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—— Abstract

Many string processing problems can be phrased in the streaming setting, where the input arrives
symbol by symbol and we have sublinear working space. The area of streaming algorithms for string
processing has flourished since the seminal work of Porat and Porat [FOCS 2009].

Unfortunately, problems with efficient solutions in the classical setting often do not admit efficient
solutions in the streaming setting. As a bridge between these two settings, Saks and Seshadhri
[SODA 2013] introduced the asymmetric streaming model (see also [Andoni, Krauthgamer, and
Onak; FOCS 2010]). Here, one is given read-only access to a (typically short) reference string R of
length m, while a (typically long) text T" arrives as a stream.

We provide a generic technique to reduce fundamental string problems in the asymmetric
streaming model to the online read-only model, lifting several existing algorithms and generally
improving upon the state of the art. Most notably, we obtain asymmetric streaming algorithms
for ezact and approzimate pattern matching (under both the Hamming and edit distances), and
for relative Lempel-Ziv compression, a popular scheme for measuring and exploiting redundancy in
repetitive text collections.

At the heart of our approach lies a novel tool that facilitates efficient computation in the
asymmetric streaming model: the suffiz random access data structure. In its simplest variant, it
maintains constant-time random access to the longest suffix of (the seen prefix of) T that occurs
in R. Let 7 be a parameter that denotes the size of the data structure. A straightforward approach
maintains the data structure in O(m/7) time per arriving symbol of T'.

We drastically improve this tradeoff and reveal fundamental barriers via a bidirectional reduction
between suffix random access and function inversion, a central problem in cryptography:

By leveraging Fiat and Naor’s function inversion data structure [STAM J. Comput. 2000], we
achieve O(1 + m?®/7°) update time.! In particular, for 7 = /m, we obtain O(1) update time,
improving over the Q(y/m) bound of the straightforward solution.

We establish an unconditional Q(m/7%) lower bound on the update time. Additionally, we show
that achieving update time o(m3 /77) would imply a breakthrough in function inversion.

On the way to our upper bound, we propose a variant of the string synchronizing sets ([Kempa
and Kociumaka; STOC 2019]) with a local sparsity condition that, as we show, admits an efficient
streaming construction algorithm. We believe that our framework and techniques will find broad
applications in the development of small-space string algorithms.

1 The O(-) and Q(-) notations suppress, respectively, log®™) N and 1/log®™) N factors, where N is the
input-size.
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1 Introduction

The streaming model is designed to capture problems in which we need to efficiently process
very large amounts of incoming data. The common assumption is that we do not have enough
space to store the input. Ideally, we would like to use space polylogarithmic in the size of
the data, perhaps at the expense of introducing randomization or returning approximate
results (especially if it is provably impossible to return exact results). Many problems
concerning strings (sequences of symbols) can be naturally expressed in the streaming
model. While string algorithms in the classical setting have been studied intensively for
many decades, a systematic study of algorithmic problems on strings in the streaming
setting was initiated relatively recently by a seminal work of Porat and Porat [88] on
exact and approximate pattern matching. It was followed by a flurry of results for pattern
matching [13,16,26-28,35,58,60-63,76,90,95], repetition detection [37-39,56,57,59,83,84],
and formal language recognition [6,8,9,42,48-54,81] in the streaming model.

However, the streaming model is very restrictive, and some natural string processing
problems do not admit sublinear-space streaming algorithms. For example, Bathie, Charalam-
popoulos, and Starikovskaya [7] showed that this is the case for longest common substring
and circular pattern matching. On the other hand, both of these problems do admit efficient
solutions in the read-only setting [7, 78], where one is given constant-time random access to
the input and does not need to account for the space required to store it.

This suggests that one should seek a computational model (i) relevant to applications in
which we need to process long sequences of incoming symbols, and (ii) powerful enough to
allow for non-trivial space-efficient solutions. A promising option is the asymmetric streaming
model proposed by Saks and Seshadhri [94] (see also the work of Andoni, Krauthgamer,
and Onak [3]). In this model, the input typically consists of a short read-only string that
we are allowed to preprocess and a long streaming string that arrives symbol by symbol.
The algorithm must only account for any extra space used while processing T, that is, the
space required to store the read-only string is not counted toward the space complexity. So
far, existing results in this model consider edit distance and longest common subsequence
computation [24,80,93,94]. We thus ask:

Which other fundamental string processing problems admit
efficient solutions in the asymmetric streaming model?
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Towards answering this question, we introduce a novel tool for string algorithms in the
asymmetric streaming model: the suffiz random access data structure. We demonstrate that

this data structure serves as a unifying primitive for asymmetric streaming string processing.

In particular, we show that:

(a) Tt enables a generic reduction that transforms online read-only algorithms to asymmetric
streaming algorithms for a wide class of pattern matching problems. In particular, this
reduction yields the first deterministic online algorithms for exact and approximate
pattern matching (under both the Hamming and edit distances) with strongly sublinear
space usage on top of read-only access to P (without random access to T).

(b) It leads to the first efficient asymmetric streaming algorithm for relative Lempel-Ziv

factorization [79], a popular compression scheme (especially for repetitive text collections).

This allows deterministically processing a single reference string (for pattern matching or
compression) and d concurrently arriving text streams in o(md) space, which was previously
not possible.

