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—— Abstract

We prove new hardness results for fundamental lattice problems under the Exponential Time
Hypothesis (ETH). Building on a recent breakthrough by Bitansky et al. [BHIRW24], who gave a
polynomial-time reduction from 3SAT to the (gap) MAXLIN problem — a class of CSPs with linear
equations over finite fields — we derive ETH hardness for several lattice problems.

First, we show that for any p € [1,00), there exists an explicit constant v > 1 such that CVP,
(the £,-norm approximate Closest Vector Problem) does not admit a 2°("-time algorithm unless
ETH is false. Our reduction is deterministic and proceeds via a direct reduction from (gap) MAXLIN
to CVP, .

Our main contribution is a randomized ETH hardness result for SVP,, - (the £,-norm approximate
Shortest Vector Problem) for all p € (2,00). This result relies on a novel geometric property of the
integer lattice Z" in the £, norm, which says that for any p € (2, 00), the number of lattice vectors
close to 31, (in the £, norm) is exponentially larger than the number of short vectors (namely those
close to the origin). We establish this property via a new inequality for the Theta function, which
we use to get a randomized reduction from CVP, , to SVP, ..

Finally, we also use our ideas to give some minor improvements over prior reductions from 3SAT
to BDDy,« (the Bounded Distance Decoding Problem), yielding better ETH hardness results for
BDD,,. for any p € [1,00) and o > ozi, where af, is an explicit threshold depending on p.
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1 Introduction

A lattice in d dimensions is a discrete subgroup of R%. Formally, given a set of vectors
vi,...,v, € Q% the lattice generated by these vectors is defined as

L=L(v1,...,0,):= Zaivi:ai S/
i=1
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Several algorithmic problems on lattices are of particular importance. The Shortest
Vector Problem (SVP) asks for the shortest nonzero vector in a given lattice — typically
measured in an ¢, norm. The Closest Vector Problem (CVP) asks for the lattice vector
closest to a given target vector in the ambient space R?. A related variant is the Bounded
Distance Decoding (BDD) problem, which can be viewed as CVP under the promise that
the target point lies sufficiently close to the lattice.

Algorithms for solving these problems have led to impactful applications across multiple
domains. These include polynomial factoring [51], integer programming [52, 47, 34, 67], and
cryptanalysis [69, 62, 46, 59]. At the same time, the conjectured hardness of lattice problems
has enabled the design of powerful cryptographic primitives — particularly in the context of
post-quantum cryptography. These schemes are not only conjectured to be secure against
quantum adversaries but also support advanced functionalities such as fully homomorphic
encryption [65, 39, 31, 14]. Remarkably, many of these constructions rely on the worst-case
hardness of lattice problems, in contrast to traditional schemes based on the average-case
hardness of factoring or discrete logarithm [12, 65].

The security of most finalists in the NIST post-quantum cryptography standardization
process rests on the assumed difficulty of solving lattice problems [61].

Algorithmic Progress on Lattice Problems. The algorithmic study of CVP and SVP in the
Euclidean norm (£5) began with the LLL algorithm [51], which provides a 2°(™)-approximation,
and continued through foundational works of Babai [19], Kannan [47], Schnorr [68], and
Ajtai, Kumar, and Sivakumar [13]. The fastest known algorithms for exact SVP are based
on randomized sieving [13], extended to all ¢, norms [30], general norms [18], and even
asymmetric convex bodies [34], yielding 20(n) . poly(d)-time algorithms for SVP,. In the case
p = 2, a long line of work [13, 64, 58] culminated in a 2"+°(™)_time algorithm [5, 6, 10] for
both exact SVP and exact CVP, a 20-835" quantum algorithm for SVP [3], while constant-
factor approximation for SVP is achievable in 2"/2+°(") time [5]. Even faster heuristic
sieving algorithms are known under plausible assumptions [60, 73, 50, 22]. For polynomial
approximation factors, the best known algorithms for SVP, run in time 2¢", where the
constant C' depends critically on the approximation factor [38, 8, 9], and small improvements
in C have significant implications for cryptographic security. Recently, Eisenbrand and
Venzin [36] showed that the fastest constant approximation factor SVPs algorithm can be
adapted to solve constant approximation factor SVP, and CVP, for any p with essentially
the same runtime. Building on this [2] developed tight, rank- and dimension-preserving
reductions between SVP, and CVP,, across all norms, handling both constant and polynomial
approximation factors, thereby expanding the algorithmic toolkit for lattice problems in
general £, spaces.

Computational Hardness of Lattice Problems. A series of efforts [72, 15, 32, 57, 48, 66, 42]
have shown that SVP, and CVP, are NP-hard to approximate to within any constant
factor, and hard to approximate to within n¢/ 198198 for a constant ¢ > 0, under reasonable
complexity theoretic assumptions. See [23] for a recent survey on the hardness of SVP. These
results however do not rule out the existence of sub-exponential time algorithms for SVP. This
question is of immense interest from a theoretical point of view, as well as from a practical
(cryptographic) point of view. For instance, to break the minimally secure post-quantum
cryptographic schemes currently being standardized (for example, [20]), one would need
to solve SVP, in roughly 400 dimensions. At this stage, a 2"/1°6™ time algorithm would
be sufficient to break these schemes in practice. We need stronger and more fine-grained
hardness assumptions to rule out the existence of such algorithms.
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Fine Grained Complexity. The PCP theorem [17, 16] was a breakthrough result that states
that every language in NP has a polynomial-size proof that can be verified by a probabilistic
verifier that reads only a constant number of bits from the proof. This implies NP hardness of
approximation for problems such as MAX3SAT and MAXLIN [41]. This rules out polynomial
time algorithms for these problems (unless P = NP), but does not provide any guarantees
about the existence of sub-exponential time algorithms, which are of interest especially in
cryptography. The analogous (to P # NP) assumption to start from would be the Exponential
Time Hypothesis (ETH) [44], which states that 3SAT on n variables cannot be solved in
time 2°(") . However, it is not known whether this can be used to rule out the existence of
sub-exponential time approximation algorithms for problems such as MAX3SAT or MAXLIN.
More recently, [35, 55] formulated this into a yet stronger hardness assumption called the
GapETH which states that approzimating MAX3SAT on n variables requires 22(" time.

