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—— Abstract
Clustering problems such as k-means and k-median are staples of unsupervised learning, and many
algorithmic techniques have been developed to tackle their numerous aspects.

In this paper, we focus on the class of greedy approximation algorithm, that attracted less
attention than local-search or primal-dual counterparts. In particular, we study the recursive greedy
algorithm developed by Mettu and Plaxton [STAM J. Comp 2003]. We provide a simplification of the
algorithm, allowing for faster implementation: our algorithm matches the state-of-the-art running
time for computing a constant-factor approximation in Euclidean space and graph metrics, and,
in addition, is the first near-linear-time to compute a polylogarithmic approximation in Euclidean
space.
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1 Introduction

Clustering problems such as k-median and k-means lie at the intersection of applied and
theoretical algorithms. Applied, because they are staples of unsupervised learning and are
widely used for both classification and data analysis; and theoretical, because they have
simple and elegant formulations, serving as testbeds for many algorithmic techniques.

In this paper, we focus on approximation algorithms. In general, we can distinguish
three big families of techniques: those based on linear programming (e.g., primal-dual),
local search, and greedy. For clustering, the primal dual method is the basis for the most
accurate approximation algorithm, where a long line of work reached a 2 + ¢ approximation
for k-median [18] and 5.93 for k-means [9]. In addition, primal-dual based algorithms are
quite flexible with respect to changes in the objective function — for example, they can be
extended to handle the ordered k-median problem [8], clustering with outliers [34], or give
improved approximation for high-dimensional Euclidean space [10]. However, those have
quite slow running time and are not expected to be applied. Local search is competitive
for specific input: it yields an almost linear time approximation scheme in low-dimensional
Euclidean space [15], or recover the optimal clustering under some stability assumption [24].
Local search also provides great approximation, as small as 2.836 4 ¢ for k-median [19]. One
drawback is, here as well, the running time, as evaluating the impact of a single local step
takes in general linear time. We note here that, following the initial release of our work,
Jiang, Jin, Lou and Lu [32] presented an implementation of local-search based on Locality
Sensitive Hashing, to get an O(c)-approximation in time n'+/¢to(1) in Euclidean space and
graph metrics. We discuss this further below.
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The third category, greedy algorithm, has been less investigated. The usual advantage
of greedy algorithm is their simplicity, that often highlights structural properties of the
problem at hand and allow for fast implementation. However, for clustering the two most
“natural” greedy have strong lower bound. Iteratively adding the center that decreases most
the cost does not give better than (n) approximation, and its reversed version, which
starts from all points being centers and removing the point that increases least the cost,
is a Q(logn/loglogn)-approximation [13]. On the other hand, the most famous practical
algorithm for solving k-means is a randomized greedy, k-means++ [5]. Its approximation
guarantee is however a super-constant ©(log k), and its running time O(nkd) (in Euclidean
space R?) becomes prohibitive for modern, very large scale data and values of k. The only
greedy known to be a constant-factor approximation is a recursive greedy algorithm, due to
Mettu and Plaxton [39]. However, this algorithm has a strong reputation of being intricate.
In addition, although it is among the first and few constant-factor approximation algorithm,
it has not seen subsequent improvement, extension or application.

In this paper, our goal is to simplify the recursive greedy algorithm of [39], in order to
provide new structural hindsight on clustering problems. We also hope that simplification
will allow for more applications. And, indeed, we present several of those, including the first
linear time polylog k approximation algorithm for k-means in R%.

1.1 Qur contribution

The algorithm works not only for k-median and k-means, but for the more general (k, z)-
clustering, which seeks to minimize the sum of the z-th power of the distance from each
client to its center (k-means is z = 2, k-median z = 1). We show the following theorem:

» Theorem 1 (see Theorem 5 and Theorem 6). Let (P, dist) be a metric space with aspect-ratio
At and ¢ > 5 be a constant. Suppose there is:
an algorithm that computes the number of points in all balls centered on input point with
radius (2¢)* in time Tyalue, and
a datastructure with preprocessing time Tpr. and that is able to: remove any point from
the ground set in time Ty, and, given x and r, compute a set N(xz,r) points of the
current ground set such that B(z,r) C N(x,r) C B(z,c-r) in time Txn - |N(z,7)|.

Then the recursive greedy algorithm can be implemented such that it is a poly(c)- approz-
imation and has running time Tyae + O (Tpre + (Trm +Tn) - |P]) - log A).

Furthermore, this algorithm not only computes a solution to (k, z)-clustering, but it also
provides an ordering of the input points py, ..., p, such that for any k, the set {p1,...,px}
forms an O(1)-approximation to (k, z)-clustering. This variant of (k, z)-clustering is referred
to as online [39] or incremental [41, 12] in the literature. This is a shared feature with
algorithms based on k-means++ seeding, where each prefix is a O(log k) approximation.

