
sets I,J C [n] with det(Ay ;) # 0 and |I| = |J| = rank(A)) after O(P(n) + n*) time
preprocessing with O(U(n)) entry-update time.

The reduction is randomized, correct with high probability, and works against an output-
adaptive adversary.

Proof. We maintain the invariant that det(A(;,, . i }.{1.....;a}) 7 0 and no larger submatrix
has nonzero determinant. Further, we always run a dynamic singularity algorithm on matrix
M (as defined in Lemma 13) using B,, (I, J). When A ; is full-rank, then M is also full-rank.

Initialization. To initialize, first find initial maximum sets I, J with det(A; ;) # 0 in
O(n®) time. Then construct M and initialize the dynamic singularity data structure. Thus
initialization takes O(P(n) 4+ n*) time.

Update. If we update entry (¢,j) and det(A; ;) becomes zero (implying ¢ € I and j € J),
then det(M) becomes zero. When we detect this, revert the update, remove i, j from I and
J (update M accordingly), then update A (and M) again. We now have det(M) # 0 since
det(A; s) # 0 for the new smaller I, J. We perform one binary-search via Lemma 13 to see
if maybe new indices can be added to I,J. If so, add the indices to I, J and update M.

If we update entry (4, j) and det(A; y) remains nonzero, we also perform one binary-search
via Lemma 13 to see if maybe new indices can be added to I, J. If so, add the indices to I, J
and update M.

Overall, we perform at most O(log(n)) updates to the dynamic singularity algorithm by
Lemma 24. So the update time is O(U(n)logn). <
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