Gap-ETH vs ETH. The Exponential Time Hypothesis (ETH) and its stronger variant,
Gap-ETH, have both played central roles in establishing fine-grained complexity and inap-
proximability results. Gap-ETH, introduced in [35], states that for some constant 0 < n < 1,
no algorithm can distinguish, in 2°(™) time, between a 3SAT instance in which all m clauses
are satisfiable and one in which no assignment satisfies more than an 7-fraction of the clauses.
This stronger assumption has enabled sharp inapproximability results for a wide range
of problems, including 2CSP [35], Densest k-Subgraph and k-Biclique [33], parameterized
SVP [28], and TSP [49]. More recently, however, breakthrough works have shown how
to derive similar gap-producing reductions under the weaker ETH assumption, leading to
inapproximability results for problems such as 2CSP, Gap k-Clique [40], gapMAXLIN [29],
and parameterized SVP [53]. These results raise the intriguing possibility that ETH may in
fact imply Gap-ETH — a connection that could be established, for instance, via a PCP for
3SAT with linear proof blowup, though the existence of such PCPs remains a long-standing
open question. In light of this, a promising intermediate goal is to demonstrate that hardness
results previously known only under Gap-ETH can in fact be obtained under ETH alone.
Our work takes this approach: we use the gap-producing reduction from [29] to show the
ETH hardness for the approximate lattice problems SVP,, , CVP,, , and BDD,, ,,, whose
hardness was previously established only under Gap-ETH. Prior ETH-based hardness for
these fundamental problems was unknown, though a sequence of works [25, 11, 4, 27, 1]
established their hardness under the stronger Gap-ETH assumption. Our results thus provide
new evidence for the power of ETH and take a step toward bridging the gap between ETH
and Gap-ETH in the context of lattice-based inapproximability.

1.1 Our Results

We study the hardness of lattice problems under the Exponential Time Hypothesis. Our
results are summarized in Table 1.

At the heart of our results, is a recent breakthrough result of Bitansky et. al. [29] which
shows that there is a polynomial time reduction from 3SAT in, say, n variables to gap version
of MAXLIN problem with O(n) variables and O(n) clauses, which is a constraint satisfaction
problem (CSP) where each clause is a linear equation over a finite field. It follows that (gap)
MAXLIN is ETH hard.

ETH Hardness of CVP. We define CVP,, , to be a decision version of the Closest Vector
Problem, where given a matrix B over, say, integers, a target vector ¢, and a radius r, the
goal is to decide if there exists a lattice vector v € L£(B) such that |lv —¢||, <r, or for all
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Table 1 Summary of known fine-grained upper and lower bounds for SVP, , and CVP, , for
various values of p and some constant v > 1, under various assumptions, with our results in blue.

Problem | {,-norm | Gap-ETH | ETH | Notes
SVP,~, | 2<p< o0 29(n) 99(n)

1<p<2 - _
p=0Q 2“(”) 2$Z(n) [25]

CVP,, | 1<p< @ 29(n) 92(n)
p=00 2% (n) 9%(n) [25]

lattice vectors v, [|v —¢t[|, > yr. Here £L(B) is the lattice generated by the columns of B.
Our first result says that for any p € [1, 00), there is no sub-exponential (in the dimension of
the lattice) algorithm for CVP,, ., for some (explicit) constant v > 1, unless the Exponential
Time Hypothesis is false.

» Theorem 1.1 (ETH hardness of CVP,, ). For any p € [1,00), there exists a constant y > 1
such that for all n € Z%, there is no 2°") time algorithm for CVP, ., over R™, unless the
Ezxponential Time Hypothesis is false.

To prove this, we give a deterministic Karp reduction from MAXLIN over, say, n variables
and m equations to CVP,, ., in a lattice in m dimensions.

Randomized ETH Hardness of SVP. We define SVP, ., to be a decision version of the
approximate shortest vector problem, where given a matrix B over, say, integers, and a
radius 7, the goal is to decide if there exists a lattice vector v such that [lv][, <, or if for all
lattice vectors v, we have that ||v|| p > 7. Our main result is that for any p > 2, unless the
randomized Exponential Time Hypothesis is false, there is no sub-exponential time algorithm
for SVP,, , for an explicit constant v > 1.

» Theorem 1.2 (ETH hardness of SVP,, ). For any p € (2,00), there exists a constant vy > 1
such that for all sufficiently large n € ZT, there is no 2°") time algorithm for SVP,,  over
R™ unless the randomized FExponential Time Hypothesis is false.

To prove this theorem we show a novel property of the integer lattice Z", which says
that for any p > 2 there are exponentially more lattice vectors close (in the £, norm) to
%17“ than the number of short vectors, i.e., vectors around the origin. Then we borrow
techniques from [11] to show that we can use the CVP,, ., instances constructed in the proof of
Theorem 1.1 to generate an SVP,, ./ instance for some 7’ > 1 via a Karp reduction. Chaining
together the efficient reductions from 3SAT to (gap) MAXLIN, from (gap) MAXLIN to CVP,, -
and from CVP, , to SVP, ,/, we get our result.

p = oo case. We note that the reduction from k-SAT to CVP,, and SVP, in [25, Corollary
6.7] achieves a gap of v, = 1+2/(k —1). Therefore for k = 3, they get a gap of 2, and hence
we know the ETH hardness of CVP, , and SVP , for v = 2 since their work.

A reduction from CVP to BDD, and hence ETH Hardness of BDD. We define BDD,, ,
to be the following search problem. The input is a matrix B over, say, integers and a
target vector ¢ under the promise that there exists a lattice vector v at a distance at most
a- AP(L£(B)), where A" (£(B)) is the length of the shortest non-zero vector in £(B) in the



D. Aggarwal, R. Gupta, A. Morolia, and C. Zhang

¢, norm. The goal is to find a lattice vector closest to t. We show that for any p € [1, c0),
there is an efficient decision-to-search reduction from CVP, , over a lattice over integers
to BDD, o, for any constant v and a > ai, where af) is an explicit constant defined in
Equation (4), such that of =1 for p € [1,2], of <1 for p > 2, and o — 1/2 as p — oc.

» Theorem 1.3 (CVP, , reduces to BDD,, ). For any~y' > 1, ¢ >0, and p € [1,00), the
following holds for all o > a}, and sufficiently large m € Z. There is a decision-to-search
reduction from any CVP, ., to BDD,, o, where the CVP,, ,/ instance (B',t',r") is such that
B e zm*m ' ¢ 7™ and r' = c¢-ml/P.

As a consequence, combining this result with our reduction from (gap) MAXLIN to
CVP, , we get that for any p € [1,00), a > afﬂ there is no sub-exponential time algorithm
for BDD, o, unless the randomized Exponential Time Hypothesis is false.

» Theorem 1.4 (ETH hardness of BDD, o). For any p € [1,00), a > af,, there is no 2°(
time algorithm for BDDy, o over R™, unless the randomized Exponential Time Hypothesis is
false.

ETH hardness of Minimum Distance Problem for Linear Codes. A linear code is a
subspace of Fy*, for some prime power g. Given a full rank generator matrix C' € F;**", such
that 1 < n < m, the g-ary code generated by C' is

C::C’IFZ’:{C,Z:ZEIFZ}.

