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—— Abstract

The relative-error property testing model was introduced in [11] to facilitate the study of property

testing for “sparse” Boolean-valued functions, i.e. ones for which only a small fraction of all input
assignments satisfy the function. In this framework, the distance from the unknown target function
f that is being tested to a function g is defined as Vol(f A g)/Vol(f), where the numerator is the
fraction of inputs on which f and g disagree and the denominator is the fraction of inputs that
satisfy f.

Recent work [12] has shown that over the Boolean domain {0,1}", any relative-error testing
algorithm for the fundamental class of halfspaces (i.e. linear threshold functions) must make Q(logn)
oracle calls. In this paper we complement the [12] lower bound by showing that halfspaces can be
relative-error tested over R™ under the standard N(0, I,,) Gaussian distribution using a sublinear
number of oracle calls — in particular, substantially fewer than would be required for learning. Our
results use a wide range of tools including Hermite analysis, Gaussian isoperimetric inequalities, and
geometric results on noise sensitivity and surface area.
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Sublinear-Query Relative-Error Testing of Halfspaces

1 Introduction

Over the past three decades Boolean function property testing has become a well-established
research topic in theoretical computer science, see e.g. the books and monographs [45, 29, 3].
In this paper we consider an extension of the standard model of property testing, known as
relative-error testing, which was recently proposed in [11].

To describe the relative-error model, we first recall that in the standard model of Boolean
function property testing the goal is to distinguish between the two cases that (i) f € C,
where C is the class of functions that have the property that is being tested, versus (ii) f is
e-far (under the uniform distribution) from every function in C, meaning that

dist(f,C) > e, where dist(f,C) := r;ggdiSt(ﬁ g) and dist(f,g) := mN%:(’)rl}n[f(oc) # g(x)].
A testing algorithm in the standard model can obtain information about the unknown
function f :{0,1}™ — {0,1} that is being tested by making black-box oracle calls to f.

The impetus for the study of relative-error testing is that the standard model described
above is poorly suited for testing sparse functions, i.e. functions which have few satisfying
assignments. This is because any such function has very small uniform-distribution distance
to the constant-0 function, and so the tester can simply ignore the input function f and
answer according to the constant-0 function. Indeed, for sparse functions it is arguably more
natural to ask whether f is “close” to having the property of interest (i.e. close to belonging
to C) for a notion of closeness that is relative to the small size of f~1(1) rather than to the
“absolute” scale of all 2" possible inputs.

With this motivation, the relative-error property testing model which was defined in [11]
changes the standard model in the following ways:

The distance between the target function f and a function g is now measured using
relative distance, which is the uniform-distribution distance defined above scaled by the
sparsity of f:

ie. reldist(f,g) = dist(f, )

_ Proconyn[f(2) # g(z)] _
) Pro o1y [f(w) =1

[-di =
rel-dist(/, 9) Pro oy [f(x) =1] ~

Relative distance thus captures the distance between f and g at the scale of f, and
continues to be meaningful even if f is very sparse.!

In addition to the usual black-box oracle for f, a relative-error testing algorithm can also
access a random sample oracle SAMP(f), which takes no input and returns a uniform
random satisfying assignment & ~ f~1(1). (Note that without a SAMP(f) oracle, many

black-box queries to f could be required even to find a single satisfying assignment of f.)

After the introduction of the relative-error testing model in [11], the relative-error
testability of a number of well-studied properties (or classes of functions) was investigated
in a number of papers [14, 15, 12, 9, 10]. Before turning to the specific results in those
papers, we first give a quick overview of the general relationship between standard-model
testability and relative-error testability.

L Tt is easy to verify, as observed in [11], that while rel-dist is not perfectly symmetric, if rel-dist(f, g) =
e < 1/2 then rel-dist(g, f) is also ©(g), so rel-dist is symmetric up to constant factors in the setting we
are interested in.
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Standard-model versus relative-error testability. As shown already in [11], standard-model
testing is never more difficult than relative-error testing: for any class C, if C is relative-error
testable to error € using q oracle calls then C is also standard-model testable to error € using
O(q/¢) oracle calls. (We remark that [14] gave a slight sharpening of this result under mild
assumptions about the class C.) On the other hand, [11] showed, by considering a contrived
class of functions, that relative-error testing can sometimes be much more difficult (require
many more queries) than standard-model testing. This artificial class of functions leaves open
the following natural question: for “natural” classes of functions that are commonly studied
in computational learning theory and concrete complexity, how does the query complexity of
testing in the standard model compare to the relative-error model?

Relative-error testability of well-studied properties. The above question has been the
subject of a significant amount of recent research [11, 14, 15, 12, 9, 10]. Most of these
results suggest that — unlike the contrived example of [11] alluded to above — relative-error
testing often turns out to be essentially no more (or at least not much more) difficult than
standard-model testing for “natural” classes of functions C. In particular, the papers [11, 14,
15, 9, 10] show that for the classes of monotone Boolean functions; unate Boolean functions;
conjunctions; decision lists; k-juntas; subclasses of k-juntas such as size-k decision trees and
size-k branching programs; and s-term DNF formulas, the query complexity of relative-error
testing is at most some fixed polynomial in the query complexity of standard-model testing.

