
Computing Flows in Subquadratic Space
Jan van den Brand # Ñ

Georgia Institute of Technology, Atlanta, GA, USA

Zhao Song #

Independent, Seattle, WA, USA

Albert Weng #Ñ

Georgia Institute of Technology, Atlanta, GA, USA

Abstract
Space complexity is a critical factor in various computational models, including streaming, paral-
lel/distributed computing, and communication complexity. We study the space complexity of the
minimum-cost flow problem, a generalization of the st-max flow problem, focusing on computing
flows in subquadratic space. In the general case with arbitrary capacities, minimum cost and
st-maximum flows can use up to Ω(n2) edges, so computing the flow on each edge (rather than
just the size/cost) seems impossible in subquadratic space. Indeed, there are lower bounds proving
quadratic space is needed to store the flow on every edge, which has been used to prove lower bounds
on streaming algorithms. However, we show that these lower bounds can be circumvented, opening
up improvements for streaming and communication complexity.

For a directed graph with integer capacities and costs bounded by W , we provide a
Õ(n1.5 log(W/ϵ))-space Õ(

√
n log(W/ϵ))-pass streaming algorithm, which during the last pass re-

turns the flow on each edge up to an additive error of ϵ. Crucially, the algorithm does not return the
flow at the end of the last pass but returns the flow on an edge, as the edge is read in the stream.
This allows us to circumvent existing Ω(n2) space lower bounds. In the 2-party communication
model, our algorithm implies Õ(n1.5 log2 W ) bits of communication.
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1 Introduction

Space complexity is a important factor in streaming, parallel/distributed computing, com-
munication complexity, and data structures, requiring computation and representation of
objects using limited space. In this work, we study the space complexity of the minimum-cost
flow problem, a generalization of the st-max flow problem. We focus on computing such
flows in subquadratic space in the multi-pass streaming model, contrasting quadratic space
lower bounds from [22, 6, 8]. In particular, our goal is to compute the actual flow on each
edge, rather than just the cost of the min-cost flow or the size of the maximum flow.

In the minimum-cost flow problem, we are given a directed n-node graph G = (V, E),
a vertex-demand vector d ∈ ZV , edge capacities u ∈ ZE

≥0 and edge costs c ∈ ZE . The
minimum-cost flow is a flow f ∈ RE

≥0 that satisfies the vertex-demands and edge capacities,
while minimizing the cost

∑
e∈E ce · fe. While the min-cut W ⊂ V (and thus size of a max
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46:2 Computing Flows in Subquadratic Space

flow) can be stored in O(n) space, observe that flows in general can use Ω(n2) edges. Thus it
is not clear if one can compute the flow f ∈ RE

≥0 (i.e., the amount of flow on each edge) in
subquadratic space.

Streaming Algorithms. In the streaming model, the input (i.e., edge set) is given to the
algorithm one-by-one as a stream of data. The algorithm is only allowed a small amount
of space and thus cannot store the entire input. In a multi-pass algorithm, one may take
multiple passes over the input stream. This computational model is motivated by large
amounts of data being faster to read sequentially than via random access, e.g., when the data
is too large for working memory and is read directly from hard-drive. Bipartite matching
(a simpler special case of max flow) is one of the most successfully studied problems in
streaming literature, both in the approximate (see, e.g.,[32, 2, 31, 38, 48, 43, 3, 15, 9, 12, 5]
and references therein) and exact setting [51, 9]. However, for flows much less is known. For
undirected maximum flows, one can (1 + ϵ)-approximate the size of the max flow in Õ(n)
space via duality by constructing a cut sparsifier (see, e.g., [1, 4, 49, 20, 22]). [58] show one
can compute the exact st-min cut (i.e., size of max flow) on unweighted undirected graphs
in Õ(n5/3) space. Computing the exact flow size/cost on weighted graphs in subquadratic
space remains open.

When it comes to computing not just the size/cost of the flow but the flow f ∈ RE
≥0 itself,

existing upper bounds are substantially weaker. While sparsification approaches allow a
(1+ϵ)-approximation of the size, only crude poly(n) approximations are known for computing
flow f in subquadratic space [22]. Indeed, this gap between size and flow f can be explained
and [22] provide respective lower bounds.

For intuition, why representing (i.e., not just computing) flows in subquadratic space is
impossible, consider a complete bipartite graph with edges oriented left to right, an extra
vertex s connected to the left vertices, and an extra vertex t reachable from all right vertices.
The edges from s and edges to t have very high capacity, so the max flow has fe = ue for
each edge e of the bipartite graph. Thus storing/representing all (or even most, in case of
approximation) fe in subquadratic space means we can store all (or most) capacities ue in
subquadratic space, but that is Θ(n2) information (u ∈ RE could be any n2-sized binary
bit string). This lower bound argument was formalized by [22]1, who proved that for every
encoding algorithm E(G) ∈ {0, 1}d (computing a max-flow on G and then encoding it in
d bit) and decoding algorithm A (where A(E(G)) returns a (1 − 1/36)-approximation of
the max-flow) needs d = Ω(n2). Thus it’s impossible to encode max/min-cost flows f in
subquadratic space. Importantly, the lower bound by [22] applies not just to streaming but to
any encoding scheme. Thus the argument can also be used to argue about the communication
complexity for communicating f .

Communication Complexity. In the 2-party (or multi-party) communication model, the
edges of the input graph are distributed among multiple parties. The task is to solve some
graph problem while using as little communication as possible. This area, too, had a lot
of success for various graph problems [41, 17, 34, 29, 57, 14, 40, 30, 54], but flows remain
elusive. For related problems like bipartite matching or transshipment, an Õ(n) upper
bound is known [16, 41], crucially relying on the fact that the optimal solution consists
of at most O(n) edges. For unweighted undirected st-min cut, a Õ(n5/3) communication
protocol is known [58], later improved to Õ(n11/7) [42]. We remark that on unweighted

1 [22] stated this as ℓ∞-regression, but the statement is equivalent to max-flow. Details in the full version.
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graphs the max-flow can use at most O(n1.5) edges2, so the problem is substantially easier
in the unweighted setting. A subquadratic communication algorithm for weighted flows (but
also the simpler weighted st-min-cut problem where solutions have size O(n)) was stated as
open problem in [16].