1.1 Suffix Random Access Data Structures

In asymmetric streaming, we have read-only access to a reference string R of length m.

Then, a text string T of length n arrives as a stream. Ideally, we would like to provide
access to the last ©(m) symbols of the text: this would immediately facilitate the design of
asymmetric streaming algorithms for an abundance of problems. For example, if we want
to locate exact occurrences of the reference in the text, then we indeed only need to access
the last m symbols to determine if R occurs as a suffix of (the seen prefix of) T. However,
maintaining m arbitrary symbols is impossible in o(m) space. To overcome this, we observe
that, in many applications, it suffices to have access to the longest suffix of the text that is
“similar” to the reference string. A trivial example is the case in which the alphabets of the
reference and the text are disjoint: for exact pattern matching, it would then suffice to store
the empty suffix.

Formally, we introduce the notion of a (k — 1)-error suffix random access data structure,
parametrized by an integer k > 1, that supports random access to a suffix of T at least
as long as the longest suffix of T that can be decomposed into k — 1 single symbols and k
substrings of R.

Upper Bounds for Suffix Random Access

As a warm-up, we use read-only constant-space pattern matching [30] to obtain a simple
0-error suffix random access data structure that uses O(7) space, has update time? O(m/7),
and has constant query time:

» Lemma 1. Let 7 € [1..m] be a parameter. There is a streaming 0-error random access data
structure with space complexity O(T), worst-case update time O(m/7), and query time O(1).
The data structure is deterministic and does not require any preprocessing.

Note that the product of the space and the update time is linear in m. This raises a
natural question about 0O-error suffix random access data structures:

Is there a data structure with sublinear product of space and update time
that has (near-)constant query time?

2 Throughout this work, we use update time for the time spent per arriving symbol of T and query time
for the time required for randomly accessing symbols in the supported suffix of the text.
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We answer this question affirmatively: for every constant € > 0 and for every positive
integer 7 > m?/5¢, we design a data structure with space usage (7)(7') and a strongly sublinear
product of space and update time. Notably, for 7 = |y/m|, we achieve near-constant update
time, and hence the product is O(y/m). Our main result for maintaining a suffix random
access data structure in asymmetric streaming is as follows:

» Theorem 2 (simplified). There is an algorithm that, for any reference R € ¥™ and positive
integer parameters T and k = O(1), maintains a (k — 1)-error streaming suffiz random access
data structure with space complexity O(1), worst-case update time O(1+k3m?/79), and query
time O(1 + logk). The preprocessing succeeds without error in O(poly(m)) expected time.

A pattern-matching task. A natural approach to designing a suffix random access data
structure would be to construct a text indexing data structure for R, which then allows
locating an occurrence of any given query string in R. By periodically locating recently
received substrings of 7" within R, we can represent the maintained suffix of 7" as a list of
fragments of R.

A textbook index is the suffiz array of R, which requires O(m) space and allows searching
for any length-¢ string in O(¢+logm) time. To decrease space usage, one can store the sparse
suffiz array (see, e.g., [5] and references therein), which can efficiently locate every string
of length at least ¢ and uses only roughly O(m/¢) space, for a parameter ¢ of our choice.
However, this requires fixing the value of ¢, and it provides a small-space data structure only
when £ is large.

Interestingly, preprocessing a string of length m in small space for detecting an occurrence
of a query string of fixed length ¢ = ©(log m) has been studied in another context under the
name of systematic substring search [29,47]. In particular, Corrigan-Gibbs and Kogan [29]
showed that systematic substring search is equivalent to a well-known problem in crypto-
graphy: function inversion. The idea of their reduction is to define a function that maps a
position of R to a length-¢ substring starting at that position. By combining this reduction
with the seminal data structure for function inversion devised by Fiat and Naor [40], they
achieve a trade-off T3¢ = @(m3), where 7 and ¢ respectively denote the index size and the
query time. However, we would like to emphasize that systematic substring search (as well
as the reduction to function inversion from [29]) only works for ¢ = ©(logm), when the
substrings are essentially integers from a polynomial domain.

The construction of a random access data structure may require computing occurrences
of substrings of T of arbitrary lengths (in [1..m]) in R. Hence, both existing approaches
described above are inadequate for the task at hand.

Our approach. We obtain Theorem 2 via a reduction to function inversion. From the
discussion above, one might assume that the reduction is an adaptation of the one used for
systematic substring search in [29]. While our problem bears a conceptual resemblance to
systematic substring search, the definition of systematic substring search is fairly restrictive,
and their straightforward reduction is not applicable in our case. To nonetheless use function
inversion, we present two novel and highly non-trivial ideas of independent interest:

1. We design a data structure that can be seen as a relaxation of text indexing on R.
Given a query string Q[1..3q], it either locates an occurrence of the central fragment
Q(q..2q] in R, or reports that the entire @ has no occurrence in R; we call this query a
core-matching query.
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2. We enrich string synchronizing sets [72], a tool for locally consistent sampling of substrings
with numerous applications in stringology (e.g., [17,20,21,36,74,75,77,91]), with a local
sparsity condition. We then show a space-efficient algorithm for constructing such sets.3

By combining these ideas, we ultimately reduce the maintenance of a suffix random access
data structure to inverting a function over a domain of size O(m/7). We next provide further
details on each of these two ideas and clarify the challenges they address.

