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—— Abstract
3SUM-Indexing is a preprocessing variant of the 3SUM problem that has recently received a lot of

attention. The best known time-space tradeoff for the problem is T.S® = n® (up to logarithmic
factors), where n is the number of input integers, S is the length of the preprocessed data structure,
and T is the running time of the query algorithm. This tradeoff was achieved in [22, 17] using the
Fiat-Naor generic algorithm for Function Inversion. Consequently, [17] asked whether this algorithm
can be improved by leveraging the structure of 3SUM-Indexing.

In this paper, we exploit the structure of 3SUM-Indexing to give a time-space tradeoff of T'S = n?5,
which is better than the best known one in the range n?? <« § <« n™*. We further extend this
improvement to the kSUM-Indexing problem — a generalization of 3SUM-Indexing— and to the related
kXOR-Indexing problem, where addition is replaced with XOR. Additionally, we improve the best
known time-space tradeoffs for the Jumbled Indexing problem, which is a well-known data structure
problem related to 3SUM-Indexing.

Our improvement comes from an alternative way to apply the Fiat-Naor algorithm to 3SUM-
Indexing. Specifically, we exploit the structure of the function to be inverted by decomposing it into
“sub-functions” with certain properties. This allows us to apply an improvement to the Fiat-Naor
algorithm (which is not directly applicable to 3SUM-Indexing), obtained in [18] in a much larger range
of parameters. We believe that our techniques may be useful in additional application-dependent
optimizations of the Fiat-Naor algorithm.

2012 ACM Subject Classification Theory of computation — Data structures design and analysis
Keywords and phrases Data Structures, 3SUM, Function Inversion

Digital Object Identifier 10.4230/LIPIcs.ICALP.2026.78

Category Track A: Algorithms, Complexity and Games

Related Version Full Version: https://arxiv.org/abs/2512.04258

Funding Alezander Golovnev: Supported by the National Science Foundation CAREER award
(grant CCF-2338730).

Acknowledgements We thank the anonymous referees for their very helpful comments.

1 Introduction

In the 3SUM problem, the input is a set of integers A = {ao,...,a,—1}, and the goal is to
find (4,7,k) € [n]* (where [n] = {0,...,n — 1}) such that a; + a; + a; = 0. The modern
version of the famous 3SUM conjecture [15] asserts that the problem cannot be solved in
time n?~% for any constant § > 0. This conjecture was shown to imply many conditional
lower bounds for geometric, combinatorial, and string search problems (see, e.g., [27] for an
excellent survey on this topic).
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1.1 3SUM-Indexing

In this paper, we analyze a preprocessing variant of 3SUM, known as 3SUM-Indexing. This
variant was first defined by Demaine and Vadhan [11] in an unpublished note, and then
reconsidered by Goldstein, Kopelowitz, Lewenstein and Porat [16].

In the 3SUM-Indexing problem, the input is an array of positive integers A={aog, ..., an—1}.
An algorithm A for the problem is a pair A = (Ag, A1), where Aq is the preprocessing
algorithm and A; is the online algorithm. The preprocessing algorithm Ay receives A as
input and outputs a data structure of length S bits.! The online algorithm .4, receives as
input an integer challenge y and has access to the bits of the data structure output by Ajg.
Its goal is to output a pair (i,5) € [n]? such that a; + a; = y, if such a pair exists, and
L otherwise. In the cell-probe model, the time complexity of A; (denoted by T) is only
measured by the number of data structure bits that it queries. One can also consider other
computational models which account for the actual runtime of A; (e.g., in the RAM model)
or the preprocessing time.

There are two trivial algorithms for 3SUM-Indexing: the first one stores A sorted, while on
input y, A; searches this array for y — a; for each i € [n]. This algorithm has S = 6( ) and
T= O( ) (where the O notation suppresses factors poly-logarithmic in the input length).
The second algorithm stores the sorted sumset A + A = {a; + a; | (i,j) € [n]*}, while on
input y, A; searches this sumset. The second algorithm has § = O(n?) and T = O(1).

Consequently, [11, 16] formulated three conjectures:

» Conjecture 1 ([16]). If there exists an algorithm which solves 3SUM-Indexing with prepro-
cessing space S and T = O(1) probes then S = Q(n?).

» Conjecture 2 ([11]). If there exists an algorithm which solves 3SUM-Indexing with prepro-
cessing space S and T probes, then ST = Q(n?).

» Conjecture 3 ([16]). If there exists an_algorithm which solves 3SUM-Indexing with T =
O(n*=?) probes for some & > 0 then S = Q(n?).

These conjectures are in ascending order of strength:
Conjecture 3 = Conjecture 2 = Conjecture 1.

In terms of lower bounds, Demaine and Vadhan proved that any 1-probe data structure
for 3SUM-Indexing requires space ﬁ(ng)7 and left the case of T > 1 open. Then [17] proved
that for every non-adaptive algorithm that uses space S and query time 7" and solves 3SUM-
Indexing, it holds that § = Q(n'+/T). More recently, Chung and Larsen [8] proved similar
bounds for adaptive algorithms. All these lower bounds assume the data structure consists
of S words of size 5(1) Since proving super-logarithmic query-time bounds for static data
structures even with space S = O(n) is a major open problem, the lower bounds of [8] are
essentially the best possible (barring a significant breakthrough).

From the algorithmic side, Conjecture 3 was refuted by Kopelowitz and Porat [22] and
by [17] using the same techniques. Specifically, [22, 17] describe an algorithm for 3SUM-
Indexing with T = O(n’) and § = Q(n?=%/3). The algorithm is based on the classical
Fiat-Naor algorithm [14] for the Function Inversion problem, where the goal is to invert an
efficiently computable function f : [N] — [N] by a two-phase algorithm: a preprocessing

1 One can also define the problem by allowing Ao to output S words of size poly-logarithmic in n. Since
we ignore such poly-logarithmic factors in this paper, we consider these definitions equivalent.
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algorithm for f that outputs an advice string of length S bits, and an online algorithm that
receives a challenge y € [N] and finds & € [N] such that f(z) = y after making T' = O(N3/S?)
queries to f. In the case of 3SUM-Indexing, by hashing, we may essentially assume that
the input ay,...,a,_1 satisfies a; € [n?] for every i € [n]. We then define the function
f:[n* = [n?] by f(i,j) = a; + a; and apply the Fiat-Naor algorithm to f.