However, an intriguing exception was discovered in the very recent work of [12] on testing
halfspaces, also known as linear threshold functions or LTFs.?2 Halfspaces are one of the most
intensively studied classes in computational learning theory, dating from the introduction
of the Perceptron algorithm more than sixty years ago [5, 43] down through to the present
day [33, 17, 24, 23, 8]. They have also been studied intensively both in property testing, see
e.g. [28, 37, 36, 20, 21, 32, 13], and in other fields including probability theory and Boolean
function analysis, see e.g. [38, 41, 39, 7, 18, 25]. In [37] halfspaces were shown to be testable
in the standard model with poly(1/e) queries independent of the ambient dimension n; in
contrast, [12] gave an Q(log n) lower bound on the number of queries that are required in
the relative error model.

Given the [12] lower bound, a natural goal — which is the focus of the current paper — is
to gain a better understanding of the query complexity of testing halfspaces in the relative-
error model. In particular, the main question driving our research is the following: can
n-dimensional halfspaces be relative-error tested with a number of queries that is sublinear
in n? As motivation for this specific question, we remark that (as is well known) in many
learning models the problem of learning an unknown halfspace is known to require O(n)
samples or queries. Since the complexity of learning is an upper bound on the complexity
of testing (see [30]), it is natural to aim for o(n)-query testing algorithms, since this would
show that testing is easier than learning, which is one of the central motifs and motivations
for property testing of Boolean functions. We further remark that the sample and query
complexity of testing halfspaces in the distribution-free model is known to be ©(n) [4, 13],
which lends additional impetus to the question of understanding whether it is possible to
achieve sublinear complexity in the relative-error testing model.

2 Recall that an n-variable halfspace is a function of the form sign(w - z — 6), with some w € R™ and
0 eR.
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1.1 Our contributions: Sublinear relative-error testing of halfspaces

Before describing our main results, we give some more context on halfspace testing in the
standard model. Halfspace testing has primarily been studied under two distributions, which
correspond to discrete and continuous domains. These are the usual uniform distribution
over {0,1}" [37, 36] and the standard N(0, I,,) Gaussian distribution over R™ [37, 41, 20, 21].
For N(0, I,), the “standard-model” distance between f, g : R™ — {£1} is simply

dist(f,9) == Pr [f(zx)# g(z)].

x~N(0,1)"

In the standard model [37] showed that halfspaces can be tested using only poly(1/e) queries
under both the uniform distribution over {0,1}" and the Gaussian N (0, I,,) distribution
over R™. The [37] result for {0,1}"™ essentially uses their result over the Gaussian space as a
subroutine.? Thus, developing relative-error halfspace testing algorithms for the Gaussian
distribution is a natural first step towards obtaining improved results for the uniform
distribution over {0,1}".

Towards this end, as the main results of this paper we provide three sublinear-query
testing algorithms for halfspaces, all over the Gaussian space, where the relative distance
between f and another function g, where f,g : R" — {0, 1}, is defined (analogous to the
Boolean setting) as

rel-dist(f, g) = eI @ ZI@] -y g ) — dist(/,9)

Pro no,)[f(x) =1] 7 Pro.no,0,)lf(x) = 1]

and in this setting a call to the random sample oracle SAMP(f) returns a draw from the

Gaussian distribution conditioned on f~1(1). (See Section 3 for a more detailed definition of
the model.)

» Remark 1. Before detailing our algorithmic results, we remark that by combining the
poly(1/e)-query testing algorithms of [37, 41] for halfspaces under the Gaussian N (0, I,,)
distribution in the standard model and Fact 9 of [11], we easily obtain relative-error testing
algorithms with query complexity poly(1/(ep)) when we are promised that the “Gaussian
volume” Pryo,7,)[f(x) = 1] of the function f being tested is at least p. (Intuitively, this
is because achieving relative error ¢ for a “p-volume” function is the same as achieving
standard error ep.) However, this is a very poor bound in the (most interesting) case when
p is very small; in the results below, we achieve an exponential improvement by giving
algorithms whose dependence on n is sublinear and whose dependence on p is only inverse
poly-logarithmic.

Our results. For our first two results, the algorithm is assumed to be given (an accurate
estimate of) the “Gaussian volume” p := Pry g 1) [f(2) = 1] of the unknown target function
f, which we sometimes refer to as the volume of f and denote by Vol(f). In the third result,
the algorithm is only given a lower bound pp,;, on Vol(f) rather than an accurate estimate.
We first give informal statements of our three algorithms’ guarantees and provide detailed
theorem statements later.

1. The first algorithm (see Theorem 2) uses poly(log(1/p), 1/¢) samples and queries to do
e-relative-error testing. At a high level, similar to [41], the algorithm relies on the robust
extremal isoperimetric properties of halfspaces over the Gaussian space. See Section 2.1
for a more detailed description of the ideas underlying this algorithm.

3 We remark that a very different tester for the Gaussian space than the [37] tester was given by Mossel
and Neeman in [41]; these results will be discussed in more detail later.
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2. The second algorithm (see Theorem 3) uses O(y/n) - poly(log(1/p),1/e) samples to do
e-relative-error testing. In contrast with the first one, this algorithm does not use any
black-box queries to f, only random samples drawn from SAMP(f). The high-level idea
behind this tester is that for halfspaces over the Gaussian space, the level-1 Hermite
weight depends only on the bias of the function, and this relationship is robust enough to
serve as the basis for a testing algorithm (Section 2.2 gives a more complete overview).
We note that similar ideas were used in the original work of [37] for testing under the

Gaussian distribution, as well as a number of other related works including [32] and [22].

