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Abstract
We study the complexity of the parameterised counting constraint satisfaction problem: given a set
of constraints over a set of variables and a positive integer k, how many ways are there to assign
k variables to 1 (and the others to 0) such that all constraints are satisfied. While this problem,
and its decision version, received significant attention during the last two decades, existing work
has so far exclusively focused on restricted settings such as finding and counting homomorphisms
between relational structures due to Grohe (JACM 2007) and Dalmau and Jonsson (TCS 2004), or
the case of finite constraint languages due to Creignou and Vollmer (SAT 2012), and Bulatov and
Marx (SICOMP 2014).

In this work, we tackle a more general setting of parameterised (counting) valued constraint
satisfaction problems (VCSPs) with infinite constraint languages: we allow our constraints to
be chosen from an infinite set of permitted constraints and we allow our constraints to map an
assignment of its variables not only to True or False, but to arbitrary values. In this setting we are
able to model and classify significantly more general problems such as (weighted) parameterised
factor problems on hypergraphs and counting weight-k solutions of systems of linear equations, none
of which are captured by existing complexity classifications of parameterised constraint satisfaction
problems.

On a formal level, we express parameterised VCSPs as parameterised holant problems on uniform
hypergraphs, and we establish complete and explicit complexity dichotomy theorems for this family
of problems both w.r.t. classical complexity theory (P vs. #P) and parameterised complexity (FPT
vs. #W[1]). For resolving the P vs. #P question, we mainly rely on the use of hypergraph gadgets,
the existence of which we prove using properties of degree sequences necessary for realisability in
uniform hypergraphs. As a technical highlight, we also employ Curticapean’s “CFI Filters” (SODA
2024) – named after the Cai-Fürer-Immermann construction for bounding the expressiveness of the
Weisfeiler-Leman heuristic – to establish polynomial-time algorithms for isolating vectors in the
homomorphism basis of some of our holant problems. For the FPT vs. #W[1] question, we build
upon the recently established combinatorial toolkit for parameterised holants on the special case of
graphs by Aivasiliotis et al. (ICALP 2025) and also rely on an extension of the framework of the
homomorphism basis due to Curticapean, Dell and Marx (STOC 17) to uniform hypergraphs.
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9:2 Parameterised Holant Problems on Hypergraphs

1 Extended Abstract

Constraint satisfaction problems (“CSPs”) and their counting analogues (“#CSPs”) belong
to the most well-studied computational problems in algorithms and complexity theory: given
a set of constraints over a set of variables, find one of (or count) the assignments of variables
to elements of a finite set D such that all constraints are satisfied. CSPs and #CSPs are
extremely rich in expressibility, allowing us not only to model a multitude of fundamental
problems such as the Boolean satisfiability problem, the graph homomorphism problem, and
the computation of partition functions, but they also provide a uniform language for studying
and analysing seemingly very different problems (see e.g. Bulatov’s survey on CSPs [6]). At
the same time, families of (#)CSPs are robust enough in structure to often allow for a precise
and exhaustive complexity classification of their members, which usually comes in form of a
complexity dichotomy theorem stating that each member of a family of (#)CSPs is either
solvable in polynomial time, or NP-hard.1

One of the earliest examples of a comprehensive analysis of a CSP is Schaefer’s Di-
chotomy [41], stating that each member of the generalised satisfiability problem is either
solvable in polynomial time or NP-complete. Over the course of the following 20 years a
significant amount of research had been undertaken with the goal of lifting Schaefer’s result
from the Boolean domain to arbitrary finite domains, culminating in the formulation of
the Feder-Vardi-Conjecture in 1998 [27]. It then took almost another 20 years until the
conjecture was proved independently by Bulatov [5] and Zhuk [44] in 2017.

The quest for counting constraint satisfaction problems (#CSPs) has seen similar success:
Creignou and Hermann [16] established a counting version of Schaefer’s dichotomy in 1996,
and the classification for #CSPs over arbitrary domains was established again by Bulatov [4]
whose result was then simplified and its tractability criterion shown to be decidable by Dyer
and Richerby [26]. Moreover, the classification was eventually extended and strenghthened
to #CSPs with complex weights by Cai and Chen [8]. In the present work, we study the
version of #CSP in which we only count “weight-k-solutions”, that is assignments that set
precisely k variables to 1; this version is also known as parameterised #CSP and we focus on
the Boolean domain, i.e., #CSPs defined over D = {0, 1}.

1.1 Parameterising CSPs by Solution Size
The weighted satisfiability problem WSAT asks, given a Boolean formula F and a positive
integer k, whether F contains a satisfying assignment of Hamming weight k, that is, whether
it is possible to satisfy the formula by setting precisely k variables to 1. Similarly, its counting
version #WSAT asks to compute the number of such assignments. WSAT and #WSAT
are the foundational problems for the complexity theory of parameterised decision and
counting problems: depending on the allowed structure of the input formula2, they define,
respectively, the W and the #W-hierarchies, including the classes W[1] and #W[1], which
can be considered the parameterised decision and counting equivalents of NP. We refer the
reader to the standard textbook of Flum and Grohe [29] for a comprehensive introduction to
structural parameterised complexity theory.

