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Abstract
Correlation clustering is a well-studied problem, first proposed by Bansal, Blum, and Chawla [Mach.
Learn. ’04]. The input is an unweighted, undirected graph. The problem is to cluster the vertices so
as to minimize the number of edges between vertices in different clusters and missing edges between
vertices inside the same cluster. This problem has a wide application in data mining and machine
learning. We introduce a general framework that transforms existing static correlation clustering
algorithms into fully-dynamic ones that work against an adaptive adversary.

We show how to apply our framework to known efficient correlation clustering algorithms, starting
from the classic 3-approximate Pivot algorithm from Ailon, Charikar and Newman [JACM’08].
Applied to the most recent sublinear 1.485-approximation algorithm from Cao, Cohen-Addad, Lee,
Li, Lolck, Newman, Thorup, Vogl, Yan and Zhang [STOC’25] 1, we get an 1.485-approximation
fully-dynamic algorithm that works with worst-case constant update time. The original static
algorithm gets its approximation factor with constant probability, and we get the same against an
adaptive adversary in the sense that for any given update step, not known to our algorithm, our
solution is an 1.485-approximation with constant probability when we reach this update.

Most of previous dynamic algorithms, including the celebrated result from Behnezhad, Charikar,
Ma and Tan [FOCS’19], had approximation factors around 3 in expectation, and they could only
handle an oblivious adversary. A recent algorithm by Braverman, Dharangutte, Pai, Shah, and Wang
[AISTATS’25] handles an adaptive adversary, but it has a large unspecified constant approximation
ratio. This contrasts with our general transformation, which works with all the best approximation
factors known for the static case.

2012 ACM Subject Classification Theory of computation → Dynamic graph algorithms; Theory of
computation → Facility location and clustering

Keywords and phrases Dynamic Algorithms, Correlation Clustering, Approximation Algorithms

Digital Object Identifier 10.4230/LIPIcs.ICALP.2026.48

Category Track A: Algorithms, Complexity and Games

Related Version Full Version: https://arxiv.org/abs/2504.12060 [14]

Funding Euiwoong Lee: Supported in part by NSF grant CCF-2236669 and Google.
Shi Li: Affiliated with the School of Computer Science in Nanjing University, and supported by the
State Key Laboratory for Novel Software Technology, and the New Cornerstone Science Laboratory.

1 The conference paper from Cao, Cohen-Addad, Lee, Li, Lolck, Newman, Thorup, Vogl, Yan and Zhang
[STOC’25] claimed an approximation factor of 1.437, based on result from Cao, Cohen-Addad, Lee, Li,
Newman and Vogl [STOC’24]. However, the STOC’24 paper has a subtle bug, which was fixed in the
arXiv version with the correct ratio of 1.485.

EA
T
C
S

© Nairen Cao, Vincent Cohen-Addad, Euiwoong Lee, Shi Li, David Rasmussen Lolck,
Alantha Newman, Mikkel Thorup, Lukas Vogl, Shuyi Yan, and Hanwen Zhang;
licensed under Creative Commons License CC-BY 4.0

53rd International Colloquium on Automata, Languages, and Programming (ICALP 2026).
Editors: Sayan Bhattacharya, Danupon Nanongkai, Michael Benedikt, and Gabriele Puppis;
Article No. 48; pp. 48:1–48:23

Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

mailto:nc1827@nyu.edu
https://orcid.org/0000-0002-4961-763X
mailto:cohenaddad@google.com
https://orcid.org/0000-0002-0779-8962
mailto:euiwoong@umich.edu
https://orcid.org/0000-0003-1454-7587
mailto:shili@nju.edu.cn
https://orcid.org/0000-0001-9140-9415
mailto:dalo@di.ku.dk
https://orcid.org/0000-0001-8835-0926
mailto:alantha.newman@grenoble-inp.fr
https://orcid.org/0009-0009-7353-7734
mailto:mthorup@di.ku.dk
https://orcid.org/0000-0001-5237-1709
mailto:lukas.vogl@epfl.ch
https://orcid.org/0000-0002-8241-536X
mailto:shya@di.ku.dk
https://orcid.org/0000-0001-9439-8942
mailto:hazh@di.ku.dk
https://orcid.org/0000-0002-3149-7799
https://doi.org/10.4230/LIPIcs.ICALP.2026.48
https://arxiv.org/abs/2504.12060
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics
https://www.dagstuhl.de


48:2 Static to Dynamic Correlation Clustering

David Rasmussen Lolck: Supported by VILLUM Foundation Grant 54451, Basic Algorithms Research
Copenhagen (BARC).
Mikkel Thorup: Supported by VILLUM Foundation Grant 54451, Basic Algorithms Research
Copenhagen (BARC).
Lukas Vogl: Supported by the Swiss National Science Foundation project 200021-184656 “Randomness
in Problem Instances and Randomized Algorithms”.
Shuyi Yan: Supported by VILLUM Foundation Grant 54451, Basic Algorithms Research Copenhagen
(BARC).
Hanwen Zhang: Supported by VILLUM Foundation Grant 54451, Basic Algorithms Research
Copenhagen (BARC), Independent Research Fund Denmark, grant 1054-00032B, and the Carlsberg
Foundation, grant CF24-1929.

1 Introduction

Correlation clustering is a classic clustering problem. Given an undirected unweighted graph
G = (V, E), our goal is to compute a clustering of the vertices that minimizes the number
of edges between vertices in different clusters and missing edges between vertices inside the
same cluster.

In this work, we address correlation clustering in the dynamic setting, where the graph
G is updated by inserting and deleting edges.1 Our goal is to maintain a clustering that is
good with respect to the correlation clustering problem for the current graph. We present a
framework that transforms efficient algorithms for the static correlation clustering problem
into a dynamic algorithm that can handle edge updates against an adaptive adversary,
at almost no cost to the approximation ratio. However, the efficiency has to be relative
to a compressed graph representation that we shall introduce later. We will apply this
transformation to all the best static near-linear time algorithms.
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Figure 1 A clustering of a graph and its cost. Red solid lines marks all edges between vertices in
different clusters. Red dashed lines mark all the missing edges between vertices in the same cluster.
This formulation is equivalent to the signed graph version, where + edges are treated as edges and
− edges are treated as non-edges.

1 In other works, it is usual to describe the input as being a complete graph with edges of weight either
+1 or −1. Since we are working in a dynamic setting, and care about the running time, it makes more
sense to use the convention that +1 edges are edges in the input graph and −1 edges are the non-edges.
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1.1 Prior work
The correlation clustering problem was first studied by Bansal, Blum, and Chawla in [6]. The
model has a number of applications such as clustering ensembles [10], duplicate detection [3],
community mining [20], disambiguation tasks [27], and automated labeling [1, 16]. Correlation
clustering is of fundamental importance for the machine learning and data mining communities
and a large body of work for solving correlation clustering in practice keeps on appearing at
flagship conferences in these areas [25, 12, 17, 28, 29, 31].

Polynomial time approximation

The first (large) constant approximation algorithm is due to [6]. The constant was then
improved to 4 by [18] who also proved that the problem is APX-hard. Later, Ailon, Charikar,
and Newman [2] introduced the crucial idea of pivot-based algorithms, where in each round,
the algorithm picks a random unclustered vertex and creates a new cluster consisting of this
vertex and some of its neighbors. They gave a combinatorial 3-approximation algorithm and
improved the approximation ratio to 2.5 by rounding a standard linear program (LP) which
has an integrality gap of at least 2. [19] improved the approximation ratio to 2.06 using a
more sophisticated rounding scheme of the same LP.