3. The third algorithm (see Theorem 4) addresses the problem when p is unknown; it only
requires a lower bound pn,i, on the value of p rather than an accurate estimate. It uses
O(y/n) - poly(log(1/pmin), 1/¢) samples and queries to do e-relative-error testing. The
high level idea is to use the estimator from the proof of Theorem 3 to obtain an upper
bound on p, in conjunction with a variant of Theorem 2 which only errs if it is given an
estimate of p which is too low. See Section 2.3 for a more detailed overview of the main
ideas underlying this algorithm.

Here are detailed statements of our algorithmic results:

» Theorem 2 (Gaussian halfspace testing for known p). There is an algorithm GSA-TEST with
the following property: If GSA-TEST is given sample access SAMP(f) and black-box access
MQ(f) to a measurable function f : R™ — {0,1}, a parameter €, and an estimate p of
p := Vol(f) satisfying

6152

log*(1/p)

<

T <p<(1+4+{)p, where (=

T

for a suitably small absolute constant ¢; > 0, then it makes O(e~*1og™(1/p)) calls to the
oracles to test whether f is a halfspace or e-far from any halfspace in relative distance.

» Theorem 3 (Sample-based Gaussian halfspace testing for known p). There is a sample-based
algorithm HERMITE-TEST with the following property: If it is given sample access SAMP(f)
to a measurable function f : R™ — {0,1}, a parameter ¢, and an estimate p of p := Vol(f)
satisfying

2
L<ﬁ§(1+77)107 where U:L

1+ log(1/p)

for some suitably small absolute constant co > 0, then HERMITE-TEST makes
log?(1 -
max{@(\/? | log (4/p))’@ (Vf)}
€ € €

calls to SAMP(f) to test whether f is a halfspace or e-far from any halfspace in relative
distance.

3

We remark that the requirement in Theorem 3 that HERMITE-TEST is given an estimate
of p is inherent to any sample-based algorithm rather than a limitation of our arguments. In
the full version we observe that any algorithm which uses only samples from SAMP(f) and
is not given an estimate of p must draw (n) samples, even if we are given a promise that p
is either 1/2 or 1.
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» Theorem 4 (Gaussian halfspace testing for unknown p). There is an algorithm COMBINED-
TEST with the following property: If it is given sample access SAMP(f) and black-box access
MQ(f) to an unknown measurable function f: R™ — {0,1}, which is guaranteed to satisfy
p := Vol(f) > Pmin, and a parameter , then it makes

o (W . 1og6<1/pmm>>

e2 cl2

calls to the oracles to test whether f is a halfspace or e-far from any halfspace in relative
distance.

2  Technical overview

2.1 Our algorithm for halfspace testing using queries and samples:
Overview of Theorem 2

To explain the main idea of Theorem 2, we start by recalling two fundamental notions
in Gaussian analysis. For any set A C R", its Gaussian volume, denoted by Vol(A), is
Pr,n(o,1,)[x € A]. Furthermore, if A is sufficiently smooth, we can also define its Gaussian
surface area, denoted surf(A), as [ _,, ¥n(z)do(z), where ¢, (-) denotes the standard n-
dimensional Gaussian density; in other words, we integrate the standard Gaussian density
over the surface of A. Given these notions of volume and surface area over the Gaussian
space, one is naturally led to the “isoperimetric problem:” for a given (Gaussian) volume,
what set minimizes the (Gaussian) surface area?

This question was answered by Borell [6] and Sudakov-Tsirelson [46], who showed that
for any 0 < p < 1, for any measurable set A C R" with Vol(A) = p, it always holds
that surf(A) > surf(H,) where H, is a halfspace with Vol(H,) = p. In other words, in the
Gaussian space, for any given volume p, the halfspace with volume p has minimal surface area.
Subsequently, Ehrhard [26] showed that halfspaces are the unique minimizers of the Gaussian
surface area. In other words, if a set A C R™ has Vol(A) = p and surf(A) = surf(H,), then
the set A is a halfspace.

One is now naturally led to the robustness question: Suppose a set A has Vol(A4) = p and
surf(A) is d-close to surf(H,). Then is it the case that A is §’-close to a halfspace, where
§" — 0 as § — 07 Cianchi et al. [16] were the first to affirmatively answer this question. Soon
thereafter, in a significant breakthrough, Mossel and Neeman [40] obtained a “dimension free
robust isoperimetry result”, i.e. one in which the dependence between 4’ and 0 is independent
of the ambient dimension n.

This result was quantitatively improved by Eldan [27] and then by Barchiesi et al. [2]
(the latter result is the underlying technical ingredient we use in Theorem 2). A natural
question at this point is “what is the connection between robust isoperimetry and testing
halfspaces?”