Our data structure for core-matching queries is of size @(7) and supports queries for
strings of the form Q[1..3q] with ¢ = 27 - 7, for integer parameters j > 0 and 7 > 1. It is
based on the following strategy. Consider covering the reference R with blocks of length 2¢,
starting at positions that are multiples of q. Then, every occurrence of Q[1..3¢| in R fully
contains one of the blocks, and this block, in turn, contains the central fragment Q(q .. 2q]
of the occurrence. Therefore, to answer the query, it suffices to (attempt to) locate every
length-2¢g substring of @) among the O(m/q) blocks. Hence, rather than considering every
position of the reference as a potential occurrence, we only have to consider O(m/q) positions.
In our core-matching solution using function inversion, this translates to reducing the domain
of the function to O(m/q) C O(m/7).

However, by designing a core-matching data structure this way, we inadvertently create
another challenge: to answer a query, in the worst case, we have to try to locate every
length-2¢ substring of the query string among the blocks. To avoid this, we use a variant
of ¢g-synchronizing sets [72]. Introduced by Kempa and Kociumaka [72], they provide a
consistent sampling mechanism for length-2¢ substrings of R and @ such that, broadly
speaking, within every length-3¢q substring of R and @, at least one length-2¢ substring is
sampled. Crucially, the total number of sampled substrings in R is O(m/7). Hence, instead
of the evenly-spaced blocks of length 2¢, we can use the sampled substrings. Thus, rather
than having to locate all length-2q substrings of (), we only have to locate the first sampled
length-2¢ substring of @), accelerating queries by a factor q.

To actually implement this idea, we crucially need to control the local sparsity of the
sampling scheme, i.e., we not only need the total number of sampled substrings in R to
be O(m/7), but we also need the number of samples within any length-O(g) substring to
be O(1). (Otherwise, in the reduction to function inversion, there will be a blow-up in the
size of the domain.) Thus, we design a method for sampling a synchronizing set with this
local sparsity property that, in addition, can be implemented efficiently in the streaming
model, using O(q) space.

Lower Bounds for Suffix Random Access

We complement our main result with a reverse reduction from the function inversion problem
to the problem of maintaining a suffix random access data structure. This implies each of
the following results (for a suffix random access data structure whose query time does not
exceed its update time):

1. An O(r)-space suffix random access data structure with update time faster than ours
by a factor > 7 would imply a breakthrough in function inversion, improving over
Fiat and Naor’s solution [40]. This gives a conditional update time lower bound of
Q(m3/77) (Corollary 19).

3 A different locally sparse variant of string synchronizing set has been proposed by Kempa and Kociumaka
in [73]; however the authors of this work do not provide a space-efficient construction algorithm.
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Figure 1 Trade-offs for suffix random access data structures in a doubly-logarithmic scale. Each
line segment corresponds to a relation of the exponents of the space 7 and the update time u of such
a data structure as functions of m, that is, 7 = m® and u = mY. We consider only data structures
where the query time is at most equal to the update time. The blue line segment corresponds to the
upper bound of the warm-up data structure (see Lemma 1). The green line segment corresponds to
the upper bound of our main suffix access random data structure (see Theorem 2). The orange line
segment corresponds to our unconditional lower bound (see Corollary 21). Any improvement of the
lower bound beyond the dotted line segment would imply a breakthrough in the long-standing
unconditional lower bound for function inversion [32,98] (see Corollary 22). Finally, any improvement
in the upper bound beyond the black dotted line segment would yield an improvement over the
Fiat—Naor function inversion data structure [40] (see Corollary 19).

2. An O(r)-space suffix random access data structure cannot have update time better
than O(m/73), up to subpolynomial factors (Corollary 21). We stress that this is an
unconditional lower bound.

3. An unconditional lower bound higher than ours by a 7 factor would imply a breakthrough
in the long-standing unconditional lower bound for function inversion [32,98]. Hence,
there is little hope of turning our conditional lower bound into an unconditional one
(Corollary 22).

See Figure 1 for an illustration of our upper and lower bounds for suffix random access

data structures.

1.2 Applications

We demonstrate that our suffix random data structure is a powerful tool by using it to obtain
asymmetric streaming algorithms for pattern matching and compression.

Generic Pattern Matching

We show that our suffix random data structure allows a unifying reduction for a large family
of pattern matching problems. Broadly speaking, if such a problem has an online algorithm
in the read-only setting, then our data structure immediately yields an algorithm with similar
guarantees in the asymmetric streaming model. In a pattern matching problem, we are
given a pattern P[1..m] and a text T[1..n], and we are looking for (the ending positions
of) fragments of T, called occurrences, that match P under some matching relation. We
introduce the following class of generic pattern matching problems:
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» Definition 3 (Generic pattern matching). For an integer z > 0, a pattern matching problem
is z-generic if it satisfies the following property. For a pattern P[1..m] and a text T[1..n],
every occurrence of P in T is a fragment of T that equals a concatenation of at most z + 1
substrings of P and at most z symbols.