We apply this theorem in Euclidean space and sparse graph with different datastructure,
and get the following corollaries:

» Corollary 2. The recursive greedy algorithm can be implemented such that it computes, for
any constant ¢ > 5:
a poly(c)-approzimation to incremental (k, z)-clustering in graphs, with running time
O(m+/¢log A),

! The aspect-ratio is the ratio between the largest distance and the smallest non-zero distance in the
metric.
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a poly(c)-approzimation to incremental (k, z)-clustering in Fuclidean space, running in
time O (n'+1/etedlog A),

a polylog(k)-approzimation to (k, z)-clustering in Euclidean space, running in time O (nd+
nloglog A).

We note that, in Euclidean space, the (n — 1, z)-clustering problem is equivalent to the
closest pair problem : as remarked in [7], the current tradeoff is poly(c)-approximation in time
n'*1/¢ 12, 3] which is believed to be tight [40]. In this case, our Euclidean constant-factor
approximation would be tight too.

We also note that, for the standard (k, z)-clustering, it is easy to reduce the aspect-ratio
A to poly(n): we show in the full version of our paper how to do so in near-linear time in
graphs, and [26] show how to do it in time O(nd + nloglog A) in Euclidean space. Hence,
for the standard k-means and k-median in sparse graphs, the A in the bounds above can
be replaced with n — and, for Euclidean space, this combined with dimension reduction
to replace d with O(logk) [37]. The last result of the corollary is phrased to reflect those
improvements.

As mentioned previously, this theorem relies on a simplification of the recursive greedy
algorithm, which is as follows. The algorithm places centers one by one, with the following
rule to place the (i 4+ 1)-th center. For any ball of the metric space, define its value to be the
number of input point inside the ball, times its radius to the power z. Out of the balls that
are “far” from the first ¢ centers, select the one with maximal value. Then, recursively select
a ball of radius divided by 2 and with a center “close” to the current ball, until there is a
single point in the ball. This final point is the (i + 1)-th center.

Hence, it is merely necessary to be able to count efficiently the number of point in a ball,
and to identify points “close” to a given ball. This can be done efficiently in many metric
spaces, e.g. using locally sensitive hashing. In addition, we show that all the quantities
involved — number of points, radius, “far” and “close” — can be approximated, allowing for
efficient implementation.

Comparison with prior work. We see our main contribution as a deeper understanding of
the greedy algorithm from Mettu and Plaxton. This results in some novel tradeoff between
approximation and running time for (k, z)-clustering, that we compare below with other
existing techniques.

We note first that our n'+t'/¢ algorithms (in graphs and Euclidean space) results do not
beat the state-of-the-art, in terms of approximation and running time: indeed, in sparse
graph, an algorithm from [42] (which uses the primal-dual techniques as subroutine) runs in
near-linear time and computes a constant-factor approximation to k-median. An equivalent
result is not shown for k-means, or more generally (k, z)-clustering. While it is likely that the
analysis would follow, using recent results on the primal-dual method for k-means, our result
gives the first formal proof for a fast constant-factor approximation to k-means in graphs.

As any set of points in FEuclidean space can be turned into a sparse graph in
time O (n!*1/¢+°(q) while preserving the pairwise distance up to a factor O(c) (using
spanners [31]), a constant-factor approximation for Euclidean inputs running in time
0] (nHl/ chO(l)d) follows from Thorup’s result. Again, this formally holds for k-median,
but not k-means.

However, in the own words of Thorup, this algorithm “is rather complicated and hence
unlikely to be of direct practical relevance.” Our contribution here is to present a different
algorithm, greedy and much simpler than the one of [42]. In addition, our algorithms works
for the incremental version of the problems as well.
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In the realm of linear time, we are not aware of any sub-polynomial approximation
algorithm for Euclidean (k, z)-clustering: only the algorithm from [11] runs in near-linear
time but yields a O(k*)-approximation. The paper [26] claims that an algorithm from [22]
would produce a O(polylog n) approximation in near-linear time: however, their proof is not
correct. More precisely, [22] present a near linear-time algorithm with no approximation
guarantee: to achieve a polylog(n)-approximation ratio, they need a rejection-sampling step
that adds a n'*°() running-time — as opposed to our near linear n polylog(n). The other
algorithm indeed runs in near-linear time, but does not have any approximation guarantee:
indeed, their multi-tree embedding is shown to preserve squared distances, in expectation,
up to a polylog factor. However, this embedding does not yield a metric space (in particular,
it does not respect triangle inequality?): we are not aware of any approximation algorithm
in this setting — in particular, the k-means++ algorithm employed by [22] does not.

Our near linear-time approximation algorithm is therefore new, and, importantly, corrects
the claim made in [26].