When it comes to flow f , rather than its cost/size, note that not just the computation
is difficult, but just communication of the solution is already a challenge. Namely, assume
one party already knows all the edges and the flow. How would that party communicate the
flow to the other party? This is clearly a simpler problem than jointly computing the flow
since the 1st party could just throw away the extra information. However, how would one
communicate the flow if no low space representation of the flow is possible? In particular,
the communicated messages would be an encoding of the flow.

Computing Flow In Subquadratic Space. We show that computation of the min-cost/max
flows in subquadratic space is possible. In addition to the exact flow cost/size, our algorithm
also returns the flow fe on each edge e ∈ E. This is unexpected, as it appears to contradict
the lower bound of [22]. We can circumvent the lower bound, because it assumes a decoding
algorithm of formD(M) for encoding M ∈ {0, 1}∗ of the flow, i.e., decoding must be performed
without access to the graph. The lower bound does not rule out a decoding algorithm of form
D(M, e) that receives edge e as part of the input in addition to some subquadratic space
encoding M ∈ {0, 1}∗ of the flow. The assumption that we have access to the edge during
decoding is naturally satisfied in many low space models. In the communication model,
each party knows their own (possibly Ω(n2) sized) set of edges. For multi-pass streaming
algorithms, the edges are available via another pass over the input. In particular, during the
last pass over the edges, the algorithm returns the flow on each edge when it is read in the
stream. This approach allows us to compute flows in subquadratic space, even though the
flow uses up to Ω(n2) many edges.

Our main technical contribution is such an encoding/decoding scheme adapted to the
framework of “robust interior point methods” for linear programming. In the context of
streaming algorithms, the mere existence of such encoding does not suffice, but we show
that the computation of this encoding can be done in low space, too. Using the encoding
with the robust interior point method of [19] (which solves linear programs/min-cost flow in
Õ(
√

n) iterations), we present a Õ(
√

n)-pass, Õ(n1.5)-space streaming algorithm, which can
be implemented with Õ(n1.5) communication in the 2-party model.

1.1 Our Results

We present the following result for computing min-cost flows in the multi-pass streaming
model.

▶ Theorem 1 (Min-cost Flow, Streaming). There is a randomized multi-pass streaming
algorithm that, given an input graph G = (V, E) with integer capacities u ∈ [1, W ]E and
costs c ∈ [1, W ]E, vertex demand vector b ∈ RV and accuracy parameter ϵ ∈ [0, 1], computes
w.h.p. a min-cost flow in Õ(n1.5 log(W/ϵ)) space and Õ(

√
n log(W/ϵ)) passes over the input.

The total time is Õ(mn log2(W/ϵ)).

2 See full version for details.
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46:4 Computing Flows in Subquadratic Space

The algorithm returns a randomized Õ(n1.5 log(W/ϵ))-space data structure that supports
edge-queries: For any given edge e = ((w, v), ce, ue), the query returns in Õ(

√
n log(W/ϵ))

time an estimate fe of the flow on that edge, with 0 ≤ fe ≤ ue and |fe − fe| ≤ ϵ with high
probability.

Alternatively, we can also assume that during the last pass, the algorithm returns for each
given edge e = ((w, v), ce, ue) the flow fe on that edge.

While the streaming area often focuses on small number of passes (e.g., constant or polylog),
it was proven that polynomial number of passes may be necessary for flows in the weighted
case. In the presence of capacities as large as sub-exponential in n, [6] showed that a
streaming algorithm for computing the size of the max-flow in p passes needs Ω(n2/p5) space.
This lower bound was later improved to Ω(n2/p3) space [8]. For smaller polynomially-sized
capacities, Theorem 1 is the first upper bound for computing the exact size of the max-flow
in the weighted case (when interested in the size, we can simply round the result to nearest
integer). It is also the first result to return the flow f ∈ RE with high accuracy rather than
the cut or cost/size of the flow.

Previous work was either highly inaccurate with polynomial error when returning the
flow [22], or when exact, previous work was only for the unweighted undirected case [58] and
returned only the cut but not the flow. Observe that for unweighted graphs, any max flow
uses at most O(n1.5) edges (see full version for details), but for weighted graphs the number
of used edges can be as large as O(n2). So minimizing space complexity is generally harder
for the weighted case.

Regarding Accuracy. If we care only about the cost of the flow (or size of max-flow), then
the algorithm’s output is exact by choosing ϵ ≤ 1/3 and then rounding the computed cost to
the nearest integer.

If the minimum-cost flow is unique, then rounding each fe to the nearest integer also
results in the exact flow on each edge. If the flow is not unique, then the algorithm might
compute a fractional flow and thus rounding is not guaranteed to provide an exact solution
for the edges. However, given the logarithmic complexity dependence on ϵ, we can reduce
the error to an arbitrary small ϵ = 1/ poly(n, W ) on each edge. Thus we get an almost exact
fractional min-cost flow f ∈ RE

≥0.
Usually, uniqueness can be guaranteed via Isolation Lemma [24, 28], which adds small

random perturbation to the problem instance, but this requires large additional space to store
Ω(n2) random bits. It is open whether o(n2) random bits suffice to isolate maximum/min-cost
flows, and in our streaming algorithm we cannot afford to store these. This issue does not
occur in the setting of communication complexity, as each player can independently store
their own perturbed edge weights.

Communication Complexity. There is a general reduction from 2-party communication
to streaming, resulting in O(space× passes) amount of communication, by simulating the
streaming algorithm and sending the entire memory in each pass. While our streaming
algorithm needs Õ(n1.5) total space, it generates only Õ(n) new information in each of the
Õ(
√

n) passes. Thus it suffices to send only the Õ(n) additional information in each pass,
leading to Õ(n1.5) communication.