To bypass the integrality gap of 2, Cohen-Addad, Lee, and Newman [23] used the
Sherali-Adams hierarchy and achieved a 1.995-approximation, which was then improved
to a 1.73-approximation by combining the pivot-based rounding with the newly-developed
set-based rounding [22]. The best approximation algorithm currently known is a 1.485 1-
approximation due to [15] which proposed the Cluster LP to achieve this result. They also
showed that obtaining a 25/24-approximation is NP-hard.

Deterministic algorithms

When it comes to deterministic algorithms, the fastest one with (large) constant factor
approximation is Algorithm 1 in [21] which has a trivial deterministic implementation is
O(nm) time. A deterministic factor (3 + ε)- approximation is presented in [26] running in
Õ(n3) time. One can obtain a deterministic 2.5-approximation in (large) polynomial time by
first solving the O(n3)-sized LP with the Ellipsoid method and rounding it with the work
of [30]. 2

Near-linear time

For the purpose of transforming static algorithms into dynamic ones, our best hope are
those with near-linear running time, that is Õ(m)-time, where m is the number of edges.
We remark that while sublinear time algorithms exist, their sublinear time holds only when
m = ω(n). As we have to deal with the case m = O(n), these algorithms are not different
from those with a near-linear running time for our purpose. The best deterministic running
time of O(nm) from [21] is thus far too slow.

Among all near-linear time algorithms, the first one is the classical linear time 3-
approximate Pivot algorithm of [2]. The first sublinear time algorithm in O(n log2 n) time
with constant approximation ratio is from [5], which is based on the parallel algorithm of [21].

2 In the conference version of [12, Proposition 2.1], the authors claim that the existence proof of [5] gives
a deterministic O(m) time constant-approximate algorithm. The authors have since retracted their
claim in the most recent arXiv version [11].
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48:4 Static to Dynamic Correlation Clustering

We also have the more recent local-search based 1.847-approximation of [24] which runs in
sublinear time. Recently, in [13], it was shown that the 1.485-approximation algorithm based
on the Cluster LP from [15] can be implemented in sublinear time. All of these near-linear
time algorithms are Monte Carlo algorithms.

Dynamic clustering with low approximation ratio

The dynamic setting has also been explored. Much of the work here has been on how to
maintain a pivot-based clustering under these changes. One result is that of [8], which shows
how to maintain a Maximal Independent Set with an update time of O(log2 n log2 ∆) where ∆
is the maximum degree of any vertex. This can be used to maintain the 3-approximate Pivot
algorithm for a fixed permutation of pivots. This was since improved in [25] to maintaining
a (3 + ε)-approximation with an update time of O(1/ε). Finally, it has recently been shown
that the barrier of 3-approximation indeed can be broken in the dynamic setting in [7]. Here
they give a 2.997-approximation algorithm, again based on maintaining the pivot under
additions and deletions with a polylogarithmic update time. All of these pivot-based results
only work with an oblivious adversary: they fix the random order of the pivots in advance,
maintaining it for all updates. All of these results only work with an oblivious adversary:
they fix the random order of the pivots in advance, maintaining it for all updates.

Dynamic against adaptive adversary

For all the above pivot-based dynamic algorithms, an adaptive adversary could easily learn
the order of the pivots, and then make them perform very badly afterward by constructing an
input graph that is bad for this pivot order. Recently, [12] presented a dynamic large constant
factor approximation algorithm supporting updates in O(log2 n) amortized time against an
adaptive adversary. It is based on the non-pivot-based O(n log2 n) time randomized algorithm
from [5], but at the cost of a large approximation factor. They also mention “It is unclear
how the pivot-based algorithms could be made to work in the adversarially robust setting”[12,
2nd page]. In particular, this concerns the classic 3-approximate Pivot algorithms.

The general issue of getting a Monte Carlo randomized dynamic algorithm to work
against an adaptive adversary is addressed in [9]. They show a generic transformation from
the oblivious setting to the adaptive setting using tools from differential privacy, but the
transformation has an extra polynomial factor on the update time even in the few cases
studied in their paper. In this paper, however, we are aiming for update times that are
polylogarithmic or even constant.

Clustering for dynamic streams

A recent result from [4] shows that for a fully-dynamic graph, we can maintain a linear
sketch of sublinear Õ(n) size from which we can derive a correlation clustering in randomized
polynomial time. The basic idea is that they desparsify the sketch into a graph G′ that is
similar to the current graph G in the sense that any correlation clustering will have almost the
same cost in G and G′. They can therefore apply any polynomial time correlation clustering
algorithm to G′ and get an almost as good correlation clustering for G. This result follows
the streaming tradition and is very interesting from an information theoretic perspective.
However, spending polynomial time whenever we want a clustering of the current graph is
not good from our perspective of dynamic graph algorithms, where we want to maintain a
concrete clustering in constant or logarithmic time per edge update.
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The interesting aspect from [4] is that their sketch is of Õ(n) size. A fundamental issue
from a fully-dynamic perspective is that a randomized sketch of sublinear size appears to
sacrifice the ability to handle a non-oblivious adaptive adversary. The issue is that if we use
a randomized sketch of the current graph, and if we after each update reveal a clustering
based on the random choices in the sketch, then the adversary can learn about these random
choices and then make updates that destroy the quality of the sketch. This is not so much
an issue for the streaming scenario in [4] where they just maintain the sketch, and only in
the end construct the clustering in polynomial time. However, it is a major issue if we want
to maintain a clustering throughout the updates against an adaptive adversary, and this is
the setting we are considering in this paper.

1.2 Our results and techniques

This paper is a conference version of the full version [14], which contains the complete details.
The full version continues from Section 4.

In this paper, we introduce a general framework that transforms efficient static algorithms
for the static correlation clustering problem into dynamic algorithms that work against an
adaptive adversary. However, the efficiency has to relate to a compressed graph representation
that we shall introduce later. In particular, this will work for the pivot-based algorithms
that, as mentioned above, have so far failed against adaptive adversaries.

We apply our framework to all near-linear time correlation clustering algorithms with
low approximation ratio mentioned before: the classical 3-approximate Pivot algorithm
from [2], the 1.847-approximation local search algorithm from [24] and the most recent 1.485-
approximation Cluster LP algorithm from [13]. The latter gives us our main fully-dynamic
result:

▶ Theorem 1. For any δ ∈ (0, 1) we can maintain clustering for a fully-dynamic graph in
O(log 1/δ) worst-case time per edge update. Against an adaptive adversary, for each i the
maintained clustering is a 1.485-approximation with probability at least 1− δ at update i.

Another way to explain Theorem 1 is that the adversary can choose any i hidden to the
algorithm before the updates start and adaptively choose the first i updates.

A particular situation of Theorem 1 is when δ = 1
poly(n) . Then we get polynomially small

error probability with logarithmic update time. This matches the setting of [12].
Some modifications we make to the static algorithms are of independent interest. Currently,

the best implementations of the algorithms from [24, 13] are sublinear in Õ(n) time, but this
includes logarithmic factor in the running time even for constant error probability. As a
result, the algorithm does not run in O(m) time if m = o(n log n).

We show that these algorithms can be implemented in strictly linear time, that is, O(m)
time. We further show that the static algorithm from [24] can be implemented in O(m)
time, yielding a 1.847-approximation with probability at least 1− exp(−

√
m/ log3 m). For

such an exponentially low error probability, we would normally have used Θ(
√

m/ log3 m)
repetitions, leading to a corresponding polynomial blow-up in time. The same exponentially
low error probability can be achieved for the computation of the Cluster LP in [13], but the
LP rounding brings the error probability up to an arbitrarily small constant if we want O(m)
time.

In the rest of this subsection we will introduce the framework and later sketch how the
different static algorithms can be modified to work within it.

