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—— Abstract

In the bottleneck multiple knapsack problem, we are given a set of items and a set of knapsacks,
where each item has a profit and a weight, and each knapsack has a capacity. Our goal is to assign
items to knapsacks so as to maximize the minimum profit received by any knapsack subject to the
capacity constraint. When all knapsacks have identical capacity, we give a (% — £)-approximation
algorithm for any constant € > 0. This result almost matches the (% + ¢) inapproximability bound
for the bottleneck multiple subset sum problem (Caprara et al., 2000). When the knapsacks can
have arbitrary capacities, we propose a (% — ¢)-approximation algorithm for any constant £ > 0. We
also prove a hardness bound of (3 + ¢) for any constant € > 0.
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1 Introduction

Maximizing the minimum profit received by multiple agents is a central objective in the
study of fairness and equitable resource allocation. In this paper, we study this objective in
the context of knapsack-type constraints.

We consider the bottleneck multiple knapsack problem (BMKP), which can be viewed as a
max-min variant of the classical multiple knapsack problem (MKP). Given items with profits
and weights and multiple knapsacks with capacities, the classical multiple knapsack problem
(MKP) maximizes the sum of profits among all knapsacks. In BMKP, the objective changes
to maximizing the minimum total profit received by any knapsack. Our results address two
settings: identical capacities and arbitrary capacities.

The bottleneck (max—min) objective has been studied in a special case of MKP, namely
the multiple subset sum problem (MSSP), where each item has profit equal to its weight
and all knapsacks have identical capacities. Caprara, Kellerer, and Pferschy [5] presented a
polynomial-time approximation scheme (PTAS) for the max-sum objective in MSSP and gave
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Near-Tight Approximation for BMKP

a %—approximation for bottleneck MSSP. They also showed that, for any € > 0, achieving
a (% + e)-approximation is impossible unless P = NP. For the max-sum objective, PTASs
for MKP have been studied extensively with successive improvements in running time
(see [5, 6, 7, 21, 9, 19, 20]). In contrast, the bottleneck objective for MKP remains far less
understood. It remains open whether the same % ratio can be attained for the more general
bottleneck multiple knapsack problem, or whether stronger inapproximability results hold.

The bottleneck (max-min) objective also arises naturally in the literature on fair allocation
of indivisible goods. A central notion in this area is the maximin share (MMS), which measures
the largest value an agent can guarantee for herself by partitioning the items into feasible
bundles and then receiving the least valuable bundle. The MMS criterion has been extensively
studied under a variety of feasibility constraints, including cardinality [4, 18], matroid [13, 14],
and knapsack-type constraints [11, 17], as a fundamental benchmark for fairness.

Recently, Hummel [17] studied MMS guarantees in hereditary set system valuations,
a generalization of the identical-capacity knapsack (budget) setting. His result implies a
%—approximation algorithm for identical-capacity BMKP, which is the best previously known
guarantee and still far from the % hardness barrier. And it is unclear what approximation
ratio can be achieved for arbitrary-capacity BMKP.

For max-sum objectives, one may lose an ¢ fraction of the total profit by sacrificing the
total profits of a few knapsacks. For instance, under the identical setting, one may apply
the APTAS for bin packing [10] to pack guessed items into at most (1 + €)m + 1 bins where
m is the number of knapsacks, and then discard the extra bins at an e-fraction loss in the
overall objective [6]. Such a strategy fails for the bottleneck objective, as the loss must be
controlled for every knapsack, which calls for finer per-knapsack structure.

1.1 Qur Contributions

We give nearly tight approximation guarantees for BMKP in both the identical-capacity

and arbitrary-capacity settings. In the identical-capacity setting, we obtain a (% —€)-

approximation algorithm, which nearly matches the (% + ¢) inapproximability under the
assumption that P # NP [5]. Let || denote the input size.

» Theorem 1. In the identical-capacity setting, for any constant € > 0, there is a polynomial-

time (% — &)-approximation algorithm for the bottleneck multiple knapsack problem with
running time |I|20(1/510g(1/6)).

In the arbitrary-capacity setting, we establish a nearly tight approximation guarantee
at % We give a (% — ¢)-approximation algorithm for any constant £ > 0, and show that no
polynomial-time (% + &)-approximation is possible unless P = NP.

1
2 oly(1/e)
algorithm for the bottleneck multiple knapsack problem with running time 22" -poly(|I]).

» Theorem 2. For any constant € > 0, there is a polynomial-time ( g)-approzimation

» Theorem 3. Unless P = NP, the bottleneck multiple knapsack problem has no polynomial-
time (% + &)-approximation algorithm for any constant € > 0.

The following table summarizes the results of approximation algorithms for multiple
knapsack problems under different objectives and capacity settings.

MKP (max-sum objective) BMKP (max-min objective)

Negative Positive Negative Positive
Identical capacity | NP-hard | 1 —¢ [9, 19, 20] 2+ ¢ [5] 2 — ¢ (Theorem 1)
Arbitrary capacity | NP-hard | 1—¢[9, 19, 20] | 3 +¢ (Theorem 3) | 1 — (Theorem 2)
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1.2 Related Work

We briefly review approximation schemes for the multiple subset sum problem (MSSP) and the
multiple knapsack problem (MKP) with the objective of maximizing the total profit. Caprara
et al. [5] gave the first PTAS for MSSP, and also showed that MSSP admits no FPTAS even
for two knapsacks unless P = NP. Subsequent work extended the PTAS to MKP under the
arbitrary capacity setting as well as reduce its running time (see [5, 6, 7, 21, 9, 19, 20]). So
far, the best-known result is due to Jansen [20], which is a PTAS for MKP where knapsacks
can have arbitrary capacities, and has a running time of poly(|I]) + 20(1/2(log(1/2))") | This
PTAS is near-optimal in the sense that there is no poly(|I]) 4+ 2°(1/¢) time PTAS assuming
ETH (Exponential Time Hypothesis).

Machine scheduling problems can be viewed as a lower-dimensional analogue of multiple
knapsack, where one primarily focuses on the profit dimension (i.e., the processing time of
jobs). For identical parallel machines, Hochbaum and Shmoys [15] gave a PTAS for the
objective of minimizing the maximum completion time (makespan). Woeginger [26] presented
a PTAS for maximizing the minimum completion time. For related machines, PTASs are
known for both the max-min and min-max objectives [1, 12]. For unrelated machines, Lenstra,
Shmoys and Tardos [23] gave a 2-approximation algorithm for makespan minimization, and
also proved that no polynomial-time algorithm can achieve an approximation ratio better
than 3/2 unless P = NP.

