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1 Introduction

Graph coloring is a central problem in combinatorics and theoretical computer science. Given
a graph G = (V,E) and an integer q ⩾ 1, a q-coloring assigns a color from {1, . . . , q} to each
vertex so that adjacent vertices receive different colors. Coloring has been extensively studied
in diverse computational models, including the classical RAM [45, 41], distributed message-
passing [43, 10, 36, 19], sublinear models [3, 18, 22, 7], dynamic algorithms [13, 37, 14, 11],
communication complexity [31, 20], and streaming models [3, 1, 12, 2, 17, 4, 7]. In semi-
streaming, the algorithm must produce a coloring after processing the edges of an n-vertex
graph one at a time in an adversarial order while using O(n · poly logn) space.

In this work, we study the streaming complexity of coloring with fewer than ∆ colors,
where ∆ is the maximum degree. We give the first one-pass semi-streaming algorithm that
outputs a (∆ − 1)-coloring for graphs with large enough degree and no ∆-clique.

Coloring With ∆ + 1 or ∆ Colors. The classic (∆+1)-coloring problem is easy sequentially
because one can always extend a partial solution to a full solution. Notwithstanding, the
greedy approach does not work in semi-streaming; thus to (∆ + 1)-color in semi-streaming,
Assadi, Chen, and Khanna [3] had to invent the influential palette sparsification technique:
if one samples O(logn) colors from {1, 2, . . . ,∆ + 1} independently for each vertex, then
with high probability, all vertices can be colored with a color from their list. It has been
further leveraged in sublinear algorithms [1, 4, 7], distributed algorithms [34, 27], dynamic
algorithms [11], and discrete mathematics [39, 40, 23].
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92:2 Beyond Brooks: (∆ − 1)-Coloring in Semi-Streaming

By a theorem of Brooks [16], ∆ colors always suffice except for (∆ + 1)-cliques or odd
cycles. Assadi, Kumar, and Mittal [4] gave a semi-streaming algorithm for ∆-coloring, in
spite of the fact that palette sparsification provably fails [3, Proposition C.2] and such an
algorithm only exists when each edge appears at most once in the stream [4]. To that end,
they introduced the novel sketching technique of sparse recovery.

In the scale of things, ∆-coloring is conceptually easy. It has spawned a great many solu-
tions, starting with [46, 44], including newer linear-time algorithms [8, 52]; see comprehensive
treatments in [21] and the book of [53]. Modulo a single vertex, it can be greedily colored, as
there is an order under which it suffices to assign each node an arbitrary available color. The
(∆ − 1)-coloring problem does not have such a greedy or near-greedy property.

Beyond Brooks: (∆ − 1)-Coloring. In [51], Reed showed that Brooks barely scratched
the surface: in fact, as the size of the largest clique decreases, so does the chromatic number.
Borodin and Kostochka [15] conjectured that every graph of maximum degree ∆ ⩾ 9 without
a ∆-clique is (∆−1)-colorable. Reed [50] proved the conjecture for ∆ ⩾ 1014. The conjecture
is otherwise open, but holds for claw-free graphs [21]. Despite significant advances in (∆ + 1)-
and even ∆-coloring, going further in the semi-streaming model has remained elusive.

Unsurprisingly, Reed’s result is an order of magnitude more involved than the many simple
proofs of Brooks’ theorem. Reed’s approach – based on technical structural observations
and the probabilistic method – is highly non-trivial and remains (effectively) the only one
known. As such, Reed’s theorem is not merely a quantitative improvement but an exhibit
for the existence of a conceptual leap between (∆ − 1)-coloring and ∆-coloring. Indeed,
unlike proofs of Brooks’ Theorem (including that of [4]), Reed’s argument is far from being
greedy: it begins by transforming the graph – specifically, by adding edges. Given the already
strenuous effort necessary to obtain a (∆ + 1)-coloring and ∆-coloring in semi-streaming and
the technical depth of Reed’s theorem, it is natural to ask if ∆-coloring is the best we can
hope for in semi-streaming:

Does there exist a (one-pass) semi-streaming algorithm to color with fewer than ∆
colors any given graph of maximum degree ∆ (large enough) and no ∆-cliques?

Even if such an algorithm exists, the concern is that removing one more color may require
an explosion of cases, considering, e.g., the much larger number of cases in the ∆-coloring
algorithms [4, 26] than for (∆ + 1)-coloring [3, 35].