The Fiat-Naor based algorithm of [22, 17] is currently the best known algorithm for
3SUM-Indexing. Recently, Bille et al. [4] proved that well-studied problems in data structures
(specifically, Gapped String Indexing and Jumbled Indexing) reduce to 3SUM-Indexing. Thus,
the algorithm of [22, 17] is used to obtain the best known algorithms for these problems. The
3SUM-Indexing problem has also inspired more applications of the Fiat-Naor algorithm to
related data structure problems [3, 1]. Given the extensive research involving 3SUM-Indexing
and its variants, it is natural to ask whether it is possible to exploit the structure of the
problem to improve the Fiat-Naor based algorithm of [22, 17]. This question was posed
explicitly in [17, Open Question 2] and [28, Lecture 14].

We also mention the recent improvement of the Fiat-Naor algorithm for Function Inversion
by [18]. Unfortunately, this improvement is in a restricted parameter range, and when
applied to 3SUM-Indexing, the algorithm of [18] is outperformed by the trivial algorithm with
S =0(n), T =0(n).

1.2 Application-Dependent Improvements of the Fiat-Naor Algorithm

Looking at the open question of [17] from a broader perspective, we recall that the Fiat-Naor

algorithm was originally designed to invert “unstructured” cryptographic one-way functions.

The fact that it gives the best known time-space tradeoff for a broad spectrum of structured
problems [10, 22, 17, 3, 4, 2, 24] is surprising. Quoting [2]:

It is a striking fact that, for each of these problems (3SUM-Indexing, Collinearity
Indexing, Gapped String Indexing), the best known space-time trade-offs are achieved
using such a general tool as the Fiat-Naor inversion scheme.

More generally, the Function Inversion problem has found major applications across
multiple areas such as cryptanalysis [19, 5, 6, 26, 25], circuit and data structure lower
bounds [29, 10, 12], algorithms [22, 17, 3, 4, 2, 24], information theory [12], and most
recently even meta-complexity [23, 20]. On the other hand, we are not aware of any
previous application-dependent improvement of the Fiat-Naor scheme. Thus, finding such
improvements is an interesting research topic. Informally, the challenge is due to the unique
data structure used by the Fiat-Naor algorithm, which is built by iterating the function we
wish to invert. Such iterations seem to destroy most properties that can be exploited to
optimize the algorithm (e.g., iterating a function represented by a low-degree polynomial
quickly increases its degree).

1.3 Our Results

In this paper, we improve the best known time-space tradeoff for 3SUM-Indexing [22, 17] for the
parameter range n®/? < S < n'/4. In particular, we obtain the first application-dependent
improvement of the Fiat-Naor scheme.

Specifically, we prove the following theorem.

» Theorem 4. For every 0 < ¢ < 1, there is an (S,T)-algorithm for 3SUM-Indexing with
space S = O(n?*579) and query time T = O(n?).
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Figure 1 The parameters of the data structures for 3SUM-Indexing are as follows: the trivial
algorithm is represented by the , the Fiat-Naor-based algorithm [22, 17] is
represented by the dashed blue curve, and our algorithm is represented by the solid red curve.

Our time-space tradeoff is compared to the previously best known one in Figure 1. In
particular, for S = n5/3, we obtain T = O(n®/®), while the previous best algorithm was the
trivial one, which obtains T = O(n).

We remark that the runtime of the online algorithm .4; in our algorithm in the standard
RAM model is linear in its number of queries to the data structure, up to poly-logarithmic
factors. Moreover, the runtime of the preprocessing algorithm Ay is 5(712) (An algorithm
with truly subquadratic preprocessing time 5(712*5) would refute the 3SUM conjecture.)

We further apply a variant of our algorithm to the kSUM-Indexing problem, introduced
in [17]. In this problem, the input of the preprocessing algorithm is an array of positive
integers A = {ag,...,an—1}, and the online algorithm for an integer challenge y finds
(i1, ik—1) € [n]*~! such that a;, + ...+ a;,_, = y. kSUM-Indexing is a preprocessing
version of kSUM and a natural generalization of 3SUM-Indexing.

Once again, we focus on the parameter regime with sub-linear time.

» Theorem 5. For every k > 3 and every 0 < ¢ < 1, there is an (S,T)-algorithm for
kSUM-Indexing with space S = O(n*=%°=%) and query time T = O(n?).

We remark that there is a trivial algorithm for kSUM-Indexing with S = O(n*~2) and
T = O(n), while an application of the Fiat-Naor algorithm [17] gives S = O(n*~179/3) and
T = 5(77,5). Our algorithm is better than the previous algorithms in the range n*~1% <«
S <« nF=1:25 We further note that there are other trivial algorithms for kSUM-Indexing in
the regime of super-linear 7', and that our algorithm can be easily extended to this regime
too (as done in [17] by taking larger values of §).

Next, we adapt our algorithm to the kXOR-Indexing problem. In kXOR-Indexing, the input
to be preprocessed is an array of n vectors in {0, 1}*. Then, given a query vector y € {0, 1}*,
the goal is to check if there are (kK — 1) input vectors whose XOR is y.

» Theorem 6. For every k > 3 and every 0 < 0 < 1, there is an (S, T)-algorithm for
kXOR-Indexing with space S = O(n*~%°=%) and query time T = O(n?).

As an additional application, we use the reduction of Bille et al. [4] from the Jumbled
Indexing problem to 3SUM-Indexing, and conclude an immediate improvement for it as well.
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In the Jumbled Indexing problem (also known as Histogram Indexing), the input to be
preprocessed is a string S of length n over an alphabet ¥. Given a query histogram h € Zlfo‘
(i.e., the number of occurrences of each letter from ¥), the task is to check if S contains a
substring whose histogram matches h.