The max—min variant of scheduling on unrelated machines is commonly known as the
Santa Claus problem. Interpreting machines as agents and jobs as items with agent-dependent
values, the goal is to allocate items so as to maximize the minimum total value received by
any agent. The best approximation algorithm known for this problem is due to Chakrabarty
et al. [8] achieving an approximation ratio of Q(-X), where n is the number of items. And
the best known hardness of approximation stands at 4 [3, 8]. For more results of the Santa
Claus problem, please refer to e.g. [2, 24, 22].

2  Technical Overview

Our framework. Our algorithms follow the standard framework of the PTASs for MKP [9,
19, 20]. Assume that the optimal objective value OPT is known. We classify items into two
categories:

Ezpensive items: items whose profit is large (say, at least € - OPT);

Cheap items: items whose profit is small (say, less than e - OPT).

By this classification, we may assume that each knapsack contains at most 1/e expensive
items. If some knapsack contains more than 1/¢ expensive items, then we can discard the
extra ones and still maintain optimality.

Since there are constant number of expensive items per knapsack, we can apply the
standard round-and-guess approach to them. We round profits and weights so that each
expensive item belongs to one of constantly many types. We then show that there exists a
feasible solution in which every expensive item is replaced by its (rounded) type. This allows
us to guess, for each knapsack, how many items of each type it receives (i.e., a configuration),
and to pack expensive items according to the guessed configuration while losing only a small
amount of profit.

To handle cheap items, we formulate a linear programming. Since each cheap item has
profit below ¢ - OPT, losing only O(1) cheap items per knapsack decreases the objective by at
most O(g) - OPT. Thus, it suffices to show that we can round an LP solution to an integral
assignment while discarding only a constant number of cheap items per knapsack.

60:3
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For our max—min objective, the main technical challenge can be phrased as follows:

Is it possible to round the items in such a way that there exists a solution in which,
for every knapsack, feasibility is preserved and the loss in profit is small?

We discuss the challenges and techniques for the identical capacity setting and the
arbitrary capacity setting separately.

2.1 Identical Capacities

Without loss of generality, we assume the knapsack capacity B =1 and OPT = 1. Our goal
is to find an assignment such that each knapsack receives total profit at least (% — 5). Let m
be the number of knapsacks.

Challenges. Counsider an optimal solution. The main difficulty is that weight rounding
(in particular, rounding up) may force us to drop some items to restore feasibility, and the
resulting profit loss in a single knapsack may exceed (1/3 + €). This can happen for items
that are highly sensitive to weight rounding, including
Heavy items: items with weight close to 1 (e.g., 1 —o(g)) and profit greater than (1/3+¢);
Exact-fit pairs: two items whose total weight is close to 1 and whose total profit is close
to 1, where each item has profit larger than (1/3 + ¢).
Assume there are knapsacks containing such items in the optimal solution. If the weight of
any item in the above classes is rounded up, one may have to discard at least one such item,
which would incur a profit loss exceeding (1/3 + ¢) and violate the desired guarantee.

Our algorithm. We classify items into heavy/light and expensive/cheap categories.

Step 1 (Heavy items). We round heavy items into a constant number of types and
guess their assignment to knapsacks.

Step 2 (Light-expensive items). Once we know that knapsack j contains a heavy
item h with rounded weight w(h), we can round the weights of light items using the
scaling factor 1 — w(h), and then guess the assignment of light items in each knapsack.
Step 3 (Exact-fit pairs). We determine the placement of exact-fit pairs by solving a
maximum matching problem.

Step 4 (Cheap items). We pack the remaining cheap items by solving a linear program
and rounding its fractional solution.

Main techniques. The main technical component is to show that there exists a solution (of
the rounded instance) in which weight rounding is feasible and incurs a profit loss of at most
(1/3 + ¢) per knapsack. Starting from an optimal solution, we divide knapsacks into two
types depending on whether they contain a heavy item.

(a) Knapsacks with only light items: We show that removing items of total profit at most
(1/3 + ¢) is sufficient to make the weight rounding of the light items feasible.

(b) Knapsacks with both heavy and light items:
(b.1) Heavy items: We apply a rounding and shifting process as follows.

Rounding. We adopt the linear grouping scheme from bin packing [10, 25].
Group the heavy items as follows: the first group contains the heaviest k items,
the second group contains the next heaviest k items, and so on. Here k is chosen
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Figure 1 Illustration of the rounding and shifting procedure. Thick (resp., thin) solid segments
denote heavy (resp., light) items. Dashed boxes highlight the items being shifted, and arrows show
their destinations.

so that the number of groups is constant. We discard the first group (to be
compensated later), and round the weight of heavy items in each group to the
heaviest item in that group.
Shifting. To maintain feasibility, we shift light items groupwise from their groups
to lighter ones (where heavy items are lighter).
This process guarantees that the weight rounding of heavy items is feasible and
the total profit loss is bounded. See Figure 1 for an illustration.

(b.2) Light items: We show that removing light items of total profit at most (1/3 +¢)
from each knapsack is sufficient to make the weight rounding feasible. Moreover, we
prove that these removed items can be reassembled and packed into the knapsacks
in the discarded group created by the heavy-item shifting step.

2.2 Arbitrary Capacities

For more details, see the full version of this paper.

3 Notation

In the bottleneck multiple knapsack problem, we are given a set of m knapsacks with capacity
Bi,...,B,,, and a set I of n items, where each item 7 € T has weight w() and profit p(7).
For any positive integer k, we write [k] = {1,2,...,k}. A feasible solution consists of m
disjoint subsets I1,..., I, C I with Zielj w(i) < By for each j € [m]. Our goal is to find a

feasible solution (I3, ...,I,,) that maximizes the minimum profit received by any knapsack.

More precisely, we want to maximize min;em) ;¢ I p(i).

For any subset I’ C I of items, we use p(I') and w(I’) to denote the total profit and total
weight of the items in I’, respectively.

We define the density of an item ¢ to be p(i) = w1 w(i) = 0, we interpret i as a
dummy (nonexistent) item, and set p(i) = 0 and p(i) = 0. For any subset I’ C I of items,
define its density as p(I') = p(I’)/w(I’).