1.1 Our Contributions
The main technical contribution of this paper is a semi-streaming algorithm for (∆ − 1)-
coloring graphs of sufficiently high degree. Concretely, we prove the following.

▶ Theorem 1. There exists a universal constant ∆0 for which the following holds. There
exists a randomized one-pass semi-streaming algorithm that given any graph G = (V,E) with
maximum degree ∆ ⩾ ∆0 and containing no ∆-clique, outputs a (∆ − 1)-coloring of G with
high probability.

During the streaming pass, akin to [4], our algorithm samples poly(logn)-sized random
lists and stores only the edges of the sparsified graph, meanwhile using their sparse recovery
technique to learn about the densest regions of the graph. The coloring algorithm differs
substantially: we begin by transforming the graph – both removing extremely dense subgraphs
and carefully adding edges – and then leverage various kinds of probabilistic coloring
arguments to construct a coloring.
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Clearly, the impossibility results highlighted in [4] also apply to us. We therefore assume
that each edge appears at most once in the stream. It is also worth noting that randomness is
essential, as Assadi, Chen, and Sun [2] demonstrated that any deterministic semi-streaming
algorithm requires exp(∆o(1)) colors.

As a final remark on Theorem 1, we observe that ∆0 is in fact the smallest universal
constant for which graphs of maximum degree ∆ ⩾ ∆0 and no ∆-clique admit a (∆ − 1)-
coloring. Reed proved in [50] that ∆0 ⩽ 1014. For graphs of maximum degree ∆ ⩽ 1014, all
edges O(n∆) = O(n) in the graph can be stored, and an optimal coloring can be computed
(although, not in polynomial time). We have not tried to reduce this constant; in [50, Section
5], Reed claims that ∆0 = 106 also works with more care, while ∆0 < 100 would need
different techniques.

Using Fewer Colors. A natural follow-up question from Theorem 1 is to what extent this
can be pushed further. Molloy and Reed [48] gave a characterization of (∆ − k)-colorable
graphs in terms of forbidden local subgraphs, for all k ≲

√
∆. This generalizes Reed’s result

and suggests an alternative approach. However, their structural decomposition is delicate
and obtained through phases of contracting vertices and computing optimal partitions. We
prove that, in fact, computing a (∆ − k)-coloring requires Ω(n(k + 1)) space, prohibiting
semi-streaming algorithms for (∆ − k)-coloring unless k is polylogarithmic.

▶ Theorem 2. Let ∆, c > 0 be non-negative integers such that (∆ + 1)/2 < c ⩽ ∆. Any
(possibly randomized) one-pass streaming algorithm that outputs a c-coloring of given c-
colorable n-vertex graph of maximum degree ∆ requires Ω(n(∆ − c+ 1)) space.

Very recently, Assadi, Sundaresan, and Yazdanyar [5] studied the problem of distinguishing
graphs of low chromatic number (e.g., constant) from those with a large chromatic number
(e.g.,

√
n). They proved, amongst other things, that it requires n2−o(1) space in adversarial

streams. Theorem 2 is orthogonal to (and much simpler than) their results since it considers
graphs whose chromatic number is one less than their clique number.

1.2 Organization of the Paper
In Section 2, we give an overview of the challenges and technical ideas necessary to obtain
Theorem 1. At the end of Section 2, we also provide a more detailed comparison with [4, 29].
In Section 4, we detail the information stored during the streaming pass and describe the
coloring algorithm in Section 5. Theorem 2 is presented in Section 6.

2 Technical Introduction

We give an overview of the ideas behind Theorem 1. First, we present the three components
for constructing (∆ − 1)-colorings, followed by a description of the high-level algorithm that
combines them. We then explain how to implement these components in semi-streaming.
For a complete step-by-step description, see Section 5. In this introduction, various concepts
are simplified to aid intuition.

Pre-/Post-Processing. We start by identifying subgraphs in the graph that are easily
colorable regardless of the coloring in the rest of the graph. During pre-processing, we remove
those subgraphs and only color them at the very end during post-processing.