Comparison with subsequent work. Jiang, Jin, Lou and Lu [32] took inspiration from
an initial pre-print of our paper to show how to implement fast local search, in spaces
that admit sparse spanners: they get a O(c)-approximation for (k, z)-clustering in time
pitl/eto() Hence, they improve our tradeoff between run-time and approximation ratio,
and achieve the same result as combining spanners and Thorup’s algorithm. Compared to
the latter, their local search procedure has the advantage being much simpler, and their proof
directly generalizes to k-means. Our initial pre-print only mentioned results in Euclidean
space, while [32] applies to any metric with sparse spanners. We concurrently generalized
our techniques to graphs — hence, to any metric that admits efficiently computable sparse
spanners.

We note that this paper explicitly cites our work as a motivation: we present a poly(c)-
approximation in time n!t1/¢to() and their goal was to bring the approximation-ratio to
O(c), closer to the “LSH tradeoft”. In addition, we note that their algorithm fails to get any
near-linear time run-time, as they deeply rely on LSH.

Another preprint appeared on arxiv [25] after the initial release of the present article.
They claim a running time O(nd): however, in their proof, they have a total running of
Q(k*); hence, the claim of near-linear running time is only valid under the assumption n > k*
(see their proof of Theorem 3.23).

1.2 Further related work

Specific to Euclidean space. The k-median and k-means problems are NP-hard even when
the input is in the Euclidean plane R? [38, 36]. However, in low-dimensional spaces, it is

possible to compute a (1 4 ¢)-approximation, for any € > 0, in time f(e,d)O(n) [17]. If the
target running-time is polynomial in the dimension d, the problems becomes NP-hard to
approximate: within a factor of 1.015 for k-median and 1.06 for k-means [20]. The best

2 The multi-tree embedding consists of the following: build several quadtrees, and define the distance
between two points to be the minimum distance accross all quadtrees. This minimum may not respect
triangle inequality. As an illustration, consider three points on the line, a at z =0, b at x = 2 and c at
z = 4. Consider two quadtrees, one with a split at z = 1 (making all points with z < 1 very far from all
points with « > 1, say distance 10, while points with z < 1 or = > 1 are at their exact distance), the
other one with a split at © = 3. In both trees, a and c are at distance 10, hence they are at distance 10
in the multi-tree. However, in the first one b and ¢ are at distance 2, and in the second a and b are at
distance 2: hence, with triangle inequality a and c should be at distance 4.
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approximation ratios are 1+ /2 for k-median and 5.912 for k-means, based on a primal-dual
algorithm running in large polynomial time [16]. For faster and practical algorithms, [22]
improves the running time of k-means++ to almost linear, while roughly preserving the
approximation guarantee, and [35] that improves the approximation guarantee to O(1) albeit
with a running time of O(nkd). For linear-time algorithm, the one from [11] stays the best
we know of. Embedding the input metric into a quadtree yields an expected distortion
on distances of poly(d)log A: hence, combined with dimension-reduction to turn d into
log k, with reduction of the diameter to poly(n), one can easily compute a polylog(k) log n-
approximation to k-median. However, this does not work for k-means as the quadtree does
not preserve squared distances (see e.g. [17]).

Several sketching techniques are applicable to clustering in Euclidean space: it is possible
to reduce the dimension to O(e~2log k) in near-linear time O(nd), while preserving the cost
of any clustering up to a multiplicative (1 &+ ¢) factor. It is also possible to build coresets
in time O(ndk°™® 4 nloglog A), which reduces the number of distinct points to O(ke=2~%)
(see [26] for the specific running time,®> which uses the coreset algorithms from [23, 21]).
Combining those techniques with e.g. [35], it is possible to compute an O(1)-approximation
to (k, z)-clustering in time O(ndk°™) + k2).

General metric spaces. Beyond Euclidean space, k-median is NP-hard to approximate
within a factor of 1+ 2/e and k-means within 1 + 8/e [29].

For the incremental version of k-median, the best known approximation ratio is 7.656
for general metric spaces [12] and 7.076 for Euclidean spaces [41]. The approximation ratio
cannot be better than 2.01 [12].

Last, Mettu and Plaxton [39] introduced an algorithm related to recursive greedy, for
the Facility Location problem. In this algorithm as well they weight balls with a value: [6]
showed how to use a value proportional to the number of points in the ball, to estimate the
optimal cost of Facility Location problem in a streaming setting.

2 Preliminaries

The (k, z)-clustering problem is defined as follows: the input is a metric space (P,dist)
with |P| = n, an integer k, and a z > 1. The goal is to find a set of k points S C P that
minimizes COST(P, S) := > . pdist(x,5)?, where dist(z,S) := min,es dist(z,s). We say
that a set of k points Cy is an a-approximation to (k, z)-clustering when cost(P,Cy) <
- mins,|5|:k COST(P, S)

A list of n points ¢y, ..., ¢, is an a-approximation to the incremental (k,z)-clustering
problem on input P when for any k = 1, ..., n, the prefix ¢y, ..., ¢ is an a-approximation to
(k, z)-clustering on P.