By scaling, we assume that OPT = 1. In the identical-capacity setting, we normalize
the capacity and write B = 1. In the arbitrary-capacity setting, we assume B; = 1 and
1=B; <By<---< By,

p(i)

4 An Algorithm for Identical Capacities

In this section, we prove Theorem 1.

60:5

ICALP 2026


http://arxiv.org/abs/2605.05233

60:6

Near-Tight Approximation for BMKP

4.1 Proof Roadmap

We introduce the key concepts of our proof and explain their roles at a high level.

1. Item categories. We will define heavy/light items and expensive/cheap items. Our
main focus is on heavy-expensive items and light-erpensive items.

2. Critical items. Given a solution, an item is critical (with respect to this solution) if it
is either expensive or heavy, and packed in a knapsack containing at least three items.
Critical items are exactly the items that we will round.

3. Slack solution. A solution is said to be slack if, in every knapsack, the unused capacity
is large enough to allow the rounding of its critical items. We will define the precise
meaning of “large enough”.

4. Profiles. A profile (of a slack solution) is a subset of heavy items that serves as the
rounded types of critical heavy items. More precisely, it is defined so that, after replacing
each critical heavy item by one of the items in the profile (its rounded type), the resulting
solution remains slack.

Organization of the proof. We guess the critical heavy items, critical light items, non-
critical items successively. Our argument follows an “existence-guessing” pattern: before
each guessing step, we first prove that there exists a slack solution (containing previously
guessed structure); we then guess the assignment of items in this slack solution. The main
technical component is the first existence result.

1. Existence of a slack solution and its profile. We show that there exists a slack
solution whose minimum knapsack profit is at least % — ¢, and whose profile has con-
stant cardinality (Lemma 8). Since the profile has constant size, we can enumerate all
possibilities of the profile in polynomial time (Lemma 10).

2. Guessing critical heavy items. There exists a slack solution with objective value at
least % —2e whose profile is the guessed one (Lemma 13). Moreover, for each rounded type
in the profile, every critical heavy item in this solution is heavier than any non-critical
heavy item of the same type (Lemma 13). We show that these critical heavy items can
be guessed (Lemma 14).

3. Guessing critical light items. There exists a slack solution with objective value at
least % — 3¢ whose critical heavy items are the guessed ones (Lemma 18). Moreover, for
each rounded type of light items, every critical light item in this solution is heavier than
any non-critical light item of the same type (Lemma 18). We show that these critical
light items can be guessed (Lemma 19).

4. Determining non-critical items. Finally, we complete the packing by handling
knapsacks with |[;| = 2 (Lemma 21) and assigning the non-critical cheap items in
knapsacks with |I;| > 3 (Lemma 22).

4.2 Preliminaries

Recall that OPT = 1 and B = 1. Our goal is to compute, in polynomial time, a feasible
solution (I1,...,I,) such that p(I;) > 2 — 6e for all j € [m]. (The constant factor in front
of ¢ is for convenience; by rescaling ¢, one can achieve % — e.) For simplicity, we assume that
e is a sufficiently small constant and 1/¢ is an integer.

We assume that every item ¢ satisfies p(i) < % — 6e. Otherwise, if some item has profit
at least % — 6e, we can assign it to an empty knapsack and remove both the item and that
knapsack from the instance. The remaining instance still admits a solution with objective
value at least 1. Consequently, we can assume that every knapsack in the optimal solution
contains at least two items.
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» Definition 4 (Heavy, Light, Expensive, and Cheap Items). An item i is heavy if w(i) > 1—&2,
and light otherwise. It is expensive if p(i) > €, and cheap otherwise.

We assume that each knapsack contains at most 1/e expensive items. If a knapsack
contains more, we keep an arbitrary subset of 1/ expensive items, whose total profit is at
least 1.

» Definition 5 (Critical Items). Let S = (I1,...,I,) be a feasible solution. The critical items
of S are defined to be the heavy items and the expensive items in any I; with |I;| > 3. All
the items in S that are not critical are called non-critical items.

There are four types of items: heavy-expensive, heavy-cheap, light-expensive, and light-
cheap. We assume w.l.o.g. that heavy-cheap items do not exist. By Definition 4, each
knapsack contains at most one heavy item. If this heavy item is cheap, removing it decreases
the profit of that knapsack by less than e; by rescaling €, we can still state the guarantee
as at least % — €. Therefore, every heavy item is expensive. Combined with Definition 5, it
follows that every critical item is expensive, and thus each knapsack contains at most 1/e
critical items.

» Definition 6 (Slack Solutions). We say that a solution (I1,...,1IL,) is slack if for any
J € [m] with |I;| > 3, exactly one of the following conditions holds.

(i) All the items in I; are light, and w(l;) <1 — g3,

(i) I; contains a heavy item h, and

w(l;) —w(h) < (1 —¢)(1 —w(h)), or equivalently, 1—w(I;)>e(1—w(h)).

The first case in Definition 6 implies that the unused capacity 1 — w(I;) is at least 3.
The second case implies that the total weight of light items w(l;) — w(h) occupy at most
a (1 — e)-fraction of (1 — w(h)). In other words, the unused capacity 1 — w([;) is at least
e(1 —w(h)).

» Definition 7 (Profile). Let T C I be a subset of heavy items. Let S = (I1,...,1,) be a
slack solution. We say that T is a profile of S if, for any I; that contains a critical heavy
item h, there exists t € T such that [p(t)/e] = |p(h)/e| and

w(lj) —w(h) < (1 =¢)(1 —w(t)) < (1 =e)(l —w(h)). (1)

Note that the inequality above guarantees that w(t) > w(h). It implies that if we replace
the heavy item h by t, we have

w((L\ {h}) U{t}) —w(t) = w(I) —w(h) < (1—e)(1 —w(t)).

Therefore, if we round h to t, the resulting solution is still slack.

4.3 Existence of a Structured Slack Solution

We show that there is a slack solution that has a profile of constant size.

» Lemma 8. There is a slack solution S = (I1,...,I,) such that p(I;) > 2 — ¢ for any
j € [m] and S has a profile T C I of heavy items with |T| < O((1)?).

Proof. We first show the existence of a slack solution S with p(I;) > 2 — ¢ for any j € [m].
Then we show the existence of the profile.