▶ Theorem 2 (Min-cost Flow, Communication). There is a randomized communication
protocol that, given an input graph G = (V, E) with integer capacities u ∈ [1, W ]E and costs
c ∈ [1, W ]E, vertex demand vector b ∈ RV , where the edges are split among two parties,
computes w.h.p. an exact min-cost flow in Õ(n1.5 log(W )) communication. At the end, each
party knows the amount of flow on each of their own edges.
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Unlike Theorem 1, there is no ϵ dependence in Theorem 2, because we can make the flow
unique via Isolation-Lemma. A subquadratic communication algorithm for weighted flows
(but also the simpler weighted st-min-cut problem where solutions have size O(n)) was stated
as open problem in [16].

The same Õ(n1.5)-communication bound is also obtained in concurrent work [37]. We
remark that 2-party communication is an easier model than multi-pass streaming, because
each party can use unlimited amount of space. In particular, [37] does not give a streaming
algorithm because each party explicitly stores fe on their own edges e, thus using Ω(n2)
space.

Space and Bit-Complexity. In above theorems, space is measured in words where each word
can store a real number. The algorithms also work over Word-RAM and finite bit numbers,
where each number is stored as fixed-point number using Õ(log(nW/ϵ))-bit. Thus if we want
to measure space complexity of Theorems 1 and 2 in bits, all space, communication and time
complexities increase by a logarithmic Õ(log(nW/ϵ)) factor.

1.2 Techniques
Our algorithm is based on solving the linear program representation of min-cost flow. The
linear program representation of related problems such as bipartite matching or transshipment
to obtain streaming algorithms has been used before, e.g., in [9, 51, 2]. A natural approach
for matching is to maintain the smaller n-dimensional dual iterate (i.e., fractional vertex
cover). However, this does not extend to min-cost/maximum flows, because the capacity
constraints increase the dimension of the dual solution from n to m + n.

Our algorithm works by implementing the interior point method/central path method
by [19], while maintaining the primal solution (i.e., flow) in low space, rather than the dual.
One can show that for flows on the central path, an Õ(n) space representation is possible3.
Unfortunately, this observation does not directly imply a streaming algorithm because in
each iteration, the central path method constructs intermediate flows that are not sufficiently
centered to be stored in Õ(n) space. This issue is exacerbated when using the fast Õ(

√
n)

iteration central path of the Lee-Sidford-barrier [50] as used in [19]. Their definition of
centrality uses Lewis-weights whose efficient computation uses sketching. Due to the resulting
approximation error, one cannot compute sufficiently centered flows to store them in Õ(n)
space. Thus we develop a method that can store non-centered flows in small space.

We do this by storing the steps of each iteration rather than the flow x. In the context
of flows, each step of the central path method is equivalent to augmenting the current flow
x by an electric circulation. Rather than storing flow x directly, we store the sequence of
Õ(
√

n) augmenting electric flows. Each circulation is an m-dimensional vector (i.e., every
edge carries some flow), but we show that each circulation can be stored in only Õ(n) space.
Thus we obtain a Õ(n1.5) space representation of the min-cost flow.
The main technical ideas/ingredients for storing electric circulations are as follows.

(i) The Õ(
√

n) iterations framework [50, 19] requires computation of Lewis-weights, a
generalization of leverage scores and effective resistances. Via sketching, we can store
the Lewis-weights in only Õ(n) space. Given any of the O(n2) edges, we can then
query/compute the (approximate) Lewis-weight from only the Õ(n) space representa-
tion.

3 Technical details: Centered flows are minimizers of some potential function Φ(x) subject to A⊤x = b for
edge-vertex incidence matrix A and demand b ∈ RV . Minimizers satisfy ∇Φ(x) = Ay for some y ∈ RV ,
thus by storing y we can reconstruct x.

ICALP 2026



46:6 Computing Flows in Subquadratic Space

(ii) While electric flows can be stored via vertex potentials (i.e., in Õ(n) space), electric
circulations generally need Ω(m) space. That is because electric circulations are a
combination/difference g − f of an arbitrary flow g ∈ RE and an electric flow f ∈ RE ,
where f and g satisfy the same vertex demands. To store the electric circulation g − f

in low space, we must store g in low space. Via the robust interior point framework [19],
one can reduce the dimension of g from m to Õ(1), and can thus be stored in small
space. The main barrier is showing that this projection E → {1, ...., Õ(1)} can be
computed from the stored information.

(iii) Electric flows can only be stored via vertex potentials if we know the edges’ resistances.
Retrieving the flow on edge e = (u, v) from vertex potentials y ∈ RV (i.e., fe =
(yv − yu)/re) requires knowing the edge’s resistance re. In [50, 19], the resistance re is
defined w.r.t. the edge’s Lewis-weights, and the current congestion of that edge. This
allows for an inductive argument: Given an edge e and its capacity ce, assuming we
know the amount of flow on edge e after t electric circulations, then we can compute
the resistance re of that edge from the current congestion and the stored Lewis-weight.
From the resistance, we can then obtain how much flow the next electric circulation
will route through e. This then yields the flow on edge e after t + 1 electric circulations.
After Õ(

√
n) iterations of this argument, we know the final amount of flow on that

edge, i.e., how much flow is routed on e by the min-cost flow.

Remark on General Linear Programs. Given that our work is based on interior point
methods for general n ×m-dimensional (m ≥ n) linear programs, it is a natural question
whether our algorithm extends to other applications such as ℓ1- or ℓ∞-regression, MDPs, etc.
Internally, our algorithm stores Õ(

√
n) many n-dimensional vectors, and Õ(n) constraints of

the linear program. So for a general linear program with k non-zeros per columns (k = 2
in case of flow), it would store Õ(n1.5 + kn) numbers. However, this assumes Real-RAM
model, i.e., when ignoring the bit-complexity. When considering the actual number of bits
(e.g., Word-RAM), the linear systems to be solved in each iteration pose additional technical
challenges that do not occur when restricting to max/min-cost flow where the linear systems
are simple Laplacians. Hence, this work focuses on the flow applications, where the (sparse)
linear systems can be solved in low space in Word-RAM via Laplacian solvers.