ICALP 2026
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Graph representation and compression via correlation clustering

We will now be more precise about how we want to represent a graph G = (V, E). Instead of
storing the edges E, we will store a clustering C together with the set D of violated pairs,
that is, unordered vertex pairs (u, v) such that either (u, v) ∈ E but u and v are in different
clusters in C, or (u, v) ̸∈ E but u and v are in the same cluster in C. The correlation clustering
cost of C is exactly |D|. We shall refer to set D as the violation of the clustering C, and to
(C, D) as the cluster representation, noting that it uniquely defines the edge set E. We say
that the cluster representation (C, D) is c-approximate if the clustering is c-approximate,
that is, if |D| is at most c times the minimum correlation clustering cost. In addition, it is
simple to reconstruct E from (C, D).

We can think of the cluster representation as a graph compression: It is never worse
than the actual graph representation by more than the O(n) space required to store C, since
we can always choose the clustering to be a singleton cluster for each vertex. Then D is
just the set E of edges in the graph. In the other extreme, if we have all vertices forming a
single cluster, then the violation D is exactly the set of non-edges

(
V
2
)
\ E. However, our

representation could be much better in both of these extremes if the clustering C has small
cost. We can in fact bound the space required by O(n + |D|), from which we get these
properties. It is worth mentioning that one can ensure O(n) additional space compared to
the normal graph representation, with two global counters on the size of D and E. However,
this is not necessary to achieve our main results.

Fully-dynamic framework

To get a fully dynamic correlation clustering algorithm, assume that we have a static algorithm
that takes as input an arbitrary cluster representation (C, D) and outputs a c-approximate
cluster representation (C′, D′) in O(t|D|) time for some parameter t. Since D may be much
smaller than the edge set E, we can think of using (C, D) as a warm start. We also note
that |D| might be much smaller than the clustering C, which is of size Θ(n). Therefore,
the static algorithm can only produce a clustering C′ with limited modification of the input
clustering C.

Now, in correlation clustering, each edge update will only change the cost of a given
clustering by 1. Thus, if at some point, we have a good clustering C with violation D, then
the same clustering will remain good for O(ε|D|) edge updates. More precisely, we will show
that if C was a c-approximation, then C will remain a (1 + ε)c-approximation after µ|D|
edge updates, where µ ≤ ε

2(1+ε)c . Therefore, it suffices to reconstruct a new c-approximate
clustering after µ|D| edge updates.

In the period between reconstructions, we will just store the sequence U of µ|D| edge
updates (so the violation is not updated explicitly as that would involve hashing). For a
fixed clustering C, we will show how to update our violation D according to the edge updates
in U deterministically in O(|D|+ |U |) = O(|D|) time. Next, we apply the assumed static
algorithm to our updated cluster representation (C, D) to reconstruct a new c-approximate
cluster representation (C′, D′) in O(t|D|) time. The new clustering C′ will again remain good
for the next µ|D′| edge updates.

The result is a (1 + ε)c-approximate fully-dynamic algorithm with O(t/µ) amortized
update time. With standard background rebuilding, we can de-amortize and get O(t/µ)
worst-case update time. Summing up, we will show:

▶ Theorem 2. Suppose we have a static correlation clustering algorithm that given any
cluster representation (C, D), produces a c-approximate cluster representation (C′, D′) in
O(t|D|) time. Then we have a fully-dynamic algorithm that maintains a (1 +ε)c-approximate
correlation clustering in worst-case O(t/µ) update time per edge, where µ ≤ ε

2(1+ε)c .
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Tricky randomization

The above approach works perfectly if our algorithm for the static case is deterministic,
but all the known near-linear time static constant approximate algorithms are Monte Carlo
algorithms. They only produce a c-approximations in expectation or with some error
probability bounded by p < 1.

Naively, the above should be fine, even against an adaptive adversary, because our current
clustering is good if the last rebuild was a c-approximation as in the deterministic case,
and this happened with probability at least 1− p. The next rebuild is done using its own
independent randomness, so an adaptive adversary cannot do anything to break a guarantee
that holds for any input cluster representation, e.g., that it is a c-approximation with
probability at least 1− p. Nevertheless, there is an issue since the new cluster representation
(C′, D′) will be kept for µ|D′| updates. Hence, if it is bad in the sense that D′ is large, then
it will survive for longer time. We will present a concrete example about this effect, showing
that we get a logarithmic factor more chances of failing at a particular update. In fact, this
does not even depend on the adversary being adaptive. The same construction can be done
by an oblivious adversary.

Error probability against adaptive adversaries

It is a bit subtle what we mean by saying that the dynamic algorithm is correct with some
probability against an adaptive adversary, since this adversary knows our current clustering
and can see exactly how bad it is compared with the optimum. It is therefore never a
probabilistic statement whether the current clustering is good to the adversary. However, we
can study statements of this kind: for any given update step i, what is the probability Pi

that we have a bad clustering just after update i. An adaptive adversary (1) can choose i in
advance, (2) knows our current clustering at any time, and (3) can adaptively pick the first i

updates so as to maximize Pi. Yet we want to bound Pi.
The above definition of Pi may seem a bit cryptic, but this is important when we want

constant error probability with constant update time. More specifically, with a long update
sequence, we can create and remove a linear number of different constant sized graphs. Our
dynamic algorithm will cluster all of them independently, so if it fails with constant probability,
then we expect it to fail on a constant fraction of them, and the adaptive adversary will see
when it fails. Nevertheless we promise that it is correct just after a predetermined update i

with constant probability Pi. If we increase the update time to O(log n), then we can make
the error probability so small that we do not expect any errors over a polynomially long
update sequence, and then we do not need the special definition of Pi.

Fully-dynamic framework for Monte Carlo algorithms

What we first show is that if the static algorithm gives a c-approximation with probability
at least 1− p, then our fully dynamic algorithm gives an (1 + ε)c-approximation with error
probability Pi = O(p log n).

We can avoid losing the factor log n if the static algorithm for input clustering (C, D),
|D| ≥ 1, produces a c-approximation with probability at least 1 − q(|D|) where q falls at
least inversely in |D|. Then Pi is bounded by O(q(1)).

Technically, the assumption of |D| ≥ 1 means that we avoid dividing by 0. However, if
our input cluster representation had |D| = 0, then it would be a zero-cost optimal solution,
and then we would not involve the static algorithm to try computing a better solution.

ICALP 2026



48:8 Static to Dynamic Correlation Clustering

Finally, we have a combined result. Suppose the static algorithm for input clustering
(C, D), |D| ≥ 1 produces a c-approximation with probability at least 1 − p and an O(c)
approximation with probability at least 1− q(|D|) where again q falls at least inversely in
|D|. Then Pi is bounded by O(p + q(1)).

We shall see how all these bounds play together with existing static algorithms, but
first we summarize them in the theorem below. In this theorem, we consider randomized
Monte-Carlo algorithms that aim at certain targets that they may fail to achieve.

▶ Theorem 3. Suppose we have a static correlation clustering algorithm that, given any cluster
representation (C, D) with |D| ≥ 1, aims to produce a c-approximate cluster representation
(C′, D′) in O(t|D|) time. Then we have a fully-dynamic algorithm that aims to maintain
a (1 + ε)c-approximate correlation clustering in worst-case O(t/µ) time per update where
µ = min

{
ε

2(1+ε)c , 1/6
}

.

(a) Suppose that with probability at most p, the static algorithm fails to produce a c-
approximate clustering. Then, against an adaptive adversary, for any fixed i unknown
to the algorithm, the clustering maintained by the fully-dynamic algorithm fails to be
(1 + ε)c-approximate at update i with probability Pi = O(p log n).