ICALP 2026
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*) with

p(X;) > 1 for all j € [m], we convert it into a slack soluton with p(I;) > 2 — & for any

j € [m]. Without loss of generality, we assume every X ; Is minimal in the sense that deleting
any item makes its total profit less than 1.

By assumption, each item has profit of at most 2 — 6 and | X7 > 2 for any j € [m]. If

there exists j € [m] such that X7 contains two items i1, iy with p(i1) + p(iz) > 5 — ¢, then

we simply set I; = {i1,i2}. By Definition 5, they are non-critical items and does not affect

Step 1: Existence of a slack solution. Given an optimal solution (X7,..., X}

slackness or the profile.
We thus restrict attention to the case where, for all i1,i2 € X7,

. . 2
p(i1) + pliz) < 3¢ (2)
We distinguish between the two cases below.
(Case 1) All items in X7 are light. If w(X;) <1—¢&3, thenlet I; = X7 by Definition 6,

this knapsack is slack, and we are done. Therefore, we assume w(X7}) > 1— 3 and partition
the items in X7 into three sets:

Xe={ie X |p(i)>3+ecandw(i) <1-e”},
where w(i) < 1 — €2 holds since all items are light,

Xe={ieX;|p(i)<i+ecandw(i)<e},
and

Xg={ieX;|pli)<3+ecandw(i)>e}.

By construction, X7 = X. U XU Xy If Xy # (), then we can pick any item i € X4 and set
I; = X7\ {i}; by Definition 6, we are done. Therefore, we assume that Xy = 0.

Note that there is at most one item in X, since otherwise there would be two items
whose total profit is at least % — ¢, contradicting equation (2). This implies

w(Xe) = w(X;) —w(Xe) > (1 - ) —(1-e?)=e? -3 > (3)

Let Y C X, be obtained by sorting the items in X. in increasing order of density and
adding them until the total weight first reaches at least €3. The set Y always exists due to
equation (3), and it follows that

g3 <w(Y) <263 (4)

Since Y consists of items with the smallest density, the density of Y is at most the density of
X Recall that X7 is minimal. Fix any i € X.. Then p(X. \ {i}) <p(X; \ {i}) <1, and
since p(i) < 1 + ¢, we get p(X.) < 1+ & +e. Hence, by equation (3) and (4), we have

p(X.) s 1+i+e 1

Y) < Y <2 R B

p( )_U}( ) UJ(XC)_ € 82_53 _3’
where the last inequality holds for 0 < ¢ < ;gﬁé 105 ' Recall that we assume € is a sufficiently

small constant, so the above inequality holds.
Then we let I; = X7\ Y. It is clear that p(l;) = p(X}) —p(Y) >
w(X5) —w(Y) <1—¢? which implies that I; is slack.

TS

—e¢and w(l;) =
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(Case 2) X7 contains a heavy item. By Definition 4, each knapsack contains at most one
heavy item. Denote it by k. If p(h) < & +¢, let I; = X7 \ {h}. Then I; contains only light
items, and

* 2 *
p(j) =p(X7) —p(h) 2 5 =2, w(l) =w(X)) —w(h) <1 -2
By Definition 6, I; is slack. It remains to consider the case where p(h) > 1 +¢.

> Claim 9. Ifp

—~

h) > 3 + ¢, there is a subset Y C X¥ \ {h} with

e<plY)< and  e(w(X}) —w(h)) <w(Y) <2 (5)

J

Wl =

Proof of Claim 9. Let Xjignt = X \ {h}. Since p(h) > % + ¢, every item i € Xjigne satisfies
p(i) < 3 —e. Otherwise p(h) + p(i) > 2, contradicting (2). Recall that p(h) < 2 —¢ < 2 by
assumption and w(h) > 1 — &2 by Definition 4. It follows that

P(Xiignt) = p(X;) — p(h) > % and w(Xjight) = w(X;) —w(h) <1 - (1 - ) =¢e%  (6)

Let Y/ C Xiight be obtained by sorting the items in Xj;45; in increasing order of density

and adding them until p(Y”) > 1/3. Let the last item added to Y’ be [, and set Y =Y’ \ {i}.

Recall that every item in X4+ has a profit of at most % —e. We have

1 1 1

>p(Y) 25— p) 25— (5-¢) = ™)

Wl =

Since Y consists of items of the smallest density, its density is at most the density of
Xiight- Moreover, by minimality of X7, P(Xiignt) = p(XJ’»k \ {h}) < 1. Therefore,

. w(Xyight)
P(Xiight)

The strict inequality follows from (7) and p(Xigh) < 1. Finally, equation (6) implies

p(Y) > e w(Xiight) = e(w(X5) —w(h)).

w(Y) < w(Xjignt) < 2. Combining the above inequalities yields (5), completing the proof.

<

We set I; = X7\ Y where Y is defined in Claim 9. It is clear that p(I;) = p(X;) —p(Y) >

2 _
3 € and

w(l;) —w(h) = w(X7) —w(Y) —w(h) < (1 - ) (w(Xj) —w(h)) < (1—-e)(1 —w(h)),

which implies that I; is slack.

Step 2: Existence of a profile of small cardinality. We have constructed a slack solution
S=(I,...,Inn) with p(I;) > % — ¢ for all j € [m]. Next, we convert S into another slack
solution &’ = (I1,...,I],) whose profile has constant cardinality.

Consider the knapsacks that contain a heavy item in the slack solution S. Let Jy C [m]
be the set of indices j such that I; contains a heavy item. Recall that each such I; contains
exactly one heavy item. We denote it by h;.

We partition Jy into groups according to the value of [p(h;)/e|: two indices 7,5’ € Tu
are in the same group if [p(h;)/e| = |p(hj)/e]. Note that there are at most 1/e such groups
since every heavy item has profit at most % — 6 and at least e. We handle each group

separately as follows.
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Fix an integer ¢ and consider the group K = {j € Ju | |p(h;)/e] = t}. Write
K ={1,2,...,k} after relabeling the corresponding knapsacks, and further relabel so that

w(hy) < wlhg) < --- < w(hy). (8)
For each j € [k], let Y; C X\ {h;} be the set of light items guaranteed by Claim 9.