The elements of C are known as codewords. The nearest codeword problem (NCP) asks to
find the minimal Hamming distance between a given target vector and a codeword in a
given linear code. This problem can be thought of as the code equivalent of the closest
vector problem (CVP) over lattices. Similarly, the SVP equivalent over codes is the minimum
distance problem for linear codes (MDP), that asks to find the minimal Hamming weight of
a non-zero code word in a given code. Observe that the MAXLIN problem is essentially the
NCP problem in disguise.

In [70], the authors studied the SETH and GapETH hardness of MDP and NCP. They give
a reduction from k-SAT (Max-k-SAT) to (vy-approximate) NCP, establishing SETH (GapETH)
hardness of (v approximate) NCP. Here v > 1 is a constant. Moreover, they give a reduction
from v-NCP in rank n to 4'-MDP in rank Cn for constants C, +/, thereby showing GapETH
hardness of v'-MDP. We note that this reduction can be thought of as a reduction from
MAXLIN; for a constant € in n variables to v-MDP in rank n, for another constant . Thus,
we get ETH hardness of v-MDP for some constant v for free.

1.2 Our Techniques

From Linear Equations to CVP. MAXLIN is one of the classical NP-hard approximation
problems [41]. An instance of MAXLIN is of the form (M,v), where M € F™*" v € F™
have entries from a finite field F. The goal is to find a vector & € F™ that satisfies as many
linear equations M; - = v; as possible. The gap version gap. ;MAXLIN is a promise problem
where an instance (M, v) is a YES instance if there exists a vector @ € F™ that satisfies
at least em of the linear equations, and a NO instance if every vector & € F" satisfies at
most sm of the linear equations. [29] showed that there is a Karp reduction from 3SAT to
gap, sMAXLIN for ¢ = 5/8 and s = 5/8 — ¢ for an explicit constant ¢ > 0. This implies that
gap. sMAXLIN is ETH hard. From now on, we write MAXLIN. to denote gap, ;MAXLIN over
Fy, for c=5/8 and s =5/8 —¢.
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To prove Theorem 1.1, we show a deterministic Karp reduction from MAXLIN, to CVP,,
for a constant vy := (1 + 8¢/ 3)1/ P Consider the following matrix-vector pair

B:=[M 2I,); t:=w, (1)

where I, is the identity matrix. Consider the lattice generated by B. Appending 21,
to M ensures that distances between the lattice points in £(B) to the target vector ¢ are
computed modulo 2. Precisely, the presence of 2I,, enforces that for any lattice point Bex,
the coordinates of the difference Bx — ¢ remains within an equivalence class mod 2, effectively
reducing the computations to over Fo. Therefore, we are able to show that if the input was
a YES instance of MAXLIN,, then there exists a lattice vector in £(B) that is at distance
at most 7 := (3m/8)Y/? from the target vector t; and if the input was a NO instance of
MAXLIN,, then for all lattice vectors in £(B), their distance to the target vector ¢ is at least
vr. Thus, (B,t,r) is an instance of CVP,, .

Enter Sparsification: From MAXLIN to SVP. Aggarwal and Stephens-Davidowitz [11]
showed GapETH hardness of SVP,, . for all p > 2. Using ideas from Khot [48], they reduced
an instance of (gap) ExactSetCover over m sets and a universe of size k, to SVP,, -, using an
auxiliary gadget, a lattice-target pair (BT, tT) of dimension df. Precisely, they used the input
ExactSetCover instance to define a lattice £ C R™+* generated by a matrix B and a vector

t. Define
B B o\ , [t
~\o Bt)T T \¢t)’

Denote the number of vectors at a radius at most r around ¢ in the lattice £(B) by
N, (L(B),r,t). They show that for a certain choice of BT, if the ExactSetCover instance is a
YES instance, then N, (£(B),,t) is exponentially larger than N, (£(B),~r,t) if it were a
NO instance. Then they define a (generating set of a) lattice

B/.,Bt
“\o s/’

for some s, and use a lattice sparsification algorithm (Section 2.5) to sample a random
(sparser) sub-lattice £” C £(B’) such that if the input ExactSetCover instance was a YES
instance, at least one lattice vector of length at most r survives in £”, and if it were a NO
instance, then all lattice vectors of length at least yr die. Together with a reduction from
Gap3SAT to ExactSetCover, they get the GapETH hardness of SVP,, , for all p > 2.

They pick the gadget (BT, t') so that if the input ExactSetCover instance was a YES
instance, then it blows up the number of short lattice vector exponentially, whereas if it were
a NO instance, the number of short lattice vectors remains small. This corresponds to a
gadget that has exponentially more close vectors than short vectors. (We usually call such a
lattice-target pair a locally dense gadget.) They show that for all p > 2, the integer lattice
7%, along with the vector ¢ := t - 1,4 for some ¢ € (0,1/2] satisfies this property. To see this,
for any 7 > 0,¢ € [0,1/2] define the theta function

Zexp 7]z —t]P).

ZEL
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Notice that

O, (7, t) := O,(T, ) =

d
exp (—TZ |z — t|p>
i=1

exp (7|2~ t]?)

2
Z14..,2d €L
5

ZEL

lz—tll,<r

d
> exp (—7rP) - N, (Zd, T, t) .

This implies that
N, (Zd,r, t) <exp (1r?) - O,(7, 1)<, (2)

Therefore, the theta function can be used to find an upper bound to the number of lattice
vectors close to t in the £, norm. In fact, the above inequality is quite strict. It has been
shown [56, 37, 11] that ©,(7,t) can be used to approximate the number of integer points in
an £, ball up to sub-exponential factors. Thus, there exists a vector of the form ¢ - 14 for
some ¢ € (0,1/2] such that there are exponentially more close lattice vectors in the integer
lattice than short lattice vectors if and only if there exists a 7 > 0 and a t € (0,1/2] such
that ©,(7,t) > ©,(7,0). They show that this is true for all p > 2 [11, Section 6].

Unfortunately, a similar reduction breaks down if we start from MAXLIN, instead of
ExactSetCover. This is because while counting the number of short (annoying) vectors in
the no case (say A), they [11] exploit the fact that for any non-zero integer ¢, dist,(Z, (t)
is sufficiently large. Therefore they only have to count the number of vectors in L£(B')
around /¢! in a much smaller radius. When we define the corresponding CVP instance in
Equation (1), for every even integer 2¢, the vector 2t € L(B), and therefore we cannot use
a similar trick.

We can, however, construct a gadget that has a stronger property: for every even
multiple of the target, 2¢t', it holds that the number of lattice points in £(B") around ¢
are exponentially more than those around 2¢¢". This would compensate for the increase in
radius incurred in our situation. In Section 4.1 we show that for all p > 2 the integer lattice
(£(B") = Z%) and the target ¢! = 11, satisfies this property. This is because with this
choice, every even multiple would be an integer vector. Thus, for some 7’ < r, if the gadget
satisfies the property that N, (,C(BT),T’/,tT) is exponentially more than N, (E(BT),’I", O),
then for every even integer 2¢, it holds that N, (E(BT), ! ,tT) is exponentially more than
N, ((BY),r,20t").