(b) Suppose that with probability at most q(|D|), which falls at least inversely with |D| ≥ 1,
the static algorithm fails to produce a c-approximate clustering. Then, against an adaptive
adversary, for any fixed i unknown to the algorithm the clustering maintained by the
fully-dynamic algorithm fails to be (1 + ε)c-approximate at update i with probability
Pi = O(q(1)).

By combining the two cases above, we can get a best of both worlds statement, namely
that we can get the approximation ratio of Theorem 3(a) case while avoiding the logarithmic
blow-up in the probability, by using the properties of Theorem 3(b).

▶ Theorem 4. Let A and Â be two static correlation clustering algorithms that take as
input any cluster representation (C, D) with |D| ≥ 1 and output a cluster representation
(C′, D′), both in O(t|D|) time. Furthermore, let the probability of A failing to produce a
c-approximate solution be bounded by p = 1−Ω(1) and the probability of Â failing to produce
a ĉ approximate solution be bounded by q(|D|), where q falls at least inversely with |D|.

Then we have a fully-dynamic algorithm that aims to maintain a (1 + ε)c-approximate
correlation clustering in worst-case O(t/µ) time per update where µ = min

{
ε

2(1+ε)c , 1
6 , 1

2ĉ

}
.

Furthermore, against an adaptive adversary, for any fixed i unknown to the algorithm, the
clustering maintained by the fully-dynamic algorithm fails to be (1 + ε)c-approximate at
update i with probability Pi = O(p + q(1)).

It should be mentioned that while this theorem does give results against an adaptive
adversary, this does not mean that it can be strengthened against an oblivious adversary. We
are in fact later going to show a matching lower bound for the probability of failure, which
contains a strategy that can be implemented both by an adaptive and an oblivious adversary.

It is also worth noting that the probability Pi in the statement is not independent for
different values of i. You only get independence between two updates i and j if between
processing them the clustering is rebuild. The frequency of this is however dependent on the
cost of the clustering, a value that is very easy to influence by the adversary.

One may wonder if one could get the error probabilities to work simultaneously for a
sequence of T updates without resorting to a union bound, multiplying the error probability by
T . As a base state, consider an arbitrarily large graph consisting of disjoint cliques, including
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singleton vertices. The optimal correlation clustering cost is zero, so any approximation
algorithm has to agree on the clustering into cliques. With s updates, the adversary can
create a nontrivial instance of correlation clustering over some of the vertices. And with
s more updates, the adversary can change the graph back to the base state. Therefore,
starting from the base state, in T updates, the adversary can create T/(2s) nontrivial and
independent instances to challenge the algorithm, so getting global error bound better than
a union bound is not likely.

Consequence if a deterministic constant approximate algorithm is found

Our result will be improved if there exists a deterministic O(|D|) time algorithm Â with
constant approximation ratio. According to Theorem 2, this would give a deterministic
dynamic algorithm that maintains a clustering of (1 + ε)c approximation at every update.
In addition, the existence would also imply that the dynamic algorithm would inherit any
expected approximation ratio from algorithm A, instead of only achieving this approximation
ratio with constant probability, since we can get a deterministic upper bound on the cost
anytime we rebuild the clustering. This would also give a worst-case guarantee on the quality
of the clustering even when A always fails.

▶ Theorem 5. Let A and Â be two static correlation clustering algorithms that take as input
any cluster representation (C, D) with |D| ≥ 1 and output a cluster representation (C′, D′),
both in O(t|D|) time. Furthermore, let the probability of A failing to produce a c-approximate
solution be bounded by p = 1− Ω(1) and Â be a deterministic ĉ-approximation algorithm.

Then we have a fully-dynamic algorithm that aims to maintain a (1 + ε)c-approximate
correlation clustering in worst-case O(t/µ) time per update where µ = min

{
ε

2(1+ε)c , 1
6 , 1

2ĉ

}
.

Furthermore, against an adaptive adversary, for any fixed i unknown to the algorithm,
the clustering maintained by the fully-dynamic algorithm is an (1 + ε)c-approximation in
expectation at update i.

Existing static algorithms modified for our dynamic framework

We will now discuss how the known near-linear static algorithms can be modified and used
in our dynamic framework.

First, as a general standard note. Suppose we have a Monte-Carlo algorithm that, given a
cluster representation (C, D), aims to produce a c-approximate cluster representation (C′, D′)
and fails with probability at most p. We switch to the new clustering C′ only if it has lower
cost, that is, if |D′| < |D|. This means that if we make k iterations of the algorithm, then
the probability that we do not end up with a c-approximation drops to pk.

The first algorithm we consider is the classical 3-approximate Pivot algorithm from [2].
It takes O(m) time on a given graph, and we show how to implement it in O(|D|) time for a
given input clustering (C, D). This ends up requiring weighted sampling of vertices instead
of the normal uniform one. In addition, this also has the consequence of showing how we can
speed up the running time of the Pivot algorithm with a “hot start”. The approximation
factor of the Pivot algorithm is in expectation, but making O(log log n) iterations, we get a
(3 + o(1))-approximation with failure probability o(1/ log n). Thus, we have:

▶ Theorem 6. We have a static correlation clustering algorithm that given any cluster
representation (C, D), in O(|D|) time produces an expected 3-approximate cluster represent-
ation (C′, D′). Repeating O(log log n) times, we get a (3 + o(1))-approximate solution with
probability at least 1− o(1/ log n).
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Plugging Theorem 6 into Theorem 3(a) using a sufficiently small ε > 0, we get:

▶ Corollary 7. For any ε > 0, we have a fully-dynamic algorithm that aims to maintain a
(3 + ε)-approximate correlation clustering in O( 1

ε log log n) worst-case time per edge update.
Against an adaptive adversary, for any i the clustering fails to be (3 + ε)-approximate at
update i with probability Pi = o(1). The failure probability can be reduced to any δ if we
spend O( 1

ε (log log n + log 1/δ)) worst-case time per edge update.

The main advantage of Corollary 7 over the previous pivot-based dynamic algorithms with
approximation factors around 3 is that it works against an adaptive adversary. Compared
to [12], by setting δ = 1/poly(n), Corollary 7 improves both the approximation ratio from a
large constant to 3 + ϵ and the update time from amortized O(log2 n) to worst-case O(log n),
with the same error probability.

Next, we consider the 1.847-approximate local search algorithm from [24]. As discussed
earlier, it uses Ω(n log n) time even if we just want constant error probability, but this is not
O(m) time if m = o(n log n). In this paper, we show an O(m) time implementation of the
local search algorithm with exponentially small error probability of exp(−

√
m/ log3 m). The

previous static algorithm tries to find clusters with roughly the same probability regardless of
their sizes. However, we notice that each small cluster only has a small random contribution
to the total cost, so their total contribution is strongly concentrated and we do not need to
find all of them. On the other hand, for large clusters, we can afford to spend more time and
make sure to find all of them with high probability. Our full implementation is based on a
smooth sampling distribution according to the cluster sizes. Moreover, our implementation
can also be made efficient in cluster representation, as stated below.

▶ Theorem 8. We have a static correlation clustering algorithm that given any cluster
representation (C, D), in O(|D|) time produces a cluster representation (C′, D′) that is below
1.847-approximate with probability at least 1− exp(−

√
|D|/ log3 |D|).

The next corollary follows from this special case of Theorem 8 when C is the set of
singletons and D = E.

▶ Corollary 9. There exists a 1.847-approximate O(m) time static correlation clustering al-
gorithm in the normal graph representation with error probability at most exp(−

√
m/ log3 m).