Recall that I; = X7\ Y;. We now construct new sets I1,..., I} as follows.

e For 1 <j<|ek], let £ = [%] and define

I} = Yj—neer U Yooz U -+ U Yo

By Claim 9, each Y; consists only of light items and satisfies p(Y;) > € and w(Y;) < &%
Hence,

2 2 3
p(I§)2£52§ and w(l}) <le® <e<1-¢,

where 2 < e <1 —¢3 holds for 0 < ¢ < % Therefore, I]’< is slack by Definition 6.
o For |ek] < j <k, let s=j— |ek] and set

I = (L\{h;}) U {hs}.
That is, we replace the heavy item h; by h,. Since s < j, by equation (8), we have
w(hs) < w(hy), and thus w(l}) < w(l;).

Note that |p(hj)/e] = |p(hs)/e], which implies p(hs) > p(h;) —e. By Claim 9 and
I; = X7\ 'Y}, the profit of I; is

1

PUI) = pUI5) + plh) = plhy) = (X)) —p(¥y) —e 2 1= 5 —e =

Meanwhile, we have
w(I}) = w(hs) = w(l;) — w(hy)
< (=) —w(hy))
< (1 =e)(1 = w(hy)). (9)

The first inequality follows from the slackness of I; in S. The last inequality holds since
w(hs) < w(h;). By Definition 6, I} is slack.

Above all, we obtained a slack solution &' = (I1,...,I},). Next, we construct its profile
T. Let 0 = max{1, |ek]}. Let {hs,has,-..,hs} be the representative heavy items of this
group, where r = | 2] = O(2).

For a group with [p(h;)/e] = t, we set Ty = {hs, has, ..., hrs} to be the set of representat-
ive heavy items defined above. Here 1 < ¢ < 1/e because by assumption, & < p(h;) < % — 6e
for any heavy item h;. We then define the profile set 7" to be the union of T} over all groups,
ie, T = Utlfl T;. Since r = O(1) for each group, we have |T| = O((1)?).

It remains to argue that T is the profile of S’ = (I1,...,I],). Towards this, it suffices to
show that equation (1) holds for each T; where 1 < ¢ < 1/e. To see this, observe that for
each heavy item hs € I; where s = j — |ek], there must exist some h; € T with s < j’ < j,

which implies w(hs) < w(hj) < w(h;). Therefore, by equation (9), we have
w(I}) = w(hs) = w(I;) — w(h;)

< (1—¢)(1 —w(hy))

< (1 =) —w(hy))

< (1 =) (1 —w(hy)).

Combined with |p(h;)/e| = [p(hs)/e], we conclude that T is the profile of §" and |T| =
O((1)?). The constructed solution &’ is exactly the solution S claimed in the lemma. <

ANV
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» Lemma 10. After guessing for no((%)2) rounds, at least one of the guesses gives the T
that is the profile of the slack solution in Lemma 8.

Proof. Since |T| = O((£)?), and according to the definition of profile, every element of T

2
must be one of the heavy items (i.e., at most n possibilities), we can guess T via no((é) )
enumerations. <

4.4 Guessing Critical Heavy Items

We have correctly guessed the profile T' C I satisfying Lemma 8. Our goal in this subsection
is to guess the critical heavy items using T'.

In particular, we associate each heavy item h € I with a unique item 7 (h) € T. We
define the label weight and label profit of h to be the weight and profit of 7 (h), respectively.

» Definition 11 (Label weight and label profit). Fiz a profile T C I. For a heavy item h, let
T(h) = {t eT ‘ [@J = L@J and w(t) > w(h)}

If T(h) # 0, choose any t € argminger,y w(z) and define w(h) = w(t) and p(h) = p(t).
Otherwise, define w(h) = +o00 and p(h) = 0.

» Remark. One can view item ¢ as the result of rounding h to a nearby item in the profile 7.
Note that we neither alter the instance nor replace h by t here. Instead, we simply introduce
the notations w(h) and p(h) to label h.

» Definition 12 (Type and <-order). Two heavy items hy,hy are of the same type if
w(h1) = w(ha) and p(h1) = p(he). We define a partial order < on heavy items as follows:
for heavy items hy, ha, we write hy < ha iff hy and hy have the same type and w(hy) < w(hse).
Given a set A of heavy items, an item h € A is <-minimal (resp., <-maximal) if there is no
h' € A with b < h (resp., h < h’).

Note that we cannot directly guess which heavy items are critical within each type because
it may take exponential time. Instead, we may guess the number of critical heavy items of
each type and select them arbitrarily. To guarantee that such a selection is valid, we need
to show that even if we select the heaviest items of each type as critical heavy items, the
resulting solution is slack and have the desired objective value.

The following lemma shows that there exists a slack solution in which, within each
type, every critical heavy item is heavier than every non-critical heavy item (Property iii).
Moreover, the total profit of this solution decreases by at most € compared to the solution
in Lemma 8 (Property i). And the property of profile is preserved (Property ii). Here we
replace the notation w(t) in equation (1) by w(h) .

» Lemma 13. There exists a slack solution S = (I1,. .., I,) satisfying the following.
(i) p(I) > 2 — 2 for any j € m].
(ii) For each j € [m], if I; contains a critical heavy item h, then

w(ly) —w(h) < (1 - £)(1 - @(h)).

(iii) For any critical heavy item h, and for any non-critical heavy item h', if h and h' are
of the same type, then h > h'.

Proof. (See the full version of this paper.) |
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» Lemma 14. After quessing O(n(%)2) rounds, at least one of the guesses gives m disjoint set
Hy, ..., H}, of heavy items such that there exists a slack solution S = (I, ..., I,) satisfying
the following.

() p(Iy) > 2 — 2= for any j € [m].

(if) For each j € [m], if I; contains a critical heavy item h, then

w(l;) —w(h) < (1 —¢)(1 —w(h)).
(iii) The set of critical heavy items of S in I; is ezactly H.

Proof. We first guess the number of critical heavy items of each type in the slack solution &
satisfying Lemma 13. Note that the number of heavy-item types is at most |T| = O((1/¢)?).
Index these types by 71, ..., 7p|. Foreach ( € [|T|] , let ny denote the number of critical heavy
items of type 7, in S, and let (n1,...,n ) be the count vector. We enumerate all possibilities
for (n1,...,ny7|). Since 0 < ny < n for every £, this takes at most nlTl = nO((1/9)*) rounds.