One of the main technical ingredients, which could be of independent interest, is The-
orem 4.1, where we use Fourier analysis to show that for any p > 2, there always exists 7 > 0
such that

Op(7,1/2) > 6,(7,0).

Since ©,(7,1/2) and ©,(,0) are absolutely convergent, this can be proved by analyzing the
difference series

Fo(1) == 0p(1,1/2) = O, (7,0) = =1+ 2 (e 7T/ — 77,
z=1
In other words, it suffices to show that for all p > 2, there always exists 7 > 0 such that
fp(T) > 0. When p is significantly bounded away from 2, e.g., for p > 2.2, we can simply
take a constant 7 = 2, which yields

Fo(2) > =1+ 2(e72/2" —e72) > —1 4 2(e72W/DT —e72) >,
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2(:-1/2)" _ e=22" 5 () for all z € Zt. However, as p gets closer to 2, if we still fix

some constant 7, we will need more than just the first term of the series, but the required
number of terms will depend on p, making such an analysis no longer feasible.
Before illustrating our proof idea for p close to 2, let us first discuss the case for p = 2.

since e~

Interestingly, the above conclusion is known to be false for p = 2 by [21, Corollary 1.2], i.e.,
fa(m) <0 for all 7 > 0. We now introduce a novel approach to handle the p = 2 case, which
will also be instructive for the p > 2 case. The fourth Jacobi theta function is defined by

Valw,q) = (~1)7q" .

2EL

Note that fo(7) = —194(0,e~7/4). Tt is well-known that the fourth Jacobi theta function
Y4(x, q) can be expressed in terms of the second Jacobi theta function

2 .
Ya(x,q) := Zq(z+1/2) (24D
2€Z

by Jacobi’s imaginary transformation [45]. Specifically, we can obtain

oo
V4(0,e77/4) = \/ 4—”%(0,(#) = \/E. 22267(4#/7)-(%1/2)2 >0,
T T
z=0

which implies fo(7) < 0 for all 7 > 0 and concludes the p = 2 case. Essentially, the trick
relies on Jacobi’s imaginary transformation, which turns an alternating series into a non-
alternating series with all positive terms. So, this motivates us to find a transformation that
can also rewrite f,(7) for p > 2 in the spirit of the principles behind Jacobi’s imaginary
transformation. Note that Jacobi’s imaginary transformation is obtained by the Poisson
summation formula [63], which states that for any function! s(z) € L'(R), if its Fourier
transform §(x) € L'(R), then

z€EZL TEZ

Following this new perspective, we outline the proof for the p > 2 case as follows. We first
slightly rewrite the difference series f,(7) := ©,(7,1/2) — ©,(7,0) to match the Poisson
summation formula and let p =2 + ¢ for € > 0:

fote(T) =—1+2 2(677—(’371/2)1) )

z=1
= YT i

2€EL =is: ()

By Lemmas 4.2 and 4.3, we show that both s, .(2),3,.(z) € L'(R), to ensure that the
Poisson summation formula ) ., s-:(2) = > .z 87c(x) can be applied. Then it suffices to
show that for any € > 0, there exists some sufficiently small 7 > 0 such that for every = € Z,
5;.¢(z) < 0. To find such 7, we consider the asymptotic expansion for the Fourier transform
of the super-Gaussian g(z) := e~ 1#1""" ie., §.(2) := 1=, e~#1"""=2mizz g, This has been
studied in [37] (restated as Lemma 2.2), which demonstrates that g.(z) < 0 for all sufficiently

1 LY(R) denotes the space of Lebesgue integrable functions on R, i.e., f € L*(R) if ffooo |f(z)|dz < 0.
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large x. We then relate 8, .(x) to g-(z’) where z’ is obtained from z by a translation and a
scaling that depend on 7 and e. Thus, for every € > 0, we can choose an appropriate 7 such
that #’ is large enough for all € Z, and thereby conclude that §,.(z) < 0 for all x € Z.
This implies that for every ¢ > 0, the difference series fo.(7) = =) ., 8- (x) > 0 for
some 7 > 0, which completes the proof for Theorem 4.1.

Putting them together, we get Theorem 4.4, which says that for any p > 2, we can find a
radius r such that for any d, the integer lattice contains exponentially many points within a
distance r around 1/2 - 1,4 than around any of its even multiple. Using these gadgets in our
reduction, Theorem 1.2 follows.

We leave p = 2 as an open problem. Note that the ETH hardness of SVP,, , for p € [1,2)
follows from the ETH hardness of p = 2 by the norm embedding techniques of [66].

Open Problem 1. Prove that for any p € [1,2], there exists a constant v > 1 such that
assuming ETH there are no sub-exponential time algorithms for SVP,, ..

On to BDD. Bounded distance decoding is a lattice problem that has found applications
in showing hardness results for important cryptographic primitives such as Learning With
Errors (LWE). It can be thought of as CVP under a promise that the closest lattice vector to
a target t is not too far away from the lattice £(B), relative to the length of the shortest
non-zero vector. Alternatively, it can be thought of as a decoding problem over lattices,
analogous to decoding noisy code words over finite fields. Quantitatively, a BDD,, , instance
promises that there is a closest lattice vector at a distance at most a/\i” ) (L(B)) from the
lattice. (See Definition 2.8 for the formal definition.) Regev [65], in a seminal work, gave
a reduction from worst case BDD to (an average case problem) LWE, with polynomial (in
the dimension of the lattice) «. It is easy to see that there would be a unique solution to
the problem if o < 1/2. If oy > g > 0, it is easy to see that BDD,, 4, reduces to BDD,, ,, .
Therefore, when showing hardness results for BDD, a lower « corresponds to a stronger result.
NP-hardness of BDD for a constant a was first shown by [54], with a = min{2~1/2,2-1/P}
for p > 1. This reduction however incurs a polynomial blowup in the rank of the lattice.
Recently [26] studied the quantitative hardness of BDD for the first time and show that
for all p > 1, there is no 2% time algorithm for BDD, , for all a greater than a certain
constant that approaches 1/2 as p — oo, unless randomized ETH is false. In a followup
work [27], they show a similar result for improved values of «, under the GapETH assumption.
Quantitatively, they define a constant af, Equation (4) that depends on p, and show that
for all p > 1, for all a > af) there is no sub-exponential time algorithm for BDD,, , unless
GapETH is false. To get this result, they show a decision-to-search reduction from CVP;,,Y to
the decision version of BDD,, , where the goal is to decide if there is a vector at a distance
at most « - )\gp)(ﬁ(B)). Here, CVP' is a special case of CVP where in the YES case, there is
a binary vector & € {0,1}" such that |Bx — t|| » < 1, as compared to an arbitrary integer
vector x. For this they make use a CVP;W instance constructed from 3SAT in [25]. Precisely,
given a rank n’ instance of CVP’ (B’,t',r'), for some scalar parameters s,l > 0, they define
a (generating set of a) lattice and target pair