We assume without loss of generality that the smallest pairwise distance between points
of P is 1, and we let A be an upper bound on the diameter of the input P (i.e., the largest
pairwise distance).

We will consider different metric spaces. The first type is metric spaces induced by
a positively weighted connected graph. In this setting, P is a subset of the vertices of a
graph weighted G = (V, E,w), where w: E — N\ {0}, |[V| = n, and |E| = m. The distance

3 As we noted previously, this paper uses polylogarithmic approximation in near-linear time, which was
actually not known; we state their run-time when using an almost-linear time algorithm instead.
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dist(u, v) between two vertices u,v € V is defined as the length of the shortest (weighted)
path in G. The second metric is when P is a multiset of points in R%. In this case, dist is
the usual Euclidean distance.

In our algorithm, we will often use a subroutine to compute the size of a union of sets.

» Lemma 3. Given a set of items P, a collections Si,..., Sy, of subset of P, and a
collection of queries Q1,...,Q¢+ C {1,...,m}, there is an algorithm with running-time

@) ((Z:n 1Si] + 320 |Qil) - log t) that is able to compute, with probability 1 — 1/t?, an es-

timate for any i of |Ujeq,S;| correct up to a factor 3.

Proof. We rely on the sketching technique introduced by [28, 1]. They show that there
is a function r : R — R such that, for any fixed set U, |U| is well approximated by
2Yu .= gmaxuev r(4)  Formally, with probability 2/3, it holds that % < 2'% < 3. (See
Proposition 2.3 in [1]). The running time to compute the function r is the time to evaluate a
pairwise independent hash function, e.g. O(1).

Our algorithm therefore computes, for each S, the value S; := max,cs, r(p) in times

O(>_15;|). For any @, it holds that Yy, := max;cq, Y; satisfies with probability 2/3 that

1 _ Yjeq.Sil

35 ok =0

Computing each Yy, takes time O(>" |Q;]). Therefore, it only remains to boost the
probability to ensure the guarantee holds for all @; simultaneously: for this, we run 3log(t)
many copies of the algorithm and let Count(Q);) be the median of those estimates. A standard

argument shows that, with probability 1 — 1/¢2, it holds for all Q; that % < ‘c%jni?ﬂgjl <3,

which implies the lemma.
The overall running time is O (3 |S;] + Y |Q4l) log(¢)). <

3 The Greedy Algorithm

3.1 Description of the original algorithm

In what follows, we assume that z > 1 is fixed. We start by presenting the original algorithm
and definitions from Mettu and Plaxton [39].
Given a ball B = B(z,r) := {y € P,dist(x,y) < r}, the value of B is Valueyp(B) :=
S, ep(r — dist(z, ).
A child of a ball B(x,r) is any ball B(y,r/2), where y € P and dist(z,y) < 10r.
For any point « € P and a set of centers C, let isolated(z,C) denote the ball
B(z,dist(z,C)/100) if C is not empty; and B(z,maxycpd(z,y)) if C = (. Intuit-
ively, this corresponds to very large ball centered at x that is far away from any center of

ct

The algorithm is a recursive greedy procedure, that starts with C = () and repeats n
times the following steps: start with the ball isolated(x, C') with maximum value over all
x € P (with ties broken arbitrarily), and as long as this ball has more than one child (i.e. as
long that there are at least two distinct points of the input P “close” to the ball) replace it
with the child with maximum value. Let = be the center of the last chosen ball: add x to C,
and repeat — see Algorithm 1 for a pseudo-code.

4 In those definitions, we chose the scalar constants 2, 10,100 for convenience: the whole analysis can be
parameterized more carefully in order to optimize the approximation ratio. We opted for simplicity.
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Algorithm 1 Recursive Greedy.

1: Let Co =0

2: for i from 1 to n do

3: Let B be a maximum value ball in {isolated(z, C;)|z € P\ C;}
while B contains more than one point do

4

5 Replace B by a maximum value child of B.
6: end while

7 C; = Ci—1 U{c;}, where ¢; is the center of B.
8: end for

» Theorem 4 ([39]). For any fized z and for all k, the cost of Cy, is a O(1)-approzimation
of the optimal (k, z)-clustering cost.

Mettu and Plaxton prove that this algorithm can be implemented in O(n?) time, which
is linear with respect to the input size (when the metric space is given as a full matrix
of pairwise distances). We modify this algorithm to achieve a fast implementation when
the metric is described as a sparse graph or a Euclidean space. The general idea is that
the recursive greedy algorithm still achieves an O(1)-approximation even all quantities are
approximated: the value function, child sets, and the sets of isolated balls need not be exactly
computed.