The generic pattern matching framework captures several by now classical pattern
matching problems. To name just a few examples, standard pattern matching, circular
pattern matching [7,18,19,22, 23,44, 66,67, 70,96], a variant of elastic-degenerate string
matching [4,10-12,46,55,64,69,87,89], and string matching with variable-length gaps [1,2,
14,31,43,45,65,68,85,92] are all O(1)-generic. Additionally, their k-approximate variants
under each of the Hamming distance and the edit distance are O(k)-generic pattern matching
problems. We show that a suffix random access data structure can be used to transform any
online read-only algorithm for a k-generic pattern matching problem into an asymmetric
streaming algorithm at a small overhead cost:

» Theorem 4. Consider integers z > 0 and T > 0. Suppose that, for a z-generic pattern
matching problem with pattern P[1..m], there exists an online read-only algorithm A that
uses O(7) additional space and processes a text T[1..n] in g(m,T) worst-case (or amortized)
time per symbol, where f and g are functions that are non-decreasing in their parameters.

Suppose that there exists an O(T)-space streaming z-error random access data structure
with worst-case update time ¢(m, T) and worst-case query time q(m, 7).

Then, there is an asymmetric streaming algorithm that, given T, random access to P,
and streaming access to T, solves the given z-generic pattern matching problem for P and T
using O(7) additional space and O(c(m,T) + g(m,7) - q(m, 7)) time per symbol of T; this
time complexity is worst-case (amortized) if A processes each symbol in g(m,T) worst-case
(resp. amortized) time.

In particular, if one allows 7 = O(v/mk) extra space, then an online read-only algorithm
implies an asymmetric streaming algorithm without asymptotic time overhead. Despite its
generality, our reduction is conceptually simple: we maintain a suffix random access structure
and use it to simulate the online read-only algorithm through symbol queries. The definition
of the class of generic pattern matching problems guarantees that all necessary symbols are
available.

Our reduction applies to the entire class of z-generic pattern matching problems, thus
providing a general framework for transforming read-only online algorithms into asymmetric
streaming ones. Below, we give an example of an application of the reduction to standard
and circular pattern matching problems.

» Corollary 5. Suppose that we are given positive integers T and k, read-only access to a
pattern P of length m, and a streaming text T of length n. After preprocessing P, we can
deterministically

1. compute all exact occurrences of P in T using space O(t) and worst-case time O(14+m? /75)
per symbol of T', and

2. compute all k-approximate occurrences of P in T under the Hamming distance using
space O(klogm + 7) and worst-case time O(k + k3m?/7%) per symbol of T, and

3. compute all k-approximate occurrences of P in T wunder the edit distance using space
O(k* +7) and amortized time O(k* + k3m3 /1) per symbol of T.
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We summarize the results for exact and approximate (standard) pattern matching in
Table 1.* We note that the bounds for the fully streaming model carry straightforwardly to
the asymmetric streaming one. All streaming algorithms, however, critically rely on Monte
Carlo randomization. In contrast, the output of our algorithms for the asymmetric streaming
model is always correct and only the preprocessing of the pattern is Las Vegas randomized;
for 7 > m®* and k = m°®, our algorithms’ time-space product is sublinear. This poses
the challenge of exploring the trade-off between algorithmic efficiency and randomization in
asymmetric streaming pattern matching.

Table 1 Complexities of exact and approximate (standard) pattern matching for a pattern of
length m. Here, 7 is an integer parameter and time complexities are given per symbol of the text.
The complexities in the asymmetric streaming model (marked with T) are shown in this work and
are deterministic (apart from Las Vegas randomization in the preprocessing of the pattern). In
contrast, complexities in the streaming setting are Monte Carlo randomized.

Online read-only Asym. streaming Streaming
(deterministic, space used on | (deterministic, space used | (randomized)
top of read-only P and T on top of read-only P)

Exact O(1) space O(r) space O(logm) space
O(1) time [15] O(1 +m?3/7°) time' O(logm) time [88]
feomism O(klogm) space O(klogm + ) space O(klogm) space
" | O(k) time [8] Ok + k*m®/7%) time' O(WVk) time [28]
~ O(K™ + 1) space P
. O(k*) space <014, 18 3, 6 O(k?) space
Reedit | 5 34) (amort.) time [g] O+ k*m™/77) (amort.) | 52) ime [13]

time'

Our reduction also has consequences for circular pattern matching. Bathie, Charalampo-
poulos, and Starikovskaya [7], showed that, for every 7 € [y/mlogm(loglogm)?..m], there
exists an asymmetric streaming algorithm that solves this problem in O(7) space and O(m,/7)
time per symbol. We next obtain a significantly better trade-off; notably, for 7 > m®4, the
time-space product of the algorithm encapsulated in Corollary 6 is sublinear.

» Corollary 6. Let 7 > 0 be an integer parameter. There is a deterministic asymmetric
streaming algorithm solving the exact circular pattern matching problem on a read-only
pattern of length m and a streaming text of length n in O(t) space and O(m? /76 + 1) time
per symbol of the text.