Fix the round that guesses the correct tuple. In this round, for every ¢ € [|T|] we select
the heaviest ny items of type 7¢. Call the union of all selected items H*. By Lemma 13, the
set of critical heavy items used by S is exactly H*.

We distribute the items of H* among m sets Hy,..., H},, allowing empty sets, so that
|H?| <1 forall j € [m] and L, Hf = H*. We can relabel the knapsacks in S so that
property iii is satisfied. Property i and ii follow directly from Lemma 13. |

Note that H either contains one heavy item or is empty, meaning that there is no critical
heavy item in knapsack j.

4.5 Guessing Critical Light Items

Given HY, ..., H}, satisfying Lemma 14, our next goal is to guess the critical light items.
Similarly to heavy items, we define label weight, label profit, type and <-order for light
items.

Let e be a light-expensive item. We define W (e) to be the scaling factor for rounding
the weight of e. To keep the solution feasible after rounding, the factor W (e) should depend
on the heavy item (if any) packed together with e, which is not known in advance. We
therefore use a conservative choice: define t to be the heaviest item in the profile T that
w(e) <1 —w(t), and then let W(e) be (1 — w(t)), where w(t) is given in Definition 11. If
no such ¢ exists, we use a fixed scaling factor 3.

» Definition 15 (Label weight and label profit for light items). Fiz a profile T C I. Let e
be a light-expensive item and define T(e) = {t € T |w(e) <1 —w(t)}. If T(e) # 0, let
t € argmax,er (o) w(x) and set

W(e) =e(1—w(t)).
Otherwise, set W (e) = 3. We define the label weight and label profit of e by

a0 = | | -ween de = |22 )2

For each light cheap item i, we set w(i) = w(i) and p(i) = p(i). For a set of items X, we
define w(X) = > ,cx w(i) and p(X) =3,y b(i).

» Definition 16 (Type and <-order). Two light-expensive items e1,es are of the same type
if w(er) = w(ez) and p(er) = plea). We define a partial order < on light-expensive items by
declaring ey < ey iff e1 and es have the same type and w(er) < w(es).



L. Chen, T. Hu, Y. Mao, Y. Chen, L. Mei, A. Zhang, G. Chen, and G. Zhang

Next, we count the number of different types of light-expensive items. Note that if we

choose W(e) = (1 — w(t)), then we have w(e) <1 — w(t), which implies 57‘1/}‘/((52) < % Ifwe

choose W (e) = &3, then -2 < L On the other hand, 2 is at most %. We have the

eW(e) = - €2

following observation.
» Observation 17 (Constant number of types). There are at most O((% + E%) . E%) = O((%)G)
different types.

The following lemma shows that there exists a solution in which, within each type, every
critical light item is heavier than every non-critical heavy item (Property iv). Moreover, the
total profit decreases by at most ¢ compared to the solution in Lemma 13 (Property i). And
if we replace the weights of all critical items by their label weights, the feasibility is still
preserved (Property ii), where we apply the property of slack.

» Lemma 18. Given H,..., H},, there exists a feasible solution S = (I1,...,1I,) satisfying
(i) p(Iy) > 2 — 3¢ for any j € [m].

(i) For j € [m], the set of critical heavy items in I; is ezactly H.

(iii) For each j € [m], if |I;| > 3, then

w(lj) —w(Lj) + w(L}) — w(H}) + w(Hj) <1,

where L% is the set of critical light items in I;.
(iv) For any critical light-expensive item ey, and for any non-critical light-expensive item
ea, if e1 and ey are of the same type, then e; > es.

Proof. (See the full version of this paper.) <
1
» Lemma 19. Given HY,..., H} , after guessing for m2” rounds, at least one of the

guesses gives m sets L,..., L% of light-expensive items such that there exists a feasible
solution S = (I, ..., 1I,) satisfying

(i) p(I;) = 2 — 4e for any j € [m].

(ii) For each j € [m], the set of critical heavy items of S in I; is exactly H.

(iii) For each j € [m], the set of critical light items of S in I; is exactly L.

Proof. We first guess, for each type of light items, how many critical items of this type
appear in the solution 8’ from Lemma 18. By Observation 17, this can be done in O(n(l/s)G)
rounds. By Lemma 18 iv, selecting the heaviest items with the guessed number in each type
exactly gives the set of critical light items in §’. Denote the set by L*.

We now guess the assignment of critical items in S’ by guessing the assignment of their
types. Let R be the set of indices of all distinct types of critical items (including both

heavy and light items). By Observation 17 and |T| = O((1/¢)?), we have |R| = O((1/¢)%).

Recall that each knapsack contains at most 1/e critical items. A configuration is a vector
r=(ry,...,T/) € RY¢ where 1, specifies which rounded type the k-th critical item in the
knapsack uses (padding with a dummy type if there are fewer than 1/¢ critical items). Thus,
the number of possible configurations is N < |R[Y/¢ < ((1/¢)°) /e — g0(tlogd),

Then we guess the multiplicities of these configurations. Let (c1,...,cn) € ZY, be the
count vector, where ¢; denotes the number of knapsacks using configuration i. We enumerate

all possibilities for (c1,...,cy) satisfying YN | ¢; = m, which has (™Y o) =
1201/ 1B /2D

<m
possibilities.
For convenience, an item is said to have a rounded type, determined by its label weight

and label profit. Note that at least one of the guesses gives the count vector of &’ in Lemma, 18.

Fixing this guess, we obtain m configurations of S’; say ri,...,Tu,.
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We assign the configurations to knapsacks as follows. We compute a perfect matching
between the sets HY,..., H;, and rq,..., 1. We add an edge between HY and r; if either
(1) the rounded type of H} appears in r;, or (2) H; = () and r; contains no heavy-item type.
Note that the perfect matching exists given a correct guess of S’.

Now we construct L7, ..., Ly,. We relabel ry,...,r, such that r; matches H;. For each
rounded type in r;, we select an arbitrary unused original item within this type from the
guessed critical-item set L*. This selection is valid, because for each type, the total number

of occurrences across ry, ..., In equals the guessed number in L*. Then let L7 be the set of
light items selected for r;.
It remains to show the existence of S claimed in the Lemma. Given 8’ = (Iy,...,1I},),

we replace all the critical items in I} with the guessed set L} for all j € [m], while keeping
other items unchanged. Let the resulting solution be S = (I1,..., ;). The construction
guarantees that Property iii is satisfied. By Lemma 18ii, Property ii holds.