Since the error probability in Theorem 8 falls more than inversely in |D|, we can apply
Theorem 3(b). The approximation factor 1.847 in Theorem 8 is already rounded up by a
small constant, so using a sufficiently small ε > 0 in Theorem 3, we get:

▶ Corollary 10. We have a fully-dynamic algorithm that aims to maintain a 1.847-approximate
correlation clustering in constant worst-case time per edge update. Against an adaptive
adversary, for any fixed i unknown to the algorithm, the clustering is 1.847-approximate with
constant probability at update i. The failure probability can be reduced to any δ if we spend
O(log 1/δ) worst-case time per edge update.

Finally, we want to apply our dynamic framework to the current best 1.485-approximation
algorithm from [15] which was implemented in sublinear time in [13]. We will need all the
techniques mentioned above. The algorithm has two parts. First it solves the Cluster LP
from [15], second it rounds the solution.

The first part aims for a fractional solution to the Cluster LP that is (1 + ε)-approximate
relative to the optimal integral solution. This part uses multiplicative weight updates and
finds a nearly optimal fractional solution to the aggregated constraint with the above local
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search. We face a situation parallel to the one we faced with the local search from [24].
The algorithm is sublinear but not linear if m = o(n log n) and it only works with constant
probability. Using the techniques we used to make the local search from [24] work for
Theorem 8, we can take any cluster representation (C, D) and solve the Cluster LP in O(|D|)
time, yielding a fractional solution that is (1 + ε)-approximate relative to the optimal integral
solution with probability at least 1− exp(−

√
|D|/ log3 |D|).

In [15, 13], the fractional solution is rounded using pivot-techniques. The rounding gets a
1.485-approximate solution with constant probability. Given a cluster representation (C, D),
we want to implement the rounding in O(|D|). Here we can employ some of the techniques
we used for the classical 3-approximate pivot in Theorem 6. However, all the rounding
algorithms only work with constant failure probability.

▶ Theorem 11. We have a static algorithm that given any cluster representation (C, D), in
O(|D|) time solves the Cluster LP. For any given constant ε > 0, the fractional solution
is within a factor (1 + ε) of the optimal integral solution with probability at least 1 −
exp(−

√
|D|/ log3 |D|).

The above fractional solution can be rounded to an integral cluster representation in
O(|D|) time. The solution is below 1.485-approximate with constant probability.

The next corollary follows from this special case of Theorem 11 when C is the set of
singletons and D = E.

▶ Corollary 12. There exists a 1.485-approximate O(m) time static correlation clustering
algorithm in the normal graph representation with constant error probability.

Because of the constant error probability from the rounding, we do not currently benefit
from the exponentially low error probability for finding the fractional solution. However, it
will be important if we one day find rounding algorithms working with higher probability.

We will now plug both Theorem 8 and Theorem 11 into Theorem 4. More precisely, we
use Theorem 8 to get an O(1)-approximate solution with exponentially high probability,
and Theorem 11 to get a below 1.485-approximate cluster representation with constant
probability. Applying Theorem 4 with a sufficiently small ε > 0, we get our main result in
Theorem 1.

2 Dynamic Framework

In most part of the paper, we will work on a fixed graph G = (V, E) represented by (C, D), a
pair of clustering and the symmetric difference between the edges E and the edges of C. This
graph will be receiving edge updates in the form of inserting new edges into E or removing
existing edges from E. For each vertex v ∈ V , let d(v) be the degree of v, N(v) be the set of
neighbors of v together with v itself.

Given a clustering C, let C(v) be the cluster of v in C. Let E(C) be the set of pairs
(u, v) such that u and v are in the same cluster in C. Let cost(C) be the cost for using this
clustering, by definition cost(C) = |E△E(C)|, where A△B denotes the symmetric difference
between the sets A and B. We will use these notations throughout the paper.

For the dynamic algorithm, we will follow the approach that for every certain number
of updates we will recompute the full clustering. For the purpose of this, between the
recomputations we are going to maintain the cluster representation of the current graph
G = (V, E):
C: A clustering of the graph G.
D: The edges from the symmetric difference E(C)△E, also referred to as the current
violation.
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Then |D| is the cost of the current clustering C. In addition, we shall assume the following
trivial representation of the clustering C:

an identifier for each cluster.
a doubly-linked list of the vertices in each cluster that can be accessed from the identifier.
labeling each vertex with its cluster.

With this representation, we can easily, in constant time, ask if two vertices are in the same
cluster or move vertices between clusters. Also, for a given vertex u, we can also list the
vertices in the same cluster in linear time.

One of the insights for our dynamic framework is that existing static c-approximate
correlation clustering algorithms can be transformed to work efficiently if we give them an
arbitrary cluster representation (C, D) as input instead of the classic graph representation
G = (V, E). With this input we will transform them so that they produce a new c-approximate
correlation clustering C′ in O(|D|) time. We will then use this algorithm to recompute our
clustering before the updates has changed the cost of our clustering too much.

Since C′ is then going to be the clustering we use as the initial clustering the next time we
recompute, as long as we compute the clustering using an O(1)-approximate clustering for C′

then |D′| = |E△C′| = O(cost(Opt)). This means that after O(ϵ|D|) updates the cost has at
most changed by a multiplicative factor of 1 + ε, while the recomputation uses O(|D|) time.

Algorithm 1 Dynamify(A, ε) : A takes a cluster presentation (C, D) and modifies it to a c-
approximate cluster representation (C′, D′).

1: C ← V , D ← ∅, r ← 0, µ← ε
2(1+ε)c

2: procedure flip(u, v) ▷ (u, v) is the edge being updated.
3: if (u, v) ∈ D then
4: D ← D \ {(u, v)}
5: else
6: D ← D ∪ {(u, v)}
7: r ← r − 1
8: if r ≤ 0 then
9: (C′, D′)← A(C, D)

10: if |D′| ≤ |D| then
11: (C, D)← (C′, D′)
12: r ← µ|D|
13: end procedure

It should be noted that we initially are going to present the algorithm as if the updates
are computed in an amortized fashion. It is however not too problematic to deamortize the
algorithm by computing the algorithm A in the background of the following r updates. The
details of this computation can be found in Section 2.3.

We are going to present this algorithm as being able to flip the occurrence of an edge.
This is the method flip in Algorithm 1. This is mostly to simplify the implementation
since inserting and deleting edges are essentially the same operation, especially since we are
working in a model where what matters is whether the edge currently is contained in the
symmetric difference.

Regarding maintaining the set D when performing the flip operations in Algorithm 1,
we have to be a bit careful. While this would be trivial using hashing, this would add an
additional layer of complexity to handle the probability of the hashing not running in the
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expected time. Furthermore, in contrast to the clustering algorithm, we are not allowed to
fail at this task for any update, since it could have adverse consequences for updates in the
far future.

For each edge, we are interested in whether or not it is present in the symmetric difference.
The reason we have to be careful is that we only have O

(
ε−1)

time for each update, and we
do not want this to increase the amount of space we have to use. We could do this trivially
by using a 2d array of size |V |2 for each possible edge. This would however increase the
memory footprint of the whole algorithm to O(|V |2) from O(|E|). We are instead going
to perform this type of operation in an amortized way, by only calculating the symmetric
difference D right before we recompute with the algorithm A. We keep an empty array of
size |V |. Then for each vertex, we keep track of all updates that changes the neighborhood
of this vertex, storing their occurrence each time they are made. Right before recomputing
the clustering with A, we then for each vertex v incident to either an update or an edge in D

go through all the updates incident to v and determine the final state of each of them. From
this we can update all neighbors that could potentially be part of the symmetric difference,
by flipping the corresponding entries in the empty array of size |V | for each update and each
entry in D, each in O(1) time. This means that we can compute the symmetric difference
after r updates in time O(r + |D|).