3.2 Simplification and extension

The main source of conceptual difficulty of Algorithm 1 is the notion of value, which is not
easy to grasp intuitively: the algorithm recurses down to denser region, but the notion of
denser it uses is not the most natural. Our first contribution is to show that the value can
be replaced essentially by the number of points inside the ball, times the radius of the ball.
With this definition of value, the interpretation of the algorithm is more straightforward: the
algorithm recurses down to the children containing most points.

In order to simplify the application of the algorithm, we show in addition that the number
of points can be approximated, and that the children of a ball can be computed approximately
as well. We introduce a parameter ¢ > 5, which governs the trade-off between run-time and
approximation ratio.

Simplifying the value function. Instead of Valuemp(B(z,7)) = 3, c ps, ) (1 — dist(z,y))*,
we will use a function Value approximating r* - |B(x,r)| as follows: first, count the number
of points inside the ball B(z,7) up to a factor 3, and then multiply by 7*. Formally, we show
that it is enough to use a function Value that satisfies

Vo € P, r*/3 - |B(z,r)| < Value(B(z,r)) < 3r® - |B(z,c-r)|.

This is our key new insight, that allows for fast implementation: it is indeed much easier to
approximately count the number of points in a ball than to evaluate Valueyp.

Approximating balls. In addition to this key simplification, we allow for some approximations
in the computation of the different ball considered by the algorithm.

Allowing approzimation of balls to redefine children. We say that N(xz,r) is a ¢
approximate ball of z at radius r if it satisfies B(z,7) € N(z,r) C B(z,c-r). When
¢ is fixed, we simply say that N(x,r) is an approximate ball. The algorithm uses this notion
instead of the “child” used in Algorithm 1: it considers all balls (of radius r/2¢) that are
centered at points that are in an approximate ball of x (of radius r).

84:7
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Forbidding balls. To select the starting ball at the beginning of an iteration, we move away
from the notion of isolated. Instead, our algorithm maintain a set of available balls. Initially,
those are all balls; when center c; is placed at the end of j-th iteration, our algorithm forbids
(i.e., remove them from the set of available balls) all balls that are too close to ¢;. More
precisely, the algorithm computes, for all » powers of 2¢ such that 1 < r < A, an approximate
ball N(cj,100c* - 7). It removes from the set of available balls all balls of the form B(p,r)
with p € N(c;,100c* - 7). There are O(nlog A) such balls.

Reducing the number of balls. Perhaps not surprisingly, the radius of balls can be rounded,
in order to limit the number of distinct balls to consider. For this, we assume for simplicity
that the diameter A is a power of 2c. The algorithm will consider only balls of the form
B(z,r), where x € P is an input point and 7 is a power of 2¢, such that® 1/(2¢)7” <r < A.

We give the pseudocode of our modified algorithm in Algorithm 2.

Algorithm 2 Simplified recursive greedy.

Input: A metric space (P, dist) and a number of clusters k.
Output: a set of C' of at most k centers.
1: Define the set of available balls to be {B(z,A/(2c)"),x € P,1 € {0,...,logy.(A) + 7}}.
2: Compute Value(B(x,r)) for all the available balls.
3: for ¢ from 1 to k do
4: if The set of available ball is empty® then

5: output the solution C;_1 = {c1,...,¢i—1}.

6: end if

7: Let B = B(x,r) be an available ball with largest Value

8: while r > 1/(2¢)” do > Center Selection loop
9: Compute an approximate ball N = N(z,10c - 1)

10: Update z and r: select x € argmax, ¢y Value (B (y, 2%)) and 7+ -

11: end while

12: Ci <X

13: for all radius r € {A/(2¢)¢, ¢ € {0, ...,1ogy.(A) + 7} } do > Forbidding loop
14: forx e N (cl-, 100c* - 7") do

15: Remove B(z,r) from the set of available balls.

16: end for

17 end for

18: end for

19: Output the solution Cy = {ecy, ..., ¢k}

3.3 Analysis

To clarify the analysis, we stop the algorithm after k iterations and prove that the set
of centers Cy is a poly(c)-approximation of the optimal (k, z)-clustering. However, the
algorithm does not depend on k, and therefore the set of centers after k' iterations for k' < k
is also a poly(c)-approximation of the optimal (', z)-clustering. In particular, if we modify
the algorithm to stop after n iterations instead, it provides a poly(c)-approximation of the
incremental (k, z)-clustering problem.

5 Although points are at distance at least 1, it is important for our algorithm to consider balls with
smaller radius 1/(2¢)” in order to be sure that, around any point, there is a ball available unless there
is a center at the point.

5 In that case, as explained in the footnote 2, ¢ is more than the number of distinct points.
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For clarity, we split the proof of Theorem 1 into two parts: first the approximation
guarantee, then the running time.