In the case of the binary alphabet |X| = 2, Cicalese et al. [9] gave an efficient algorithm
with S = O(N) and T = O(1) solving Jumbled Indexing. For larger alphabets, Kociumaka,
Radoszewski, and Rytter [21] designed an algorithm that solves Jumbled Indexing in space
S = O0(n?%) and time T = O(n@==19") Then, Chan and Lewenstein [7] improved the
bound to § = O(n2%") and T = O(n(IZ+1D9/2) by utilizing algorithms for a variant of
3SUM. Finally, [4] used a reduction from Jumbled Indexing to 3SUM-Indexing, together with
the 3SUM-Indexing algorithm of [22, 17], resulting in an upper bound of S = 6(n2_5//3)
and T = 6(115/). This bound improves on the previous bounds for all alphabets of size
%3] > 5. We further improve algorithms for Jumbled Indexing, achieving S = O(n*5~?%) and
T = O(n%). This algorithm outperforms [4] for all n%/2 < § < n™/4, and it improves on [7]
forall || >141/¢".

» Corollary 7. For every 0 < 6 < 1 and an alphabet ¥ of constant size |X| = O(1), there is an
(S, T)-algorithm for Jumbled Indexing with space S = O(n*°~%) and query time T = O(n’).

2  Technical Overview

In this section we give a technical overview of our work. Since it is based on previous
algorithms for the Function Inversion problem, we start by recalling them.

2.1 The Hellman and Fiat-Naor Algorithms for Function Inversion
2.1.1 Hellman’s algorithm

The research of non-uniform cryptanalytic time-space tradeoffs was initiated by Hellman [19]
in 1980. Hellman considered the problem of inverting a function f : [N] — [N] using a
two-phase algorithm. The preprocessing algorithm has full access to f and computes an
advice string of S bits. The online algorithm receives as input the advice string and a
challenge y € [N]. In addition, the online algorithm is allowed to make T oracle queries to f.
Its goal is to find a preimage x € f~1(y) (if such a preimage exists).

Hellman gave a heuristic algorithm for the Function Inversion problem with a time-space
tradeoff of T'S% = O(N?), assuming that f is chosen uniformly at random. For parameters s
and ¢, the main data structure computed by the preprocessing algorithm is a table constructed
via s chains. Each chain starts from a uniformly chosen point z € [N] and is computed via ¢
iterative calls to f, where only z and the endpoint f(*) (x) are stored in the table.? The pairs
of start and endpoints are sorted according to the endpoints.

Given this table and a point y € [N] to invert, the online algorithm computes up to ¢
iterations of f starting from y, and checks if any of them is an endpoint of a chain stored in
the table. If it reaches such an endpoint, it restarts the computation of the chain from the
corresponding start point, aiming to reach y, thus successfully inverting it in time 6(t)

The online algorithm succeeds in inverting y if it is covered by one of the chains in the
table. Unfortunately, for a uniformly chosen function, one can cover only a small fraction of
the image points of f with a single table (assuming s < N). More specifically, if st> ~ N,

2 We use the notation f*) to represent f composed with itself ¢ times.
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and we have already computed s chains of length ¢, by the birthday paradox, an additional
chain of length ¢ collides with a previous one with high probability. Thus, additional chains
do not add much to the coverage of the table. Consequently, a single table only covers about
s+t~ N/t image points using O(s) space.

Hellman’s (heuristic) solution was to compute about ¢ such tables, each computed with a
different variant of f, defined by composing it with a simple permutation, such that inverting
a variant of f is equivalent to inverting f. Heuristically, these ¢ tables cover most of the
image points of f. Thus, the preprocessing advice consists of ¢ tables of space about s bits
and the online algorithm searches (essentially) each of them in time ¢. Overall, we have
S =~ st and T =~ 12, giving T'S? ~ % - (st)? ~ N2.

2.1.2 The Fiat-Naor algorithm

Fiat and Naor [14] made Hellman’s algorithm rigorous by composing f with a k-wise
independent function for an appropriate choice of k (the details are not important for this
paper). More generally, Fiat and Naor considered the problem of inverting an arbitrary
function f : [N] — [N] with collision probability C(f) := Pr, . n[f(z) = f(2')], and
extended the time-space tradeoff for such a function to T'S% = O(N3 - C(f)).

For functions with a large collision probability, one can do better by artificially decreasing
the effective collision probability. Specifically, the advice string additionally consists of
(roughly) S points sampled uniformly at random, as well as their images. Using an appropri-
ately chosen pseudorandom function (that is shared between the preprocessing and online
algorithms), these images are then bypassed when iterating f for computing the chains in
the tables. The online algorithm first checks if y is contained in the image set in the advice
string, and if so, it outputs the corresponding preimage. Otherwise, it tries to invert y using
the tables.

Observe that with high probability, all images whose preimage size is at least Q(N /S)
are included in the image set. Thus, with high probability, the collision probability of f
is effectively reduced to at most 6(1 /S). This leads to a worst-case time-space tradeoff of
TS? = O(N3/S) (i.e., TS? = O(N®)) for inverting any function.

2.1.3 The improvement by [18]

It was observed in [18] that the Fiat-Naor worst-case time-space tradeoff can be improved.
Specifically, [18] proposed an alternative to the preprocessing algorithm that originally
included the set of uniformly chosen points and their images in the advice string. In this
alternative, using shared randomness, the preprocessing and online algorithms compute such
a set of size (roughly) T from a shared random seed. In the worst-case, this effectively
reduces the collision probability of f to about 1/T" and results in a time-space tradeoff of

TS? = O(N®/T) (1)

(i.e., TS = O(N3/2)). This improves upon the Fiat-Naor tradeoff in the case when S < T (or
S < N3/%). On the other hand, we note that the computation of the set of points and their
images from the shared random seed is non-uniform (i.e., it is not efficient in the standard
RAM model).

We further remark that when T > S, the online algorithm of [18] has space complexity
of (NZ(T) > S. While this online space is ignored in the preprocessing model of computation,
this can be viewed as a disadvantage of the algorithm.
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2.2  Our Techniques

Recall that the best known worst-case time-space tradeoff for 3SUM-Indexing is 7'S® = O(nf).