1.3 Other Related Work
Before the semi-streaming lower bounds of Ω(n2/p5) [6] and Ω(n2/p3) [8] for p passes, there
have been n1+Ω(1/p) space lower bounds [21, 39]. For small number o(

√
log n) passes, there

is an n2−o(1) space lower bound for st-reachability, which extends to directed flows [25].
While our focus is on st-flows and thus st-min cuts, there has been work on global min

cuts in the streaming model. There are Õ(1) pass Õ(n) space algorithms for global min
cuts [56, 7, 58]. These also transfer to the 2-party communication setting, where Θ(n1.5)
upper and lower bound are known for minimum vertex cut [17].

Our algorithm is based on solving linear programs in the streaming model. Other work
using this approach (though not for flows, but instead for other linear programs such as
bipartite matching) include [51, 2, 10, 23]. From the communication perspective, linear
programs have been studied in [59, 36]. The crucial aspect is that previous work studies
linear programs of form min c⊤ subject to A⊤x = b, x ≥ 0 for tall matrices A, but max-flow
requires additional capacity constraints x ≤ u. Encoding those within the matrix A turns
the matrix from tall into an almost square matrix, thus losing any space/communication
gains from the small width of A.
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2 Preliminaries

We write “with high probability” (w.h.p.) if the failure probability is at most 1/ poly(n). We
use χe to denote the e-th standard unit vector. For an integer n, we use [n] to denote the set
{1, 2, · · · , n}. We use Õ(·) to hide poly(log m) factors. In addition to O(·) notation, for two
functions f, g, we use the shorthand f ≲ g (resp. ≳) to indicate that f ≤ C · g (resp. ≥)
for an absolute constant C. For a vector v ∈ Rm, we use ∥v∥∞ to denote its ℓ∞ norm, i.e.,
∥v∥∞ : maxi∈[m] |vi|. We use ∥v∥p to denote its ℓp norm, i.e., ∥v∥p := (

∑m
i=1 |vi|p)1/p. For a

positive semi-definite matrix M we write ∥v∥M := (v⊤Mv)1/2. For vectors x, s, τ ∈ Rm we
write X, S, T for the diagonal matrices with Xi,i = xi, Si,i = si, Ti,i = τi on the diagonals
for i ∈ [m]. Similarly, for function ϕ : R→ R, we write Φ(x) for the diagonal matrix with
Φ(x)i,i = ϕ(xi) on the diagonals for i ∈ [m]. Given vectors a, b ∈ Rm, we use ab to denote
entry-wise products, i.e., (ab)i = aibi. We define cosh(x) := 1

2 (exp(x) + exp(−x)). We define
sinh(x) := 1

2 (exp(x)− exp(−x)). Note that cosh(x)′ = sinh(x) and sinh(x)′ = cosh(x).
The leverage scores σ(A) ∈ Rm

>0 of a matrix A ∈ Rm×n (m ≥ n) are defined as
σ(A)i := (A(A⊤A)−1A⊤)i,i for i ∈ [m].

For a, b ∈ R and ϵ > 0 we write a ≈ϵ b when exp(−ϵ)a ≤ b ≤ exp(ϵ)a. We extend the
notation to vectors when the approximation holds entry-wise. For PSD matrices A, B ∈ Rn×n

we write A ≈ϵ B when for all vectors v ∈ Rn v⊤Av ≈ϵ v⊤Bv, i.e., A, B are spectral
approximations of each other.

We say a vector v ∈ RE is given in implicit representation with space O(S) and query
time O(T ), if we have a data structure that uses O(S) space and supports queries that receive
as input edge, edge-cost, and edge-capacity (e, ce, ue) and then return ve in O(T ) time.

The line of work [1, 47, 4, 49, 44, 45, 46, 20, 51] developed streaming algorithms for
spectral sparsifiers.

▶ Lemma 3 ([49, Theorem 1.1]). Let A ∈ RE×V be an incidence matrix, w ∈ RE be some
weights where any we can be queried in time Tw, and let ϵ > 0. Then within a single pass over
the rows of A (i.e., edges), we can compute an Õ(n/ϵ2)-sized spectral sparsifier H ≈ϵ A⊤A.
This takes Õ(mTw) total time.

This lemma was proven for weighted incidence matrices in [49] where we is given together
with edge e in the stream. It directly implies the above, by instead querying we when edge e

is read from the stream.

3 Technique Overview

Our algorithm and data structure are based on interior point methods for linear programs.
In particular, we show that the algorithm of [19] can be implemented in Õ(n1.5) space. The
main barrier for this is storing the m-dimensional flow vector in subquadratic space. Given
that a lot of work on streaming and communication complexity for flows and matching is
combinatorial in nature [6, 7, 58, 17, 41, 11, 27, 55, 33], we start with a more graph-oriented
perspective for readers with that background. Section 3.1 sketches how we store our flow x

in Õ(n1.5) space, without going too far into the details about the interior point method.
The next subsections 3.2 and 3.3 then give more details of our algorithms using the

optimization perspective of interior point methods and central paths. In order to outline
time and space complexity guarantees of our streaming result Theorem 1, we need more
details about these optimization methods. After outlining these methods in Section 3.2, we
explain in Section 3.3 how to implement this interior point methods in the streaming model,
resulting in Theorem 1.

ICALP 2026



46:8 Computing Flows in Subquadratic Space

3.1 High-Level Idea: Storing Flows in Õ(n1.5) Space
Here we outline how to store a flow x ∈ RE in low-space, such that when given any edge
e ∈ E, its cost ce, and capacity ue, then we can query/compute xe.

Consider the linear programming definition of minimum cost flow. For an E×V incidence
matrix A ∈ {−1, 0, 1}E×V , edge-cost vector c ∈ RE , demand vector b ∈ RV , and edge
capacities u ∈ RE , the following linear program models minimum-cost flows.

min
x∈RE

c⊤x subject to A⊤x = b 0 ≤ x ≤ u

A common idea for computing minimum cost flows is to start with some initial flow, then
repeatedly augment the flow via negative cost cycles or circulations. When solving minimum
cost flows via interior point methods such as [52, 50, 53, 13], these circulations are so called
“electric circulations.” That is, for some feasible flow x ∈ RE , we augment it by a circulation
δx ∈ RE where

x← x + δx

δx =
(
I−R−1

x A(A⊤R−1
x A)†A⊤) gx.