Notably, WSAT and #WSAT constitute the most rudimentary instances of paramet-
erised CSP and #CSP, and it comes to no surprise that analogues of Schaefer’s dichotomy,
both for decision and for counting, have already been established for those problems [38, 7, 17].

1 This property is rather surprising, given that Ladner’s Theorem states that, assuming P ̸= NP, the
class NP contains an infinite hierarchy of complexities between P and NPC [35].

2 The “W” in the W-hierarchy stands for “weft”, which describes a structural property of boolean circuits.
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The key difference in the parameterised setting is that the notion of tractability is relaxed
from polynomial-time algorithms to fixed-parameter tractable “FPT” algorithms, the require-
ment for which is a running time bound of f(k) · nO(1), where n is the input size and k is
the problem parameter – in this work, k will always be the Hamming weight of the sought
solutions. The function f can be any computable function; in other words, we allow for a
super-polynomial overhead only in the problem parameter, reflecting the assumption that
the parameter is significantly smaller than the input size in problem instances of interest
(see [7] for a discussion on this assumption in the context of parameterised CSPs).

When studying families of parameterised CSPs, the goal is, thus, to classify the problems
into instances that are FPT and instances that are hard for a class in the W (or #W)
hierarchy. In particular, it is well-known that under the exponential time hypothesis (ETH)
[31, 32], which asserts that 3-SAT cannot be solved in time exp(o(n)) (where n is the number
of variables of the input formula), (#)W[1]-hard problems are not in FPT [14, 15, 22].
In addition to the aforementioned analogues of Schaefer’s dichotomy, such classifications
have also been achieved for the problems of finding and counting homomorphisms between
relational structures, which can both be expressed as parameterised (#)CSPs (see [30, 23]).

However, all existing results are limited by either focusing on a special case (such as simple,
undirected graph homomorphisms) or by the restriction to finite constraint languages. For
example, the following natural counting problems cannot be expressed in existing frameworks
for parameterised #CSPs:3

Let p be a prime. The problem #CodeWordp gets as input a matrix A over Z/pZ and
a positive integer k, and the goal is to compute the number of solutions to the system
of linear equations Ax⃗ = 0⃗ (also over Z/pZ) that set precisely k variables to 1 (and the
other variables to 0). Note that #CodeWord2 is identical to the counting version of
Exact-Even-Set (see e.g. [25]).
Let S ⊆ N. The problem #Factor(S) gets as input a hypergraph H and a positive
integer k, and the goal is to compute the number of k-edge-subsets of H that induce a hy-
pergraph in which the degree of every vertex is in S. Given d ∈ N, we denote #Factord(S)
for the restriction to d-uniform hypergraphs. For example, #Factord({0, 1}) is identical
to the problem of counting k-matchings in d-uniform hypergraphs, where a matching in a
hypergraph is a set of pairwise disjoint hyperedges.

In this work, we introduce and study a version of parameterised #CSP which is powerful
enough in expressibility to model the previous problems – in fact, we will consider a much
more general model which can also describe constraints that map assignments to arbitrary
numbers (rather than to just True or False). Moreover, we will be able to provide complete
complexity classifications for our model which reveal the complexity of the aforementioned
examples as straightforward special cases.

Parameterised Symmetric Valued #CSPs and Hypergraph Holants

For reasons of notational consistency with existing work on (parameterised) CSPs (see, e.g.,
[33]) we will first introduce our setting of interest via so-called Valued CSPs (“VCSPs”).4

3 We note that special cases of #CodeWordp and of #Factor(S), such as restrictions to certain input
matrices and to graphs, are expressible in existing frameworks such as in [1]. However, the complexity
of both problems has not been fully resolved yet.

4 Being aware of another work (see [34]) studying a problem under the name Valued CSPs, we would like
to point out that their problem is incomparable to ours and that our definition complies with [33].

ICALP 2026
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Let F denote a finite set of symmetric functions f : {0, 1}∗ → C; by symmetric we mean
that f is invariant under permutation of entries of input vectors.

▶ Remark 1. Note that, a symmetric function that is not associated with a specific arity, i.e.,
the length of its input is arbitrary, depends only on the Hamming weight of its input. Hence,
such functions can be equivalently defined over natural numbers.

An instance I of parameterised symmetric p-VCSP(F) consists of a positive integer k, a
set X of n variables x1, . . . , xn and a set C of m constraints of the form ⟨f, (xi1 , ..., xir

)⟩ for
some r ∈ N, where f ∈ F . The vector (xi1 , . . . , xir ) is known as the scope of the constraint.
Given an instance I = (X, C, k), the task is to compute

Z(I) =
∑

α:X→{0,1}∑
x∈X

α(x)=k

∏
⟨f,(xi1 ,...,xir )⟩∈C

f(α(xi1), . . . , α(xir
)) .

For example, if F contains precisely the function x⃗ 7→
∑

x∈x⃗ x mod p, then p-VCSP(F)
is identical to #CodeWordp. If F contains precisely the function hw≤1 which maps a
vector x⃗ ∈ {0, 1}∗ to 1 if it has at most one 1 entry, and to 0 otherwise, then p-VCSP(F) is
identical to #Factor({0, 1}).