For instance, consider the (∆ + 1)-clique missing two disjoint edges, as illustrated in
Figure 1a. In any (∆ − 1)-coloring of such a subgraph, both endpoints of each anti-edge must
be assigned the same color. Once these pairs of vertices are colored the same, the remaining

ICALP 2026
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vertices can be colored greedily. In general, the subgraphs shown in Figure 1 are such that
any coloring of the outer vertices can be extended to a coloring of the inner vertices as well
(they are, in fact, (deg −1)-choosable). This property allows us to defer their coloring to the
very end of the algorithm.

To detect these subgraphs, during pre-processing, we decompose the graph into (locally)
sparse vertices – which have many missing edges in their neighborhood – and almost-cliques –
sets of vertices that can be turned into (∆ + 1)-cliques by modifying an ε-fraction of their
edges and vertices. We look for those choosable subgraphs only in the densest almost-cliques,
as the other vertices can be colored by other means. We then distinguish two main types
of choosable components: the solitary ones are inscribed inside an almost-clique (as on
Figures 1a and 1b), and the popular ones for which the choosable component contains some
vertices outside the almost-clique (as on Figure 1c).

(a) (b) (c)

Figure 1 The three types of subgraphs G[X] such that any coloring of G[V − X] can be extended
to a coloring of G. The vertices inside the gray circle are in the almost-clique. Figure 1a represent
an almost-clique with an induced 2-anti-matching. Figure 1b represents an almost-clique with a
3-independent set. Figure 1c represents a (∆ − 1)-clique with two vertices sharing a neighbor in
the clique, each with a different anti-neighbor in the clique. To color each such graph, we must
ensure that the highlighted pairs of vertices are same-colored, which is unlikely to occur through
randomized coloring arguments.

For the remainder of this technical introduction, we focus on the case of ∆-regular nodes
in disjoint (∆ − 1)-cliques, as this already captures the main challenges and intuition for
(∆ − 1)-coloring.

Generating Slack Probabilistically. Rather than directly attempting to color all vertices,
many coloring algorithms begin by coloring a few vertices randomly. The hope is that
uncolored vertices have neighbors that pick the same color, which increases the flexibility
when completing the coloring.

Consider the following random coloring process. Each vertex flips a coin and, if it is heads,
randomly picks a color. A vertex keeps its color only if no neighbor selects the same one. If v
is a vertex in a (∆ − 1)-clique such as the one in Figure 2a, basic probabilistic analysis shows
that v has a constant probability of saving two colors – meaning that v remains inactive,
and both of its external neighbors retain colors used elsewhere in the clique. We say that v
was successful.

For a (∆ − 1)-clique with all (or most) of its external neighbors distinct, one can show
that with high probability it contains two successful vertices. Then, we can defer the coloring
of successful vertices and color the rest of the clique greedily. This technique generalizes to
any almost-clique without an external node connected to most of its internal vertices.
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Reed Transform. The most difficult case occurs when a (∆ − 1)-clique C has an external
vertex – called a friend – with numerous neighbors in C, yet lacks any structure that yields
probabilistic slack or choosability. To illustrate the challenge, consider the situation where the
vertices are adjacent to either s1 or s2, but not both. If the probabilistic coloring procedure
colors s1 and s2 the same (an event with probability ≈ 1/∆), then the coloring cannot be
extended to the rest of C (see Figure 2b). It is crucial to note that recoloring vertices might
convert successful vertices into unsuccessful ones, rendering the approach infeasible.

To handle such cliques, we apply the Reed Transform, based on a construction from [50].
Identify a specific substructure in C (vertices s, x, y, u, v as in Figure 2c), delete C from the
graph, and add a single edge xy (in dashed gray in Figure 2c). Once the rest of the graph is
colored – forcing x and y to have distinct colors – we reinsert and color C by coloring v as x
and s as some anti-neighbor z ∈ C −N(s). Naturally, x and y must be chosen carefully to
avoid creating a ∆-clique when we connect them.

(a)

s2s1

(b)

s

x

y

v

u

(c)

Figure 2 A (∆ − 1)-clique in different configurations. On Figure 2a it has many different external
neighbors. On Figure 2b, all vertices are either adjacent to s1 on the left or s2 on the right. If
slack generation colors s1 and s2 the same, there is no way to extend the coloring. On Figure 2c,
a representation of the Reed Transform: the clique is removed, and the dashed edge added to the
graph; the coloring can be later extended by same coloring the s vertex with some vertex of the
clique and the v-vertex like the x-vertex. The edge added between the x- and y-vertex ensures this
is possible.