Here gx ∈ RE is some flow and Rx is an E×E diagonal matrix with (Rx)e,e being resistance
of edge e. (Both gx and Rx will be defined later to depend on x). Flow δx is a circulation,
because it satisfies 0-demand A⊤δx = 0. It is an electric circulation because

f = −R−1
x A(A⊤R−1

x A)†A⊤gx (1)

is an electric flow for demand d = −A⊤gx ∈ RV and resistances Rx (i.e., among all demand
d flows, f minimizes the energy

∑
e∈E(Rx)e,ef2

e ).
The idea of our low space representation is that we only store some initial flow x0 ∈ RE

≥0,
and then store all the augmenting circulations δ1

x, δ2
x, .... We will argue that each δt

x ∈ RE

can be stored in only Õ(n) space. It was proven in [50] that it takes Õ(
√

n log(W/ϵ))
iterations/augmentations to find a min-cost flow whose cost is at most an additive ϵ off from
optimal. Thus Õ(n1.5 log(W/ϵ)) total space suffices4. We can then query the amount of flow
on any edge e ∈ E by computing x0

e +
∑Õ(

√
n)

t=1 (δt
x)e.

Crucial for our low space representation is that the (t + 1)-th augmenting circulation δt+1
x

depends on the t-th flow xt = x0 +
∑t

k=1 δk
x. The fact that we can store circulation δt+1

x in
only Õ(n) space relies heavily on the following property: when querying/computing (δt+1

x )e

for some edge e, we already know the flow xt
e on that edge. This assumption is given by

induction: if we know xt−1
e , then we can compute (δt

x)e, thus we know xt
e = xt−1

e + (δt
x)e,

and so forth. This way we iteratively reconstruct xt
e and (δt

x)e from t = 1, 2, 3, ... all the way
to the final/optimal flow on that edge e.

To outline these low-space representations, let us start with the initial flow x0.

Storing the initial flow x0. We would like to start with an initial flow x0 that is feasible
and can be stored in low space. Fortunately, standard constructions for the initial flow in
non-streaming settings [19, 50, 35, 18] can also be stored in low space and thus directly apply.
Consider the following construction.

4 For the rest of the overview, we will hide the log(W/ϵ) term in Õ-notation.
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We pick x0
e = ue/2, i.e., each edge carries half its capacity as flow. This flow x0 does

not yet satisfy the demand vector b ∈ RV , but we can fix this as follows: add an extra
star to the graph (i.e., one vertex that is connected to every other vertex) and route
the missing/additional flow along the star edges. The star edges are assigned very large
poly(n∥c∥∞) cost so the optimal min-cost flow will not use them, i.e., addition of these edges
to the graph does not change optimal solution.

We can store this additional star and the amount of flow x0
e on the star-edges in Õ(n)

space since there are only n additional edges. For all edges e of the original graph, we can
return x0

e = ue/2 since the capacity ue of the edge is given during the query.

Storing the Electric Flow f . To argue why we can store each electric circulation δx in Õ(n)
space, we argue the storage of g ∈ RE and the electric flow separately.

An electric flow f (see (1)) is given by vertex potentials δy := (A⊤R−1
x A)†A⊤g ∈ RV

which can easily be stored in Õ(n) space. Then for any edge e = (w, z), we can compute the
electric flow fe on that edge via

fe = (R−1
x Aδy)e = ((δy)z − (δy)w)/(Rx)e,e.

However, this also needs access to (Rx)e,e. To guarantee Õ(
√

n) iterations suffice, these
resistances must be

(Rx)e,e = τe ·
(

1
x2

e

− 1
(ue − xe)2

)
.

Here term τ ∈ RE are so called Lewis-weights, which can be interpreted as a measure of
importance for each edge e, and they are a generalization of effective resistance. Without
this τ , the number of iterations would increase from Õ(

√
n) to Õ(

√
m) = Õ(n), and we could

no longer guarantee subquadratic space.
The term 1/x2

e − 1/(ue − xe)2 is motivated by the resistance (Rx)e,e going towards ∞
when xe or (ue − xe) are close to zero. When the resistance is high, then the electric flow
will not route a lot of flow through that edge, which is needed to guarantee the capacity
constraints 0 ≤ x + δx ≤ u.

Observe that, given edge e and its capacity ue, we can compute xe, so we can also
compute 1/x2

e − 1/(ue − xe)2. If we can also compute τe and ge, then we get (δx)e, and our
iterative argument for computing xt

e = xt−1
e + (δt

x)e for all t = 1, ..., Õ(
√

n) goes through.
The difficulty is that for any edge e, both ge and τe depend not just on xe, but are a global

property depending on the entire flow x ∈ RE . So we need to store additional information.

Storing Weights τ ∈ RE. For some p = 1− 1/Θ(log m), the (regularized) ℓp-Lewis-weights
from [50] are defined as the scaling τ ∈ RE

≥0 that satisfy the recurrence relation

τ = σ(T1/2−1/pV−1/2A) + n

m

for Ve,e = 1/x2
e − 1/(ue − xe)2, Te,e = τe. [19] proved that the algorithm still works when

the equality is only satisfied as some (1± 1/O(log n))-approximation.
Cohen and Peng [26] proved that, if we start with some bad approximation w of the Lewis-

weights, then the following routine improves the approximation quality by a 1− p/2 ≈ 1/2
factor

w ← (w2/p−1(σ(W1/2−1/pV−1/2A) + n/m))p/2. (2)
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Since n/m ≤ τ ≤ 1+n/m, we can start with w = all-1-vector, and use some Õ(1) iterations of
(2) to get an accurate enough estimate of the Lewis-weight. If we let w(0), w(1), ..., w(k) =: τ

be the sequence of values computed this way, then the final τ will be a good approximation
of the Lewis-weights. We store these values in low space via the recurrence

w(j)
e = ((w(j−1)

e )2/p−1(σ((W(j−1))1/2−1/pV−1/2A)e + n/m))p/2

which allows us to query w
(j)
e recursively for j = 1, ..., k, and thus store τ =: w(k) ∈ RE in low

space, if we can store σ((W(j−1))1/2−1/pV−1/2A) ∈ RE in low-space for j = 1, ..., k = Õ(1).
This entire approach still yields an accurate estimate if we only approximately compute