In the rest of this section, we are going to assume that the clustering algorithm A
is deterministic. This is to simplify the description of our algorithm, since adding the
randomness adds an additional layer of complications. We will later expand on this.

▶ Theorem 13 (Formal version of Theorem 2). Let µ ≤ ε
2(1+ε)c . Let A be a static correlation

clustering algorithm that as input takes as a cluster representation (C, D) and in O(t|D|)
time produces a c-approximate cluster representation (C′, D′). Then Dynamify(A, ε) from
Algorithm 1, is a fully-dynamic algorithm on G that in O

(
µ−1t

)
worst-case time per edge

update maintains a ((1 + ε)c)-approximate clustering.

To show this, we primarily need to make the observation that by not updating anything
for µ|D| updates, we only increase the approximation ratio by a multiplicative ratio of (1 +ε).
This enables us to batch the updates and perform them only when the cost will have differed
significantly.

▶ Lemma 14. Let C be a c-approximation of the optimal clustering of the graph G = (V, E)
with the symmetric difference E(C)△E, and let µ ≤ ε

2(1+ε)c . Let G′ = (V ′, E′) be a graph
such that |E△E′| ≤ µ|E(C)△E|. Then C is an ((1 + ε)c)-approximation for the graph G′.

Proof. Let C∗ be an optimal clustering for G and let C′∗ be an optimal clustering for G′.
Then we have that |E(C)△E| ≤ c|E(C∗)△E|. Furthermore, C∗ gives a lower bound of the
optimal solution in G′ as |E(C∗)△E| − |E△E′| ≤ |E(C′∗)△E′|. Combining we have that

|E△E′| ≤ µ|E(C)△E|

≤ ε

2(1 + ε) |E(C∗)△E|

≤ ε

2(1 + ε) (|E(C∗)△E′|+ |E△E′|)

≤ ε

2(1 + ε) (|E(C′∗)△E′|+ 2|E△E′|).
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Isolating for |E△E′|, we get |E△E′| ≤ ε
2 |E(C′∗)△E′|. Using this inequality we get

|E(C)△E′| ≤ |E(C)△E|+ |E△E′|
≤ c|E(C∗)△E|+ |E△E′|
≤ c|E(C′∗)△E′|+ 2c|E△E′|
≤ (1 + ε)c|E(C′∗)△E′|. ◀

Proof of Theorem 13. By the previous discussion, we can maintain the symmetric difference
in an amortized fashion just before it is handed over to A.

For the running time, consider the time at which we recompute the clustering. Let D̂ be
the violation that was computed the previous time that the cluster was recomputed and D

the true violation just before a recomputation. Then it holds that |D| ≤ (1 + µ)|D̂| from
the fact that each update can increase the violation by at most 1. Thus, we observe that
whenever we run A(C, D), we have it is at least µ

1+µ |D| updates since we last recomputed
with A. As A has running time O(t|D|) and µ ≤ 1 by definition, the amortized running time
is O(µ−1t) per update.

Finally, to show the approximation ratio, for any update let E be the edge set at the
previous time when the cluster representation (C, D) was recomputed, and E′ the current
edge set. Then, since each update at most changes the set of edges by 1 element and
that it is at most µ|D| updates since the last recomputation, we have |E△E′| ≤ µ|D|.
As C is c-approximate, by Lemma 14 Dynamify(A, ε) maintains an ((1 + ε)c)-approximate
clustering. ◀

Finally, we want to mention that it is possible to maintain the cost of the solution at
all times doing the computation, as long as the user is well-behaved, that is the user never
attempts to delete an edge that does not exist nor insert an edge that already exists. To
achieve this, we are further going to assume that the algorithm is told for each update/flip
whether the update is an edge insertion or an edge deletion. In this case, you can simply
check whether the two vertices being updated currently are in the same cluster, and then
depending on this and whether the update is an insertion or a deletion directly compute the
new cost.

2.1 Dynamic blow-up of error probabilities
As we mentioned early, the error probability of a Monte Carlo algorithm can blow up
logarithmaticly through our dynamic framework. We will show this effect with a concrete
example in this subsection. To show how this blow-up can behave, we are going to work with
a specific hypothetical approximation algorithm A, which on cluster representation (C, D)
with probability 1− p outputs the optimal clustering and with probability p does nothing
and outputs its own input (C, D) for a constant p. We note that this is not only a problem
against an adaptive adversary, but that since the following construction is fully deterministic
and specified ahead of time, an oblivious adversary could also implement the same updates.

We imagine that the initial state of the dynamic algorithm is that G consists of n/3
disjoint 2-paths. Over the next 2n/3 updates, we remove both edges in each of the 2-paths in
the following updates one by one. We are going to look at the probability that the clustering
is not updated after the (2n/3−1)’th update, since this is the first time the optimal clustering
hits cost 0. Failure to recompute at this update would imply no approximation, and therefore
that our algorithm has failed badly.
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The issue now arises in the case when we at any point overestimate the actual cost by more
than a factor 2µ−1. If this happens, r is going to be assigned a value larger than the number
of updates before we hit cost 0, implying that we are going to fail badly at the (2n/3− 1)’th
update. This is guaranteed to happen if k = µ−1 ln(2µ−1) = O(1) recomputations in a row
fail to compute an good approximation. If we were to look at the probability of encountering
k failures in a row, then this is given by pk.

The total number of recomputations is at least log n/ log(µ−1) = Ω(log n). So we also
have at least r = Ω(log n) opportunities to achieve k fails in a row. Thus the probability of
never having k fails in a row is therefore bounded by (1− pk)r < exp(−rpk) = 1

nΩ(pk) . Since
p is a constant, the probability for the algorithm to succeed is polynomially small.

2.2 Bounding the dynamic error probabilities
The pure cases

We will now prove Theorem 3, analyzing how the failure probability of the static algorithm
affects the failure probability of the dynamic algorithm.

We are going to consider any update i∗, and we want to bound the probability that our
current clustering K is not (1 + ε)c-approximate when we get to this update. In particular,
this requires that the last rebuilt cluster representation (C′, D′) was not c-approximate.

Taking a step back, suppose we want to do a rebuild before some update i and the input
for this rebuild is the cluster representation (C, D). We then get a new cluster representation
(C′, D′) with |D′| ≤ |D| which we will keep for µ|D′| updates. We say that a rebuild happening
at update i with input (C, D) is risky with respect to i∗ if i∗− i ≤ µ|D|, for if we do not get a
|D′| < |D|, then we will not get a better cluster representation before update i∗. Conversely,
if it is not risky, then we know we will get another rebuild before we get to update j. Thus,
if our clustering is not (1 + ε)c-approximate at update j, then some risky rebuild must have
failed. We are going to upper bound the probability that any risky rebuild fails. To do this
we are going to bound the number of risky rebuilds that can affect a specific update.

▶ Lemma 15. Let µ < 1/6. Suppose we want to do a rebuild at update i with input
representation (C, D) and that the rebuild is risky with respect to i∗. Then we will perform at
most 3 rebuilds with input violations above |D|/2 between update i and i∗.

Proof. If update i is risky then i∗ − i ≤ µ|D|. Suppose the rebuild performs a rebuild that
produces the cluster representation (C′, D′) such that |D′| ≥ |D|/3. Then the number of
updates until the next rebuild would be at least µ|D|/3. We can therefore have at most 3
such rebuilds we pass before we pass update i∗ and this includes a risky rebuild at update i.
Suppose on the other hand that we from some update j ≥ i do a rebuild leading to an output
violation D′ is of size less than |D|/3. We have at most µ|D| < |D|/6 updates between j ≥ i

and i∗ due to the requirement of µ. Since every update can at most increase the violation by
1, we conclude that between update j and i∗, the violation is always of size below |D|/2 .
We conclude there can at most exists 3 rebuilds between update i and update i∗ with an
input violation greater than |D|/2. ◀

It should be noted that the statement of Lemma 15 is completely independent of how
each rebuild is done or whether it succeeds or not. It only uses that the output violation is
never bigger than the input violation. Since we have an upper bound of m for the maximum
number of violations, we have at most O(log m) = O(log n) risky rebuilds, and so if for
any risky rebuild the probability that that rebuild fails is bounded by p, then O(p log n)
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bounds the probability that any risky rebuild fails, hence the probability that we do not
have a (1 + ε)c-approximate clustering when we get to update j. This completes the proof of
Theorem 3(a).