The Coloring Algorithm. With this, we now describe the high-level structure of our
(∆ − 1)-coloring algorithm. Despite our intricate analysis, each step is conceptually simple:
1. Identify and remove choosable components (solitary and popular as in Figure 1);
2. Apply the Reed Transform to troublesome (∆ − 1)-cliques;
3. Use probabilistic slack to color the remaining graph greedily;
4. Invert the Reed transform to color the removed cliques;
5. Complete the coloring of the choosable components.
Note how the steps pair with each other and correspond to one of the aforementioned three
ideas. For the remainder of this technical introduction, we outline how each step can be
implemented in semi-streaming, discuss the challenges, and present our solutions.

Streaming Implementation. We focus here on the implementation of our coloring algorithm
after the streaming pass is done, for the streaming algorithm itself largely follows from [3, 4]:
running palette sparsification and computing linear sketches. See Section 4.4 for a summary
of the information recovered by the algorithm after the streaming pass.

First, we observe that we may focus on the densest almost-cliques, for the other ones can
be colored by palette sparsification. Using the sparse-recovery technique of [4], we recover
almost all the edges incident to the densest almost-cliques. In particular, it allows us to
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identify the choosable subgraphs and the (∆ − 1)-cliques that need to be removed by the
Reed Transform. Implementing the Reed Transform requires that we avoid the creation of a
∆-clique and that we preserve invertibility for later steps. We must also ensure that we do
not densify sparse neighborhoods, as this could inadvertently create the dense subgraphs
we sought to isolate in Step (1). Remarkably, simple downsampling suffices: it limits the
number of edges added per vertex while preserving enough flexibility to avoid creating a
∆-clique.

We avoid monochromatic edges by keeping a serene coloring: a coloring for which each
node uses a color from its random list unless all its incident edges have been recovered, in
which case it may choose its color freely. We frequently combine palette sparsification with
sparse-recovery. For instance, when coloring popular almost-cliques, some nodes are colored
using their random lists, while others are colored greedily, as in the classical setting. Overall,
our algorithm makes significantly more use of the edges recovered by sparse recovery than [4].
Though subtle, this difference proves consequential: it frees us to focus more deeply on the
graph’s structural properties.

The second major challenge is a technical one: proving concentration on the probabilistic
guarantees of the randomized coloring procedure described earlier. Indeed, to invert the
Reed Transform, we require that each friend has at least ∆/poly(logn) edges into the clique.
Consequently, we can no longer guarantee that most external neighbors are distinct. At a high
level, this undermines the apparent randomness of colors sampled outside the almost-clique
– they may originate from too few vertices to provide sufficient diversity. Unfortunately,
standard concentration inequalities fall short in capturing this behavior. Instead, we rely on
a case analysis that combines multiple forms of slack-based concentration, sometimes even
blending probabilistic and temporal slack to recover the guarantees we need.

Comparison with [4]. In [4], the authors design a semi-streaming algorithm for ∆-coloring
and, in particular, introduces the sparse-recovery technique used by our algorithm. In
contrast, while [4] would use it to recover edges incident on at most two vertices for each of
the densest cliques (see Definitions 4.6 and 4.7 of [4]), we heavily use that we can recover all
edges incident on the densest cliques, most notably for implementing and inverting the Reed
Transform.

Coloring with fewer than (∆ − 1)-colors. Molloy and Reed [48] generalized Reed’s result
to (∆ − k)-colorable graphs, for all values of k up to roughly

√
∆. As shown in [9, 29],

this can be obtained in the LOCAL model [43, 38] in a near-optimal round complexity of
poly(log logn). The lower bound of Theorem 2 proves that (∆ − k)-coloring is not attainable
in semi-streaming unless k = poly(logn).

Our work leaves open the question of (∆ − k)-coloring in the streaming model for k ⩾ 2,
specifically whether it can be achieved in n ·poly(k, logn) space. Conceptually, as k increases,
the number of cases involving dense cliques grows rapidly, as it no longer suffices to track
two anti-edges per dense clique.