Our goal is to understand the complexity of #p-VCSP(F) for any set of symmetric
constraint functions F - recall that symmetric constraints only depend on the Hamming
weight of their assignment. To this end, we introduce and rely on a generalisation of the
parameterised holant framework [19, 1] from graphs to hypergraphs, which enables us to
naturally model VCSPs in a way that allows us to leverage a variety of powerful tools that
have been established in parameterised counting complexity theory over the past years. We
proceed by formally introducing the holant framework, after which we provide details on the
equivalence between VCSPs and parameterised holants on hypergraphs.

Holant problems, implicitly defined by Valiant in his seminal paper on holographic
reductions [43] and formally introduced by Cai, Lu and Xia [13], yield an avenue for modeling
various counting problems, including problems that cannot be formulated as a #CSP problem,
such as the generating function of perfect matchings in a graph (see [10, 33]). Similarly to
VCSPs, holant problems assume oracle access to a finite collection of functions, which by
convention we call signatures and denote them with s instead of f .

An instance of a holant problem with respect to a finite set S of signatures is a signature
grid that consists of a (simple) undirected graph G and an assignment of signatures from S
to the vertices of G. For a vertex v ∈ V (G), we denote by sv, the signature that is assigned
to v. The objective is to compute the holant value (or simply, the holant) of the signature
grid (G, {sv}v∈V (G)) which is given as follows

Holant(G, {sv}v∈V (G)) =
∑

α:E(G)→{0,1}

∏
v∈V (G)

sv(α|Ev(G)) , (1)

where α|Ev(G) is the restriction of α to the edges that are incident to v. The focus of this
article is on the following holant variant.

The parameterised holant problem on a finite set S of symmetric signatures s : {0, 1}∗ → C,
takes as input a signature grid Ω = (G, {sv}v∈V (G)), and a number k ∈ Z≥0 and computes

Holant(Ω, k) =
∑

α:E(G)→{0,1}∑
e

α(e)=k

∏
v∈V (G)

sv(α|EG(v)) ,
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▶ Remark 2. Following the equivalent definition of symmetric signatures s : {0, 1}∗ → C as
s : N → C, we note that Holant(Ω, k) can be written in a simplified form by observing that
for any assignment α : E(G) → {0, 1} s.t.

∑
e α(e) = k and any vertex v ∈ V (G), by letting

A = {e ∈ E(G) | α(e) = 1}, we have that the number of 1s in α|EG(v) is precisely equal to
|A ∩ EG(v)|. Hence,

Holant(Ω, k) =
∑

A⊆E(G)
|A|=k

∏
v∈V (G)

sv(|A ∩ EG(v)|) .

The integer k is called the parameter of the problem instance, and, in addition to
classifying the polynomial-time tractable cases, we are interested in fixed-parameter tractable
(FPT) algorithms. Holant instances can naturally be extended to signature grids over
hypergraphs (V, E), where V is the set of vertices and E ⊆ 2V is the multiset of hyperedges5,
that generalise graphs. The holant (value) of a signature grid over an underlying hypergraph
is defined identically to (1), where a hyperedge e is incident to a vertex v if v ∈ e.

Thus far, parameterised holant problems may take as input a signature grid with an
underlying hypergraph of arbitrarily large rank6. Naturally, we are also interested in the
case in which the rank of the input hypergraph is bounded. There are two ways by which
we may bound the rank of the instance’s underlying hypergraph, namely, either to include
the rank in the parametrisation along with k, or to allow only for hypergraphs of fixed rank,
that is, their rank is at most some constant d (the latter of which is in fact the slice of the
former). In particular, the most interesting variant considering fixed rank is the one that is
restricted to uniform hypergraphs. The three aforementioned variants are formally stated
below7 – we emphasize that we assume signature grids over hypergraphs that feature no
multiple hyperedges for everything that follows.

▶ Definition 3 (Parameterised Holant Problems on Hypergraphs). Let S be a finite set of
signatures.

The problem p-HolantUBD(S) expects as input a positive integer k and a signature grid
Ω = (G, {sv}v∈V (G)) over S. The output is Holant(Ω, k) and the problem parameter is k.
The problem p-Holant(S) expects as input a positive integer k and a signature grid
Ω = (G, {sv}v∈V (G)) over S. The output is Holant(Ω, k) and the problem parameters are
k and the rank of G.
For any constant d ∈ Z≥2, the problem p-Holantd

uni(S) expects as input a positive integer
k and a signature grid Ω = (G, {sv}v∈V (G)) over S, such that G is d-uniform, that is,
each hyperedge has cardinality d. The output is Holant(Ω, k) and the problem parameter
is k.

▶ Remark 4 (On infinite domains). We emphasise that our definition of parameterised holants
on hypergraphs is, up to the extension from graphs to hypergraphs, identical to the definition
in existing literature [1, 19]. As discussed in [1], computable signatures with infinite domains
– though unusual in classical holant theory – yield a non-trivial well-defined framework

5 Note that a hyperedge is a set and not a multiset, but multiple copies of the same hyperedge are allowed.
6 Recall that the rank of a hypergraph G is given by maxe∈E(G) |e|.
7 We point out that parameterised holant problems p-Holant have been traditionally considered in a

colourful setting in which edges are coloured, while uncoloured holant problems are typically denoted as
p-UnColHolant (see e.g., [19], [1]). In this work, we only consider the uncoloured setting, thus we
refrain from indicating in the notation of our holant problems that are uncoloured.

