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Abstract
In the coordinated motion planning problem, we are given a graph together with the starting and
destination vertices of k robots. At each time step, any subset of robots may move, each traversing
an edge of the graph, provided that no two robots collide. The goal is to compute a schedule that
routes all robots to their destinations while minimizing some objective function. In this paper,
we focus on the well-studied objective of minimizing the total travel length of all robots. This
problem is known to be NP-hard, and it has been shown to be fixed-parameter tractable (FPT),
when parameterized by the number k of robots, on full grids (SoCG 2023) and on bounded-treewidth
graphs (ICALP 2024).

We present a fixed-parameter algorithm for coordinated motion planning, parameterized by the
number k of robots, on graphs arising from discretizations of simple polygons. Such graphs are of
particular interest in real-world applications, where planar motion is often constrained to discretized
representations of polygonal environments. Moreover, these graphs generalize rectangular grids;
consequently, our result constitutes a significant step toward resolving the parameterized complexity
of coordinated motion planning on subgrids and, ultimately, planar graphs – two prominent open
problems in the field.
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1 Introduction

In the Coordinated Motion Planning problem (CMP) – also known as Multi-Agent
Pathfinding – we are given a graph G and a set R of robots, each with a designated
start vertex and destination vertex in G. The goal is to compute a schedule that routes all
robots to their destinations while minimizing a given objective. Such a schedule consists of a
sequence of discrete time steps in which, at each step, every robot may move to an adjacent
vertex, subject to the constraint that no vertex or edge is occupied by more than one robot
at the same time. The two by far most prominent and well-studied objectives for CMP are
the makespan (i.e., the total number of time steps) [2,9,16,20] and the total distance traveled
by the robots [7, 8, 21,26]. In this work, we focus exclusively on the latter objective.

From an algorithmic standpoint, CMP has attracted substantial attention due to its
intrinsic computational difficulty and its close connections to graph search, scheduling, and
constraint satisfaction. The problem is further motivated by numerous real-world applications,
including automated warehouse systems [24,38], traffic management and control [25], and
robotics [36]. A prominent example is the coordination of hundreds or thousands of mobile
robots in Amazon fulfillment centers, where systems such as the Kiva robots rely on efficient
and reliable multi-robot path planning to move inventory pods while avoiding collisions [38].
The CMP problem is known to be NP-hard [12, 29, 39] and was posed as the SoCG 2021
Computational Challenge [18].

While the classical complexity of CMP was already studied in the 1990s, investigations
from the more refined perspective of parameterized complexity [6,14] have only begun recently.
Most existing work considers the number k = R of robots as the natural parameter. In
particular, in 2023 CMP was shown to be fixed-parameter tractable1 on full rectangular
grids [16]. One year later, a follow-up work established the fixed-parameter tractability w.r.t.
k and the treewidth tw(G) of the underlying graph G, without restricting to grids [8]. In
fact, that work considered a generalization of CMP, termed GCMP, in which a subset of the
robots do not have destinations. In both works, the fixed-parameter (in-)tractability of CMP
on subgrids and on planar graphs are identified as significant open problems in the field.

Contributions. In most practical settings, robot motion takes place in a continuous geometric
environment. While there exists a large and largely separate body of work on heuristics and
approximation algorithms for robot motion in the plane [3, 5,10,15,22,28,31–34,37,39,40], a
common and highly successful paradigm is to discretize the environment, yielding a graph
on which the CMP problem is solved. Typically, the free space of a polygonal region is
discretized using grids, after which CMP algorithms are applied to the resulting graph [30,35].

This paradigm underlies a wide range of CMP algorithms, including classical grid-based
formulations, conflict-based search and its variants, and hybrid methods that combine
sampling-based motion planning with discrete multi-agent coordination [2, 3, 5, 15, 20, 22, 30,
34,35,37,39,40]. Discretization has also played a key role in recent approximation algorithms
for the problem [23]. Consequently, the graphs arising in many CMP applications can
naturally be viewed as discretizations of simple polygons.