To avoid this combinatorial explosion, the main alternative is to follow the approach
of [48], which provides a systematic treatment for arbitrary k via a generalization of the
Reed transform. This framework starts from a coarse structural decomposition (akin to the
almost-clique decomposition) and progressively refines it through increasingly intricate local
transformations. These transformations appear to require the full knowledge of the local
topology as they rely, among other things, on the optimal coloring of dense induced subgraphs.
While it is conceivable that, using the sparse recovery technique with poly(k)-sparse vectors
(thus, n · poly(k, logn) space), one could recover most of the edges necessary to implement
this intricate transformation, the feasibility of this approach remains open.
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3 Preliminaries

Notation. For an integer k ⩾ 1, we use [k] to denote {1, 2, . . . , k}. For sets A and B, we
write A − B = {a ∈ A : a /∈ B}. For succinctness, we abuse notation slightly and write
A − x and A + x for A − {x} and A ∪ {x} respectively. For a function f : X → Y , let
f(A) = {f(a) : a ∈ A} and f−1(B) = {x : f(x) ∈ B} where A ⊆ X and B ⊆ Y respectively.
We abuse notation slightly and occasionally write f−1(y) instead of f−1({y}) when y ∈ Y .

Let G = (V,E) be a simple graph. We denote by n = |V | and m = |E| its respective
number of vertices and edges. For a set S ⊆ V , the induced subgraph G[S] is the graph on
vertex set S and all edges of E between pairs of vertices in S. The neighborhood of v ∈ V is
NG(v) = {u ∈ V : {u, v} ∈ E} and deg(v,G) = |NG(v)|. The closed neighborhood of v is
NG[v] = NG(v)+v. When G is clear from context, we write N(v) and deg(v). The maximum
degree of G is denoted by ∆. We refer to a pair {u, v} as a non-edge or an anti-edge when
no edge connects u and v. A k-anti-matching is a set of k anti-edges such that each vertex
belongs to at most one anti-edge. A k-independent set is a set of k vertices that are not
connected by any edge.

For an integer q ⩾ 1, a partial q-coloring is a mapping φ : V → [q] ∪ {⊥} such that
φ(u) ̸= φ(v) or ⊥ ∈ {φ(u), φ(v)} for all {u, v} ∈ E. The set of colored vertices is the domain
domφ = {v ∈ V : φ(v) ̸= ⊥}. Given a partial coloring φ, the uncolored degree of v is
degφ(v,G) = |NG(v)−domφ|. Throughout the paper, we denote by Lφ(v) = [∆−1]−φ(N(v))
the set of colors unused by neighbors of v with respect to a (possibly partial) coloring φ. We
say that a coloring ψ is an extension of φ if ψ(v) = φ(v) for all v ∈ domφ.

We say that an event occurs with high probability (in n) if it occurs with probability
at least 1 − n−c, for a desirably large constant c > 0. An event occurs with exponentially
high probability in x if it occurs with probability at least 1 − exp(−Ω(x)). We abridge “with
probability”, “with high probability” and “with exponentially high probability” as “w.p.”,
“w.h.p.” and “w.e.h.p.” respectively.

3.1 Sparse-Dense Decomposition
We use the variant of the sparse-dense decomposition from [36, 3, 6, 4] (inspired by [51, 47]).
It partitions vertices between (locally) sparse vertices – with many anti-edges in their
neighborhood – and dense vertices clustered in almost-cliques – subgraphs that resemble a
(∆ + 1)-clique.

▶ Definition 3. A vertex v is ζ-sparse in G if G[N(v)] contains at most
(∆

2
)

− ζ∆ edges.

▶ Definition 4. A set C ⊆ V is an (ε, δ)-almost-clique if
1. (1 − ε/2)∆ ⩽ |C| ⩽ (1 + ε/2)∆,
2. |C −N [v]|, |N(v) − C| ⩽ ε∆ for all v ∈ C, and
3. every v /∈ C has |C −N(v)| ⩾ δ∆.

We stress that (3) is not always included as part of the definition of almost-clique (e.g.,
in [36, 3]). It is however essential for us that nodes outside an almost-clique have δ∆
non-neighbor inside the almost-clique (we will always have δ = Ω(ε)).

Let v be a vertex in some almost-clique C. We call external neighbors E(v) = N(v) − C

its e(v) = |E(v)| neighbors outside C. The vertices of C that are not adjacent to v are
its anti-neighbors A(v) = C − N [v]; let a(v) = |A(v)| be the anti-degree of v. Part (2) in
Definition 4 means that e(v), a(v) ⩽ ε∆.