We now want to understand what happens if the failure probability with input cluster
representation (C, D) is q(|D|) for some non-increasing function q. Let Q(d) be the maximal
probability that some risky rebuild fails, starting from some risky rebuild with input violation
at most d. Clearly this is an increasing function with Q(d) = 0 if d < 1. Stating from a
risky rebuild with input size d, it follows from Lemma 15, that we can have at most 3 risky
rebuilds before we get one with input violation size at most d/2. Therefore we have the
recurrence Q(d) ≤ 3q(d/2) + Q(d/2). If q is a function falling inversely in d, then the sum is
geometrically increasing, and then we conclude that Q(d) = O(q(1)). This completes the
proof of Theorem 3(b).

The mixed case

We will now prove Theorem 4. In this case we are working with two static algorithms.
A that is c-approximate with probability p and
Â that is ĉ-approximate with probability q(d) where q falls inversely with the input
violation size d.

Every time we do a rebuild, we apply first Â, followed by A. We are furthermore always
going to keep the best solution after each application of both algorithms, so the combined
algorithm A ◦ Â gives the best of both worlds (in fact, A ◦ Â fails to be ĉ-approximate with
probability at most p · q(d), but we will not exploit that).

We are again going to fix an update i∗ and we want to show that the dynamic algorithm
is (1 + ε)c-approximate at i∗ with probability O(p + q(1)). We define µ small enough that if
we have a c-approximate clustering with violation size d, then it remains (1+ε)c-approximate
for µd updates. We will also define µ smaller than 1/6 and 1/(2ĉ). Picking the minimum of
these three options is still a constant. As in the proof for Theorem 3, we say that a rebuild
at update i is at risk with respect to update i∗ if we have input cluster representation (C, D)
and i∗ − i ≤ µ|D|. We then apply Â producing a cluster representation (Ĉ, D̂) that will be
used as input for A. Next, we only say A is at risk with respect to i∗ if Ĉ is ĉ-approximate
and i∗ − i ≤ µ|D∗|. We then apply Â to (Ĉ, D̂) producing the final output (C′, D′) of the
rebuild with A ◦ Â.

With the above definitions, suppose we get to update i∗ with a clustering that is not
(1 + ε)c-approximate. Let the last rebuild be at update i. Then A ◦ Â must have failed
producing a c-approximate clustering C′. Moreover, the whole rebuild must have been at
risk, for otherwise, there would be another rebuild before update i∗.

If Â succeeded, then A must still have been at risk, for otherwise we again conclude that
there would be another rebuild before update j. Finally, A must have failed producing a
c-approximate clustering C′.

Recall that Â fails producing a ĉ-approximate clustering with probability q(d) where q

falls inversely with the input violation size d. As in our previous analysis, we would like to
conclude that the probability that we ever fail a risky application of Â which fails is O(q(1)).
However, we need to revisit the argument to check that we are not cheating because the full
rebuild also applies A.

Consider a risky rebuild at update i. With input violations size d, risky means that
i∗ − i ≤ µd. We will now apply Lemma 15 which doesn’t care how the rebuild is done, so it
also applies when now rebuild with A ◦ Â. The lemma states that we can perform at most 3
rebuilds with input violations above d/2 between update i and i∗.
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As before, we now define Q(d) as the maximal probability that A∗ ever fails on on a risky
rebuild starting from input violation size at most d. Then Q(d) ≤ 3q(d/2)+Q(d/2) = O(q(1)).
We will now assume that Â never fails a risky rebuild. The last rebuild must then have
included a risky application of A which failed. We will bound the probability of this event
by O(p). For this we use the following lemma.

▶ Lemma 16. Let µ ≤ 1/(2ĉ). Suppose we do a rebuild at update i with a ĉ-approximate
input representation (Ĉ, D̂) and that the rebuild is risky with respect to i∗. Then we will
perform at most 2ĉ rebuilds between update i and i∗.

Proof. Let (C∗
i , D∗

i ) be an optimal clustering at update i. Each update can decrease the
violation by at most one, so |D∗

i∗ | ≥ |D∗
i | − (i∗ − i) ≥ |D̂|/ĉ − µ|D̂| ≥ |D̂|/(2ĉ), where the

last inequality used that µ ≤ 1/(2ĉ). For every rebuild between update i and update i∗

producing an output representation (C′, D′), we have |D′| ≥ |D∗
i | ≥ |D̂|/(2ĉ), and so we have

at least µ|D̂|/(2ĉ) updates between any two rebuilds between update i and i∗. Thus the
total number of rebuilds can be at most (i∗−i)

µ|D̂|/(2ĉ) ≤
µ|D̂|

µ|D̂|/(2ĉ) = 2ĉ. ◀

Using Lemma 16, we conclude that from the first risky rebuild with A, there can be at
2ĉ times rebuilds, hence the probability that A makes a risky failure with respect to i∗ is
bounded by 2ĉp = O(p).

Summing up, we conclude that the probability that Â or A ever fail a risky update with
respect to i∗ is bounded by O(p + q(1)). This also bounds the probability that our dynamic
clustering is not (1 + ε)c-approximate when we get to update i∗, completing the proof of
Theorem 4.

2.3 Deamortization

In this section, we are going to explore how to de-amortize the algorithm so that each update
runs in worst case O(µ−1t) instead of just amortized O(µ−1t). For this, we are mostly going
to be using standard techniques. The general idea is that whenever we determine that we
are going to recompute the clustering, we start doing this by making O(µ−1t) work for each
update on the recomputation.

In the process of describing the amortization, we describe the algorithm as running over a
number of epochs. Each epoch consists of a recomputation of the clustering, and the cleaning
and comparison of our current available two clusterings and swapping in the best of the two.

The deamortization is essentially going to work by computing O
(
µ−1t

)
steps of the static

algorithm for each update. This means that we are going to have a pipeline-like structure,
where whenever an update arrives in some epoch i, we are only going to start computing the
clustering using it in the next epoch i + 1. Then only from the epoch after that one, i + 2,
are we going to use the result of the computations to answer queries. This delay will at most
result in a multiplicative error of (1 + O(ε)) to the approximation factor for each epoch we
delay between receiving the update to an edge and the time in which it is used to answer the
received queries.

We have to be a bit careful with this deamortization approach. The reason is that we
need to swap out the old clustering for a new one in O

(
µ−1t

)
time in the worst case. This is

non-trivial, since the cluster representation (C, D) has size Ω(n) which might be much larger
than |D|, in which case we do not have the time to make a copy and swap it in. So we have
to make sure that we do not copy more than what is necessary.
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Swapping in a new solution

To swap in a new solution, for each vertex we maintain two entries, the possible ids of clusters
that a particular vertex can belong to. These correspond to the clustering the vertex belongs
to in the old clustering and the one in the new clustering. We furthermore have a global
flag that indicates whether to use the old clustering or the new one. The way we use this
information is that if two options exist for the cluster a vertex can belong to, then the global
flag decides. Otherwise, the vertex belongs to the only cluster that is written down. This
means that we can swap in the new solution by flipping the global flag.