In this paper, we establish the fixed-parameter tractability of Coordinated Motion
Planning, as well as its aforementioned generalization GCMP, on graphs arising from
discretizations of simple polygons (see Figure 1 for an illustration and Section 2 for a formal
definition).

1 That is, admits an algorithm running in time f(k) · |V (G)|O(1), for some computable function f of k.
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▶ Theorem 1. GCMP (and hence also CMP) is fixed-parameter tractable w.r.t. k on
discretizations of simple polygons.

Figure 1 An illustration of a discretization of a simple polygon.

Theorem 1 extends existing tractability results beyond full rectangular grids to a broader
and more realistic class of graphs. Although the gap between discretized simple polygons
and full rectangular grids may appear modest at first glance, the presence of a potentially
highly intricate boundary fundamentally changes the problem: any algorithm must optimally
navigate robots through narrow corridors and tight geometric constraints. In this setting,
both core ingredients of the fixed-parameter algorithm for full rectangular grids – namely,
bounding the number of turns [16, Theorem 17] and the use of ILP formulation [16, Theorem
18]) – break down completely.

A second “direct” approach to proving Theorem 1 would be to build on the recently
established fixed-parameter tractability of CMP w.r.t. k plus the treewidth of G [8]. To this
end, one might hope to apply the irrelevant vertex technique [1] to iteratively identify and
remove vertices from G until obtaining an equivalent instance whose underlying graph has
bounded treewidth.

While the irrelevant vertex technique has been successfully applied to the related Planar
Disjoint Paths problem [1], it does not preserve shortest paths, a property that is crucial
for CMP. Indeed, fixed-parameter tractability for Planar Shortest Disjoint Paths was
established only in a very recent breakthrough [27]. Moreover, the approach developed there
does not extend to CMP, as it relies fundamentally on the requirement that the paths be
disjoint.

Instead of identifying and removing irrelevant vertices, we prove Theorem 1 using a novel
treewidth-reduction technique. Our approach does not necessarily yield a subgraph of the
original graph; rather, it modifies the original graph by introducing “weaving” gadgets. This
creates a new graph that is neither planar nor smaller than the original graph; however, it
produces a graph with bounded treewidth.

Our technique conceptually rests on the following four main ingredients:

1. a decomposition of G into so-called sectors;
2. a flattening step that identifies and removes parts of G that are “too far” to be useful;
3. a weaving reduction step that replaces certain interior parts of sectors with a collection

of vertex-disjoint paths; and
4. a proof that exhaustive application of these steps results in a graph of bounded treewidth.

ICALP 2026
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We then solve CMP using the fixed-parameter algorithm parameterized by k + tw(G) [8].
An overview of these four ingredients, together with a discussion of their relationship to
previous work, is provided in Section 3.

Further Related Work. In addition to the travel-distance minimization objective studied
in this paper, coordinated motion planning has been extensively investigated from a parame-
terized complexity perspective under the objective of minimizing the makespan [9, 16, 19, 20].

Although the computational complexity of many fundamental coordinated motion plan-
ning variants was established several decades ago [26], recent years have witnessed renewed
interest in these through the lens of parameterized-complexity. Beyond the earlier work on
GCMP [8], this line of research has yielded parameterized analyses for settings involving
high-speed robots [17], fixed-parameter algorithms on solid grid graphs [16], lower-bound
frameworks for tree-like and other structurally restricted graph classes [19, 20], as well as
fixed-parameter approximation schemes for tree graphs [9].

Importantly, several of these contributions – most notably the latter three – focus on
makespan minimization in a parallel execution model, giving rise to complexity phenomena
that differ markedly from those arising in energy-based objectives. For example, even deciding
the existence of a constant-makespan schedule is NP-hard on full grids [16]. In contrast, when
the objective is to minimize the total energy, constant-energy schedules can be computed
in polynomial time; moreover, this result extends to fixed-parameter tractability for graph
classes with bounded local treewidth [8, Theorem 5].

We also note recent work on the parameterized complexity of other variants of coordinated
motion planning [3,11], which differ from the problem considered here in both their modeling
assumptions and optimization objectives.