σ(·). This is done via the ℓ2-characterization of σ(·): for any matrix M we have

σ(M)e := (M(M⊤M)†M⊤)e,e = ∥M(M⊤M)†M⊤χe∥2
2

where χe is a standard unit-vector. The ℓ2-norm can be (1 ± ϵ)-approximated via an
O(ϵ−2 log n)× |E| Johnson-Lindenstrauss sketching matrix S, i.e., we store for j = 1, 2, ..., k

P(j) := S(j)(W(j−1))1/2−1/pV−1/2A(A⊤(W(j−1))1−2/pVA)−1A)†

where for ϵ = 1/ polylog(n) matrix Pj is Õ(1)× n dimensional so takes only Õ(n) space. We
can query for edge e = (a, b) the value

σ((W(j−1))1/2−1/pV−1/2A)e ≈ ∥P(j)A⊤V−1/2(W(j−1))1/2−1/pχe∥2

= ∥P(j)(χb − χa)∥2
2 · v−1

e (w(j−1)
e )1−2/p.

w(j)
e = ((w(j−1)

e )2/p−1(∥P(j−1)(χb − χa)∥2
2 · v−1

e (w(j−1)
e )1−2/p + n/m))p/2. (3)

Note that in addition to the Õ(n) space for P(1), ..., P(k), here we need ve to compute w
(k)
e .

We have access to that value since ve = 1/x2
e − 1/(ue − xe)2 and we already established

that we can query xe when edge e and its capacity ue are given to us. While computation
of xe requires τe and computing τe requires xe, there is actually no circular dependency
here. That’s because, if xt,τ t are the values computed during iteration number t (i.e.,
xt = xt−1 + δt

x where δt
x uses τ t), then querying xt

e requires τ t
e , but querying τ t

e needs xt−1
e .

So after t ≤ Õ(
√

n) this loop terminates. This does mean though, that we need to keep
track/store all previous values of τ .

In summary, we need Õ(n) space per iteration to store τ while supporting queries to τe,
for a total of Õ(n1.5) space over Õ(

√
n) iterations.

Storing the flow g. We here give only a very high-level description because details on
how g is defined require further details about the interior point method. The exact choice
of g is crucial for the Õ(

√
n) iteration count, and storing this flow in low space relies on

recent developments in IPM-theory: for the classic Lee-Sidford IPM [50], it is unclear how to
store g in such low space, and our low space representation relies on the recently developed
variants [19] that are robust against additional approximation errors.

In somewhat simplified terms, g is defined w.r.t. x, τ and reduced costs s := c−A
∑

t δt
y.

(Note that for any edge e = (w, z), we can also compute se = ce −
∑

t(δt
y)z − (δt

y)w since
we already store the vertex potentials δt

y ∈ RV and cost ce is given at query time.) Flow g

also has the property that if for two edges e ̸= e′ we have (τe, xe, se) = (τe′ , xe′ , se′), then
ge = ge′ are the same. Further, because of recent insights in robust interior point methods,
we know the algorithm still works when g is defined w.r.t. approximations x, s, τ that differ
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from the exact values by some (1± ϵ) approximation for ϵ = 1/O(log n). Thus we can round
each τe, xe, se to multiples of 1 + ϵ, then g ∈ RE contains only Õ(1) distinct values. We store
these distinct values g̃ ∈ RÕ(1) in Õ(1) space.

Then during a query, when receiving edge e, we (i) compute xe, se, τe, (ii) round them to
the nearest multiple of (1 + ϵ), (iii) access the corresponding g̃i.

This is somewhat simplified, since the construction of g from x, s, τ is nontrivial. However,
those details require further discussion of how the IPM works, which are given in next
subsection. With these details, we can then also explain how to implement the construction
of these representations in the semi-streaming model. So far, we only discussed how to
represent/store these values, but not how to compute them efficiently. This is outlined in
Section 3.3, after giving details about the IPM in Section 3.2.

Remarks on 2-Party Communication. The blackbox reduction from 2-party communication
to streaming simulates the streaming algorithm. To simulate one pass over the input, party A
passes over their own edge set, then sends their entire memory to party B who continues the
current pass over their half of the edges. This reduction would lead to only a trivial Õ(n2)
communication bound as we have Õ(

√
n) iterations with Õ(n1.5) space. However, observe

that the Õ(n1.5) space usage of our algorithm comes from storing each of δ1
x, ..., δ

Õ(
√

n)
x in

Õ(n) space. There is no need to send the entire memory to simulate the streaming algorithm
in the 2-party model, because both parties already have the representation of δ1

x, ..., δt−1
x

when computing the representation of the new δt
x together when simulating the streaming

algorithm. We will see in Section 3.3 that the streaming algorithm needs only Õ(n) additional
space and Õ(1) passes to compute δt

x. This implies Õ(n) communication for each δt
x, i.e.,

Õ(n1.5) communication overall.

3.2 Review of LS Central Path/Interior Point Method
As context and motivation for our method, we start by discussing the method of [50]. Readers
familiar with the Õ(

√
n) iteration interior point methods from [50, 19] can skip to Section 3.3.