ICALP 2026



9:6 Parameterised Holant Problems on Hypergraphs

that is able to capture problems that would otherwise require an infinite number of (finite-
arity) signatures (see, e.g., #CodeWordp and #Factor(S) discussed earlier). Even more
importantly, finite-arity signatures can only capture those instances for which the underlying
hypergraph is of bounded vertex-degree. In the parameterised setting, such a restriction
above is known to admit trivial FPT-algorithms (a detailed discussion about the latter point
is formally provided in [1] as well as briefly in Section 1.7). Thereby a study on infinite
domains is crucial for establishing the complexity of important families of problems that
remained uncaptured by existing frameworks.
▶ Remark 5 (On Boolean domain and symmetric signatures). In general, holant problems allow
for general domains (see, e.g., [9]) and signatures that do not need to be symmetric [36].
However, even in the classical setting, only partial results are known for symmetric functions
on general domains [12] or for asymmetric functions on Boolean domains [39, 40]. Therefore,
this work focusses on symmetric Boolean signatures not because the asymmetric case is
less interesting, but as a natural starting point for investigating parameterised holants on
hypergraphs.

1.2 Equivalence of VCSPs and Holant Problems on Hypergraphs
We show in a very simple reduction, that holant problems on hypergraphs are VCSPs (and
vice versa). In particular, here we show the equivalence for the respective parameterised
problems. We stress that for the aforementioned equivalence to hold, we need to modify our
definition of holant problems such that the underlying hypergraphs allow for multi-hyperedges,
i.e., multiple copies of the same hyperedge may appear. However, this is only a technical
subtlety that we do not need to consider in the rest of the paper. The reason is that all of
our hardness results for the restricted holant problems transfer trivially to the more general
holant problems that allows for multi-hyperedges and as we show in the full version (see [2])
our tractability results still apply as well.

We let F be a finite set of functions f : {0, 1}r → C and recall that, given a set X of n

variables x1, . . . , xn, a set C of m constraints of the form ⟨f, (xi1 , . . . , xir )⟩, where f ∈ F ,
and a positive integer k, the problem p-VCSP(F) computes

Z(X, C, k) =
∑

α:X→{0,1}∑
e

α(e)=k

∏
⟨f,(xi1 ,...,xir )⟩∈C

f(α(xi1), . . . , α(xir )) .

Given I = (X, C, k), we construct a hypergraph G(I), that will be used as the underlying
hypergraph of the intended holant instance, as follows. Each constraint c ∈ C corresponds to
a (unique) vertex vc ∈ G(I) and each variable x ∈ X corresponds to a (unique) hyperedge
ex ∈ E(G(I)) given as {vc | x is in the scope of c}. Note that, there may be variables x ̸= x′

such that ex = ex′ . We allow G(I) to contain multiple copies of the same hyperedge, such
that each variable x corresponds uniquely to (some copy of) ex.

Next, we let Ω(I) denote the signature grid obtained from G(I) by equipping, for each
c = (f, (xi1 , . . . , xir

)) ∈ C, the variable vc with the signature svc
= f . We also assume that

the order of the arguments of f is preserved, that is, if x is the j-th argument of f , then ex

is the j-th argument of svc
. It can be readily verified that Z(I) = Holant(Ω(I), k) .

▶ Remark 6. For x ∈ X, we write occI(x) for the occurence of x in I, that is, the number
of constraints ⟨f, (xi1 , . . . , xir

)⟩ ∈ C that contain x in their scope, that is, x = xij
, for

some 1 ≤ j ≤ r. For any variable x ∈ X, we have that occI(x) is equal to the size of ex.
Furthermore, for any constraint c ∈ C, we have that |c|, that is, the number of variables in
the scope of c, is equal to the number of hyperedges in G(I) that are incident to vc.
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Furthermore, the reverse direction, that is, formulating a (parameterised) generalised
holant problem as a VSCP can be achieved in a similar fashion.

1.3 Existing Results for Parameterised Holants on Graphs
The parameterised complexity of the problem p-Holant2

uni(S) was recently classified by
Aivasiliotis et al. [1]. The classification criterion depends on the type of the set of allowed
signatures, as defined in [1], which we also define here momentarily, for reasons of self-
containment. In particular, only signature sets that exclude signatures s with s(0) = 0
are assigned a type in [1] and the reason is that – roughly speaking – signatures s with
s(0) = 0 do not affect the parameterised complexity of the problem, as it was shown in [1].
In other words, any fixed-parameter tractable finite set of signatures remains fixed-parameter
tractable even if we add to it any number of signatures s with s(0) = 0. However, we will see
that this is not necessarily true for polynomial-time tractability, which is why we explicitly
include the case of s(0) = 0 in the present paper.

The type of a signature set is decided by the signature fingerprint function, which is a
combinatorial sum that is reminiscent of the Möbius function of partition lattices, given as
follows.

▶ Definition 7 (Signature Fingerprints [1]). Let a be a positive integer and let s be a signature.
If s(0) ̸= 0 then the fingerprint of a and s is defined as

χ(a, s) :=
∑

σ

(−1)|σ|−1(|σ| − 1)! ·
∏
B∈σ

s(|B|)
s(0) ,

where the sum is over all partitions σ of [a] and |σ| denotes the number of blocks B ∈ σ.
For technical reasons, if s(x) = 0 for all x, we set χ(a, s) = 0. In all remaining cases, i.e.,
s(0) = 0 but s(x) ̸= 0 for some x > 0, the fingerprint is undefined and we set χ(a, s) = ⊥.