It was derived in [22, 17] by applying the Fiat-Naor tradeoff to the function f(i,7) = a; + a;
(one may assume that f : [n?] — [n?] by standard hashing techniques). Moreover, there is
a trivial time-space tradeoff of T = § = O(n), while clearly S = Q(n) must hold for any
algorithm that succeeds answering all the queries. Thus, the only relevant parameter range
is T < n (and S = Q(n)). Consequently, the improvement of [18] to the Fiat-Naor tradeoff
(effective only when S < T') is not directly applicable to 3SUM-Indexing.

2.2.1 An initial improvement in the cell-probe model

A closer look reveals that a variant of the improvement of [18] is applicable in the cell-probe
model, where we allow the online algorithm to be inefficient as long as it reads only a few
positions of the advice. Namely, we measure its complexity only by the number of queries it
makes to the advice string (each query reads a word of a poly-logarithmic number of bits).

Specifically, in order to reduce the effective collision probability of f, both the preprocessing

and online algorithms sample the same uniform subset of A, denoted A’, of size (about) T.

Now the online algorithm will correctly answer all queries from the set A’ + A" at no cost (as
this does not require reading any part of the advice). Next, we again define f(i,j) = a; + a;
with one modification: whenever a; + a; falls into A’ + A’, f just outputs a pseudorandom
value. With high probability, this reduces the (worst-case) collision probability of f to about
1/T2, resulting in a time-space tradeoff of about T'S% = O(n®/T?), or T352 = O(nS). This
tradeoff is better than the known one T'S3 = O(nf) when S < T2 (or S < n'2/7).

2.2.2 Our algorithm

We devise an improved algorithm with the tradeoff of T'S = 6(n2'5). This tradeoff is
equivalent to 7252 = 5(715), and since T < n, it is always better than the previous one of
T35% = O(n6) for all relevant parameter settings. Moreover, it is obtained by an efficient
uniform online algorithm, rather than in the cell-probe model. Since this algorithm strictly
improves upon the cell-probe algorithm, we will not consider the cell-probe algorithm in the
remainder of this paper.

We now sketch the details of our improved algorithm. The improvement still involves
applying the technique of [18]. However, we first derive an alternative way to apply the
Fiat-Naor algorithm to 3SUM-Indexing which “breaks down” the function f (4, j) = a; +a; into
about n “sub-functions” with domain and range of size about n. The preprocessing algorithm
will apply the Fiat-Naor preprocessing algorithm to each such function independently (with
space reduced by a factor of n).

Given a query y € A+ A, the task of the online algorithm will be reduced to inverting
only a single such sub-function. Moreover, given the advice string, each sub-function will be
efficiently computable.

Since both the space and the range size of each sub-function is reduced by a factor of
about n, while only one function is inverted online (and it is efficiently computable), we can
obtain the time-space tradeoff T(S/n)? = O(n?), or T'S* = O(n). This only recovers the
known Fiat-Naor tradeoff for 3SUM-Indexing. Yet, now the improvement of [18] will be much
more noticeable: the task of the online algorithm is reduced to inverting a single function
with range size of about n, giving the tradeoff T(S/n)? = O(n®/T), or TS = O(n*°). This
tradeoff is similar to Equation (1), with the space divided by n (as each sub-function is
preprocessed separately).

78:7
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Interestingly, we also observe that unlike the original application of [18] to the Function
Inversion problem (where the online space complexity exceeded the advice string length),
the space complexity of our online algorithm is still O(S + T) = O(S) (as S > T). For a
similar reason, unlike [18], our algorithm does not require any shared randomness between the
preprocessing and online algorithms, while running efficiently in the RAM model. Specifically,
rather than a seed that needs to be expanded inefficiently, our advice string includes the
actual set of uniformly chosen points for each sub-function. Moreover, as all sub-functions
can share the same set (up to a simple translation), we include only a single set. In our
setting, this has negligible overhead in terms of the length of the advice string.

It remains to show how the sub-functions are defined. In order to fulfill the above
constraints, the definition crucially relies on the additive structure of the problem. In
particular, the preprocessing algorithm draws two random primes p,q = é(n), so that
it is sufficient to solve 3SUM-Indexing modpq. For d € [g], the function f4 : [n] — [p]
only iterates over pairs (i,5) € [n]? such that a; + a; = d mod ¢. On input i € [n], it
is defined by computing (the first) j € [n] such that a; + a; = d mod ¢, and returning

(a; + aj) mod p (if such j does not exist, it returns a predefined value chosen at random).
1
mod g

fa to be efficiently computable, the advice string also includes a sorted array consisting

Thus, inverting y € A + A is reduced to computing f,° (y mod p). In order for each
of the values a; mod q, ..., a, mod q. Thus, on input ¢ € [n], (the first) j € [n] such that
a; + a; = d mod g is computed by binary search for d — a; mod g.

The idea of improving the Fiat-Naor algorithm by defining appropriate efficiently-
computable sub-functions is rather generic, and may find additional applications besides
3SUM-Indexing and related problems with additive structure. Thus, we first devise a general
improved algorithm for Function Inversion, assuming that the inverted function can be
broken down into sub-functions with certain constraints. We then apply this algorithm to
3SUM-Indexing.

3 Preliminaries

We denote the sets of integers and non-negative integers by Z and Zx, respectively. For a
positive integer m, [m] denotes the set of integers {0, ..., m—1}. For two vectors x,y € {0, 1},
by © @y € {0,1}* we denote their bitwise XOR. For two sets of integers A, B C Z, we use
A + B to denote the set of pairwise sums A+ B = {a+b: a € A,b € B}. For a positive
integer k and a set A C Z of integers, by kA we denote the set of all k-wise sums of elements
from A:

kA={a1+...+ag: a1,...,ar € A}.

For a function f: [N] — [N], Im(f) denotes the image of f, and f=1(y) = {z: f(z) = y}.

We use log() to denote the logarithm base 2, i.e., log(2™) = n, and we use In(-) to denote
the natural logarithm.

The 6() and Q() notations suppress factors poly-logarithmic in the input length. For
example, for an input A = (a,...,a,) € Z2,, where M = max; a;, the running time O(n%)
stands for n? - poly(log(n) + log(M)). Similarly, the < and > notations suppress factors
poly-logarithmic in the input length.