2 Preliminaries

We use standard graph-theoretic terminology [13]. For z ∈ N∗, we write [z] for {1, . . . , z}.
Let P be a simple polygon, that is, a non-self-intersecting polygon without holes, embedded

in the Euclidean plane and containing a unit-length grid H. The discretization of P is the
subgraph of H consisting of all vertices and edges that are fully contained in P . A finite
subgrid G is called a discretized polygon if it is the discretization of some simple polygon P 2.

We assume that every discretized polygon is equipped with a fixed embedding that
specifies whether each edge is vertical or horizontal. Accordingly, we say that a vertex v is
a →-neighbor of a vertex w if v can be reached from w by traversing an edge that travels
rightward, and analogously for {↑, ↓,←}.

Given a path P in a discretized polygon G, a vertex v ∈ V (P ) is called a bend if it has
two incident edges in P and these edges do not leave v in opposite directions. If P has no
bends, we call it a straight path. Moreover, a vertex v ∈ V (G) is called a boundary vertex if
it has degree at most 3; intuitively, such vertices lie near the boundary of the polygon P

underlying G.

The Motion Planning Problem. In our problem of interest, we are given a graph G together
with a set R = {R1, R2, . . . , Rk} of k robots. The set R is partitioned into two subsets M
and F ; the former, M, consists of robots with prescribed destinations, while F contains the

2 We note that the notion of discretized polygons considered here can also be seen as a graph representation
of simply connected polyominos.
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remaining “free” robots. Each robot Ri ∈M is associated with a starting vertex si and a
destination vertex ti in V (G), whereas each robot Ri ∈ F is associated only with a starting
vertex si ∈ V (G). The elements of the set {si | i ∈ [k]} ∪ {ti | Ri ∈M} are called terminals.
We assume that all starting vertices si are pairwise distinct and that all destination vertices
ti are pairwise distinct.

Intuitively, at each time step a robot may either move to an adjacent vertex or remain at
its current vertex, and all robots may move simultaneously. To formalize this, a route for a
robot Ri be a tuple Wi = (u0, . . . , uq) of vertices in G satisfying: (1) u0 = si and uq = ti,
and (2) for all j ∈ [q], either uj−1 = uj or uj−1uj ∈ E(G).

We use a discrete time interval [0, q], where t ∈ N, to index the sequence of robot
movements; at each time step x ∈ [0, q], every robot either remains stationary or moves to
an adjacent vertex.

Two routes Wi = (u0, . . . , uq) and Wj = (v0, . . . , vq), where i ̸= j ∈ [k], are said to
be non-conflicting if (i) for all r ∈ {0, . . . , q}, ur ̸= vr, and (ii) there does not exist an
r ∈ {0, . . . , t− 1} such that vr+1 = ur and ur+1 = vr. Otherwise, the routes Wi and Wj are
said to conflict. Intuitively, two routes conflict if, at the same time, the corresponding robots
either occupy the same vertex or traverse the same edge in opposite directions. A schedule S
is a set of pairwise non-conflicting routes Wi, i ∈ [k], defined over a common time interval
[0, q]. The (traveled) length of a route (or of its associated robot) in S is the number of time
steps j such that uj ̸= uj+1. The total traveled length of a schedule is the sum of the lengths
of all its routes; this quantity is commonly referred to as the energy in the literature (see,
e.g., [18]).

Using the terminology introduced above, we can formally define the problem of interest.

Input: A tuple (G, R = (M, F), k, ℓ), where G is an undirected graph, k, ℓ ∈ N,
and R = {Ri | i ∈ [k]} is a set of robots partitioned into sets M and F ,
where each robot in M is given as a pair of vertices (si, ti) and each robot
in F as a single vertex si.

Problem: Is there a schedule for R of total traveled length at most ℓ?

GCMP

The Coordinated Motion Planning Problem (CMP) is the restriction of GCMP
to instances with F = ∅. Throughout the paper, we use CMP-D as shorthand for CMP
restricted to graphs which are discretized polygons. We note that our result (Theorem 1) is
constructive: it also outputs a schedule of length at most ℓ, if one exists.