Relative Lempel-Ziv Factorization

Relative Lempel-Ziv factorization is a compression scheme in which a text T of length n
is greedily parsed into lengthwise maximal substrings of a reference R of length m. This
method is especially effective for compressing collections of strings that are highly similar to
a reference, and it has inspired a small-space text index for databases containing full genome
sequences of individuals of the same species [33,34,79,86,97]. Nevertheless, no small-space
algorithm for computing this factorization is known. Formally, the relative Lempel-Ziv
factorization is defined as follows:

4 There is an unpublished work [82] on asymmetric streaming pattern matching. However, this work
considers the problem where one is given random access to the text while the pattern arrives as a stream.
Hence, this contribution is incomparable to ours.
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» Definition 7 ([79]). Let strings T, R € ¥*. We say that T = f1fa... f. is the Lempel-Ziv
factorization of T relative to R, rlz(T, R), if for every 1 <i < z, f; is either a symbol that
does not occur in R, or the longest substring of R that is a prefix of fifiv1...f.. We call
f1, fa,- .., [. the factors of the factorization.

We address this gap by leveraging our suffix random access data structure to design
the first asymmetric streaming algorithm for relative Lempel-Ziv factorization. We call a
factorization of a string T into phrases that are symbols and fragments of a string R an
R-factorization of T

» Theorem 8. Consider a read-only reference string R[1..m]|, a streaming string T[1..n],
a positive integer T € [[m%*]/e..m], and a real € € (0,1]. Let z = |rlz(T, R)|. We can
preprocess R in poly(m) expected time to construct an @(T)-Space data structure, so that
we can then process T in total time O(z - (m/7)%/3 + z-m/(er) +n - (1 + m?/7%) +m) total
time using O(7) extra space, outputting an R-factorization of T of size at most (1+¢€)z as a
stream.

The preprocessing can be implemented in O(m - poly(\)) time with success probability
at least 1 — 27> at the expense of increasing the space complexity and time required for
processing T by an O(poly(\)) multiplicative factor, for any integer X > logy(mo).

The algorithm starts by constructing a factorization of size (9(10g2 m) - z using core-
matching queries. The factorization is then refined using ideas similar to those in a work
of Fischer, Gagie, Gawrychowski, and Kociumaka [41], who showed an efficient read-only
algorithm for constructing the standard Lempel-Ziv factorization of a text in small space.
For both steps, we exploit random access on the relevant suffix of T'.

On the lower bound side, we show that any 7-space @(1)—approximation asymmetric
streaming algorithm for relative Lempel-Ziv factorization must use Q(z(m/7)) time:

» Corollary 9. Fiz positive integers n,m, z,@ such that 100z < n < zm. On a word
RAM of word-width O(logm), consider an algorithm that preprocesses a read-only reference
R[1..m] into a data structure of size T = o(m/p?) bits. Then, given text T[1..n] satisfying
Irlz(R,T)| € [z,100z¢], it outputs an R-factorization of T of size at most ¢ - |rlz(R,T)| as a
stream in left-to-right order (each phrase as a fragment of T without providing an occurrence
in R), using T bits of additional space.

If the preprocessing succeeds with probability > 1/100 such that afterwards the text
processing succeeds for every text, then the text processing takes Q(zm/(©>7)) time in the
worst-case.

We obtain this lower bound via a reduction from (a version of) the set-complementation
problem, for which we show a new lower bound using R-way branching programs.

2 Technical Overview of the Suffix Random Access Data Structure

In this section, we give a technical overview of the main results of this work related to
the suffix random access data structure. (Below, we often refer to it as random access
data structure for brevity.) Intuitively, we are given a short read-only string R and a long
streaming string 7', and would like to maintain random access to the longest suffix of T that
is close to a substring of R using little extra space. We study upper and lower bounds for
random access data structures via bi-directional reductions to function inversion.

We assume the word RAM model with words of width w, i.e., we can perform basic
arithmetic operations on integers from [0..29(")] in constant time. We further assume that
the input strings are over a finite integer alphabet ¥ = [1.. 0] with 0 € n®M), and make the
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common assumption that logn = O(w). We develop classic offline read-only algorithms and
asymmetric streaming algorithms, introduced by Andoni et al. [3] and Saks and Seshadhri [94].
In the former setting, one can access symbols of the input in constant time, and does not
account for the space required to store the input in the space complexity of an algorithm. In
the asymmetric streaming setting, the input consists of a read-only string R € ¥*, called a
reference, and a streaming string T' € X*. Here, we receive T symbol by symbol and must
account for the space required to store any information about 7" in the space complexity of
an algorithm (whereas the space required to store R is not accounted for). Unless explicitly
said otherwise, we measure the space complexity in words (including the working space used
while answering queries).

2.1 Upper Bounds for Random Access Data Structures

We formalize the problem of maintaining a random access data structure as follows.

» Definition 10 (k-Error Random Access Data Structure). For an integer k > 0, a string
R € ™ (called the reference), and a string T € 3" (called the text), a k-error random
access data structure
explicitly stores its support-length h € [0..n], which satisfies the following property: if
h < mn, then TIn—h..n] cannot be factorized into k symbols and k+1 substrings of R, and
can return T[i] upon receiving a random access query i € (n — h..n], possibly accessing
the reference R, but not accessing the text T'.