▶ Definition 8 (Types of Signature Sets [1]). Let S be a finite set of signatures. We say that
S is of type8

1. T[1] if χ(a, s) = 0 for all s ∈ S, a ≥ 2,
2. T[2] if χ(a, s) = 0 for all s ∈ S, a ≥ 3, but there exists s ∈ S with χ(2, s) ̸= 0, and
3. T[∞] otherwise, i.e., there exists s ∈ S and a ≥ 3 such that χ(a, s) ̸= 0.

It was shown in [1] that there are infinitely many signature sets of each type. We are
now ready to state the known complexity dichotomy for p-Holant2

uni(S). In particular, it
is only the signature sets of the first type that render the problem tractable. However, the
third type of signature sets allow for tighter conditional lower bounds.

▶ Theorem 9 (Complexity Dichotomy for p-Holant2
uni(S) [1]). Let S be a finite set of

signatures. We set S0 = {s ∈ S | s(0) = 0}.
1. If S \ S0 is of type T[1], then p-Holant2

uni(S) can be solved in FPT-near-linear time.
2. Otherwise p-Holant2

uni(S) is #W[1]-complete. If, additionally, S \ S0 is of type T[∞],
then p-Holant2

uni(S) cannot be solved in time f(k) · |V (Ω)|o(k/ log k), unless ETH fails. ⌟

Finally, the tractability criteria above are in fact explicit, in the sense that for a set S
of signatures of type T[1] and a signature s ∈ S, we know that s has the following explicit
representation: s(n) = αn, for some α ∈ C. The above implies that s(0) = 1 must be
assumed, but in the context of holant problems it is well-known that scaling a signature by
some constant, does not affect the complexity of the problem.

8 We point out that we have renamed the types of signatures to avoid introducing further concepts.

ICALP 2026
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1.4 Further Related Work on Holants
In this part, we explore some well established approaches that appear, at first glance, to
allow for deriving complexity classifications for holants on hypergraphs; however, as we argue
below, they turn out to be insufficient for our (parameterised and classical) settings.

Firstly, as it has already been pointed out, holant problems on hypergraphs are equivalent
to a natural class of symmetric counting constraint satisfaction problems (see Section 1.2).
Furthermore, readers familiar with classical holant theory might be aware that the extension
of signature grids from graphs to hypergraphs has only limited benefits since classifications
for higher arity #CSPs had already been known when the holant framework was introduced
– e.g. the dichotomy for #CSP [4] first appeared in ICALP’08 while for holants [11] in
STOC’13. However, in the parameterised world where we only consider assignments that
map precisely k variables/edges to 1, the situation is flipped: not much is known about
the complexity of #CSP for higher arities and the framework of parameterised holants on
hypergraphs allows us to tackle such problems.

Secondly, holants on hypergraphs are also known to reduce, in the classical sense, to
holants on graphs via incidence graphs; we provide the details for the sake of self-containment:
To this end, we let S be a finite set of signatures. We consider a hypergraph G and an
assignment {sv}v∈V (G) of signatures from S to its vertices. It is folklore that any hypergraph
can be represented as a bipartite incidence graph B as follows. We let V (B) = L ∪̇ R and
consider two arbitrary bijections πL : V (G) → L and πR : E(G) → R. Furthermore, for
each v ∈ V (G) and each e ∈ E(G) such that v ∈ e, we add {πL(v), πR(e)} to E(B). Then,
we consider the following assignment {s′

v}v∈V (B) of signatures to V (B): for each v ∈ L

we assign to v the signature of π−1
L (v) and for each u ∈ R, we assign to u the signature

=ℓ: {0, 1}ℓ → {0, 1} where ℓ = |π−1
R (e)| and =ℓ evaluates to one if and only if all of its

arguments are equal. It can be readily verified that

Holant(G, {sv}v∈V (G)) = Holant(B, {s′
v}v∈V (B)) , (2)

where s′
v is either in S or is an equality signature =ℓ for some ℓ ∈ N. In other words, holants

on hypergraphs reduce to holants on (bipartite) graphs assuming – besides S – freely available
equality signatures.

It is known that signatures for equality (i.e., =ℓ) are part of the tractable family of affine
signatures, implying the easiness of holant problems on hypergraphs. Moreover, hardness of
holants on graphs transfer directly to holant problems on hypergraphs since the former is a
special case of the latter.

However, we point out that the aforementioned trivial equivalence already becomes
incomplete when introducing even mild natural restrictions to the problem, e.g., restricting
holants to uniform hypergraphs of fixed rank (i.e., of upper-bounded maximum hyperedge-
size), or, more importantly, by not allowing freely available equality signatures, which cases
are considered and remedied in this work. Note that the latter case is realised when we only
consider signatures of infinite domain which are our main consideration. It is easy to see
that such signatures cannot model equality signatures.

1.5 Our Contributions
We provide exhaustive complexity dichotomy results both with respect to classical complexity
theory (P vs. #P) and with respect to parameterised complexity theory (FPT vs. #W[1]).