3 Technical Overview

In this section, we present an overview of our fixed-parameter algorithm for CMP-D, param-
eterized by the number k of robots (Theorem 1).

3.1 Preprocessing: Initial Set-Up
The starting point for our work is a preprocessing subroutine developed in recent work
by Deligkas, Eiben, Ganian, Kanj and Ramanujan [8, Theorem 15 – full version]. This
subroutine can be viewed as a fixed-parameter Turing-reduction which solves any instance of
GCMP by making calls to structurally “simpler” instances. In particular, in the resulting
instances we only seek schedules in which every robot travels at most ck5 steps, where c is
a constant, beyond its shortest-path distance; that is, each robot has travel slack at most
λ = ck5.

ICALP 2026
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p1

p2

p3

p4

p5

p6

Rectangle
Staircase

Histogram

Figure 2 Left: An illustration of the sectors of a discretized polygon w.r.t. three terminals
defining six ports p1, . . . , p6. Three of the sectors have highlighted their baselines, showcasing the
three non-trivial types of a sector. Notice that terminals form their own “degenerate” singleton
sectors. Right: The corresponding sector graph Γ as defined by the sectors.

Moreover, we may assume that every robot in the new instance has a prescribed destination,
allowing us to focus exclusively on CMP. The reduction preserves the property of being a
discretized polygon. Consequently, in all subsequent steps we restrict our attention to solving
CMP-D with the above bound λ on the travel slack.

3.2 Step 1: Sectors and Sector Graphs
To exploit the geometry induced by discretized polygons, we adapt the notion of sectors
recently introduced in the setting of fixed-parameter extension algorithms for orthogonal
(geometric) drawings [4]. Specifically, we associate with each vertex a bend vector that
records, for every terminal and every directional axis d ∈ {↕,↔}, the minimum number of
bends on any shortest path arriving from direction d. Connected subgraphs whose vertices
share the same bend vector form a sector. These sectors partition the graph into regions
whose vertices exhibit similar behavior with respect to the number of turns required to reach
all terminals.

We then define the sector graph Γ, whose vertices correspond to the sectors of G and whose
edges capture adjacencies between sectors. A key contribution of our work is establishing
the following structural insights about Γ, which will later be used to bound the treewidth of
G after exhaustive application of our reduction rules.
Insight 1. The treewidth of Γ is bounded by a function of k.
Insight 2. Every straight path in Γ intersects at most 12k sectors.
Insight 3. Every sector has at most 8 “non-trivial” neighbors in Γ.
▶ Remark. In prior work introducing sectors [4] in the geometric setting, d ranged over
{↑, ↓,←,→} and the anchors defining the sectors were required to lie on the boundary of the
polygon. In our setting, the change to {↕,↔} is necessary; without it, several of the lemmas
underpinning the treewidth proof would not hold. This is one – though not the primary –
reason why the treewidth bound from [4, Theorem 22] in the geometric setting cannot be
reused. The main reason we cannot directly adapt the proofs from the previous paper is that
those rely on prior pruning steps that have removed “dangling” sectors (which cannot be
replicated for CMP-D).
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As a secondary structural insight, we show that each nontrivial sector contains a canonical
baseline: a straight path from which the entire sector is reachable by straight extensions.
Depending on the baselines present, we obtain a small taxonomy (see Figure 2).

Histogram sectors, with a single baseline.
Staircase sectors, with two orthogonal baselines.
Rectangle sectors, with two parallel baselines forming a full subgrid.

Crucially, there exists a shortest path from a terminal to a vertex in a nontrivial sector
which intersects one of the sector’s baselines. This fundamental geometric constraint enables
us to apply localized reductions while preserving shortest-path feasibility.

3.3 Steps 2-3: The Reductions
Building on the taxonomy and structural insights described above, we design reduction
rules tailored to each sector type. These rules simplify the instance while preserving full
equivalence with respect to the existence of a feasible schedule.