sB" 0 st
B = In’ 0 3 t:= %In’ )
0 I[Bf 1t

where (BT, t7) is again a locally dense lattice gadget. Similar to what we saw in case of SVP
above, they are able to bound the number of lattice vectors close to the target ¢ in the YES
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case by, say G, which is exponentially larger than the number of lattice vectors close to ¢
in the NO case. However, there is a technical difficulty here. We also need the fact that if
the output BDD instance (B,t,r) is a YES instance, it satisfies the promise that the nearest
lattice vector is at a distance at most « - )\gp) (L(B)). This corresponds to also bounding the
number of very short vectors in the gadget in the YES case by some A. As before, they can
then sparsify the lattice (Section 2.5), to get a sparse random sub-lattice such that if the
input CVP’ instance was a yes instance then there is a lattice vector at a distance at most
o- A&”) (L(B)) from the target, with high probability.

In this work we are able to achieve the same lower bound of oz;t, from [27], but under ETH,
by starting from a CVP,, , instance constructed from gap MAXLIN. To achieve this, we show
a reduction from arbitrary CVP,, , instances over lattices over integers, £ C Z". In fact, we
are able to get a simpler reduction, in that we don’t need to embed an integer lattice into
our BDD instance anymore. Given a CVP,, , instance (B’,t’,r) we can define the following
lattice

B’ 4
B = 0 ; t:.= ,
0 sBf st

where (BY,t7) is again a locally dense lattice gadget. Using an analysis similar to that in
case of SVP,, , in Section 4, and a locally dense integer gadget from [27], we get a desired
reduction from CVP,,  to BDD,, ,, for all p > 1 and for all a > ai. When we instantiate this
reduction with the CVP,, ., instance from Section 3, we find that there is no sub-exponential
time algorithm for BDD,, ,, for all p > 1 and for all o > ozli,, unless the (randomized) ETH is
false.

2 Preliminaries

Whenever we say that certain constants are efficiently computable, we mean that they can
be efficiently approximated to high precision.

For any set £ we define B, (L, r,t) := B,(r,t) N L, where B,(r,t) denotes a ball in R”
centered at t of radius r in the £, norm, i.e., B, (r,t) := {a: ER":lz—tf, < r}. For a

discrete set £, we define
N, (L7, t) == |By(r,t) N L|.

For any matrix B € R™*", we write L(B) to denote the lattice generated by the columns
of B. We write 1,, and 0,, to denote the vector all 1s and all 0Os vectors in n dimensions
respectively. We write /\5”) (L) for the length of the shortest non-zero vector with respect
to Lp-norm in the lattice £. For vectors v, € R", vy € R™, we write (vq,v2) for their
concatenation: (v],vq)". Unless otherwise specified, all logarithms are base e. For a
discrete set £ C R™ and a vector ¢ € R” we define the distance between them to be the

minimum distance between the vector ¢ and any point in the set:

dist, (¢, £) := mi — ¢t .
ity (¢, £) = min [}z — ]

2.1 Asymptotic Expansion

We now define the notion of Poincaré Asymptotic Expansion, which we will use in Section 4.1.
An asymptotic expansion describes the asymptotic behavior of a function in terms of a
sequence of (gauge) functions [43, Definition 2.3].
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» Definition 2.1 (Poincaré Asymptotic Expansion). A sequence of functions ¢, : R\ 0 — R,
wheren =0,1,2,..., is a asymptotic sequence as x — oo if for each n =0,1,2,... we have

©nt1 = 0(pn) asx — oo.
Moreover, if {pn} is an asymptotic sequence and f:R\ 0 — R is a function, we write
o0
flz) ~ Z anon(z) asx — 00 (3)
n=0

if for each N =0,1,2,... we have

N
flx) = Z anpn(z) = o(en) asx — oo.
n=0

We call Equation (3) the asymptotic expansion of f with respect to {p,} as © — co.

For instance, the functions ¢, (z) = =™ form an asymptotic sequence as x — co. We
will use the asymptotic expansion of the Fourier transform of super-Gaussian functions as
shown in [37].

» Lemma 2.2 ([37], Lemma 10 (i)). For fized € > 0, the asymptotic expansion of
oo
Ge() :=/ e~ l2P T —2minz g,
—o0
as |x| — oo is

— (—1)m*! mm
Ge(z) ~ 2 Z ( 1”)1! sin < (22+ 8)) P(m(2+¢)+ 1)(27T|1’|)*m(2+6)*1.

2.2 Computational Problems

For an integer k > 2, a k-SAT formula over n boolean variables is the conjunction of clauses,
where each clause is the disjunction of k literals. That is, k-SAT formulas have the form
Aty \/;?:1 b; j, where b; ; = x), or b; ; = -z, for some boolean variable zy.

» Definition 2.3. For any k > 2, the decision problem k-SAT is defined as follows. The
input is a k-SAT formula. It is a YES instance if there exists an assignment to the variables
that makes the formula evaluate to true and a NO instance otherwise.

» Definition 2.4. For any k > 2, the decision problem Maz-k-SAT is defined as follows.
The input is a k-SAT formula and an integer S > 1. It is a YES instance if there exists an
assignment to the variables such that at least S of the clauses evaluate to true and a NO
instance otherwise.

Notice that k-SAT is a special case of Max-k-SAT. We write 3SAT ¢ for a 3SAT instance
such that it contains at most Cn clauses.

» Definition 2.5. An instance of a gap(. o MAXLIN over Fy consists of an m x n matriz
A € {0,1}™*™ and a vector b= {0,1}™ constraints. It is a YES instance if there exists an

x = (x1,...,2y,) € {0,1}" that satisfies at least c-m of the m constraints
n
ZAi’j Ty = bz (HlOd 2) y
j=1

fori=1 tom. It is a NO instance if for all x € Z™% at most s - m constraints are satisfied.

2 Note that this is equivalent to making the same statement for all & € {0,1}™ since the equations are
considered modulo 2.
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» Definition 2.6 (Shortest Vector Problem (SVP, )). For any p € [1,00| and any v > 1,
the y-approximate Shortest Vector Problem in the ¢, norm (SVP, ) is a promise problem
defined as follows. The input is a matriz B € Q4*™ generating a lattice £L C R* of rank n
and a length v > 0. It is a YES instance if )\gp) (L) <r and a NO instance if )\gp)(ﬂ) > T

» Definition 2.7 (Closest Vector Problem (CVP,,,)). For any p € [1,00] and any v > 1, the
v-approximate Closest Vector Problem in the ¢, norm (CVP, ) is a promise problem defined
as follows. The input is a matriz B € Q¥*™ generating a lattice L C R* of rank n, a target
t € R, and a distance v > 0. It is a YES instance if dist,(¢,£) < r and a NO instance if
dist, (¢, L) > yr.