The connection arises from a 2014 result of Neeman [42], who gave an algorithm for
testing surface area over Gaussian space. The precise technical guarantee is somewhat
cumbersome to state, but roughly speaking, the algorithm makes poly(S, 1/¢)-queries to an
unknown set A and (i) accepts with high probability if surf(4) < S, but (ii) rejects with
high probability if surf(B) > (1 +¢)S for every set B which is e-close to A*. Now, observe

4 This perturbation of A is necessary because one can increase the surface area of a set arbitrarily by
modifying on a measure zero set.
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that if an unknown set A of some given volume p is a halfspace, then its surface area is
exactly given by ¢(®~1(p)) where @ is the cdf and ¢ is the pdf of the standard Gaussian.
So to test whether A is a halfspace, we can use Neeman’s algorithm to test whether its
surface area is essentially that of a halfspace of volume p, and accept if and only if that is
the case. Correctness of this simple algorithm is established using the dimension-free robust
isoperimetry result of Barchiesi et al. [2] that was mentioned above.

2.2 Our algorithm for sample-based halfspace testing: Overview of
Theorem 3

Our starting point for Theorem 3 is the work of Matulef, O’Donnell, Rubinfeld, and Serve-
dio [37] which gives an algorithm (the “MORS algorithm”) that tests halfspaces over R™
using O, (1) queries. The MORS algorithm relies on two structural ingredients:

First, there is a function U : [0,1] — R (see the full version) which, given as input the
volume Vol(f) of a function f : R™ — {0,1}, tells us exactly what the level-1 Hermite
weight

n

W= E [f(@) =z

~N(0,I,

would be if the function f were the indicator function of a halfspace.

Second, if U(Vol(f)) ~ W=L[f], then the set f is close to some halfspace.

The above facts suggest a natural algorithm: estimate Vol(f) and W=![f], and then compare
U(Vol(f)) to W=L[f]. (We remark that the MORS algorithm uses queries to do this.)

The algorithm HERMITE-TEST (see the full version) that yields Theorem 3 can be viewed
as a relative-error, sample-based variant of the MORS algorithm. Our main technical lemma
(see the full version) shows that if U(Vol(f)) is sufficiently close to W=1[f] in a suitable
sense, then f is close under relative distance to some halfspace. In this sense, this lemma can
be viewed as a relative-error strengthening of the second structural ingredient of the MORS
algorithm above. With this lemma in hand, we apply a test which is similar in spirit to the
MORS algorithm: estimate W=![f] and see if it is (sufficiently) close to U(Vol(f)).

This leads to a second technical challenge: in order to get a sample-based algorithm we
must accurately estimate W=1[f] using access to samples from SAMP(f) alone. (Note that
the MORS algorithm relies on query access to the function f, and there are sample-based
testers [1, 32] that rely on labeled samples from f as opposed to just positive samples from
SAMP(f).) To accomplish this, we employ a recent estimator used in a different context
by [22, 19] (for the problem of detecting distribution truncation) which is as follows: given
a draw of 2m ii.d. samples 2™, ... 2™ ¢y 4™ < SAMP(f), we compute the
statistic

1 N
T:= ﬁZx( ).y,
i

It is readily verified that E[T] = Vol(f)~2? - W=L[f]; since Vol(f) is known, we can estimate
W=1[f] if we can estimate E[T]. To estimate E[T], we must establish a bound on the
variance of T'; to do this, we employ (consequences of) hypercontractivity of the Gaussian
measure (see Chapters 9 and 11 of [44]), drawing inspiration from recent work [19].

61:7

ICALP 2026



61:8

Sublinear-Query Relative-Error Testing of Halfspaces

2.3 Our algorithm for halfspace testing when the volume is unknown:
Overview of Theorem 4

We obtain the algorithm of Theorem 4, which does not need to have (an estimate of) the
value of p, by combining the ideas underlying Theorem 2 and Theorem 3, as well as bringing
in new ideas. In particular, a crucial structural property of LTFs which we use for Theorem 4
is the following: not only does the level-1 Hermite weight of an LTF f depend only on the
bias of the function E[f] as mentioned earlier, but under the Gaussian distribution LTFs
are in fact robustly extremal, among all {0, 1}-valued functions, in terms of how their level-1
Hermite weight depends on on the bias of the function. In more detail, writing h, to denote
a halfspace with Gaussian volume p, it is the case that any function f: R™ — {0,1} with
Gaussian volume p must satisfy

WL f] < W[, (1)

(As alluded to in the last paragraph of Section 2.2, the LHS of the inequality above is
precisely Vol(f)? - Eg y.¢—1(1)[x - y].) Moreover the inequality can only be an equality if f
is a halfspace, and it can only be close to an equality if f is close to a halfspace. Versions
of this structural property are established, in varying degrees of explicitness, in Theorem 7
of [34], Theorem 26 of [37], and Theorem 3.3.4 of [31]; our result (see the full version) gives
a version of this which is — crucially, for our purposes — quantitatively stronger than those
earlier results in the small-p regime.

With this perspective, we can reinterpret the testing algorithm of Theorem 3 in the
following light: if the algorithm were not given p, it could compute an estimate 7 of
Eqy~f-1(1)[® - y] using draws from SAMP(f) and solve the equation

for the value po. If f were an LTF and the value of 7 were precisely the value of Eg . y—1(1)[2-
], then this would give us the exact correct value ps = p. On the other hand, because of
the extremal property (1) mentioned above, if f is far from every LTF then (up to a small
factor due to estimation error) the value of py will be significantly larger than the true value
p = Vol(f).