ICALP 2026



92:8 Beyond Brooks: (∆ − 1)-Coloring in Semi-Streaming

▶ Definition 5. For ε, η ∈ (0, 1), an (η, ε, δ)-almost-clique decomposition of G is a vertex-
partition Vsparse, C1, C2, . . . , Ck such that
1. every v ∈ Vsparse is ηε2∆-sparse;
2. for every i ∈ [k], the set Ci is an (ε, δ)-almost-clique.

Vertices of Vsparse are called sparse, and those of V − Vsparse are called dense. It follows
almost directly from the definitions that dense vertices have sparsity proportional to their
anti-degree and external-degree. For a proof, we refer readers to [33, Lemma 6.2] for the
bound in terms of anti-degrees and to [28, Lemma 3.6] for the bound in terms of external
degrees1.

▶ Lemma 6. If Vsparse, C1, . . . , Ck is an (η, ε, δ)-almost-clique decomposition, then every
v ∈ Ci with e(v) ⩾ 2/(ηε2) is max{ηε2/4 · e(v), (1 − 3ε)/2 · a(v)}-sparse.

A semi-streaming algorithm for computing an almost-clique decomposition exists, as
given by [4, Proposition 3.5].

▶ Proposition 7. There are universal constants η, ε0 ∈ (0, 1) such that the following holds.
For any 0 < ε < ε0, there is a streaming algorithm using O(ε−2n logn) space that computes
an (η, ε, ε)-almost-clique decomposition.

3.2 Palette Sparsification
Our streaming algorithm uses the palette sparsification technique from [3] to color some
almost-cliques. Assadi, Chen and Khanna view the coloring of an almost-clique as a perfect
matching in a bipartite graph, where one side of the bipartition represents vertices and
the other side the colors. An edge exists between a vertex and a color in this graph if the
color is available to the vertex with respect to the current coloring. When we apply palette
sparsification, each edge is retained in the graph independently with some probability, and
they prove that, under the right assumptions, it is possible to match all vertices with high
probability.

We use the following formulation of the statement, from [4, Lemma 3.10], in a black-box
manner. We refer readers to [3, Section 3.5] for a detailed proof. We say that a matching is
an L -perfect matching iff it matches all vertices of L .

▶ Lemma 8. Let G = (L ∪ R, E) be a bipartite graph with the following properties:
1. k = |L | and k ⩽ |R| ⩽ 2k;
2. every vertex v ∈ L has deg(v,R) ⩾ 2k/3; and
3. for every set S ⊆ L with |S| ⩾ k/2 we have that

∑
v∈S deg(v,R) ⩾ |S| · k − k/4.

For any δ ∈ (0, 1), the subgraph obtained by sampling each edge in G independently with
probability at least 20

k (log k + log(1/δ)) contains an L -perfect matching with probability at
least 1 − δ.

As observed by [4], every almost-clique C such that G[C] contains at least 107ε∆ anti-
edges (they call them holey) can be colored using palette sparsification. Note that the
extension exists with high probability regardless of the coloring outside C.

1 In contrast to our definition, which includes sparse vertices as external neighbors, in [33], the authors
count as external neighbors only vertices from other almost-cliques. The original proof of Lemma 6 is in
a technical report [35].
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▶ Lemma 9. Let C be an almost-clique inducing at least 107ε∆ anti-edges and let L(v) be a
list of Oε(logn) random colors in [∆ − 1] for each v ∈ C. For any partial (∆ − 1)-coloring
φ outside C (i.e., C ∩ domφ = ∅), there exists, w.h.p., an extension ψ of the coloring to C
such that ψ(v) ∈ L(v) for every v ∈ C.

We stress that Lemma 9 assumes that C is uncolored. Since the proof is almost verbatim
that of [4, Lemma 5.10] or [3], we skip details and refer interested readers to [4, Appendix B.3].