For matrices A ∈ Rm×n, vectors b ∈ Rn, c ∈ Rm, and upper bounds u ∈ Rm, this IPM
solves linear programs of the form

min
x∈Rm:A⊤x=b

0≤xe≤ue∀e∈[m]

c⊤x. (4)

The central path method of [50] repeatedly solves the following minimization problem. In
each iteration, parameter µ ∈ R>0 is decreased, and then the new minimizer xµ is found by
performing one Newton-step from the old minimizer xµ′ .

xµ := argmin
A⊤x=b

fµ(x), fµ(x) := c⊤x + µ

m∑
i=1

τ(x)eϕe(xe), (5)

where τ ∈ Rm
>0 and ϕe : R>0 → R is defined as ϕe(z) = − log(ue−z)− log(z). (For simplicity,

we also write ϕ(x) ∈ Rm for the vector with entries ϕe(xe) for e = 1, .., m.) Note that as xe

approaches 0 or capacity ue, the ϕe(xe) term goes to∞, which keeps the minimizer xµ within
the feasible region. As µ→ 0, the term c⊤x starts to dominate; thus xµ converges towards
the optimal solution of the linear program for µ→∞. Here τ ∈ Rm is a weight measuring
the importance of each row of A. [50] chooses τ to be the regularized lp Lewis-weight for
p = 1− 1

4 log(4m/n) . This is defined to be the solution to
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τ = σ(T
1
2 − 1

p (Φ′′(x))− 1
2 A) + n

m
, (6)

where Φ′′(x) is a diagonal matrix with the 2nd derivatives ϕ′′
e (xe) = 1/x2

e − 1/(ue − xe)2 on
the diagonal for e = 1, ..., m.

The curve xµ for µ ∈ (∞, 0) is referred to as the central path. It turns out that it
is easy to find a point x close to xµ on this path for large µ (see full version for details).
Starting from this point, we iteratively take steps to decrease µ and move x closer to the
new minimizer xµ.

To do this, we must define a measure for how far x is from xµ. To satisfy x =
argminA⊤x=b fµ(x) (Equation (5)), optimality conditions tell us that we need A⊤x = b

and the gradient ∇fµ(x) = c + µTϕ′(x) must be orthogonal to the feasible hyperplane
{x | A⊤x = b}; i.e., c + Ay + µTϕ′(x) = 0 for some y ∈ Rn. We can rewrite this as
s = µTϕ′(x) = 0, where s := c + Ay. Now, to define what it means to follow the central
path, we say that a triple (x, s, µ) is central if

A⊤x = b, s = Ay + c, s + µTϕ′(x) = 0. (7)

As we cannot expect to be exactly centered, we measure centrality via the following potential
function:

Ψ
(

s + µτ(x)ϕ′(x)
µτ(x)

√
ϕ′′(x)

)
:=

m∑
e=1

cosh
(

λ

(
se + µτ(x)eϕ′

e(xe)
µτ(x)e

√
ϕ′′

e (xe)

))
, (8)

where λ = O(log n). Note that the numerator is 0 (which is equivalent to minimizing (8)) if
and only if (7) is satisfied.

Our goal is now to take steps where we alternate between decreasing µ (which increases
(8)) and updating (x, y, s) such that (8) decreases again. This way we approximately trace
the curve xµ.

In the central path method by [19], the improvements in each iterations are of the following
form. Given (xt−1, st−1, µt−1) at iteration number t− 1, the next values for iteration t are
given by

xt ← xt−1 + δt
x, st ← st−1 + δt

s, µt ←

(
1− 1

Õ(
√

n)

)
µt−1.

To compute the movements δt
x, δt

s we first calculate the weights τ t ∈ Rm of our current
point xt−1, and set the vector gt ∈ Rm to be the gradient of (8), which intuitively moves
x as close as possible to xµ on the central path. [19] have shown that instead of exact
calculation of τ t, it suffices to compute weight τ t that satisfy recurrence (6) only with some
(1± 1/O(log n))-approximation. Then, the movements are given by

Ht ≈1/O(log m)(A⊤(Tt)−1Φ′′(xt−1)−1A) (9)

δt
x = Φ′′(xt−1)−1/2gt − (Tt)−1Φ′′(xt−1)−1A(δt

y + δt
c)

δt
y = (Ht)−1A⊤Φ′′(xt−1)−1/2gt

δt
s = µtAδt

y

δt
c = (Ht)−1(A⊤xt−1 − b)

gt = argmax
w: ∥w∥τ+∞

⟨w,−∇Ψ
(

s + µτ(x)ϕ′(x)
µτ(x)

√
ϕ′′(x)

)
⟩
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where Ht is a spectral approximation, allowing us to solve the linear system approximately
(i.e., we can use fast Laplacian system solvers). Because of this approximation, we can no
longer guarantee A⊤x = b, but inclusion of vector δt

c guarantees A⊤x stays close to b. Here gt

is essentially the gradient of our potential function Ψ (since we want to reduce that potential
in each iteration), but we are taking a step that is bounded in a certain (τ +∞)-norm5 (see
full version for details). Calculation of this gt in low space will later be one of the main
issues discussed in Section 3.3.

In [50] it was shown that Õ(
√

n) iterations of the central path method (9) suffice, i.e. one
must compute (9) for t = 1, 2, ..., Õ(

√
n). The naive implementation of (9) takes Ω(m) space

which is Ω(n2) in worst-case, since the vectors xt, st, gt ∈ Rm are m-dimensional. However,
O(n2) space for min-cost flow is trivial, because then we could solve the problem in a single
pass by storing the entire input graph. Therefore, our goal is to implement (9) using less
than O(n2) space.

In the following, we outline how we can implement all calculations in (9) in the semi-
streaming model. In particular, we show that for any one t, (9) can be calculated in just
Õ(1) passes over the input. Since we have t = 1, 2, ..., Õ(

√
n), our algorithm takes Õ(

√
n)

passes in total.