We will use the following version of the prime number theorem, where 7(n) denotes the
number of primes in the interval [n] (see, e.g., [13]).
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» Theorem 8 (Prime Number Theorem). For every ¢ > 0, there exists ng such that for all
n > ng, it holds that

(I-e)n/In(n) <7(n) < (1+e¢e)n/ln(n) .

3.1 Function Inversion

» Definition 9. The Function Inversion problem is a problem to be solved in two phases
by a pair of randomized algorithms A = (Ao, A1). The algorithms receive oracle access to
a function f: [N] — [N'] (where N' = O(N)), and both Ay and Ay can evaluate f at any
point = € [N] in time O(1).

Preprocessing phase. In the first phase, the preprocessing algorithm Ay preprocesses f into
advice P consisting of S bits.

Query phase. In the next phase, the online algorithm Ay receives a query y € [N'] and the
advice string P. If y & Im(f), then Ay outputs L, otherwise Ay outputs an x € f~1(y).
The running time of the algorithm A; is T.

We say that such an algorithm A for Function Inversion is an (S,T)-algorithm if for every

function f, with probability at least 1 — 1/N over the randomness of the algorithms, the

online algorithm Ay correctly answers all queries.

We say that such an algorithm A for Function Inversion is a weak (S,T)-algorithm if
for every function f, for every query y € [N'] such that f~'(y) is non-empty, the online
algorithm Ay correctly answers y with probability at least 1/2 over the randomness of the
algorithms.

The classical rigorous algorithm for the Function Inversion problem due to Fiat and
Naor [14] solves the problem in space S and time T as long as S3T = Q(N3).

» Theorem 10 ([14]). For every 0 < ¢ < 1, there is an (S,T)-algorithm for Function
Inversion with space S = O(N*~°/3) and T = O(N?).

We will also use another version of this algorithm for Function Inversion that performs
better for T > S.

» Theorem 11 ([18]). For every 0 < ¢ < 1, there is an (S,T)-algorithm _for Function
Inversion with space S = O(N'*7%) and T = O(N?®). The algorithm uses O(T) = O(N?)
bits of shared randommness.

We stress that the online algorithms of Theorems 10 and 11 run in time 7" in the RAM
model, but the algorithm of Theorem 11 assumes shared randomness. [18, Section 6] proves
that Theorem 11 can be implemented without shared randomness at the expense of having
computationally unbounded preprocessing and a non-uniform online algorithm (as opposed
to a RAM online algorithm). In Theorem 16, we show that in our application, the need
for shared randomness can be completely eliminated with no impact on the parameters or
the running time of the preprocessing and online algorithms by simply including the shared
random string as part of the preprocessed advice.

We will use the following lemma, which applies standard techniques to amplify the success
probability of a weak function inversion algorithm.

» Lemma 12. Let f: [N] — [N'] be a function such that N' = O(N). Let A= (Ao, Ay) be
a weak (S,T)-algorithm for inverting f. Then there exists an (S',T")-algorithm for inverting
f with " = O(S) and T" = O(T).
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Proof. The algorithm A" = (A,A}) will create ¢ = [log(NN’)] independent copies
A°, ..., A1 of the assumed weak algorithm, where each copy uses S bits of preprocessing
and answers its queries in time 7.

Preprocessing phase: The advice string produced by Aj, consists of the ¢ advice strings
Po, ..., Pe_1 produced by A°, ..., A1, Clearly, the space complexity of the algorithm
is S’ =0-5=0(9).

Query phase: Given a query y € [N'], A} collects the answers (z°,...,z/"1)
algorithms A',...  A*. (Some of these answers might be L, in which case it ignores
them.) If for some i € [{], f(2') =y, then A} outputs *, otherwise it outputs L. The
query time of A} is ' = O(¢-T) = O(T).

Analysis: It remains to prove that A} answers all queries y € [N'] correctly with probability
at least 1—1/N. Since Aj verifies that f(x?) = y, it never outputs a false positive solution.
In particular, if f~1(y) is empty, then the algorithm always outputs the correct answer
1. Now assume that f~!(y) is non-empty. Then, the probability that all ¢ instances
Al,... A? give wrong answers on y is at most 1/2¢. Taking a union bound over all
y € [N'], the probability that at least one query is not answered correctly is at most

of the ¢ online

N'.27* < N'/(NN')=1/N . <

3.2 Data Structure Problems

» Definition 13. For a constant integer k > 3, the kSUM-Indexing problem is a problem to

be solved in two phases by a pair of randomized algorithms A = (Agp, A1).

Preprocessing phase. In the first phase, the preprocessing algorithm Aqg receives a list of n
integers A = (ag, . ..,an—1) € Z2%, and preprocesses them into advice P consisting of S
bits. N

Query phase. In the next phase, the online algorithm Ay receives a query b € Z>qo and
the advice string P. If b & (k — 1)A, then Ay outputs L, otherwise Ay outputs a tuple
(i1, ... ,ig—1) € [n]*=L such that a;, + ...+ a;,_, =b. The running time of the algorithm
./41 isT.

We say that such an algorithm A for kSUM-Indexing is an (S,T)-algorithm if for every

input A, with probability at least 1 — 1/n over the randomness of the algorithms, the online

algorithm Ay correctly answers all queries.

A few remarks about the definition of kSUM-Indexing are in order.

» Remark 14. 1. Since in this work we are concerned with upper bounds on the complexity of
kSUM-Indexing, we intentionally choose the weaker computational model for Definition 13
(which only makes our results stronger). Another standard computational model for this
problem is the cell-probe model, where (i) the preprocessing and online algorithms are
computationally unbounded, and (ii) 7" only bounds the number of bits of the advice P
read by the online algorithm A;.

2. All randomized algorithms can be implemented as deterministic algorithms in the cell-
probe model by fixing the “best” randomness in the computationally unbounded prepro-
cessing phase. We remark that the algorithms we present in this work can be derandomized
much more efficiently by verifying that all elements of (k — 1)A appear in some chain of
the Function Inversion subroutine.

3. While the running time of the preprocessing algorithm is not bounded in Definition 13,
we note that the preprocessing algorithms presented in this work are efficient and run in
time O(n*1).
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4. The success probability of the kSUM-Indexing algorithm is defined to be at least 1 — 1/n,
but it can be easily amplified by standard techniques (as in Lemma 12).