We first state our main results in the parameterised setting. As it has been already
pointed out, the problem p-Holantd

uni(S) is a “slice” of p-Holant(S). The above implies
that we need not state two complexity dichotomies, since an FPT algorithm for the latter
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problem implies an FPT algorithm for the former (w.r.t. the respective parametrisation)
and if any slice of p-Holant(S) is hard, then p-Holant(S) must already be hard. Hence,
our main result – stated formally below – consists of
1. an FPT algorithm for p-Holant(S), for finite sets of signatures S of type T[1], which

also addresses the tractable case in which S contains signatures s with s(0) = 0.
2. #W[1]-hardness results for the problem p-Holantd

uni(S), for any d ≥ 2.

We recall that the parameterised complexity in the special case of p-Holant2
uni(S), that

is, the case of graphs, has already been established in [1].

▶ Theorem 10 (Parameterised Complexity Dichotomy). Let S be a finite set of signatures.
Let furthermore S0 = {s ∈ S | s(0) = 0}.
1. If S \ S0 is of type T[1], then p-Holant(S) can be solved in FPT-(near)-linear time, that

is, in time f(k, r) · Õ(|Ω|), where r is the rank of the underlying hypergraph of Ω.
2. If S \ S0 is not of type T[1], then p-Holant(S) is #W[1]-hard.

In particular, for any d ∈ Z≥2, the problem p-Holantd
uni(S) is #W[1]-hard. Fur-

thermore, if S \ S0 is of type T[∞], then p-Holantd
uni(S) cannot be solved in time

f(k) · |V (Ω)|o(k/ log(k)), for any computable function f , unless ETH fails. ⌟
Note that the previous result implies that all FPT cases are in fact FPT-near-linear time
solvable. We also classify the aforementioned problems in the non-parameterised setting. We
point out that such a classification is novel even for the case of graphs (that is, d = 2).

▶ Theorem 11 (Classical Complexity Dichotomy). Let S be a finite set of signatures and let
d ∈ Z≥2.
1. If S is of type T[1] (implying that all signatures s ∈ S satisfy s(0) ̸= 0), then

p-Holantd
uni(S) can be solved in polynomial time.

2. Otherwise, p-Holantd
uni(S) is #P-hard. ⌟

Note that the second part (2.) in the previous result implies that p-Holantd
uni(S) is #P-hard

whenever S contains a signature s with s(0) = 0 but s(x) ̸= 0 for some x > 0.
▶ Remark 12 (Finite signature sets vs. finite constraint languages). Finite signature sets are
not the same as finite constraint languages, since our signatures have domain {0, 1}∗, but
constraints come with a fixed arity.

As we explain in Section 1.2 our theorems immediately imply the analogous classifications
for (the classical and parameterised) complexity of p-VCSP. We now give two applications
of our main results:

▶ Corollary 13. For each prime p, the problem #Codewordp is #P-hard and #W[1]-hard.
Moreover, assuming ETH, #Codewordp cannot be solved in time f(k) · |A|o(k/ log k) for
any function f , where A is the input matrix and k ∈ N is the problem parameter.

Proof. The problem #Codewordp reduces from p-Holant({sp}) where sp(x) = 1 if x ≡ 0
mod p and sp(x) = 0 otherwise. To verify the existence of this reduction, observe that for
each vertex v of the signature grid and its incident edges e1, . . . , eℓ, we just need to add the
equation

∑ℓ
i=1 ei ≡ 0 mod p; in fact, this reduction applies in both directions if we allow

multiple copies of the same hyperedge in the signature grid (this happens if the matrix of
the system has two identical columns).

Clearly, sp(0) ̸= 0. Now consider χ(p, sp). There is only one partition of [p] that contains
a block of size p: this is the coarsest partition ⊤ containing only one block [p]. Clearly,
sp(|[p]|) = sp(p) = 1. All further partitions of [p] contain a block B with 1 ≤ |B| ≤ p − 1,
hence s(|B|) = 0. Consequently,

χ(p, sp) = (−1)|⊤|−1(|⊤| − 1)! · 1 ̸= 0 .

ICALP 2026
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For p > 2, this shows that {sp} is of type T[∞]. For p = 2, it is easy to verify that
χ(3, sp) ̸= 0, hence the type is also T[∞]. Intractability then immediately follows from
Theorems 10 and 11, and from the fact that p-Holantd

uni(S) reduces to p-Holant(S) for
any d and S. ◀

For the next application, we consider the problem of counting k-matchings in d-uniform
hypergraphs. It is well-known that this problem is #P-hard since it subsumes as a special case
the problem of counting perfect matchings in d-uniform hypergraphs for which #P-hardness
is known (in particular, the case d = 2 was shown by Valiant [42], while the case d > 2 was
shown later by Creignou [16]). For d = 2, it took almost a decade to strengthen #P-hardness
to #W[1]-hardness.9 We obtain #W[1]-hardness for all d ≥ 2 as an easy application of our
main result.

▶ Corollary 14. For each d ∈ Z≥2, the problem of counting k-matchings in a d-uniform
hypergraph G is #W[1]-hard and cannot be solved in time f(k)·|G|o(k/ log k) for any function f ,
unless ETH fails.