» Theorem 5. For any k, the set of centers output by the simplified recursive greedy
Algorithm 2 gives a poly(c)-approxzimation of the optimal (k, z)-clustering solution.

We provide the full proof of this theorem in the full version of our paper,” and focus here
only on the running time.

In our applications, computing the values of ball turns out to be easy — since it boils down
to estimating the number of points in balls, which is well studied. Hence, the main remaining
task when applying this algorithm to a specific metric space is to bound the running time of
the Forbidding loop and of the Center Selection loop.

» Theorem 6. Let (P, dist) be a metric space. Suppose there is an algorithm that computes
all values in time Tyawe and a datastructure with preprocessing time Tp.. and that is able to,
for any fixed r: remove any point from the ground set in time T,.,,, and, given x, computes
an approzimated ball N (x,r) of the current ground set in time Ty - |N(x,r)|.

Then the running time of Algorithm 1 is bounded by

To prove this theorem, it suffices to bound the complexity of the Center Selection loop
and the Forbidding loop, since by definition the value of all balls can be computed in time
TValue~

In the Center Selection loop, we will show that each ball is considered at most once
when the algorithm selects the ball with the maximum value at line 10.

In the Forbidding loop, we use a data structure that maintains O(logn) copies of the
input—one for each radius considered by the algorithm. After a center is selected, for each
radius r, we forbid all balls B(x,r) with 2 € N(¢;,100c* - r). These points are deleted
from the corresponding data structure to prevent them from being reconsidered later in the
Forbidding loop when subsequent centers are selected.

3.4 Running time analysis of the Center Selection loop

We now introduce a new definition. We say that a ball B’ is a potential descendant of a
ball B if there exists a sequence of balls By, ..., By, with B; = B(x;,7;), such that By = B,
By = B’, and for all 4, dist(z;, z;11) < 10c?r; and 7,11 = 7;/2c.

Note that if two balls B and B’ appear in the same center selection loop with B’ appearing
after B, then B’ is a potential descendant of B.

» Fact 7. If B(y,ry) is a potential descendant of B(z,r;), then dist(z,y) < 20¢? - r,.

Proof. Let B(y,r,) be a descendant of B(z,r,), and let g = z, ...,z = y be the centers of
the sequence of balls (By, ..., By) from the definition of descendant. For every i, we have

dist(z;, x41) < 1(252)” By triangle inequality, this implies

—

Z10e2 - r
dist(z,y) <> (270):6 < 20¢2 -7, <

1=

7 https://arxiv.org/abs/2407.11217
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A consequence of this fact is that any ball appears at most once in an approximate ball
of the Center Selection loop:

» Lemma 8. For any x € P,r € RT, the ball B(x,7) appears at most once in the center
selection loop.

Proof. We split the proof into two parts: first, if a ball appears in an approximate ball, then
it is forbidden at the next Forbidding step. Second, if a ball is available, then all its potential
descendants are available. Combined, those two results conclude our lemma.

» Fact 9. If a ball B(x,r,) is a potential descendant of a ball B? selected at the j-th iteration
of the center selection loop, then B(x,ry) is forbidden during the forbidding procedure after
cj is selected.

Proof. Let y be the center of the ball B’, and let its radius be r, = 2¢ - r,. Fact 7 ensures
that both z and ¢; are at distance at most 20c? - 2¢ - v, from y: therefore, dist(z,c;) <
40c3r, < 100c*r,, hence the ball B(z,r,) is in the set N(c;,100¢r,) and is forbidden on
line 12 when c; is selected as a center. <

» Fact 10. If, at the beginning of an iteration of the loop line 4, a ball B(x,r,) is available,
then all its potential descendants are available.

Proof. Let B(z,r;) be any ball, and let B(y,r,) be a potential descendant of B(z,r,).
Suppose that B(y,r,) is not available at the beginning of an iteration of the loop in line
4. Then there exists a center ¢; selected by the algorithm such that y € N(¢;, 100c* - Ty)
and therefore dist(y, ¢;) < 100¢® - r,,. Because B(y,r,) is a descendant of B(z,r;), we know
by Fact 7 that dist(x,y) < 20¢? - r,. Using the triangle inequality, we get dist(x,¢;) <
dist(z,y) + dist(y, ¢;) < 20¢? - r,, 4+ 100¢® - ;. We also know that 7, < r,/2c and therefore
dist(z, ¢;) < (50¢t 4 20¢?) - r, < 100c¢ - r,.. Hence z € B(c;, 100¢* - r,) € N(c;, 100¢ - r,),
and B(x,r,) is also forbidden at the i-th iteration. <

Combining those two facts concludes the proof. <

Proof of Theorem 6. First, by definition, the running time of computing all values in line 2
of the algorithm takes time Tvyaiye-

For analyzing the Forbidding loop, we note the following: instead of computing
N(c;, 100c¢r) in line 14, it is merely enough to compute the set of balls that have not
been forbidden yet in that set. To do so with the datastructure from the theorem statement,
one can merely do the following: for each valid r, initialize the datastructure with all points
in the ground set. Then, after each computation of an approximate ball N(¢;, 100¢r) of
the current set, remove all z € N(¢;, 100c¢*r) from the ground set of the corresponding r
in line 15. Hence, the preprocessing time is Tp,. - O(log A), and the total running time is
O((Tn + Trm)|P|log A). Indeed, there are O(log A) different radius r, and at each level any
point appears at most once before being removed. The guarantees of the datastructure there-
fore ensure that, at any given level, the total running time is bounded by O((Tx + Trm)|P)).