Now let us return to Theorem 2; the key for our analysis is that this result relies on a
robust extremal property of LTFs that goes in the other direction. Recall that the Theorem 2
algorithm essentially works by estimating

[f(®) # f(y)l, e Pr [f(y) = 0]

r
x~ f71(1),y~Na () @~ f~1(1),y~Nx ()

(where “y ~ Ny (x)” means that y is a A-correlated random perturbation of x; see Section 4.2
for a formal definition), and checking whether it takes the “right value” that it should take
for an 0/1-valued LTF with expectation p, which is ﬁSensA (LTF,) =Cy/Aln(1/p). In the
Theorem 2 algorithm we use a value of A which depends on p, but for a fized value of A, the
function iSensA (LTFp) is a decreasing function of p; as we will see, this will be crucial for
us.

Now, known isoperimetric properties of halfspaces can be shown to imply that if f is any
{0, 1}-valued function f with Vol(f) = p, then f must (essentially) satisfy

f@) # f@)] > %Sensmp);

Pr
x~f=1(1),y~Na(z)
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i.e. that halfspaces are minimizers of the quantity Pryr-1(1)y~n, (2)[f(x) # f(y)], which
the algorithm of Theorem 2 estimates from samples and queries. This means that if we
run the algorithm of Theorem 2 with the value py obtained from the modified algorithm of
Theorem 3 as described earlier, there are two possibilities:

If f is a halfspace, then py will be (approximately) equal to the true value of p, and since
we are running the algorithm of Theorem 2 with (essentially) the right value of p, it will
accept.
On the other hand, if f is far from every halfspace, then as explained earlier ps will be
significantly larger than the true value of p. But since iSens)\ (LTF,) is a decreasing
function of p, the algorithm of Theorem 2 can only accept if it is run on a “guessed” value
of Vol(f) which is either equal to or smaller than the true value of Vol(f). So in this
case, the algorithm will reject.
This concludes the overview of the proof of Theorem 4. One point of technical interest is
that the actual proof of Theorem 4 does not use Theorem 2 as a black-box. In fact, unlike
Theorem 2 which crucially relies on the robust isoperimetry results of [2], Theorem 4 only relies
on the classical result of Borell [7] which states that halfspaces are the minimizers of noise
sensitivity. The result of Borell has many proofs by now, including some quite elementary
(see [18] and references therein). So, arguably, the proof of Theorem 4 is significantly simpler
than that of Theorem 2 (though conceptually, Theorem 4 is inspired by Theorem 2).

3 Preliminaries for relative-error testing over N (0,1)"

We use boldfaced letters such as x, f, A, etc. to denote random variables (which may be
real-valued, vector-valued, function-valued, or set-valued; the intended type of the random
variable will be clear from the context). We write & ~ D to indicate that the random variable
x is distributed according to probability distribution D.

We will write (e;)?"_; for the collection of standard basis vectors in R™. Given two sets A
and B, we use AA B to denote their symmetric difference, i.e. AAB = (A\ B)U(B\ A).
As in [44] we write N for the set N ={0,1,2,...}.

The Gaussian distribution and Gaussian relative-error testing. We will write N(0,1,,) to

denote the n-dimensional standard Gaussian distribution, and denote its density function by

¥n, i.e., for z € R™,
1

(2m)"

Spn(x) e '67”‘1’”2/2.

We frequently write ¢ = 1 to denote the one-dimensional standard Gaussian density. We
write Vol(K') to denote the Gaussian measure of a (Lebesgue measurable) set X' C R™, that
is

Vol(K) := 15)(51 )[:L' € K].

Given a 0/1-valued function f : R™ — {0,1}, we write Vol(f) to denote Vol(f~1(1)).
Finally, we will write ® : R — (0, 1) for the c.d.f. of N(0,1), i.e.

)=, Pr <= [ e

We will frequently use the following standard tail bound on (univariate) Gaussian random
variables:

ICALP 2026
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» Proposition 5 (Proposition 2.1.2 of [47] or Exercise 2.2 of [48]). Suppose g ~ N(0,1) is a
one-dimensional Gaussian random variable. Then for all r > 0, we have

(11)-¢<r>s<b<r> Pr [ng]§(11+ 3)-¢<r>.

roor3 g~N(0,1) roor3 B
From Proposition 5 we get the following estimate on ®(-) that will be convenient:

» Fact 6. Let r be any positive value bounded away from 0 by an absolute constant,
e.g. 7> 0.01. Then we have 1 — ®(r) = ®(—r) = O(e~""/2/r).