Note that in Definition 2.6 and Definition 2.7, the input is a matrix B that generates the
lattice £. This is equivalent to the more standard definition where the input is a basis, i.e.
a set of linearly independent vectors that generates the lattice. Given a generating set B,
a basis can be efficiently (in the bit length of the representation of B) computed from the
generating set using the LLL algorithm [51] (c.f. [24, Algorithm 1].)

» Definition 2.8 (Bounded Distance Decoding (BDD,, ,)). For p € [1,00] and oo = (n) > 0,
the search problem BDD,, ., is defined as follows. The input is a (generating set for a) lattice
L C R? and a target t € R? satisfying

dist, (¢, £) < - AP (L),
and the goal is to find a closest lattice vector v € L to t such that

It — v||, = dist, (¢, L).

2.3 Fine-grained Complexity

» Theorem 2.9 ([29], Theorem 6.3). For some € € (0,1) there exists a polynomial time
reduction from 3SAT ¢ with n variables to gap. ;MAXLIN over Fy with O(n) variables and
O(n) equations, where c=5/8 and s =5/8 —¢.

Throughout this text, we write MAXLIN, for gap. ;MAXLIN over Fy with ¢ = 5/8 and
s =5/8 — e. Impagliazzo and Paturi introduced the following celebrated and well-studied
hypothesis concerning the fine-grained complexity of k-SAT [44]. We will also need the
randomized variant, which talks about the existence of randomized algorithms instead of
deterministic ones.

» Definition 2.10 (Exponential Time Hypothesis (ETH)). The (randomized) Ezponential Time
Hypothesis ((randomized) ETH) asserts that, there exists § > 0 such that any (randomized)
algorithm which solves 3-SAT must take 2°™ time.

» Definition 2.11 (GapETH). The (randomized) GapETH asserts that there exists 6 > 0 and
0 < n < 1 such that given a 3-SAT instance with n variables and m clauses, any (randomized)
algorithm which can distinguish between the cases if all m clauses are satisfiable and one in
which no assignment satisfies more than n-fraction of the clauses, must take 2°™ time.

» Lemma 2.12 (Sparsification Lemma [44]). Let € > 0, k > 3 be constants. There is a
25" . poly(n) time algorithm that takes a k-CNF F on n variables and produces Fy, ..., Faen,
2°" k-CNF's such that F is satisfied if and only if \/, F; is satisfied and each F; has n variables

6]
and n - (g) (k) clauses. In fact, each variable is in at most poly (%) clauses, and the F; are
over the same variables as F'.
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The sparsification Lemma 2.12 and Tovey’s reduction [71] together tell us that if ETH is
true, then 35 ATy over n variables can’t be solved in 2°(™ time. Together with Theorem 2.9,
we find that if ETH holds, then for some € > 0, any algorithm which solves MAXLIN, with n
variables, m = O(n) clauses, must take 2°" time for some § > 0. We state it as the following
corollary.

» Corollary 2.13 (MAXLIN, is ETH Hard). There exists constants € > 0,C > 0 such that
unless ETH is false, there is no 2°") -time algorithm for MAXLIN, with n variables and
m = Cn equations.

2.4 Counting Lattice Points

We now define the © and the p functions, and show that they can be used to approximate
the number of lattice points within a given radius.
For any p € [1,00),7 > 0, and ¢ € R define the theta function to be

O,(7,t) == Zexp(—7'|z —tP).

2€EL

Notice that without loss of generality, we can assume t € [0,1/2]. For a vector ¢t € R™ we
can analogously define

0,(1,t) = [ ©p(7.t:)

i€[n]

Clearly the theta function®

O,(1,t) = Y exp(— v —¢t|})

veLn

The Theta function acts as a smooth proxy for the point counting function, where the
parameter 7 plays the role of inverse radius.
For any p € [1,00),7 > 0 and ¢ € [0,1/2], define
1

,Up(T, t) = EXNDP(T,t)[|X|p] = o) (7_ t) : Z |Z - t|p : eXp(_T|Z - t‘p)
LA ZEL

where, D,(7,t) is the probability distribution over Z — t that assigns probability
exp(—7|z|?)/Op(7,t) to x € Z —t. For t € R™ this extends as following

n
r =30 E )
Notice that if ¢ =t - 1,, for some ¢ € [0,1/2], we have that u(t) = nu(t).
» Lemma 2.14. For any p € [1,00), r > 0,7 > 0 and t € R™, we have that
NL(Z",r,t) < exp(1rP)Op(T, 1)

We defer the proof to the full version [7]. The upper bound in the previous lemma is quite
tight. In fact, we know the following theorem.

3 Notice that this is closely related to the discrete Gaussian function ps(Z — t) :=

> epmexp (—wllz—t]?/s?).
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» Theorem 2.15 ([11], Theorem 6.1). For any constants p > 1 and 7 > 0, there is another
constant C* > 0 such that for any t € R™ and any positive integer n.

exp (7 (7 8) = C*V/i) - O, (r,8) < N, (2, 1y(r, )7, 8) < exp (7 (7,8) - O, (7, )

Next we define the 8 function, which we will use to define the threshold ai above which
we are able to show hardness results for BDD,, ,.

» Definition 2.16 ([27]). Forp € [1,00), t € [0,1/2], and a > 0, we define B +(a) as follows.
1. For a < t, define 3, (a) := 0.

2. For a =t, define f,1,2(1/2) := 2 and for t # 1/2 define B, (t) := 1.

3. For a >t, define

Bp.i(a) == exp(T*a?) - O,(7", 1),
where 7% > 0 is the unique solution to u,(7*,t) = aP.
» Definition 2.17 ([27]). For p € [1,0), define

b= nf (4)
al in — )
ez B5(By(a))

We note that the functions ©, g and u can be efficiently approximated to within high
precision. Throughout this text, we deal with constants A, G, which are the number of
vectors in the lattice of a particular length, and will functions of ©. Thus they will be
computable efficiently to a high precision.

2.5 Lattice Sparsification

Khot introduced the idea of lattice sparsification [48], which is a randomized process that
given a lattice £ lets us sample a sub-lattice £’ C £ that has a lot fewer points in any fixed
radius, large enough ¢,-ball. It works by taking a random hyperplane over a finite field I,
for some prime power ¢, and restricting the coefficients of the lattice vectors to belong to the
particular hyperplane. Formally, we prove and use the following statement.