Last, it remains to analyze the Center Selection loop. For this, we can use the datastructure
from the lemma, without removing any point: Lemma 8 ensures that each ball B(x,r) appears
only once. Hence, the total running time is again O ((Tpre + Tn|P]) log A)). <
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4 Implementation in the Euclidean setting

4.1 Near-linear time approximation via multiple quadtrees

Tree embeddings are a common tool for designing approximation algorithms on metric spaces.
A particularly useful tree embedding in Euclidean spaces is the quadtree; see, for example,
[30, 4] for general reference, and [33, 22] for applications to clustering.

In a quadtree, the input space is enclosed in an axis-aligned hypercube that is recursively
subdivided into 2¢ smaller hypercubes of half the side length. If the entire input is translated
by a uniformly random vector in [0, A]¢, then the standard analysis of distortion induced by
the quadtree (see e.g. [26]) shows that with probability at least 1/2, the smallest quadtree
cell containing both p and ¢ has side length at most 4v/d - ||p — q||. We define distr(p, q) as
the diagonal of the smallest quadtree cell containing both p and gq.

To boost the probability, one can take ¢ = O(logn) independent random shifts and
construct ¢t quadtrees, with the following guarantees:

for all quadtree T, and any p, q, ||p — ¢|| < distr(p, q)

with probability 1 — 1/n?, for any p, ¢ there exist a quadtree T such that distr(p, q) <

4d|lp — ql|.

The construction of a single quadtree takes time O(ndlog A) [22], hence the total construction
time is O(ndlognlog A).

We will use these quadtrees to run Algorithm 2 with parameter ¢ = 4d. In order to
evaluate the value of all balls of radius r, we compute all quadtree cells of side length
L = 4v/d - r. Now, to compute an approximate ball N (z,r), it is merely enough to take the
union of all cells with side length L that contain z. Indeed, with probability 1 all points in
those cells are at distance at most Lv/d of z; and, with probability 1 — 1/n?, any point at
distance r is in the same cell as x in one of the quadtrees.

Therefore, computing the set N(x,r) can be done in time O(logn)|N(xz,r)|, hence
Tx = O(logn) — as there are O(logn) different quadtrees, the union can be computed with
this running time. Removing a point from the datastructure simply takes time 7., =
O(lognlog A), to remove it from the O(log A) levels of each of the O(logn) quadtree.

In addition, computing the size of N(z,r) is a direct application of Lemma 3 — and
computing N (z,r) for all point z € P and r power of 2 takes time Tyae = O(nlog Alog? n).

Theorem 6 directly implies:

» Corollary 11. In FEuclidean space, the recursive greedy algorithm can be implemented to
provide a poly(d)-approzimation to incremental (k, z)-clustering in time O(ndlognlog A +
nlog Alog®n).

Note that, using dimension-reduction, the dimension for (k, z)-clustering can be reduced
to O(log k) [37] in time O(ndlogd). This, with the above corollary, shows the last two items
of Corollary 2.

4.2 Constant-factor approximation via Locality-sensitive hashing

The tool we use in the Euclidean setting is Locality-sensitive hashing [2]. The precise result
we use is the following:

» Lemma 12 (See section D in [22]). Let P C R, r € RT, and £ = (n/6)Y< ; there is a
family of hash functions from R¢ to some universe U such that, with probability 1 — 0, if
f1, -, fe are drawn from this family:

For any p,q € P with dist(p,q) > c-r, then for alli=1,....¢ fi(p) # fi(q)
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For any p,q € P with dist(p,q) < r, then there exists i € {1,...,£} with f;(p) = fi(q).
Furthermore, the hash functions satisfy the following:

for any i,p € R, computing fi(p) takes time O (dn0(1))7

after preprocessing time O (£d - n**°M)), one can compute for any i,p the set T;[u] := {p:

fi(p) = u} in time O(|T;[u]]).