5. One can assume without loss of generality that the input list of integers (a1, ..., a,) € [M]"
satisfies M = 5(nk’1). This can be achieved by reducing the inputs (aq, ..., a,) modulo

several primes p; = O(n*~1) (see, e.g., [17, Theorem 7]).

Next, we define other data structure problems we are considering in this paper. In order
to define the Jumbled Indexing problem, we first need to define the histogram of a string
S € X" over an alphabet ¥. The histogram of S is a vector h € ZEO‘, where the ith coordinate
of h is the number of occurrences of the ith character of the alphabet ¥ in the string S.

For k > 3, the kXOR-Indexing problem is a variant of kSUM-Indexing where the addition

is replaced by XOR. The kXOR-Indexing problem takes as input a list of n vectors

A= (ag,...,an_1) € ({0,1}9)". For a query b € {0,1}¢, the task is to output a tuple

(i1,...,ix—1) € [n]*~1 such that a;, ®...®a;,_, = b if such a tuple exists, and to output

L otherwise.

For n < m, the 3SUM-Indexing(n, m) problem is a variant of 3SUM-Indexing where the two

input lists may have different lengths. The 3SUM-Indexing(n, m) problem takes as input

a list of n non-negative integers A = (ao, ..., an—1) € Z%, and a list of m non-negative

integers B = (bo, ..., bm-1) € ZZ,. For a query b € Zgo, the task is to output a pair

(i,7) € [n] x [m] such that a; + b; = b if such a pair exists, and to output L otherwise.

For n = m, 3SUM-Indexing(n,m) is simply the 3SUM-Indexing problem.

The Jumbled Indexing problem takes as input a string S of length n over an alphabet X.

For a query histogram h € Z‘Eol7 the task is to output 1 if there exists a substring of S
with histogram h, and to output 0 otherwise.

We will use the following efficient reduction from Jumbled Indexing to 3SUM-Indexing
shown by [4] (the reduction was also implicitly used in [7]).

» Theorem 15 ([4, Corollary 2]). Assume there is an (S, T)-algorithm for 3SUM-Indexing.
Then there is an (S’,T’l—algorz'thm for Jumbled Indexing over alphabets of constant size
|X| = O0(1), where 8" = O(S) and T' = O(T).

4 Function Inversion with Sub-Functions

In Theorem 16, we describe the structure of f that leads to an improved inversion algorithm
for some parameters. In Section 5, we identify this structure for 3SUM-Indexing and apply
Theorem 16. We present our main result in this modular way because we believe that
Theorem 16 may find additional applications for other data structure problems.
Specifically, we present an efficient function inversion algorithm for a class of structured
functions f: [N] — [N’]. We assume the existence of two efficient mappings, MAP;: [N'] —
[D] and MAPy: [N'] — [L'], along with D efficiently computable sub-functions fq: [L] — [L'],
such that the following holds with high probability: to invert f at a point y, it suffices to
invert the function fyap,(y) at the point MAPy(y). In this case, the problem of inverting f
reduces to inverting one of the D functions fy, each of which has a smaller domain. While
this reduction alone does not improve upon the classical Fiat—Naor algorithm, combining it
with the space-efficient inversion algorithm from Theorem 11 allows us to improve the known
bounds in this special setting.
» Theorem 16. Let f : [N] — [N] be a function such that N' = O(N) and let D =
O(N),L = O(N),S = O(N) be integer parameters. Assume that there is a randomized
algorithm B that takes f as input and outputs (D,L, L', AUX), where D, L, L' € Z>¢ satisfy
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D =0(D),L=0(L), L' =O(L), and AUX is an auziliary string of length O(S) bits, such

that the following hold:

1. For every d € [D], there is a deterministic (sub) function fq:[L] — [L'].

2. There are deterministic query mapping functions MAP; : [N'] — [D], MAP, : [N'] — [L/],
and an output translation function TR : [N'] x [L] — [N].

3. All functions fq, MAP1, MAPs, TR, given D, L, L', and access to AUX, can be evaluated
at any point in time O(1).

4. For every y € [N'] such that f=1(y) is non-empty, with probability at least 5/6 (over the
randomness of B), there is x' € [L] such that fyap, () (z') = MAP3(y).

5. For every y € [N'] such that f~1(y) is non-empty, with probability at least 5/6 (over the
randomness of B), every x' € [L] such that fyap, ) (z') = MAPy(y) satisfies TR(y,2") €
).

Then, for every 0 < § < 1, there is an (S,T)-algorithm for inverting f with space S =

O(LY3=9 . D + 8 + L9) and query time T = O(L®).

In particular, if L = 6(N/f)), then for every 0 < 6 < 1, there is an (S, T)-algorithm for

inverting f with S = O(N'3=% . D3=05 1§ + N9/D%) and T = O(N?/D?).

We stress that we assume that the description of f and the output (D, L, L', AUX) of the
algorithm B uniquely define all functions f;, MAP;, MAPs; and TR. Depending on the
randomness of B, these functions may have different domains and ranges, but they always
satisfy D = O(D), L = O(L), L’ = O(L). We further clarify that all O(-) and €(-) notations
used in the theorem suppress poly-logarithmic factors in N.

Proof of Theorem 16. By Lemma 12, it is sufficient to describe a weak (S, T)-algorithm
A = (Ag, Ay) for f. The algorithm will use the algorithm of Theorem 11, which requires
shared randomness. We will first apply this algorithm naively, and then show how to remove
the shared randomness with minimal cost.

Preprocessing phase: A; runs B and obtains (D, L, L', AUX). For every d € [D], it runs
the preprocessing algorithm of Theorem 11 for the function fy, and obtains the advice
Pa. The advice string is P = (D, L, L', AUX, Py, ..., Pp).

Query phase: On input query y € [N'] and advice string P = (D, L, L', AUX, Py,...,Pp),
A; first computes d = MAP;(y) and y' = MAP,(y). It then runs the online algorithm
of Theorem 11 for f; with advice string Py and query 3’. If this algorithm outputs L,
then A; outputs L. Otherwise, denote the output of that algorithm by =’ € [L]. A
then computes z = TR(y,2’). If f(z) = y, the algorithm outputs z, and it outputs L
otherwise.