» Lemma 2.18. For any p € [1,00), there is an efficient algorithm that takes as input a
(basis for a) full rank lattice L C R™ of rank n and a prime number q, and outputs a (basis
for a) sub-lattice L' C L of rank n such that for any finite set S C L if Vvi,vs € S it holds
that B~'v; mod ¢ and B~ vy mod ¢ are non-zero and pairwise linearly independent over
Fy, then

q n_ IS
1- =—=<PrjdveS:vel]|<—.
IS| — | ]_q

We defer the proof to the full version [7]. We also use the following treatment of lattice
sparsification from [27].

» Lemma 2.19 ([27], Proposition 2.5). Let p € [1,00), let L be a lattice of rank n with basis
B, let t € span(L), let g be a prime, and let r > 0. Let ¢,z ~ Fy be sampled uniformly at
random, and define

L :={veLl:(B'v,z)=0 (modgq)}, t :=t— Bz.



D. Aggarwal, R. Gupta, A. Morolia, and C. Zhang

1. Ifr < g\P(L), then

Pr{\ (L) < 1] < N(i") (5)

2. Ifr< q)\gp)([,)/Z, then ,

1
Prldist, (', £') > 1] < ——0—— + —. (6)

Pr[dist, (¢, L") <]

IA

3 ETH hardness of CVP, ,

In the full version of this paper [7], we show a reduction from the gap MAXLIN problem to
the CVP, . and thereby conclude that CVP, , is hard under ETH. Precisely, we have the
following two results.

» Theorem 3.1. For any p € [1,00), there exists a constant ~y, > 1 such that for alln € Z7*,
there is a polynomial time Karp reduction from MAXLIN. in n variables and m equations to
CVP, ., over R™.

Together with Corollary 2.13, we find the following.

» Theorem 1.1 (ETH hardness of CVP,, ). For any p € [1,00), there exists a constant v > 1
such that for all n € Z%, there is no 2°") time algorithm for CVP,, , over R", unless the
FExponential Time Hypothesis is false.

4 ETH hardness of SVP,,,

In this section we sketch our reduction from 3SAT in n variables to SVP,, - in a lattice of rank
O(n). We do this by a reduction from CVP, .,/ for a constant 7/ (an instance obtained in
Section 3) to SVP, ., for a constant . The result then follows from combining the reduction
from 3SAT to MAXLIN in Theorem 2.9, and from MAXLIN to CVP in Theorem 3.1. We first
show that for p > 2, the integer lattice with the all half vector as the target forms a (family
of) locally dense lattice gadgets with certain quantitative properties that will be useful in
our reduction. We will defer the proofs to the full version [7].

4.1 Locally Dense Integer Gadget

We show that in the integer lattice Z", there are exponentially more vectors close to %ln

than the number of short vectors. We first show the following property of the Theta function.

This might be of independent interests.

» Theorem 4.1. For every p € (2,00), there always exists T > 0 such that

0,(7,0) < ©,(r,1/2). (8)
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Proof. From the definition,

_ e —1+zze—m"

2€EL
and
7_ 1/2 Zefﬂz 1/2|P _ 22677 z—1/2)P
ZEZL

It is straightforward to see ©,(7,0) and ©,(r, 1/2) are absolutely convergent; therefore we
can define the following function f,(7) on 7 € (0, 00) that represents the difference between
the two series, i.e.,

Fo(1) i= ©,(1,1/2)—O,(r,0) = —1+2Z [e_T(Z V2P _ —”"} = —142) (1) e T
z=1
Let p=2+4¢ for ¢ > 0, and write fp( ) as

f2+5 =1+ 22 z 16—7'(2/2)2+£ _ Z(il)ze—ﬂz/mprs - Ze(—7/22+5)|2\2+5+ﬂ'iz.

z€EZ 2€ZL

It suffices to prove that for all € > 0, there always exists 7 > 0 such that f,(r) > 0.

Case 1: (e € (0,2)). We will use the Poisson summation formula, which states that for
any function s(z) € L!(R), if its Fourier transform §(z) := [~ s(z)e"?""*dz € L'(R), then

D s(z) =) 8x).

ZEZL TEL

Define C, := 7/22%¢ > 0 and s, .(z) 1= e~ Crel2F7" 47z I other words, fope(r) =
— >,z 5r.(2). Now we consider the Fourier transform of s, .(2), i.e.,

S;e(z) = / Sre(2)e Ty = / exp (—Cr |z’ = 2mi(z — 1/2)z) dz

Recall that the Fourier transform of e~ 12" § () := f e~ 127 =2mizz g, hag been
well-studied in [37]. This motivates us to relate §. g(x) to ge ( ) by some translation and
scaling as follows:

8relx) = / exp (—Cre| 2|t — 2mi(x — 1/2)2) dz

= /°° exp <—|C‘})/€(2+E)Z|2+s _ 2m01/201/(2+a ) dz

1/(2+2)

. h 1/(2+2) 5|2+ ; 1/2 (2+e), 1/(24¢
= W/ exp (CTQ( ) 7|2 — QWZWC / d (077/6( )z)
T, —00
1 /OO 2+ x—1/2 1 [ x—1/2
= 1/te) exp | —|z|*1 —2mi—rrtz | dz = g _
Ci7/€(2+e) oo ( C;/e(2+e) C;/E(2+e) e Ci)/g(zﬁ)

To be eligible for the Poisson summation formula ) ., s;c(2) = >,y 8.(z), we need to
show that for any 7 > 0 and € > 0, $;.¢, 8, € L'(R), which is given by the following lemmas.
We defer the proof to the full version [7].
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» Lemma 4.2. Foranyt >0 ande >0, s, . € L'(R).
» Lemma 4.3. Forany T >0 ande >0, 3,. € L'(R).

To finish the proof of this case, recall from Lemma 2.2 that

e -1 m+1 2
%“””22%( %! an<mﬂ2+@)rumz+ay+n@ﬂﬂr“@“*%
and observe that for any = € R and € € (0,2), the first term in the asymptotic expansion of
J-(x) is negative as sin(m(2 + €)/2) < 0. By Definition 2.1, there exists Ny € R such that for
all |z| > Ny, §-(z) < 0. Therefore, we can always choose 7y € (O,N(;@Jrs))7 which satisfies
that for all z € Z,

11
7'(}/(2-1-5) 20'}0/,(52+6) >

x—1/2
e |

0

Ny <

Since Cio/,(fﬁ) > 0, we have that for all x € Z,

T0,€ T0,€

R 1 L[ x—1/2
Sroe(@) = iy 9 (cl/<2+>> <0
By Lemmas 4.2 and 4.3, we can apply the Poisson summation formula to conclude that

Fare(ro) = = snyelz) = =D dnel) > 0.

2€EZ TEZ

This concludes the proof of Case 1.

Case 2: (¢ > 2). In this case, we simply choose 79 = 1, which yields that

fore(Q) = fp(1) = =1+2) (e—<z—1/2>P N e—zp) .
z=1

Since e~ (*=1/2)" _ ¢=2" 5 ( for all z € Z* and p > 4, it follows that
H1) > 1422 —e )y > —142(e M2 — e 1) >0,

which completes our proof. <

The above theorem allows us to prove the following striking property of the integer lattice.