After we have swapped in the new solution, we spend time proportional to the number of
updates for the old computation to clean up the vertices that have two cluster ids written
down. After that, the new solution has become the old one, so we finally flip the global flag
to say use the old solution if it exists, to be ready for the next round of computations.

3 Dynamic Pivot

In this section, we will show how to implement the Pivot algorithm [2] in O(|D|) time in
cluster representation (C, D), as a warm-up for our full algorithm. Before the detail, we first
show some helpful properties of the cluster representation (See Figure 2).

▶ Definition 17 (Active). A vertex v is active if it is incident to some edges in D, otherwise
it is inactive. A cluster in C is active if it contains an active vertex, otherwise it is inactive.

▶ Definition 18 (Core). For any active cluster C, the set of inactive vertices in C is called
the core of C, denoted by core(C).

In the next lemma, we will see that all inactive vertices can be treated in groups, and the
only challenging part is on the active vertices.

▶ Lemma 19. For any graph represented by (C, D), the following two statements hold.
1. Every inactive cluster C is a perfect clique in the graph, with no exterior edges incident

to its vertices.
2. For any active cluster C, all the vertices in core(C) have the same neighborhood, which

equals to C.
The proof of the lemma is straightforward. Therefore, any locally good clustering has to
include all the inactive clusters. Moreover, it has to put all vertices in a core together and
never put two cores in the same cluster. From this fact, we can contract each core into a
weighted vertex. When creating a new clustering, we keep the label of the clusters to each
core the same, and only move active vertices around. After contraction, we only need to deal
with a graph of O(|D|) vertices, which are the cores and active vertices.

Recall that the Pivot algorithm proceeds by selecting a vertex v uniformly at random,
then creates a new cluster N(v) and recurses on the remaining graph. We will simulate
the Pivot algorithm directly on the contracted graph in O(|D|) time. The pseudocode is
presented in Algorithm 2.

▶ Theorem 20. Pivot(C, D) from Algorithm 2 runs in O(|D|) time and has the same output
distribution as Pivot(V, E) from [2] for the same graph.

Proof. We will first show the correctness of this algorithm. Each group of vertices contracted
to the same one, are neighbors to each other and have the same outgoing neighbors, so they
will always be put in the same cluster. Therefore, we can treat them as a single one with
a higher probability to be sampled. Note that all clusters in C \ S are cliques without any
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Figure 2 Outline of preprocessing done for Pivot(C, D).

Algorithm 2 Pivot(C, D).

1: Let V ′ be the set of active vertices and S be the set of active clusters.
2: For each active cluster C, add a virtual vertex c for core(C) to V ′.
3: For each vertex v ∈ V ′, set its weight wv to be the number of vertices it represents.
4: For each active cluster C, construct a list L(C) of all the vertices in V ′ from C.
5: For each vertex v ∈ V ′, let N+(v) be the list of neighbors of v out of C(v), and N−(v)

be the list of non-neighbors of v in C(v).
6: C′ ← C \ S ▷ We can do this in-place in O(|S|) time
7: while V ′ ̸= ∅ do
8: Pick a vertex v ∈ V ′ with probability proportional to wv

9: T ← (N+(v) ∩ V ′) ∪ (L(C(v)) \N−(v))
10: C′ ← C′ ∪ {T}, V ′ ← V ′ \ T , L(C(v))← L(C(v)) ∩N−(v)
11: Unpack C′ and return the corresponding clustering for the original graph

other edges, so the Pivot algorithm will always put them together. When we start line 16,
N+(v) is the set of neighbors of v out of C(v), N−(v) is the set of non-neighbors of v in
C(v). While running the loop from line 7 to line 10, L(C) keeps track of the remaining
vertices in V ′ associated with cluster C. So T is the set of remaining neighbors of v in V ′,
therefore it has the same output distribution as the Pivot algorithm in [2].

Now we are going to analyze the running time of this algorithm. We have |S| ≤ 2|D|
and |V ′| ≤ 2|D| + |S| ≤ 4|D|, so it only takes O(|D|) time before the start of line 7. By
Lemma 21, line 8 can be implemented in total time O(|V ′|) by weighted sampling without
replacement. Finally, note that T in line 9 can be computed in O(|T |+ |N+(v)|+ |N−(v)|)
time, and the total size of T is at most |V ′|, and the total size of N+(v) ∪N−(v) is at most
2|D|, so the running time of the full algorithm is O(|D|). ◀

The next lemma shows that line 8 in total can be implemented in O(|V ′|) time.

▶ Lemma 21 ([26] Lemma 28). Let A be a set of initially n objects with associated integer
weights {wa}a∈A. There is a data structure supporting the following operations on A:

SAMPLE(): Samples and removes an element a ∈ A, where a ∈ A is selected with
probability wa/

∑
a′∈A wa′ .

REMOVE(a): Removes a from A.
The total time to initialize the data structure and to run the previous operations until A is
empty is bounded by O(n), with high probability 1− 1

nc , for any constant c > 0.
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It remains to show how to compute the new symmetric difference D′ with the new
clustering C ′. Here we use the fact that the new clustering C′ is constructed in-place from
C, therefore, we get a log of modifications from C to C′ for free. Let L denote the set of
vertices that moved to different clusters from C to C′. We will compute D′ = E△E(C′) =
E(C)△E(C′)△D. Since our objective is to find a clustering of small symmetric difference, we
can stop and report the original clustering if C′ is worse than C. The pseudocode is given in
Algorithm 3.

Algorithm 3 SymmetricDifference(C, D, C′, L).

1: Compute D′ ← D ∩ (E(C)△E(C′)△D) by a scan of D

2: for each v ∈ L do
3: Let C(v) and C ′(v) be the cluster of v in C and C′ respectively.
4: Compute X = C(v)△C ′(v) and Y = C(v) ∩ C ′(v) in O(|C(v)|+ |C ′(v)|) time
5: for each x ∈ X and y ∈ Y do
6: Insert (x, y) to D′ if (x, y) /∈ D

7: L← L \ Y

8: return (C′, D′)

▶ Lemma 22. Algorithm 3 outputs D′ = E△E(C′) in O(|D|+ |D′|) time.

Proof. The correctness of the algorithm is straightforward, and we only focus on its running
time. In line 4, we know v ∈ C(v) ∩ C ′(v), and C(v) ̸= C ′(v) as v is moved between
clusters. So we have |X| > 0 and |Y | > 0 and |X|+ |Y | = |C(v)|+ |C ′(v)|. Therefore, we
will detect |X| · |Y | = Ω(|C(v)| + |C ′(v)|) pairs (x, y) ∈ E(C)△E(C′) in the next for-loop.
Since every pair in E(C)△E(C′) will be checked at most twice, the total running time is
O(|E(C)△E(C′)|+ |D|) = O(|D′△D|+ |D|) = O(|D|+ |D′|). ◀

We can directly translate the algorithm into another with running time O(|D|) that
output the best of the (C, D) and (C′, D).

▶ Corollary 23. Given a graph (C, D), a clustering C′ and the list L of moved vertices, we
can output the best of the two clustering (C, D) and (C′, D′) in O(|D|) time.

Proof. We can simulate Algorithm 3 for at most c|D| steps, where c is a sufficiently large
constant determined by Algorithm 3. If it terminates, we return the best of (C, D) and
(C′, D′); if it does not stop, we are sure that |D′| > |D|, and we can return (C, D). ◀

As a remark, by Theorem 3 (a), if at each rebuild we repeat Algorithm 2 for O(log log n)
time and take the best clustering, we can turn Pivot(C, D) into a (3 + ε)-approximate
dynamic correlation clustering algorithm with O(log log n) update time and error probability
of O(1/poly(log n)).
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