Proof. We just need to show that the signature set {hw≤1} is of type T[∞]. Here, hw≤1(x) = 1
if x ≤ 1 and hw≤1(x) = 0 otherwise. The claim then follows immediately from Theorem 10,
since the problem is identical to p-Holantd

uni({hw≤1}). It is easy to verify that χ(3, hw≤1) ̸=
0. Moreover, hw≤1(0) ̸= 0. Hence {hw≤1} is of type T[∞]. ◀

In particular, Corollary 14 also follows from the novel complete complexity classification
of Factord(S) which we establish below.

▶ Corollary 15. Let S ⊆ Z≥0 be a finite set. For any d ∈ Z≥2,
1. Factord(S) is #P-hard.
2. If 0 /∈ S, Factord(S) is solvable in FPT-(near)-linear time, that is, in time f(k) · Õ(|G|),

for some computable function f .
3. If 0 ∈ S, Factord(S) is #W[1]-hard and cannot be solved in time f(k) · |V (G)|o(k/ log(k)),

for any computable function f , unless ETH fails.

Proof. Let (G, k) be an instance of Factord(S). Consider the signature tS : Z≥0 → {0, 1}
where tS(x) = 1 if and only if x ∈ S. It is easy to verify that Factord(S) is equivalent10 to
p-Holantd

uni({tS}) via a reduction that associates to (G, k) a holant instance (Ω, k), where
the underlying hypergraph of Ω is G and each vertex of Ω is equipped with signature tS .

First, note that if 0 /∈ S (implying that tS(0) = 0), it follows from Theorem 10 that
Factord(S) is solvable in FPT-(near)-linear time. Furthermore, Theorem 11 implies that
for any d ∈ Z≥2, Factord(S) is #P-hard.

Now, assume that 0 ∈ S. It has been shown in (the full version of) [1, Corollary 6.22]
that tS is of type T[∞]. Hence, Theorem 10 implies that for any d ∈ Z≥2, Factord(S) is
#W[1]-hard and cannot be solved in time f(k) · |V (G)|o(k/ log(k)), for any computable function
f , unless ETH fails. Furthermore, Theorem 11 implies that for any d ∈ Z≥2, Factord(S) is
#P-hard. ◀

9 The #W[1]-hardness of counting k-matchings in graphs was first conjectured by Flum and Grohe in
2004 [28], and proved by Curticapean in 2013 [18].

10 Clearly, with respect to parameterised as well as non-parameterised polynomial-time Turing-reductions.



P. Aivasiliotis, A. Göbel, and M. Roth 9:11

1.6 Our Techniques
Before we conclude our introduction, we give a brief exposition of the machinery we are
employing for deriving our results.

1.6.1 Gadgets
One of the tools that we employ are gadgets. Gadgets have mainly been used in counting
problems outside of the holant framework. We point out that our gadgets will be much more
general than what the familiar reader might know as matchgates which have been extensively
used within the holant framework, the details of which are beyond the scope of this paper.

Roughly speaking, gadgets are signature grids ΩF that are embedded on other signature
grids ΩG, typically by identifying vertices of (a copy of) ΩF with vertices of ΩG and possibly
forming new hyperedges (e.g., between different copies of gadgets). The above implies that
gadgets induce a mapping between signature grids (possibly allowing different signatures).
In this work, the construction of gadgets is based on the realisability of degree sequences of
certain suitable hypergraphs that also meet some structural properties. For example, some
of our gadgets rely on the existence of infinitely many d-uniform b-regular hypergraphs for
d, b ≥ 2 that are also connected.

For our parameterised holant problems, we will consider a more general mapping f

that maps a parameterised holant instance (Ω, k) (instead of just a signature grid) into
another (Ω′, k′) = f(Ω, k), that can be computed efficiently with respect to parameterised
or classical complexity. The choice of the new parameter k′ is based on the following
observation: the most useful gadgets are naturally those that preserve the holant value, that
is, Holant(Ω′, k′) = Holant(Ω, k), hence the need for possibly choosing a different parameter.
However, the previous requirement is rather strict, and we would also be content if the holant
values of the respective holant instances are efficiently comparable, in the sense that there is
an efficient way to compute Holant(Ω, k) by computing only Holant(Ω′, k′). For our problems,
we devise gadgets such that

Holant(Ω′, k′) = α(Ω, k) · Holant(Ω, k) + β(Ω, k) ,

where α, β are efficiently computable functions, which implies that we can efficiently compute
Holant(Ω, k) via computing Holant(Ω′, k′). More formally, we are interested in those gadgets
that induce a mapping f which will imply a polynomial time (or FPT) Turing-reduction
between two holant problems (that may not necessarily allow for the same signatures).

1.6.2 Graph Motif Parameters
Another tool in our machinery is the framework of graph motif parameters and the property
of complexity monotonicity that they enjoy, introduced by Curticapean, Dell and Marx [21].