Note that p(I;) > p(1;) = p(I}), since we construct L} by selecting light items of the
same rounded types as in r;. It remains to bound p(I}). For any light item [, we have
p(1) — p(l) < €% by Definition 15. Lemma 18i guarantees that p(13) > % — 3¢ for all j € [m].
Since each I} contains at most 1/e critical light items, we have p(I}) > p(I}) — &> 1>2_4e
which completes the proof. |

4.6 Determining Non-Critical Items

It remains to determine the non-critical items (of S in Lemma 19) in each knapsack. There
are two kinds of non-critical items: the items in I; with |I;| = 2 and the cheap items in I;

4.6.1 Determining the items in I; with |I;| = 2

In solution S of Lemma 19, we have p(I;) > % — 4e for all j € [m]. Recall that the profit
of each item does not exceed % — 6e. Therefore, if |I;| = 2, each item has a profit at least
(2 —4e) — (2 — 6¢) > e. We have the following simple observation.

» Observation 20. Items in I; of S in Lemma 19 with |I;| = 2 are expensive.
The following lemma determines the expensive items in all knapsacks.

» Lemma 21. Given (Hy,...,H},) and (L3,...,L})),
time O(m?®) such that there exists a feasible solution S = (I, ..., 1I,,) satisfying
(i) p(I;) = 2 — 4e for all j € [m)].

(i) For each j € [m], the expensive items in I; are exactly E}.

one can compute sets (EY)jc(m) in

Proof. We first compute the sets (£7) cm)- Let E denote the set of all expensive items
and let NE = I\ U;e,, (H; U L}) denote the set of non-critical expensive items. If H} or
L7 is non-empty, then let EY = HY U L?. It remains to determine E7 for knapsacks j with
Hy=1L;=0.

We construct an undirected graph G as follows. Each item in VE corresponds to a vertex,
and we add an edge {u,v} iff

w(u) +w) <1 and p(u) + p(v) > 2 — 4e. (10)

We then compute a maximum matching M in G, which can be done in O(|E|/|NE|) =
O(m*®) time [16]. Let n* denote the number of knapsacks j with Hf = L% = ). We select
arbitrary min{|M|,n*} knapsacks j with H; = L} = (), and set E; to be the pair of items
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corresponding to an edge in M; for all other such knapsacks, we set E7 = (. Tt remains to
show the existence of the desired solution S.

Let 8" = (I{,...,I],) be the solution guaranteed by Lemma 19, and let Z(S') = {j €
[m] : |I}] = 2}. For each j € Z(S§'), writing I} = {uj,v;}, Lemma 19 implies that
p(u;) +p(v;) > 2 — 4e and w(u;) + w(v;) < 1. By the definition of G, this means {u;,v;} is
an edge of G. Moreover, these edges are pairwise vertex-disjoint (since the I;’s are disjoint),
and hence they form a matching of size |Z(S’)| in G. Therefore, a maximum matching M
satisfies | M| > |Z(S')|.

We construct the desired solution § = (I1,...,I,,) as follows. Given &' = (I,. ..
Hf = L7 =0 and E} # 0, then let I; = E7; otherwise, let I; = I7.

We verify that S satisfies Property i. If I; = E7, then by equation (10), p(EJ*) >
Otherwise, I; = I and by Lemma 19, p(I}) > % —4e.

), if

We verify that S satisfies Property ii. If I; = E7, then the property holds trivially.

Otherwise, either at least one of H; and Lj is non-empty, or £ = (). For the former case,
by Lemma 19, the expensive items in [ J’ are the critical items HY U L}, which is exactly E7
by our construction. For the latter case, it implies that H; = L} = (). Thus, the critical (i.e.,
expensive) items in I} are empty, which is exactly E. <

4.6.2 Determine the cheap items in I; with |I;| > 3

Let C'=1\U,¢[n E; denote the set of cheap items. Let the variable x;; € {0,1} represent
whether the cheap item 7 is packed in knapsack j. Relaxing x;; to be fractional, we have the
following LP.

max t
st. p(E)+ Zp(z)x” >t Vi=1,....,m
ieC
w(EY) + Zw(z)x” <B, Vji=1,....m
i€C (11)
inj =1, VielC
j=1
ngijgl, VieC’,j:I,...,m.

Note that Lemma 21 guarantees a feasible solution to the above LP with objective value
at least % — 4e. Applying Lemma 22 below, we can obtain an integral feasible solution with
objective value at least % — 4e — 2max;ec p(i). Since items in C are cheap, this objective
value is at least % — 6¢, which completes the proof of Theorem 1.

» Lemma 22. Given nonnegative p(i),w(i),t;, B; and a fractional solution xfj to the
following linear system:

S (el >t Vi=1,....m

i=1

Zw(i)xzijBj, Vi=1,...,m

=1 (12)
;=1 Vi=1,--,n

j=1

0<z; <1, Vi=1,---,nj=1,...,m

2 _
3 4e.

60:15

ICALP 2026



60:16

Near-Tight Approximation for BMKP

we can compute in polynomial time an integral solution xj; to the following:

n
Zp(z)xfj th_meaxa ijl,,m
i=1

Zw(z)xfj <Bj, Vi=1,....m
i= (13)
Zz’szl, Vi=1,---,n

j=1
r;; €{0,1}, Vi=1,-- ,nj=1,....,m

where Pmax = max; p(t).

Proof. (See the full version of this paper.) <

5 An Algorithm for Arbitrary Capacities

See the full version of this paper.

6 Hardness Result

We prove Theorem 3 in this section. We will give a reduction from the restricted numerical
3-dimensional matching problem (RN3DM), which is known to be strongly NP-complete [27].

We first describe the numerical 3-dimensional matching problem (N3DM). Given are
three multisets of integers U, V,W where |U| = |V| = [W| = n together with an integer ¢,
the goal is to find a subset M C U x V x W such that every element in U UV U W occurs
in M exactly once, and for every (u,v,w) € M, u+v+w =1t.

The restricted numerical 3-dimensional matching problem further requires that V =W =
{1,2,--- ,n} and U C [O(n)]. The following is an equivalent statement.

» Definition 23 (RN3DM). Given a multiset U = {uy,...,u,} of nonnegative integers and
an integer t such that Z?Zl uj +n(n+ 1) =nt, does there exist two permutations v and w

of {1,...,n} such that
uj+v(j)+w(g)=t, forj=1,...,n?
Now we are ready to prove Theorem 3.