We use the previous lemma in two ways: first, it allows us to compute an approximate
neighborhood of each point quickly, and second, combined with streaming techniques, to
estimate the size of this neighborhood efficiently. We start with the former (where we
replaced, for simplicity of notation, the success probability 1 — ¢ with 1 — 1/n?):

» Corollary 13. For any r € Rt and P C R?, there is a datastructure with preprocessing
time Tpre = O (dn1+3/‘32+0(1)) that can, with probability 1 — 1/n?:

remove a point from P in time O <n3/c2)
answer the following query: for any point p € P, compute a set N(p,r) of points of P
such that B(p,r) NP C N(p,r) C B(p,c-r)NP. The query time is O (n3/c2|N(p, 7‘)|>

Proof. This is a direct application of Lemma 12: given r and § = 1/n?, compute f;(p) for

all ¢ and p, in time O (dn1+3/cz+°(1)). First, to remove a point p from P, simply remove it

from all the tables T;[f;(p)] for i = 1, ..., £: this takes time O(¢) = O (n3/>

To answer a query given a point p, compute T;[f;(p)] for all 4, in time O(|T;[f:(p)]])
and define N(p,r) := U’_;T;[f;(p)]. The running time to compute the union is at most
¢-O(IN(p,r)|) = O(n¥<* |N(p,r)|). The first two bullets of Lemma 12 ensure the desired
accuracy guarantee. <

Hence, in the vocabulary of Theorem 6, T}.,, = Tn = O (n3/ ‘32). It only remains
to compute the values: this can be easily done combining Lemma 12 with the sketching
techniques of Lemma 3, as follows:

» Lemma 14. Given a radius r, there is an algorithm that runs in time O (dn1+3/cz+o(1)>

and computes, for all p € P, Value(B(p,r)) such that, with probability 1 —1/n?, it holds that
Vp, % - |B(p,r) N P|/3 < Value(B(p,r)) < 3r* - |B(p,c-r)N P|.

Proof. We show how to compute, for all p € P, an approximate count of the number of
points in B(p,r), namely a value Count(p,r) such that |B(p,r) N P|/3 < Count(p,r) <
3r - |B(p,c-r)N P|. Multiplying Count by r* gives the lemma.

To build the estimates Count(p,r), the first step of the algorithm is to compute f;(p),
for all i € {1,...,¢} and all p € P, using Lemma 12 with » and § = 1/n?. This takes time

0] (dn1+3/02+°(1)). Due to Lemma 12, we have the guarantee that, with probability 1—1/n?,

|B(p,r) N P| < Uiy Tl fi()]| < |Bp,c-r)n Pl

Therefore, it is merely enough to estimate |U{_; T;[f;(p)]| using Lemma 3 (with S; ., = T;[u],

t =n, and for all p, Q, = {fi(p),i =1,...,£}). As each point p is in at most ¢ sets S; ,,, and
each @, has size at most ¢, the running time of the algorithm from Lemma 3 is O(¢n)

Hence, the overall running time is O (dn1+3/°2+0(1)) +0O(nllog(n)) = O (dn1+3/c2+0(1)).

<4
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Thus, Theorem 6 implies:

» Corollary 15. In FEuclidean space, the recursive greedy algorithm can be imple-
mented to provide a poly(c)-approximation to incremental (k,z)-clustering in time
O(n+3/<°+o(M) d1og A).

5 Almost-linear time implementation for Graphs

In sparse graphs, Filtser [27] introduced a datastructure very similar to LSH, dubbed
ThProbabilistic Decomposition: for any r > 0, and any ¢ > 1, there is a distribution over
partitions such that:

for any partition in the support of the distribution, the diameter of any part is bounded

by 2¢-r,

any u,v at distance at most r are in the same part with probability at least %n
Furthermore, there is an algorithm to draw a partition according to this distribution in time
O(mlogn) (see Theorem 4 in [27]).

To achieve the same guarantee as in Lemma 12, we merely draw n'/¢ partition at random,
and we get the properties that, for any vertices at distance more than 2cr, they are in
different part in all partitions ; and for any vertices at distance less than r, there is one
partition where they are in the same part with high probability.

As in Corollary 13, we can use this datastructure to build the one required by Theorem 6
to compute approximate balls.

It therefore just remains to compute the values of all balls. In sparse graphs, Cohen
showed how to approximate the number of points in all balls in near-linear time:

—1/c—1

» Lemma 16 (Theorem 5.1 in [14]). There exists an algorithm that takes as input a metric
induced by an edge-weighted graph G = (V, E,w) with n vertices and m edges. The algorithm
has expected preprocessing time O(mlog® n+nlog®n) and allows queries (v, d) for any pair
(v,d) € V x RT that estimate the number of points in the ball B(v,d) such that:

The expected query time is O(loglogn).

With probability 1 — O(1/poly(n)), for all (v,d) € V x RT,

|B(v,d)| — (v, d)]
[B(v,d)|

< 1/10.

Hence, using this result, we can directly compute the values of all the O(nlog A) balls,
in time Tyaiue = O (mlogn? + nlog® n + nlog Aloglogn).
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