We introduce different algorithms for constructing such data structures in the read-only
model and in the asymmetric streaming model. In both models, we assume that the data
structure is defined by a given parameter 7. Also in both models, we have read-only access
to the reference, and we may preprocess it into a data structure of size @(7’). Then, in the
read-only model, the text is given as a read-only string, and we have to construct the random
access data structure using the precomputed information and random access on R and 7. We
call this version of the data structure offline. In the asymmetric streaming model, we instead
receive the text as a stream. Whenever we receive some symbol T'[i], we must update the
maintained data structure such that it is a random access data structure for the reference R
and a text T'[1..4]. We call this version of the data structure streaming. In either model, the
total space occupied at any time after preprocessing (apart from R) may not exceed O(1).
To summarize, apart from the @(7) space complexity of the data structure, we are interested
in the preprocessing time (spent processing R before the first access to T'), the query time for
random access queries, and either the construction time after preprocessing (for the read-only
model) or the update time per arriving symbol (for the asymmetric streaming model).

Reduction to the 0-Error Offline Setting

We start by showing that an efficient offline construction algorithm immediately implies
an efficient streaming algorithm. This is done by cutting T into blocks of geometrically
increasing sizes on O(logm) levels, and then constructing the offline data structure for each
block. The cost of running the offline construction algorithm can be de-amortized over the
arriving symbols. This is similar to the black box offline to online reduction for approximate
pattern matching, see [25]. Unlike [25], we cannot afford O(m) additional space, and we
have to ensure that we already support random access to a block while constructing its data
structure. While constructing the offline data structure for a block of size 2¢, we use the
random access data structures already constructed for the two blocks of size 2¢~! that make
up the larger block.
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Figure 2 Text partitioning for the proof of Corollary 11. After T[] arrives, the streaming data
structure consists of the offline data structures of the blocks marked [[7]. The data structures of
previous blocks, marked [], have already been deleted. Blocks marked [] have already been
received, but their offline data structures have not been constructed yet. The offline data structure
of block T3 4 will be constructed while 75 19 arrives. As soon as the last symbol of 75 10 arrives, the
offline data structure of 73; will be deleted.

For the offline construction, we further observe that, instead of constructing a k-error
data structure, we can chain together O(k) O-error data structures. A random access query
can then be answered by binary searching in O(log k) time for the data structure responsible
for the query.

» Corollary 11. Assume that there is an offline 0-error random access data structure with
preprocessing time O(p(m)), construction time O(n - ¢(m)), query time O(q(m)), and space
complezity O(s(m)). For every positive integer k, there is a streaming k-error random access
data structure with preprocessing time O(p(m)), worst-case update time O(c(m) - (g(m) +
logk) - logm), query time O(q(m) + logk), and space complexity O(k - s(m) - logm).

Reduction to Core-matching Queries

In the 0O-error offline setting, we further isolate the main computational challenge by showing
that a simple data structure of size (5(7) with constant query time can be constructed by
answering a series of @(1) so-called core-matching queries on R. Each query consists of a
string T'[1..3n'] (a substring of T) with n’ = 2¢ - 7 for some integer ¢ > 0, and the result of
the query is some position ¢ such that R[i..i+n') =T'(n’..2n'], i.e., we must locate the
central length-n’ fragment of 7" in R. We are allowed to fail if 77 does not occur in R.

To understand the idea of the reduction, consider a particularly simple case when T is of
length n = 3- 2% . 7 and the entire T is a substring of R. In this case, the random access
data structure consists of a copy of the length-7 prefix and suffix of T', as well as pointers to
O(logn) fragments 71, ...,70(10gn) Of R obtained by answering core-matching queries for all
prefixes and suffixes of T that are of length 3 - 2¢ - 7 for integer £ > 0. This is visualized in
Figure 3.

R=]| | 73 Ty 14 T =17 77

: T2 : T4 :

Figure 3 Reduction to core-matching queries. Here, indicates the length-7 prefix and suffix
of T', and indicates the core-matching query used to find r;.

With simple techniques to generalize for a string T of arbitrary length that is not a
substring of R, this leads to the following result.
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» Lemma 12 (simplified). Let 7 > 0 be an integer parameter. Computing an offline 0-error
random access data structure with constant query time and space complexity O(T +logm) for
reference R € X™ can be reduced to (9(log2 m) core-matching queries on R. The reduction
takes O(t + log> m) time and O(1 + logm) additional working space.

Core-matching Queries via Function Inversion

As a warm-up, we first show a simple solution to core-matching queries based on the following
observation: If 77 = R[i..i + 3n’) for some ¢ € [1..m — 3n’ + 1], then this occurrence
of T' fully contains the fragment R(bn' — 2n'..bn/] with b = L%J For this, we use
Karp—Rabin fingerprints that are composable and have low collision probability.

» Definition 13 (Karp—Rabin fingerprint [71,88]). For a prime number p and an integer
r € [0..p), the Karp-Rabin fingerprint of X € X" is o(X) =1 X[i]-r"~" (mod p).

We precompute the Karp—Rabin fingerprints [71] ¢(U) of all fragments U of the form
R(bn' —2n’..bn/] with b = L’*‘gn#j in O(m/n’) space and store them in a balanced binary
search tree. At query time, we compute the fingerprints of all length-2n’ substrings of 77,
and use them to find j such that 7'[j..j + 2n’) = R(bn’ — 2n’..bn']. We can then simply
output R(bn’ —n’ —j+1..bn' —j+ 1] =T(n'..2n']. Combined with the reductions above,
this already gives a k-error random access data structure with a non-trivial trade-off:

» Corollary 14 (simplified). There is a streaming k-error random access data structure
with space complexity O((k + 1) - /m), worst-case update time O(1), and query time O(1 +
log(k + 1)). The preprocessing takes O(poly(m)) time and O(v/m) space deterministically.