Proof of Theorem 3. Given an instance of RN3DM with U = {uj,...,u,} and ¢, we
construct an instance of BMKP as follows. There are 2n items and n knapsacks. Every item
has a profit of 1. For ¢ =1,2,--- ,n, there are exactly two items of weight ¢. The capacity of
knapsack j € [n] is B; =t — u,.

We first show that if the answer to the given RN3DM instance is “yes”; then the
constructed BMKP instance admits a feasible solution with objective value 2. This follows
by observing that we can pack two items into each knapsack j, one of weight v(j) and one of
weight w(j). The fact that v and w are permutations of [n] guarantees that we have packed
exactly two items of weight i for every ¢ =1,2,--- n.

Next, we show that if the constructed BMKP instance admits a feasible solution of
objective value 2, then the answer to the given RN3DM instance is “yes”. Since there are n
knapsacks and 2n items, each of profit 1, it is clear that in this feasible solution all items are
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packed, and every knapsack contains exactly two items. Moreover, observe that the total
weight of all items is exactly 2+ (1+2+---+n) =n(n+1) =nt — 37 u; = >, By, thus
the total weight of the two items in knapsack j is exactly B; =t — u;.

Now we construct the two permutations v and w for the RN3DM instance based on the
assignment of items. Specifically, consider the weights of the two items in knapsack j. We
will show that it is possible to set one weight as v(j) and the other weight as w(j) such
that v and w are both permutations. As we showed above that the total weight of items in
knapsack j is exactly Bj, v(j) +w(j) =t — u; follows directly.

It remains to show which of the two item weights in knapsack j should be set to v(j) (and
the other is w(j)) so that v and w are permutations. We present an algorithm for achieving
this. For ease of description, we take a graphical view. We create a graph G = (Q, E) as
follows. Each item is represented as a node, so there are in total 2n nodes. When we set
the weight of an item as v(j) (or w(j)), we color the node corresponding to this item red
(or blue). We may also abuse the notation by saying we color an item red or blue. The two
items in the same knapsack are called partners. We create two types of edges: (i) an edge
between the two nodes corresponding to partners, (ii) an edge between two nodes whose
corresponding items have the same weight.

Consider graph G. The degree of every node is either 1 or 2. Consider an arbitrary node
q € Q of degree 1, and let (g, q') be the edge incident to it. Then the two items corresponding
to ¢ and ¢’ are in the same knapsack, and have the same weight. We color ¢ red and ¢’ blue,
and then remove the two nodes from graph G.

After removing all the degree 1 nodes, let G be the residual graph, and Gy, Gy, - , Gy
be its connected components. Since the degree of every node in each C_Jj is exactly 2, éj is a
cycle. Let the cycle be (q1,¢2, - ,qr). We observe the following.

» Observation 24. k = |G| is even for every j.

Proof. Suppose, on the contrary, that k is odd. Without loss of generality, let g1, g2 be two
items of the same weight, then ¢o, g3 are partners, and g3, g4 are two items of the same weight,
etc. We get that qx_1, g are partners, and gx, ¢; have the same weight. Then q1, g2, gx all
have the same weight. Since there are at most 2 items of the same weight, we get k = 2,

which is a contradiction. <
Since k is even, for each cycle (q1,92, - - ,qx), we color g1, 4¢3, -+ ,qrx—1 red and g2, q4, - - , G
blue.

Now we have colored every node either red or blue; it remains to obtain the permutation
v and w from this coloring. According to our coloring, every edge is between a red node and
a blue node, which means: (i) Partners (items in the same knapsack) always have different
colors. (ii) Items of the same weight always have different colors. Thus, the n red nodes
correspond to n items on n knapsacks, and their weights are exactly 1,2,--- ,n. Hence,
define v(j) (or w(j)) as the weight of red (or blue) node in knapsack j, v(j) and w(j) are
permutations.

The above argument shows that the answer to the given RN3DM instance is “yes” if and
only if the constructed BMKP instance admits a feasible solution with objective value 2.

Observe that, for our constructed BMKP instance, the objective value is at most 2. Recall
that the instance contains 2n items and n knapsacks, and every item has profit 1. If some
knapsack contains at least three items, then the remaining n — 1 knapsacks together contain
at most 2n — 3 items. By the pigeonhole principle, at least one knapsack contains at most
one item, and thus the objective value is at most 1. Otherwise, every knapsack contains at
most two items, and thus the objective value is at most 2. In either case, the objective value
is at most 2.
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Now suppose that BMKP admits a polynomial-time (% + &)-approximation algorithm for
some constant € > 0. Given an RN3DM instance, we construct the corresponding BMKP
instance and run this algorithm. If the answer to the RN3DM instance is “yes”, then OPT = 2
for the BMKP instance and the algorithm returns a solution of value at least (1 +¢) -2 > 1,
which exactly computes the optimal solution. If the answer is “no”, then OPT = 1 and
the returned value is at most 1. Thus, the algorithm would allow us to decide RN3DM in
polynomial time, completing the proof of Theorem 3. |

7 Conclusion and Discussion

We studied the bottleneck multiple knapsack problem (BMKP) under both identical-capacity
and arbitrary-capacity settings. For identical capacities, we presented a polynomial-time
(2 — &)-approximation algorithm, which nearly matches the known (2 + ¢) inapproximability
bound [5]. For arbitrary capacities, we established a nearly tight guarantee at % by giving a
(% — ¢)-approximation algorithm together with a (% + ¢)-inapproximability result.

Several intriguing questions remain open. First, although the % approximation ratio is
known to be tight for the bottleneck multiple subset sum problem with identical capacities,
it remains unclear whether a %—approximation is achievable when the knapsack capacities of
the subset sum problem are arbitrary.

Our hardness result in Theorem 3 shows that, for arbitrary capacities, no (% + e)-
approximation algorithm exists for any constant ¢ > 0, unless P = NP, even in the re-
stricted case where all item profits are 1. This naturally raises the question of whether a
%—approximation can be achieved in this unit-profit setting.

Another interesting direction is to study intermediate models between identical and
arbitrary capacities. In particular, it is open whether a (2 — ¢)-approximation is achievable

3
when the number of distinct knapsack capacities is bounded by a constant.
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