Gaussian relative-error testing. The model of relative-error testing under the Gaussian
distribution is a natural variant of the model of relative-error testing over {0, 1}" that was
described earlier. Now a call to SAMP(f) returns a draw from N(0,1)"|s-1(1), the standard
Gaussian distribution conditioned on f~!(1). Similar to before, a relative-error testing
algorithm for C must output “yes” with high probability (say at least 9/10; this success
probability can be easily amplified) if f € C, and must output “no” with high probability
(again, say at least 9/10) if rel-dist(f,C) > ¢, where rel-dist(f,C) = mingec rel-dist(f, g) and
the relative distance between f and g is defined as

rel-dist(f, g) = Yol \(/(1)1)(?)9 (1)

Testing algorithms in the standard model. For handling certain edge cases, we will rely on
known testing algorithms in the standard (not relative-error) property testing model. One
such result that we will use is the following theorem due to [37]:

» Theorem 7 (Theorem 26 of [37]). There is an algorithm MORS-TESTER that, when given
error parameter € > 0 and oracle access to f : R™ — {0,1}, makes O(1/¢'?) queries to f and
has the following guarantee:

1. If f is a halfspace, the algorithm outputs accept with probability at least 0.99.
2. If Vol(f~1(1) A h=Y(1)) > & for every halfspace h, then the algorithm outputs reject with
probability at least 0.99.

For sample-based testing, we will use the following result due to Harms [32]:

» Theorem 8 (Theorem 1.1 of [32]). There is an algorithm HARMS-TESTER that, when
given error parameter € > 0 and access to random labeled examples (x, f(x)) with each
x ~ N(0,1,), uses O(y/n/e") samples and has the following guarantee:

1. If f is a halfspace, the algorithm outputs accept with probability at least 0.99.
2. If Vol(f~1(1) A h=Y(1)) > € for every halfspace h, then the algorithm outputs reject with
probability at least 0.99.

4 Testing with known volume via Gaussian surface area:
Proof of Theorem 2

In this section we prove Theorem 2. Before we start, note that we can make a simplifying
assumption, which is that p := Vol(f) is at most 0.1. This is because if p > 0.1, we can
just run the testing algorithm from [37] (Theorem 7) with error parameter £/10; as p > 0.1,
standard-model e/10-testing implies e-relative-error testing. So for the rest of this section,
we assume that p < 0.1.
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4.1 Gaussian surface area
We begin by recalling the notion of surface area in the Gaussian space.

» Definition 9. Let A CR™. The surface area of A (under the standard Gaussian measure
©n) is given by

surf(A) = 611%1+ Vol(As) ; Vol(A)’
—

where As :={z : d(z, A) < 6}. For sets A with a smooth boundary, surf(A) is equivalent to

/x  pula)do(a),

where do(z) is the standard surface area element in R™ and OA denotes the boundary of the
set A.

There is a close connection between the notion of surface area and noise sensitivity, as
shown by Ledoux [35]:

» Theorem 10. For anyt > 0 and any set A C R™ with C' boundary, we have

NS;(A) < 2\}? -surf(A).

A near-converse of this result was shown by Neeman [42]: every set A as above is close to a
set B whose surface area can be bounded in terms of the noise sensitivity of A.

» Theorem 11 (Theorem 1.2, Theorem 2.1 of [42]). Let A C R™ be a set with C' boundary

and let t,& > 0. Then, there exists a set B C R"™ such that

1. Vol(A A B) < NS;(A); and

2. surf(B) < \/Z (HO( 10:(1/5))) ’ e;—l NS (4).

We recall (see e.g. Chapter 5 of [44]) that the function

(@ (p)) (2)

is sometimes known as the Gaussian isoperimetric function (cf. Fact 14 below). This function
will be used in various ways throughout our arguments, including in the proof of the following
simple fact:

> Fact 12. Let0<q¢<p<1/2 andp/q<(1-+¢). Then,

1

a +€)s0(¢"1(p))~

P(@7(p) = w(27H(q)) >

Proof. The function I(+) is easily seen to be monotonically non-decreasing in the interval
(0,1/2], which gives the first inequality. Moreover, it is known that the function I(p) is
concave (see Exercise 5.24 [44]). This implies that

I(q)zgf(p)> ! I(p). <

“1+e

We will also need some basic facts about the function o(®~*(p))/p which we state here.

61:11
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> Claim 13.  The function R(p) := W%l(p)) is decreasing in the interval (0,1/2).

Proof. Let s € (—00,0) be chosen so that [°__¢(t)dt = p. Then, note that

_ ()
B 0T -

We also need the following simple fact characterizing the surface area of any halfspace
in the Gaussian space in terms of its volume; the proof of the final equality is a calculation
using standard bounds on the Gaussian pdf and cdf, in particular Proposition 5.

» Fact 14. Let f: R™ — {0,1} be a halfspace and let Vol(f~1(1)) = p. Then

surf(£ (1)) = (@ (p)) = © (pv/I(1/min{p. 1 = p})) .

4.2 Other basic algorithmic and structural ingredients

Gaussian noise sensitivity. For any x € R™ and any ¢ > 0, we let N;(x) denote the
distribution over R™ defined by etz + /1 — e~2ty where y ~ N(0, I,,). Further, for any
function f: R™ — R and ¢t > 0, we let P, f(z) = Eyn, @) [f(y)]-

» Definition 15.  For any Boolean function f:R™ — {0,1} and t > 0, we define NS;(f)
(read as the “noise sensitivity” of f) as

NS:(f) = Pr [f(®) # f(y)].

z~N(0,1n),y~Ni(z)

For a set A CR"™, we define NS;(A) to be NS;(14) where 14(-) is the indicator function of
A.