In a pursuit of a better trade-off, we replace the binary search tree with a function
inversion data structure. The idea is to use a function f(z) = p(R(xn’ — 2n'..2zn']) with
domain [N], where N = |m/n’/| —1. Rather than locating the fingerprint y of every length-2n’
substring 7"[j..j + 2n') of T in the binary search tree, we instead invert the function and
obtain z € f~!(y), which implies T'[j..j + 2n) = R(xn’ — 2n’..2zn’]. The best-known
trade-off for function inversion is due to Fiat and Naor [40], who showed that O(N?3/7%)
inversion time can be achieved in O(7) space:

» Fact 15 ([40]). Let f : [N] — [N] be a function that can be evaluated at any point in
constant time. For any integer parameter T > 0, we can construct in @(N) time and with
success probability 1 — 1/N a data structure that is capable of inverting f at any point in
O(N?/73) time. The data structure can be constructed, stored, and queried in O(T) space.

For core-matching queries of length 3n/ = 37, we can achieve O(7) space and O(m? /%)
time: the domain of f is of size N = O(m/7), but we have to multiply the O(N3/73)
inversion time of Fact 15 with the number of inversion queries and the evaluation time of f,
both of which are roughly 7. To reduce the time, we use a variant of the string synchronizing
sets [72] to consistently and regularly select synchronizing positions in both R and T'. This
allows us to obtain a better function f that retains the size of the domain and the evaluation
time, but only needs to be inverted (close to) a constant number of times in order to answer
a core-matching query. In the definition below, we use the original consistency and density
conditions from [72], but also add a sparsity condition, ensuring that, within any length-7
fragment of R, we select a small number of positions. For a string T', we denote by per(T)
the smallest period of T, that is, the smallest integer p such that T[i] = T'[i + p] for all
i€[l..n—p.
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» Definition 16. Let k, T be positive integers. For a string R € ¥™, a set S C [1..m—27+1]

1s a k-sparse T-synchronizing set if it satisfies the following conditions:

(Consistency) Fori,je[l..m—2r+1], if R[i..i+27) =R[j..j+27) theni € S —
jEeSs.

(Density) Fori € [1..m — 37 + 2|, it holds SN [i..i+7) = 0 if and only if per(R[i..i +
3r—2]) < 1.

(Sparsity) Forie [l..m—37+2], it holds |SN[i..i+7)| <k.

During construction, we enforce the sparsity condition by sampling every distinct substring
with probability around k/7. Namely, we define a function sync : £27 — {0, 1} that identifies
synchronizing substrings. Crucially, the function can be stored in (7)(1) space, and can be
evaluated efficiently in a rolling manner. This way, we can produce the elements of a string
synchronizing set as a stream.

» Theorem 17. Let R € ¥™ be a string, and let 7 € [1.. [ |] and X > logy(mo) be integers.

In O(poly()\)) time and space, and with success probability 1 — 27>, we can construct a

function sync : 27 — {0,1} encoded in O(\) space with the following properties:

1. S={ie[l..m—27+1]|sync(R[i..i+27)) = 1} is an O(N)-sparse T-synchronizing set.

2. Given R' € ©™ of arbitrary length, the set {i € [1..m' —2r+1] | sync(R'[i ..i427)) = 1}
can be produced as a stream in increasing order, in O(m'A) time and O(\) working space.

We are now ready to explain our final solution for core-matching queries. To solve a
query T'[1..3n'], we use an O(1)-sparse n'-synchronizing set S of R. We find the minimal
j € [1..n"+1] such that sync(T'[j..j+2n’)) = 1, which takes O(n’) time with the algorithm
from Theorem 17(2). For intuition, assume that j is well-defined. (If j does not exist, then T”
is periodic and the solution only becomes simpler.) We compute y = @(T"[j..j + 2n')) and
use Fact 15 to obtain some z € f~1(y), where this time f(z) = p(R[z..x + 2n')) is defined
not for domain [| 2] — 1] but for domain S, which is still of size O(2). While Fact 15
requires that the domain is an integer range, the sparsity of S allows us to obtain an efficient
mapping between [|S|] and S. Hence we can still invert f, and, if we find x € f~1(y), then it
holds T'[j..j + 2n) = Rz ..x + 2n’).

For core-matching queries of length 3n’ = 37, using synchronizing sets improves the time
complexity to O(m?/75). We plug this solution for core-matching queries into Lemma 12 to
obtain a O-error offline data structure, and then into Corollary 11 (with a slight modification
that improves the dependency on k) to obtain our main result:

» Theorem 2 (simplified). There is an algorithm that, for any reference R € ¥™ and positive
integer parameters T and k = O(1), maintains a (k — 1)-error streaming suffiz random access
data structure with space complexity O(1), worst-case update time O(1+k3m?/79), and query
time O(1 4 log k). The preprocessing succeeds without error in O(poly(m)) expected time.