Reduction for Histogram Sectors. For histogram sectors, we observe that any vertex that
lies more than λ

2 steps away from the baseline cannot be part of any route in a feasible
solution. We therefore “flatten” histogram sectors by removing all such vertices, as illustrated
in Figure 3.

λ
2

Figure 3 Illustration of the reduction for histogram sectors. The gray vertices are removed from
the graph.

Reduction for Staircase Sectors. A staircase sector S contains two orthogonal baselines
P 1

S and P 2
S that separate all terminals from the rest of the sector (and from any sectors

attached to the interior). We show that if there exists a hypothetical solution that routes a
robot out of a “buffer zone” of radius (k + 1)(λ + 1) around these baselines into a staircase,
then a sequence of rerouting arguments yields an alternative solution in which all robots
stay within the buffer zone. This, in turn, allows us to safely remove all vertices outside the
buffer zone. An illustration is provided in Figure 4.

Reduction for Rectangle Sectors. Rectangle sectors require a more intricate reduction. We
show that any feasible schedule can be transformed into a semi-canonical form in which all
turns and waiting steps occur within a bounded-width frame along the boundary of the sector.
As a consequence, the second frame S∗ – a central rectangular region in a rectangle sector S –
contains no turns or waiting vertices/steps (see Figure 5). The proof is non-trivial and relies

ICALP 2026
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v
P 1
S

P 2
S

(k + 1)(λ+ 1)

(k + 1)(λ+ 1)

Figure 4 Illustration of the reduction for staircase sectors. The red region highlights a staircase
sector S. Gray vertices indicate the vertices removed by the application of the reduction.

q(k)

q(k)

q(k) = (k + 1)(µ2 + µ) q(k)

Figure 5 Illustration for reducing the rectangle sectors. The red part is the part of the rectangle
sector S that is not inside the second frame S∗. The horizontal and vertical lines connecting the
opposite sides of the second frame S∗ do not intersect each other.

on a sequence of buffer-shifting arguments, together with a previously established upper
bound µ ∈ kO(k2) on the number of turns in a hypothetical solution, for full rectangular
grids [16].

We then remove all internal vertices of S∗ and replace them with degree-2 weaving paths
connecting pairs of opposite boundary vertices. These paths preserve the relative distances
relevant to robot routing. Although this “reduction” results in an instance with more vertices
and destroys planarity, we later show that it makes tangible progress toward reducing the
treewidth of G.

3.4 Step 4: From Reductions to Bounded Treewidth
By exhaustively applying the reductions outlined above, we obtain a graph in which every
sector either has small width or small height, or can be decomposed into at most four
components of small width or height, together with a set of additional degree-2 paths. At
this stage, it is not difficult to show that each sector individually has bounded treewidth.
The main technical challenge lies in proving that the entire graph – where sectors are
interconnected along the edges of the sector graph Γ – has bounded treewidth.
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▶ Remark. A treewidth bound on G does not follow directly from the fact that Γ has bounded-
treewidth and its nodes represent connected components of G with bounded-treewidth. For
instance, consider a long sequence of “flat but wide” sectors stacked on top of each other, i.e.,
connected along a single long path Γ. A graph G with this structure could have arbitrarily
large treewidth, even though each individual sector and the sector graph Γ are of bounded
treewidth. While Insight 2 excludes this particular configuration, more complex arrangements
of sectors could arise and be chained together, requiring a more careful argument.

Our treewidth-bounding argument for G leverages a bounded-width tree-decomposition
T of the sector graph Γ (as per Insight 1) to guide the construction of a tree-decomposition of
G. We first preprocess G according to Γ to safely detach all sectors that are “trivial” in the
sense of Insight 3; this reduces the task to bounding the treewidth of G under the assumption
that Γ has degree at most 8. Crucially, this implies that the 12k-th power graph Γ+ – the
supergraph of Γ that contains an edge between each pair of sectors of distance at most 12k

– also has bounded treewidth. Let (T +, β+) denote a tree-decomposition witnessing this
bound.