We observe that using calls to SAMP(f) and MQ(f), we can efficiently estimate the
(normalized) noise sensitivity of f:

» Lemma 16 (Estimating the normalized noise sensitivity).  For noise parameter t > 0 and
error parameter k > 0, there is an algorithm EST-SENSE which for any f : R™ — {0,1}, given
query and sample access to f, oultputs a £k accurate additive estimate to NS;(f)/Vol[f]
with confidence 0.99 using ©(k~2) samples from SAMP(f) and the same number of queries

10 MQ(J).
Proof. Sample  ~ N(0,I,,) and y ~ N;(x). Then, note that

NS (f) =Pr [f(z) # f(y)] =Pr[z e fT()Ay & [T ()] +Pr [y € fT (DAx ¢ F(1)].

As the distribution of (x,y) is exchangeable, it follows that

NS:(f) =2Pr[x e fT (1) Ay ¢ f71(1)] = 2Vol(f) - Pr [f(y) = 0] f(x) =1].

Standard sampling shows that the RHS probabilty can be estimated to error +x/2 with
confidence 0.99 using O(x~?) calls to SAMP(f) and the same number of queries to f. The
lemma follows. |

Another key ingredient we require is the following deep result of Barchiesi et al. [2] which
obtains a sharp stability version of the Gaussian isoperimetric inequality. In particular, they
establish the following:
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» Theorem 17 (Main theorem of [2] and subsequent discussion: sharp stability version of Gaussian
isoperimetric inequality). Let E be a measurable subset of R™ and let s € R satisfy Vol(E) =
D(s), i.e., the Gaussian volume of E is the same as that of the one-dimensional halfspace
{z : © < s}. Define the Gaussian isoperimetric deficit (namely, the gap between the two sides
of the Gaussian isoperimetric inequality) to be

D(E) = surf(E) — (@ (Vol(E)) = surf(E) — \/12?6_52/2.

Then, there is a halfspace H = {x : x - w < s} (for some unit vector w) such that
Vol(EAH)? < C'(1 + s%)e™*"/? . D(E),
where C' > 0 is a universal constant (which can be taken to be at most 320/272).

» Remark 18. The main theorem in [2] defines the isoperimetric deficit D(E) = surf(E) —
e=5°/2 _j.e. vis-a-vis their definition, we have an extra factor of 1/4/27. The reason is just
that while our definition of the surface area of a set Ais [, _,, ¥n(2)do(z), the definition
in [2] is equivalent to defining it as [, _,, V271, (x)do(x).

An easy corollary of this is the following:

» Corollary 19. Let E be a measurable subset of R™ such that Vol(E) = p with p < 0.1.
Suppose

B%p
D(E _
B = 1)

for some 3. Then there is a halfspace H that satisfies Vol(H) = p and Vol(E A H) < CBp
for some absolute constant C > 0. (Recalling o(®~*(p)) = O(p/log(1/p)), an equivalent
statement is if

D(E) < f;
log*(1/p)

then there is a halfspace H that satisfies Vol(H) = p and Vol(E A H) < CfBp.)

(@ (p)),

Proof. Let H = {z : #1 < s} be a one-dimensional halfspace such that Vol(H) = p. Note
that

P07 () = e

s0 ¢="/2 = O(ip(®1(p))) and using (8~ (p)) = O(py/Iog(L/p)), we have 2 = O(log(1/p)).

Now, applying Theorem 17, we have that there is a halfspace H with Vol(H) = p and

2
Vol EAH)? < 0 (log(1/p) - 87 (1) s - (87 (2)).
This finishes the proof by plugging in p(®~1(p)) = ©(p+/log(1/p)). <

4.3 Proof of Theorem 2

We now have all the necessary ingredients required to prove Theorem 2. The algorithm
alluded to in Theorem 2, called GSA-TEST, is given in Algorithm 1.
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Algorithm 1 A relative-error LTF tester over Gaussian space using samples and queries.

Input: SAMP(f), MQ(f), € € (0,1], p € [(1 +¢)'p, (1 + ¢)p] where p = Vol(f) < 0.1 and
¢ = c1?/log?(1/p) for a suitably absolute constant c; > 0.

Output: “Accept” or “reject”

GSA-TEST(SAMP(f), MQ(f), D, €):
1. Set pi := p/(1 +¢) (as in Equation (5)) and &,t (as in Equations (4) and (15)) as:

o V(@ (pw))
' 2/ - i ’

L 02510
"~ log"(1/pw)

2. Run the algorithm EST-SENSE to compute a value «, which is a *xk-accurate estimate
of NS;(f)/Vol[f] with confidence 0.99.
3. If
) -1
«< 2Vt (@~ (pi))
VT Pib

then output “accept,” otherwise output “reject.”

+ kK

Proof of Theorem 2. The algorithm is given a value p such that p := Vol(f) satisfies

p ~
—— <p<(14p, 3
TycSPs (1+0p (3)
where ¢ = ¢162/log?®(1/p) for a suitable absolute constant ¢; > 0.
The algorithm and its analysis use three main parameters, which are x, t, and £&. The
precise values of ¢ and & (in terms of p and ¢) are set later (see (15)), but looking ahead,

importantly, both ¢ and ¢ are set to be poly(log(1/p),1/e). The parameter x is defined as
o SV p(27 (pe)) _ CVE (P (p))

. 4
2V/T - pib - 2y/7-p )

using Fact 12 and pp, < p. We also define the parameter py, as
P :=p/(1+C). (5)

Correctness analysis. There are two parts of the analysis establishing correctness. We first
start with the easy part, which is completeness.