2.2 Lower Bound for Random Access Data Structures

In computational complexity, a fundamental difference arises between uniform and non-
uniform computation. In the former case, we assume that a single algorithm is used to solve
input instances of all possible sizes (i.e., the size is part of the input). In the latter case, we
are allowed to design a family of algorithms, using a different algorithm for each input size.
We say non-uniform algorithm to refer to the entire family, and non-uniform data structure
whenever a data structure is constructed, updated, or queried using non-uniform algorithms.
Crucially, a non-uniform algorithm may embed an arbitrary amount of advice that depends
only on the size of the input.
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To show a lower bound for random access data structures, we show how to obtain a non-
uniform function inversion protocol from any offline random access data structure. Assume
that the text T is a substring of the reference R. Intuitively, the construction algorithm for a
random access data structure must find an occurrence of 7' in R. Using this observation, we
show that a random access data structure implies a function inversion protocol: we encode
the image of a function in a reference R, and to invert an element of the image, we encode
and feed it as a text T. As a result, we obtain the following:

» Corollary 18. Let x,0 > 0 with x < 1 be constant. Assume that there is a (possibly non-
uniform) offline random access data structure with space complexity O(mX) bits, amortized
query time O(m?%), and construction time O(mX+®) for a text of length at most mX logm.
Then there is a non-uniform function inversion data structure that, for functions with
domain and co-domain [N, has query time O(NX+9)/0=X)Y and can be stored and queried
in O(NX/0=X)) space.

This reduction directly yields a conditional lower bound for random access data structures:

» Corollary 19. Let x,d > 0 with 2/5 < x < 1 be constant. Assume that there is a
(possibly non-uniform) offline random access data structure with space complexity O(mX)
bits, amortized query time O(m®), and construction time O(mX*9) for a text of length at
most mXlogm. If § < 3 — Ty, then there is a non-uniform function inversion data structure
that improves over the time-space trade-off of Fiat and Naor.

Using well-known lower bounds on the time-space trade-off of permutation inversion [32,98],
we also derive the following unconditional lower bound:

» Corollary 20. Let x,0 > 0 with x < 1 be constant. Assume that there is a (possibly non-
uniform) offline random access data structure with space complexity O(mX) bits, amortized
query time O(m?), and construction time O(mX*?) for a text of length at most mX logm.
Then 6 > 1 — 3x.

The above results hold only for relatively short texts. However, in the streaming setting,
we can show that similar lower bounds hold for texts of arbitrary length.

» Corollary 21. Let e, x with 0 < x < 1 be constant. Assume that there is a streaming
random access data structure with space complexity O(mX). For all n > mXlogm and all
constant € > 0, there is a length-n text T such that both of the following hold:

1. If the amortized query time is O(Q/m?), where Q = m3~ ™% and 0.4 < x < 1, then the
worst-case update time is Q(Q), unless there is a non-uniform function inversion data
structure that improves over the time-space trade-off of Fiat and Noar.

2. If the amortized query time is O(Q/m?), where @ = m'™3X and 0 < x < 1, then the
worst-case update time is Q(Q).

Finally, via our reduction from function inversion to suffix random access, we show that
an unconditional lower bound higher than ours by a factor of 7 would imply a breakthrough
in the long-standing unconditional lower bound for function inversion [32,98].

» Corollary 22. Let 0 < e < 1 and let 7 > 0 be an integer parameter. Assume that, for
every O-error streaming random access data structure with space complexity O(t) bits and
constant query time, the worst-case update time is Q(m/TQ_e). Then, every T-space function
inversion data structure for a constant-time computable function f : [N] — [N] must have

worst-case query time Q(N/717¢), and hence the product of space and query time is Q(NT€).
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3 Discussion and Open Problems

The main open problem that stems from our work is closing the gap between the obtained
upper and lower bounds for suffix random access data structures. Let us briefly discuss some
of the main obstacles toward this goal.

The main challenge in improving our lower bound from Corollary 21 to match the
Q(m/7) space-time product of Corollary 22 is the following difference in the nature of
the two considered problems: a function inversion data structure becomes active just after
construction, while a random access data structure can essentially afford to wait for 7 symbols
(as it can simply store them explicitly). In our lower bound construction, we naturally encode
a function f into the reference and use the encoding of the image f(z) of a domain element
2 as the text. If this text is shorter than 7, then a (naive) random access data structure can
explicitly store a copy. Therefore, we enforce the text length to be significantly greater than
7 by encoding f(x) in > 7 symbols, for each x in the domain. Consequently, the size of
the domain is limited by O(m/7). While we can indeed show that processing the encoding
of f(z) as the text allows us to invert f at position f(z), we only obtain a lower bound
Q(m/73) on the update time: we have to divide the Q(m/72) lower bound for inverting a
function with domain of size m/7 by the length of the text.

The main reason for the extra 7 factor in the upper bound of Theorem 2 compared to
Corollary 19 is that the function we invert (Karp-Rabin fingerprints) cannot be evaluated in
constant time. Essentially, we can afford to wait for at most 7 symbols to arrive, but then
we intuitively have to perform a task of a pattern-matching flavor for a length-7 substring
of T. Using string synchronizing sets, we reduce this task to inverting a function over a
domain of size roughly m,/7; this can be done in O(m?/7%) time using the Fiat-Naor function
inversion data structure [40]. We only need to invert once every O(7) symbols arrive, so
we need to pay for O(m?/77) function evaluations per symbol (as part of the inversions).
However, evaluating Karp—Rabin fingerprints of fragments of T requires Q(7) time (given our
space constraints). We believe that overcoming this challenge will require a fundamentally
new idea.
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