Next, for any arbitrarily chosen sector in Γ+, we show that it is possible to carefully
identify a set of special vertices in the sector (see Figure 6); the number of special vertices
per sector is upper-bounded by a function of k, and their positions allow them to act as
“semi-separators”. Using the special vertices, we construct a tree-decomposition of G via a
two-step approach.

Figure 6 Illustration of initial special vertices for the three types of sector. For each sector
S, initial special vertices split the sector into connected components such that each connected
component has bounded treewidth and is connected either only to components in the horizontal
neighbors of S or only to components in the vertical neighbors of S. Further special vertices are
added during the course of our procedure, but we maintain a bound on their number in each sector.

1. We first construct a tree-decomposition template (T +, β′) for a subgraph of G as follows:
for each t ∈ T +, β′(t) replaces each sector in β+(t) with its corresponding special vertices.
Crucially, the size of each bag in this template can be upper-bounded by the product of
(a) the maximum number of special vertices in a sector and (b) the width of (T +, β+).

2. Next, we show that every connected component C in G−
⋃

t∈V (T +) β′(t) is a subgraph
formed by sectors intersected by the same straight path. Using Insight 2, we can show
that C has bounded treewidth and that its entire neighborhood N(C) is contained in the
bag β′(t) for some node t ∈ V (T +). This allows us to append a tree-decomposition of
C ∪N(C), rooted at the bag containing N(C), to t.

3.5 Putting Everything Together
Having introduced the technical components of our approach, we now combine them to
derive an algorithm that proves Theorem 1. Let I = (G,R, k, ℓ) be an instance of GCMP
on discretized polygons. We solve I via the following steps.

ICALP 2026
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1. Preprocess I following the procedure described in Subsection 3.1 to ensure bounded slack
and to reduce GCMP on discretized polygons to CMP-D.

2. Construct the sectors and the sector graph, as detailed in Subsection 3.2.
3. Exhaustively apply all sector-specific reductions described in Subsection 3.3 yielding a

graph whose treewidth is bounded by a function of k.
4. Apply the existing fixed-parameter algorithm for CMP parameterized by k and the

treewidth of the resulting graph [8].

This completes the description of the algorithm and establishes Theorem 1.

4 Conclusion

In this paper, we establish the fixed-parameter tractability of Coordinated Motion
Planning on graphs arising from discretizations of simple polygons. Our result extends
previously-known tractability results beyond full rectangular grids to a broader and more
realistic class of graphs.

The central contribution of our work is a reduction of the input graph to one of bounded
treewidth. We achieve this by introducing a novel notion of equivalence among vertices,
defined in terms of having equivalent “roadmaps” to the set of designated terminal vertices.
This notion enables us to partition the graph into regions, called sectors, analyze their
structure, and derive appropriate reduction rules based on a characterization of these sectors.
Notably, our reduction rules do not follow the standard paradigm of iteratively removing
vertices. Instead, they go beyond vertex deletion by introducing auxiliary gadgets, resulting in
a reduced graph that may fall outside the original graph class (e.g., violating planarity), while
still having bounded treewidth. This contrasts with classical approaches, which typically
obtain bounded treewidth by successively deleting vertices from the original graph.

It is not too difficult to extend the FPT result presented here to full grids containing a
single hole, which can be viewed as a “flipped” discretized polygon. This naturally leads to
the following open questions:

(i) Can the FPT techniques developed in this paper be extended to full grids with a
constant number of holes, or even a parameter-bounded number of holes?

(ii) Is the CMP problem FPT on subgrids, or even on planar graphs?

We strongly believe that the answer to the first question is affirmative and that a fixed-
parameter algorithm is attainable by refining the approach introduced here. For question (ii),
we conjecture that the answer remains affirmative as well, and that reducing the graph to
one of bounded treewidth remains the correct high-level strategy. Such a result, however,
would likely require new insights, including more sophisticated vertex classifications and
novel treewidth reduction rules. In our view, this constitutes the most pressing open problem
arising from the study of the CMP problem. Finally, we remark that fixed-parameter
(in)tractability for CMP w.r.t. the number of agents is not settled even for general graphs.
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