> Claim 20 (Completeness). If f is a halfspace with Vol(f) = p and the input parameter p
satisfies (3), then f passes the test with probability at least 0.99.

Proof. As f is a halfspace, by Theorem 10 and Fact 14 we have

NS.(f) _ 2 o~ (p)

Vol(f) S VE p
Note that py, < p and the function A(p) := o(®~1(p))/p is decreasing in the interval (0,1/2).
Thus,

NS:(f) _ 2vt (@ (pi))

VOl(f) - ﬁ Db '
As a < NSy (f)/Vol(f) + k with probability 0.99 by Lemma 16, this finishes the proof. <
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The next claim analyzes the soundness of the test.

> Claim 21 (Soundness). Suppose f : R™ — {0,1} has Vol(f) = p, and suppose that p and
p satisfy (3). If rel-dist(f, g) > € for every halfspace g, then f fails the test with probability
at least 0.99.

Proof. We prove the contrapositive. Suppose f passes the test with probability greater than
0.01. By Line 2 of the algorithm and Lemma 16, it must be the case that

NS, (f ) 2Vt (@ (pw))
Vol() = VE
Equivalently (recalling that Vol(f) = p), we get that
2Vtp (@ (pw))

VT Dib

Now, using Fact 12 and pp, < p < (1 4+ {)pip, we get that

2Vtp (7' (p) 2(1+OVE- (@ (p))

Ve p e

Plugging in the value of k from (4) in the above estimate, we get

2VE- (@7 (p) | 3CVE-(®7N(p)) _ 3VE- (271 (p))
N Nis - Nis

where we use the fact that ¢ < 1/3 when ¢; is sufficiently small. For any parameter £ > 0,
we can now apply Theorem 11 to get that there is another function fg, : R — {0,1}
satisfying the two bounds Equation (7) and Equation (10) given below: The first bound,
using Equation (6), is

NS:(f) _ 3Vt (@ “')

+ 2k.

NS:(f) < + 2k - p.

NS,(f) <

+ 2k - p.

I+ +2k-p=

NS, (f) < ) (6)

Afsm) < <
VoI(fA fsm) < ¢ N (7)
For the second bound, let us now define 7 as
e ) _ o /To(TD)
= _@< : ) (8)

where we use Fact 14 in the last inequality. (Looking ahead to Equation (15), note that our
choice of parameters will ensure that 7 < 1/10.) By Equation (7), we have that

(1 + T)p 2 Dsm = VOl(fsm) > (1 - T)p' (9)

The second bound given by Theorem 11 is

surf(fsm)g\/§(1+0< 1o§<1/g))>' L NS (10)
\/Z \/217_ (2\f so(ﬁl(p))+3éﬂ-<f/(§1(p))>

NS.(f)

vzt )

+
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where we used the first estimate of (6). Plugging in €2’ — 1 > 2t and the second bound of

(6),

0(©) - p(®' ()
log(1/9)

Thus, defining the set E := f.}(1), the isoperimetric deficit D(E) for this set E satisfies
D(E) = surf(fum) = (27" (psm))

. -1
< (1+30) plo () + 2& 1;(((1;/5)@)

where we use (11) to get the inequality. Now, recall that by Equation (9) we have

surf(fom) < (14 3¢) - (@' (p)) +

(11)

- c)O((I)il(psm))a

p/psmgl/(l_T)Sl‘FQT

using 7 < 1/10. Combining this with Fact 12, it follows that o(®~1(p)) < (1+27)p(® ! (psm)
and

3 _
D(E) < <2T+3g(1+27)+0 (bgu/g))) - 0(®7 (pem))- (12)

Now using Corollary 19 with this estimate (along with the fact Vol(E) = psm and 7 < 1/10),
there is a halfspace H such that

Vol(H A E) = O(Bpsm) = O(Bp) (13)
where
=1lo . T _ Ve
B =log(1/p) O<f+ VE+ 1og1/4(1/§))'
Using (8), it follows that
o 1/4
5:10g(1/p)-0((“g(\1//gp))+\/2+ w{i/@) (14)

We can now use the fact that ¢ = ¢;62/log?(1/p) for a sufficiently small ¢; > 0 and finally
set the parameters ¢t and & as follows

10 2.1
= 710026 and = $, (15)
log™"(1/pib) log™ " (1/pw)
for sufficiently small constants co < ¢3 < 1, to get from Equations (13) and (14) that
Vol(H A E) < % p. (16)

Combining Equation (7) with Equation (16), and observing that by Equation (15) we have
that (7) is bounded from above by ep/2 as well (with room to spare), by the triangle inequality
we get that Vol(f~1(1)AH) < ep, i.e. f has relative distance at most ¢ from the halfspace
H. This establishes the contrapositive and concludes the proof of Claim 21. <

Complexity analysis. We finally note that s defined in (4) is ©(e7/1og%?(1/p)). As
the sample complexity of Lemma 16 scales as O(k~2), our final sample complexity is
O(e= -1og"®(1/p)). This concludes the proof of Theorem 2. <
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