3.3 Streaming Implementation
Our goal is to calculate (9) a total of Õ(

√
n) times in a semi-streaming setting with Õ(1)

passes over the input per iteration, and using only Õ(n1.5) total space.
We already outlined in Section 3.1 that we can store the values of the t-th iteration in

total space Õ(nt) by storing each iteration in Õ(n) space. The precise values being stored
are:

yℓ, δℓ
y, δℓ

c ∈ Rn for ℓ = 1, ..., t. This uses O(nt) space.
This implicitly represents sℓ ∈ Rm because for any edge e = (w, z) and its cost ce, we
can compute sℓ

e = ce − (Ayℓ)e = ce − (yℓ
z − yℓ

w).
We store τ ℓ for ℓ = 1, ..., t implicitly in Õ(nt) space via a certain recursive JL-sketch.
We store gt for ℓ = 1, ..., t implicitly in Õ(t) space. (Details to be discussed further below).
This implicitly represents xℓ ∈ Rm because for any edge e = (w, z) and its cost/capacity
ce, ue, we can recursively compute

xℓ
e = xℓ−1

e + ϕ′′
e (xℓ−1

e )−1/2gℓ
e − (τ ℓ

e)−1ϕ′′
e (xℓ−1

e )(A(δℓ
y + δℓ

c))e.

The main remaining question is how to compute the above Õ(n) representation for the
next iteration t + 1 in the streaming model with only Õ(1) passes over the input.

Lewis weights τ t ∈ Rm. In Section 3.1 we established that in each iteration of the interior
point method, the Lewis-weights are computed via Õ(1) repetitions of

w(j)
e ← ((w(j−1)

e )2/p−1(σ((W(j−1))1/2−1/pM)e + n

m
))p/2. (10)

where M = Φ′′(xt)A. We start with w0 = 1-vector, and assign τ t = w(k) for some k = Õ(1).
For each t, all w(0), ..., w(k) are stored, so that we can compute w

(j)
e recursively from w

(j−1)
e

whenever an edge e is received.

5 ∥v∥τ+∞ := ∥v∥∞ + C log(4m/n) · ∥v∥τ where ∥v∥τ = (
∑

i
τi · v2

i )1/2 and C is some large constant.
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Here the main issue is calculating the Õ(n) space representation of
σ((W(j−1))1/2−1/pM) ∈ Rm. We discussed in Section 3.1 that this value can be
represented via a Johnson-Lindenstrauss matrix S(j) and by computing

S(j)(W(j−1))1/2−1/pM(M⊤(W(j−1))1−2/pM)−1. (11)

Since an approximation suffices, we can replace M⊤(W(j−1))1−2/pM by a spectral approx-
imation, computed in one pass via Lemma 3 (for any given edge e, we have access to the
corresponding row of M = Φ′′(xt)A because we have access to xt

e.)
Once we have the spectral sparsifier, we can compute (11) from left to right via one additional
pass over the input. This is explained in more detail in the full version.

Constructing yt, δt
y, δt

c. These vectors are n-dimensional and can thus be computed/stored
explicitly. We have by (9) that

Ht ≈1/O(log m)(A⊤(Tt)−1Φ′′(xt−1)−1A) (12)

δt
y = (Ht)−1A⊤Φ′′(xt−1)−1/2gt

δt
c = (Ht)−1(A⊤xt−1 − b)

yt = yt−1 + δt
y

Note that when receiving edge e on the stream, we can query xt−1
e (and thus Φ′′(xt−1)e)

and τ t
e via previous paragraph. Thus Ht can be constructed in one pass over the input, by

constructing spectral sparsifier via Lemma 3. This takes Õ(n) space. We can then compute
δt

y, δt
c from right to left in one additional pass over the input.

Constructing gradient gt ∈ Rm. We are left with discussing how to construct vector gt

from (9), which can be seen as some gradient. We uses a potential function of the form
Φ(vt) :=

∑
e∈[m] cosh(λ(vt

e)) for some fixed λ = O(log m) and vector vt ∈ Rm where

vt
e := st

e + µtτ t
eϕ′

e(xt
e)

µtτ t
e

√
ϕ′′

e (xt
e)

for each e ∈ [m]. Here the gradient is ∇Φ(v) := −
∑

e∈[m] λ sinh(λ(vt
e)). Observe that to

obtain (∇Φ(vt))e for any e ∈ [m], we only need to compute vt
e. Further, [19] proves that one

does not need to compute the exact gradient ∇Φ(vt). Instead, it suffices to compute ∇Φ(ṽt)
where ṽt

e is the appropriate vector in terms of x̃t, s̃t, τ̃ t, which are each element-wise (1± ϵ)
multiplicative approximations of xt, st, τ(xt) respectively for some ϵ = O(1/ log m).

To obtain gt from ∇Φ(ṽt), [19] defines

gt = ∇Ψ(ṽ)♭(τ̃) := argmax
∥h∥

τ̃+∞
=1

h⊤∇
m∑

e=1
cosh(λṽe). (13)

The maximization problem in (13) can be efficiently solved when rounding each entry of ṽt

and τ̃ t to a multiple of some small δ = O(ϵ). The additional approximation error from this
rounding process can be charged to the approximation τ̃ t ≈ τ t, ṽt ≈ vt. Since the gradient is
bounded, this discretization essentially reduces the optimization problem onto some smaller
polylog-dimensional space, because we obtain at most some polylog distinct multiples of
some ϵ = 1/O(log n).

Observe that within a single pass over the input, we can count how many entries of ṽt are
rounded to the same value. That is, within a single pass we compute two Õ(1)-dimensional
vectors: w̃t containing the rounded values, and k̃t where k̃t

i counts how many entries have
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been rounded to w̃t
i . We can now solve (13) locally in Õ(1) space, because (i) we know

the output vector also has only Õ(1) distinct values, (ii) we can compute the norm of the
m-dimensional vector h in (13) by using the counting vector (i.e., we know how often each
entry will be duplicated).

Summary, space efficient implementation. In each iteration of the central path method,
we must compute (9). We have implicit access to xt, st which allows us to compute implicit
access to gt and τ t. We can then construct the spectral sparsifier Ht. With these, we can
then within a constant number of passes through the stream compute δt+1

y , δt+1
c , yt+1. We

thus have all information that is required for the implicit representation of xt+1, st+1 so we
can proceed with the next iteration. After Õ(

√
n) iterations, our algorithm terminates. Since

each iteration takes Õ(1) passes, we take Õ(
√

n) passes in total. The space requirement is
Õ(n1.5) since we store yt, δt

c, δt
y, τ t, gt for t = 1, ..., Õ(

√
n).
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