A graph parameter is any function f : G → Q over graphs that is invariant under
isomorphisms. A graph motif parameter is a graph parameter f that admits the following
expansion: there exist pair-wise non-isomorphic pattern graphs H1, . . . , Ht and coefficients
ζ1, . . . , ζt ∈ Q \ {0} such that for any graph G, f(G) =

∑t
i=1 ζi · #Hom(Hi → G), where

#Hom(H → G) counts the number of homomorphisms, i.e., edge-preserving mappings from
V (H) to V (G). Is it known that such an expansion is unique [37]. We will sometimes refer to
it as the expansion of f into the homomorphism basis implying that homomorphism counts
span the vector space of graph motif parameters, the details of which are beyond the scope
of this introduction.
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A well-known result, first established in [24] (see also [21]), states that evaluating the
number #Hom(H → G) can be done in time poly(|V (H)|) · ntw(H)+1, where tw(H) is the
treewidth of H and n = |V (G)|. Hence, any fixed graph motif parameter can be evaluated
in polynomial time, since the pattern graphs are fixed. It is therefore more interesting to
investigate the complexity of evaluating a graph motif parameter f from an infinite – and
assumed recursively enumerable – family F of graph motif parameters.

From our discussion above, it follows that if we can bound the treewidth of the pattern
graphs featured in any graph motif parameter f ∈ F , then the problem of evaluating any
f ∈ F is computable in polynomial time. From the perspective of parameterised complexity,
the result above further implies quite straightforwardly that the problem of evaluating
f ∈ F , when parameterised by the maximum number of vertices of the pattern graphs
in f , is fixed-parameter tractable when the treewidth of pattern graphs in any f ∈ F is
bounded. In a remarkable result due to Curticapean, Dell and Marx [21] it was shown that
the boundedness of the treewidth is the right dichotomy criterion for the aforementioned
parameterised problem, in the sense that, if F contains graph motif parameters with pattern
graphs of unbounded treewidth, then the problem is #W[1]-hard. Specifically, it is shown
in [21] that, if we can evaluate a graph motif parameter f , then we can also evaluate the
mapping #Hom(H → ⋆) : G 7→ #Hom(H → G), via FPT Turing-reductions, for any pattern
graph H of f as long as its corresponding coefficient is non-zero. This property was coined
as complexity monotonicity and since its inception, it has yielded an avenue for charting the
complexity of many counting problems that can be formulated within the framework of graph
motif parameters. In particular, the problem of evaluating a graph motif parameter f ∈ F
then becomes a combinatorial problem – arguably of very challenging nature – , since one
has to investigate which graphs are supported in the expansion of f in the homomorphism
basis, i.e., their coefficient is non-zero.

Interestingly, Curticapean showed very recently that – under some technical restrictions
– a polynomial-time analogue of complexity monotonicity is feasible, that is, extracting
homomorphism counts from the homomorphism expansion of a graph motif parameter can
be done in polynomial time [20]. If the technical conditions apply, this result can be used to
infer #P-hardness for the problem of evaluating graph motif parameters.

The property of complexity monotonicity also applies to graph motif parameters over
more general structures, e.g., hypergraphs that may also feature vertex-colourings and it is
otherwise known as Dedekind interpolation (see e.g., the full version of [3, Theorem 18]).

In particular, signature grids can be equivalently seen as vertex-coloured hypergraphs
where the colours are given by the signatures. Letting G(S) denote the set of all signature
grids over S, we can show that for any k ∈ Z≥0, the mapping f : Ω ∈ G(S) → Holant(Ω, k)
is a graph motif parameter (see [2] for a proof) and thus we can formulate and study holant
problems within the framework of graph motif parameters.

1.7 Conclusion and Future Work

Following the recent advancements of Aivasiliotis et al. [1], in the line of work for charting the
complexity of parameterised holant problems introduced by Curticapean [19], we introduce
generalised parameterised holant problems that can model parameterised VCSPs. The latter
can be seen as the counting counterpart (that assumes complex values) of the parameterised
satisfiability problem introduced and classified by Marx in [38], the parametrisation of which
is given by the solution-size which is restricted to some k ∈ Z≥0.
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We fully classify the complexity of parameterised VCSPs (as well as the complexity of the
non-parameterised equivalent problems) for unbounded symmetric constraints. In particular,
several natural variants are also considered subject to additional restrictions, e.g., when no
two variables can appear in the same set of constraints and/or variables appear in exactly d

constraints, that is the occurrence of every variable is precisely d.
As mentioned above, in our setting we assumed unbounded arity (of constraints) and

in particular, we further assumed bounded occurrence of (variables). For the rest of this
section, we would like to elaborate on the other possible configurations of the problem with
respect to the (un)boundedness of the arity and the occurrence.

First, in the context of unbounded arity, we show that trivially tractable instances of the
problem already become W[2]-hard if we assume unbounded occurrences (see [2]). In this
context, an FPT Turing-reduction from parameterised VCSPs to the problem of evaluating
graph motif parameters would imply the collapse of W-hierarchy, since the expansion of
instances of the latter problem into the homomorphism basis includes patterns, the size of
which is not bounded by the (only) parameter k. This shows that a novel framework becomes
necessary for tackling those instances of parameterised #CSPs, which is an exciting avenue
for future work.

Next, in the context of bounded arity, if we further assume that occurrence is bounded
then we can infer trivial fixed-parameter tractability results (for all instances) which follow
from standard algorithmic techniques in parameterised complexity such as the bounded
search-tree paradigm.

The last case, that is the combination of bounded arity and unbounded occurrence, is
not remedied in this work as it is orthogonal to our main setting of interest. Hence we leave
this family of parameterised #CSPs open for investigation in future work.
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