Observe that by the definition of A and by Theorem 11, for every 0 < § < 1, we have
S =0(L*°.D+8)and T = O(L?) (since fy, MAP;,MAP,, TR all run in time O(1)).

Analysis: Fix y € [N'] for which f~!(y) is non-empty. A; succeeds if the following three
events occur simultaneously: (1) f1\7[11xP1 ) (MAP;(y)) is non-empty, (2) the online al-
gorithm of Theorem 11 returns 2’ € [L] such that fyiap,(y)(2') = MAP3(y), and (3)
TR(y,2') € f~(y).

By Item 4 the first event occurs with probability at least 5/6, in which case the second
event occurs with probability 1 —1/L > 5/6 (we may assume that L > 6, as otherwise,
inverting fyap,(y) in constant time is trivial). By Item 5, the third event occurs with
probability 5/6.

Overall, by a union bound, the success probability of A; is at least 1 — 3/6 = 1/2, hence
A is a weak (S, T)-algorithm as claimed.
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Finally, we deal with the shared randomness ofNTheorem 11. For each sub-function
fa: [L] = [L'], the length of the shared string is O(L?). By amplification (Lemma 12),

a shared string of length O(L?) can guarantee success probability of 1 — O(1/(ND)).

Therefore, by a union bound, the same shared random string can be used for all 5(15)
sub-functions fg4, and thus, except with probability at most 1/(2NN), succeed for all of
them simultaneously. We now modify the preprocessing algorithm Ag to send this random
string as part of the preprocessing advice. Since this random string is of length 6(ﬁ5 )
bits, we conclude that § = O(L*5~9 . D 4 § 4 L?) as claimed. <

5 Algorithm for 3SUM-Indexing

In this section, we present an algorithm for 3SUM-Indexing(n, m) in Theorem 17. This
algorithm will be used to prove our main results for 3SUM-Indexing and its generalization,
kSUM-Indexing.

» Theorem 17. For every 0 <4 <1, there is an (S, T) algorithm for 3SUM-Indexing(n, m)
with space S = O(n'*>~% - m) and query time T = O(n®).

Proof. Let A = (ag,...,an—1),B = (bg,...,bn—_1) be the input of the algorithm, and let
M = max(max; a;, max; b;) be the maximum element in the two arrays. We will assume
that M > 8 as otherwise the problem can be trivially solved in constant time and space
S =T = O(1) by storing an answer for each query y € [2M].

Let ki = 50nIn(2M)InIn(2M) = O(n), and ky = 50mIn(2M)Inln(2M) = O(m).

Let I = {ki, ..., 2k1}, and Is = {ko, ..., 2ko}. First, we show that the number of
primes in I, denoted by m(I), is at least 6nlog, (2M). A similar argument shows that
w(Iz) > 6mlog,,(2M). By the prime number theorem (Theorem 8) applied with e = 1/8,
for all large enough n, we have that

(1—e)2ks (1+)k (1_3_2(175)ln(2))> ey
)

m(h) 2 n(2k) (k) In(kr) In(21) 2k

> 6nlog, (2M) .

Here the penultimate inequality uses k; > 22 (which holds for all large enough n), and the
last inequality uses InIn(2M) > 1 and n > 50.

We now prove the result using Theorem 16. First, let N =n-m, N’ = 2M, and let us
define f : [N] = [N ’]asf(zj)—al—i—b Let D=m, L=n, S=m.

Since L =n = 6((n m)/D), assuming Theorem 16 applies with these parameters, we
have that for every 0 < § < 1, there is an (5, T)-algorithm for 3SUM-Indexing(n, m) with
space

S =O(N5=0. D05 L § 1 N°/D?)

(
O((n )15 0 ( )670.5+m+n)
= 0" m+4+m+n’)
O(n15 d . )

(recalling that m > n) and query time
T = O(N%/D%) = O(nf)

proving the theorem.
We now define the algorithms and functions required to apply Theorem 16.
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Algorithm B. B works as follows: It draws p from I; and ¢ from I> as independent and
uniformly random primes, and sets L = n, L’ = p and D = q. AUX contains:
1. The n input numbers A = (ag, ..., a,—1) sorted in the non-decreasing order (and in
the increasing order of i in case of ties);
2. The m input numbers B = (by, ..., by,—1) sorted in the non-decreasing order (and in
the increasing order of j in case of ties);
3. The m input numbers B = (by,...,by_1) sorted in the non-decreasing order of their
remainders modulo ¢ (and in the increasing order of j in case of ties);
4. A uniformly chosen integer z € [p)].
Functions f4: [n] — [p] for d € [g]: For every d € [g], define the function f4: [n] — [p]
as follows. For every i € [n],

fa(i) a; +bj mod p, for minimum j such that a; + b; = d mod ¢ if such j € [m] exists;
d\t) =
! z, if a; +b; Z dmod g for all j € [m].

Observe that given the list of input numbers B sorted in the non-decreasing order by
their remainders modulo ¢ (in AUX), the function f4(¢) is indeed computable in time
6(1) by binary search for d — a; mod g, as required by Item 3 of Theorem 16.

Functions MAP; : [2M]| — [q], MAP, : [2M] — [p]: define MAP,(y) = y mod ¢ and
MAP:(y) = y mod p. Clearly, these functions are computable in time 5(1), as required
by Item 3 of Theorem 16.

Function TR : [2M] X [n] — [n] X [m]: Giveny € [2M] and i € [n], TR(y, ) uses binary
search to find a b; such that a; +b; = y, and returns (7, j) (if no such j is found, it returns
an arbitrary pair, e.g., (1,1)). Clearly, TR is computable in time 5(1) given the sorted
list of numbers, as required by Item 3 of Theorem 16.

Analysis: It remains to prove that the defined functions satisfy the constraints of Item 4
and Item 5 of Theorem 16.