» Theorem 4.4. For any p € (2,00), o > 1, there exists constants § € (0,1/2), ¢o, 1 > 1
and C, > 0, such that for any n € Z%, if r := C, - n'/? then the following holds for the
integer lattice.

1 _
N, (Z”, (1—6)"/rr, 21n) > maX{ 0N, (27,1, 0),
n—o(n n 1
e, (Z (1 6\/5)1/”7:21”) } ©)

The constants 0, ¢, ¢1,C, only depend upon p and can be efficiently computed with required
precision, from p.
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4.2 From MAXLIN, to SVP,,

In the following, we start with a CVP,, .,/ instance with the special property that twice the
target vector is in the lattice, and find a lattice £ and a parameter r such that the number
of vectors in £ of length at most 7 are 2°4"™) times more for a YES instance than for a NO
instance.

» Lemma 4.5. For any p € [1,00), suppose (B',t',1") is a CVP, . instance, such that
B € Z™*™ t' € L(B')/2 and t' € Z™. Then for any d € 7T, given a lattice L1 C R? with
basis BT € RdXd/, and a target t' € R?, there exists an efficiently computable matriz B that
generates a lattice L(B) in m+d+ 1 dimensions such that for any constants v’ > 1 and any
radii rq,ra,

1. If dist, (¢, L(B’")) < r' then,

Ny (£,76,0) = N, (£F, (%, =1 = ") /7. 2F), (10)
2. If dist, (t', L(B')) > ~'r’ then,
Ny (£a,0) < (4 48N (2700)- (e {5 (1, 05—y 41) 4
max {N, (,CT,TA,Zo-tT)}). (11)

This lets us prove the following lemma, that says that for any MAXLIN. instance, we
can efficiently compute a lattice such that the number of short vectors in the YES case are
exponentially more than the number of short vectors in the NO case.

» Lemma 4.6. For all p € (2,00) , there is an efficient algorithm that takes as an input
a MAXLIN, instance (M,v) over Fo in n variables and m = O(n) equations, and outputs
(B,r,7,A,G) where B generates a lattice L in O(n) dimensions, v > 1 is a constant, r > 0
is a radius, and constants A, G are such that G > 2™ A and

1. if it was a YES instance of MAXLIN, then, N, (L,r,0) > G;

2. if it was a NO instance of MAXLIN, then, N, (L,vr,0) < A.

From here, we are able to reach our final theorem.

» Theorem 4.7. For any p € (2,00), there exists a constant v > 1 such that for all n € ZT,
there is a polynomial time randomized Karp reduction from MAXLIN. in n variables and
O(n) equations to SVP,, , in a lattice of rank O(n).

Together with Corollary 2.13, we get the following theorem. We refer the reader to the
full version [7] for the proofs.

» Theorem 1.2 (ETH hardness of SVP,, ). For any p € (2,00), there exists a constant y > 1
such that for all sufficiently large n € ZT, there is no 2°") time algorithm for SVP, - over
R™ unless the randomized Fxponential Time Hypothesis is false.

5 A reduction from CVP, . to BDD, ,

In this section we give a randomized Karp reduction from CVP,, ,+ in a lattice in m dimensions,
for any constant ' > 1 to BDD,, , in a lattice in O(m) dimensions, for all & > af, where o,
is as defined in Equation (4). We generally follow the reduction from [27, Section 3], but
give simpler proofs that work for any CVP instance. Our reduction will use the following
property of the integer lattice.
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» Lemma 5.1 ([27], Lemma 3.13). For any p € [1,00), o} < ag and aa < ag, there evist
t€[0,1/2], C, >t and ¢o, ¢1 > 1, such that for any d € Z+ and forrt = C,-(d)V/?, tT = t-14,

N,(Z%, ag - i th) Zmax{qbg_o(d)~Np(Zd7rT,O)7 ¢f‘°<d)-N,,(Zd,aA-rT,tT)}. (12)

Furthermore*, the constants t, C,., ¢o, ¢1 only depends upon p, and can be efficiently computed
from p.

Then we can prove separate bounds on the number of lattice points within a ball of
appropriate radii for the YES and the NO cases.

» Lemma 5.2. For any p € [1,00), suppose (B',t',r") is a CVP, . instance over an integer
lattice such that B € Z™*™ ¢ € Z™. Then for any d € ZT, there exists an efficiently
computable matriz-vector pair (B, t) such that B generates a lattice L(B) in m+d dimensions,

and for any radius v > 0 and constants a, s > 0,
N, (L(B),r/a,0) < N, (2",7/a,0) - N, (£f, . 0), (13)

and
if dist,,(t', L(B')) < r’ then,

p _ p/p\1/p
N, (2(B).nt) = N, (£, T ), (1)
s
if dist, (¢, L(B')) > ~'r’ then,
P _ (~/p\P)1/P
N, (L(B). 1) < Ny(2 o) (1, SO ). (15)

This allows us to complete the reduction.

» Lemma 5.3. For allp € [1,00), a > oz;f,, c >0 and v > 1 the following holds for all
sufficiently large m € Z+. There exists an efficient algorithm that takes as an input a
CVP, ., instance (B',t',r"), such that B’ € zmxm ¢ e 7 and v’ = em?, and returns
(B,t,r, A,G), where B generates a lattice in O(m) dimensions, and A, G are integers such
that G > 2™A and r > 0,

If dist, (¢, L(B')) < 1’, then N, (L(B),r/a,0) < A and N, (L(B),r,t) > G.

If dist, (¢, L(B')) > ~'r', then N, (L(B),r,t) < A.

» Theorem 1.3 (CVP, , reduces to BDD,, ). For any~y' > 1, ¢ >0, and p € [1,00), the
following holds for all o > ozf) and sufficiently large m € Z. There is a decision-to-search
reduction from any CVP, . to BDD,, o, where the CVP,, . instance (B',t',r") is such that
B e 2™ ' € Z™ and r' = c-ml/P.

Together with the reduction from MAXLIN, to CVP,, ., in Theorem 3.1, we get the following

corollary.

» Corollary 5.4. For allp € [1,00), a > a;t,, and for all sufficiently large m, there exists a
polynomial time randomized Karp reduction from MAXLIN. over n variables and m equations
BDD, o in rank O(m).

4 In [27] the right hand side appears in terms of Ny ; our inspection of their proof shows that it works for
N, as well.
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From Corollary 2.13 and Corollary 5.4 we get the following,

» Theorem 1.4 (ETH hardness of BDD,, ). For any p € [1,00), a > a}, there is no 20(n)
time algorithm for BDD,, o over R™, unless the randomized FExponential Time Hypothesis is

false.
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