We first prove the constraint of Item 4. Fix y € [2M] such that y € A 4+ B, namely, there
exist (4,7) € [n] x [m] such that a; + b; = y. Fix such (3, j).
We claim that

Pr[3j" € [m]: bjy #b; Abj = bjy mod ¢] < 1/6. (2)

This implies that Pr[f, mod ¢4(¢) = (a;+b; mod p) = (y mod p)] > 5/6, hence the constraint
of Item 4 holds.

To prove Equation (2), observe that by —b; € {—2M,...,2M }\{0}, hence b, — b; has
at most log,,(2M) distinct prime factors from I5. For a fixed bj, the probability (over
the choice of ¢) that bj; —b; = 0 mod ¢ is then at most log,,(2M)/m(I3) < 5. Taking a
union bound over all j € [m], such that bjs # b; we have that b; # b;s mod ¢ for all j’
such that bj # b; with probability at least 5/6.

Next, we prove the constraint of Item 5. Again, fix y € A+ B. We claim that

Prly #zmodp| =1-1/p>1-1/n, (3)
Pr[|{y' € A+ B,y =y mod pq}| = 1] > 35/36. (4)

Given that y # z mod p, if fy mod ¢(¢') = y mod p for some ¢’ € [n], then there exists j' €
[m] such that a; +b;; = y mod pg. Furthermore, from [{y/ € A+ B,y =y mod pg}| = 1,
we have that a; + bj =y, implying that TR(y,d") = (¢, j).

Therefore, these two inequalities imply that the constraint of Item 5 holds with probability
at least 35/36 — 1/n > 5/6 (for sufficiently large n), as required.
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It remains to prove the two inequalities. The proof of Equation (3) is trivial by the
uniform choice of z € [p].

The proof of Equation (4) is similar to the proof of Equation (2): let " € A+ B such that
y #y. Since y —y € {—2M,...,2M}\{0}, we have that y' — y has at most log,,(2M)
distinct prime factors from I; and at most log,, (2M) distinct prime factors from I5. For
a fixed g/, the probability (over the choice of p and ¢) that ' —y = 0 mod pgq is then
at most (log,,(2M)/7(I1)) - (log,,(2M)/7(I3)) < m. Taking a union bound over all
y' € A+ B, such that 3’ # y we have that y # ¢’ mod pq for all 3/ # y with probability
at least 35/36. <

We are now ready to conclude Theorem 4 from Theorem 17.

» Theorem 4. For every 0 < 6 < 1, there is an (S, T)-algorithm for 3SUM-Indexing with

space S = O(n2°7%) and query time T = O(n%).

Proof. By setting m = n in Theorem 17, we obtain an (S, T')-algorithm for 3SUM-Indexing
with space S = O(n?°7%) and query time T = O(n°). <

6 Generalizations and Applications

We begin this section with a generalization of the algorithm for 3SUM-Indexing to kSUM-
Indexing.

» Theorem 5. For every k >3 and every 0 < 6 < 1, there is an (S, T)-algorithm for
kSUM-Indexing with space S = O(n*=95=%) and query time T = O(n®).

Proof. Let A = {ag,...,an—1} be an instance of kSUM-Indexing. @ We define a
3SUM-Indexing(n, m) instance with input (A4, B) by setting B = (k — 2)A. Clearly, each
query b to kSUM-Indexing on input A4, is equivalent to the same query to 3SUM-Indexing(n, m)
on input (A, B). The constructed instance of 3SUM-Indexing(n,m) has m = O(n¥=2). Ap-
plying Theorem 17 to this instance, we deduce that for every 0 < § < 1, there is an
(S, T)-algorithm for kSUM-Indexing with space

S =O0(n'5= . m) = O(nk~05-9)
and query time

T=0("),
which completes the proof. <

In the next theorem, we show that one can modify the proofs of Theorems 5 and 17 to obtain
an analogous result for the kXOR-Indexing problem.

» Theorem 6. For every k > 3 and every 0 < & < 1, there is an (S,T)-algorithm for
kXOR-Indexing with space S = O(n*=95=%) and query time T = O(n®).

Proof sketch. The main difference between the proofs of this theorem and Theorem 5 is in
the way we define the functions MAP;, MAP,, TR, and f; when applying Theorem 16. Let
A = (ag,-..,an_1) be the input of the algorithm, where each a; € F% is viewed as a vector
from F5. Let B = (bo,...,bm—1) = (k — 2)A, where the addition, again, is over Fj, and
m = O(n*~2). We will assume that £ > 1.5logn as otherwise the problem can be trivially
solved in constant time and space S = O(n'?) = O(n*0-5-9)
query y € 5.

by storing an answer for each
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The algorithm B samples independent uniformly random full-rank matrices P € F} xt
and Q € F2** for p = logn + O(1) and ¢ = logm + O(1). Then MAP;: F5 — FJ and
MAP;: F§ — F} are defined as

MAP;(y) = Py .

Let z € FY be a uniformly random vector. For every d € Fi, we define the function
fa: [n] = FL as follows. For every i € [n],

1a() P(a; ®b;), for minimum j such that Q(a; @ b;) = d if such j € [m] exists;
1) =
¢ 2, if Q(a; @ b;) # d for all j € [m).

Note that each f; can be efficiently computed given a sorted list of Qb; for all j € [m]. Finally,
Given y € F5 and i € [n], TR(y, i) uses binary search to find a b; such that a; ® b; = v,
and returns (7,7) (if no such j is found, it returns an arbitrary pair, e.g., (1,1)). TR is
computable in time 5(1) given a sorted list of b;. We now apply Theorem 16 with the only
difference that the ranges and domains of the functions are not subsets of integers but vector
spaces over Fy. It is now not hard to see that analogues of Equations (2)—(4) hold for the
functions defined above. |

Finally, we present an immediate application of the 3SUM-Indexing algorithm from
Theorem 4 to the Jumbled Indexing problem.

» Corollary 7. For every 0 < § < 1 and an alphabet ¥ of constant size |X| = O(1), there is an

(S, T)-algorithm for Jumbled Indexing with space S = O(n*°=°) and query time T = O(n°).

Proof. This result immediately follows from the reduction from Jumbled Indexing over
constant-size alphabets to 3SUM-Indexing of [4] (Theorem 15) and the 3SUM-Indexing al-
gorithm from Theorem 4. <
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