3.3 Concentration
We use the classic Chernoff Bound on sums of independent random variables:

▶ Proposition 10 (Chernoff bounds, [24, Theorem 1.10.1 and 1.10.5]). Let X1, . . . , Xn be a
family of independent random variables with values in [0, 1], and let X =

∑
i∈[n] Xi. Suppose

µL ⩽ Exp[X] ⩽ µH, then

for all δ ⩾ 0, we have that Pr[X > (1 + δ)µH] ⩽ exp
(

− δ2

2 + δ
µH

)
. (1)

for all δ ∈ (0, 1), we have that Pr[X < (1 − δ)µL] ⩽ exp
(

−δ2

2 µL

)
. (2)

Let Y1, . . . , Yn be boolean random variables (with values in {0, 1}). We say they form
a read-k family if they can be expressed as a function of independent random variables
X1, . . . , Xm such that each Xj influences at most k variables Yi. More formally, there are
sets Pi ⊆ [m] for each i ∈ [n] such that: (1) for each i ∈ [n], the variable Yi is a function of
{Xj : j ∈ Pi} and (2) |{i : j ∈ Pi}| ⩽ k for each j ∈ [m].

▶ Proposition 11 (read-k bound, [32]). Let Y1, . . . , Yn be a read-k family of boolean variables,
and let Y be their sum. Then, for any δ > 0,

Pr
[∣∣∣∣Y − Exp[Y ]

∣∣∣∣ > δn

]
⩽ 2 exp

(
−2δ2n

k

)
.

4 The Streaming Algorithm

In this section, we describe the information we collect during the streaming pass. This
amounts to the almost-clique decomposition (Proposition 7), the sparsified graph (Section 4.1)
and some linear sketches to recover edges in the densest regions of the graph (Section 4.3).
Overall, we use Õ(n) space with high probability. In Section 4.2, we introduce structural
definitions essential to our coloring algorithm.

Parameters. Let us define some parameters:

α = 150 a conveniently large constant,
ε = 10−8 the parameter of the almost-clique decomposition in Proposition 7
ρ = c log n

ε2 the sparsity threshold above which palette sparsification works,

where the constant c is large enough to have exp(−Ω(ε2ρ)) ⩽ 1/poly(n). We use the
dependency on ε of ρ in Section 5.4 to ensure that all dense vertices have two same-colored
neighbors. At a high-level, the parameter ρ is chosen so that we can color nodes with greater
sparsity using palette sparsification, and those with less sparsity using information recovered
from vectors with O(ρ) non-zero values. By choosing ρ = Θ(ε−2 logn), the algorithm uses
Õ(nρ) = Õ(n) space while the probabilistic guarantees from slack generation and palette
sparsification hold with high probability.
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Assumption on ∆. We assume ∆ is known in advance and that ∆ ⩾ 2αρ3 so that
exp(−Ω(∆/ρ2)) and exp(−Ω(∆/ρ)) are at most 1/poly(n). When ∆ is not known in
advance, we run the algorithm ⌈logn⌉ times in parallel with ∆ set to each power of two.
After the streaming pass, we know ∆ and we thus use the information from the streaming
pass corresponding to the largest power of two smaller than ∆. When ∆ ⩽ ρ3, we can afford
to store all edges of the graph and use that, by [50], a (∆ − 1)-coloring exists for ∆ ⩾ ∆0,
for some large enough universal constant ∆0.

4.1 Palette Sampling
To avoid storing all edges, our algorithm uses palette sparsification to color some of the
vertices. Similarly to [3, 4], we partition the list of colors L(v) sampled by v into multiple
independent random lists. This is done to simplify the analysis by removing dependencies
between the successive coloring steps. The exact sampling process for each of the Li(v) is
therefore chosen to be convenient in the analysis of Section 5, where the index i corresponds
to the step at which the coloring algorithm uses Li(v). For each vertex v ∈ V , let

L2(v): sample one color in [∆ − 1] uniformly at random,
L3(v): each color of [∆ − 1] is sampled w.p. ρ/∆,
L4(v): each color of [∆ − 1] is sampled independently w.p. ρ/∆,
L5(v): each color of [∆ − 1] is sampled independently w.p. ρ2/∆,
L6(v): each color of [∆ − 1] is sampled independently w.p. ρ3/∆.

and L(v) is the union of those lists. The random lists of colors are sampled before the
beginning of the streaming pass.

During the streaming pass, we store all the edges of the sparsified graph.

▶ Definition 12. For a graph G = (V,E) and random lists L, the sparsified graph is the
subgraph of G with vertex set V and all edges {u, v} ∈ E such that L(u) ∩ L(v) is not empty.

The following lemma is direct by applications of the Chernoff Bound. We refer readers
to [3, Lemma 4.1] for details. In particular, it shows that w.h.p. the sparsified graph requires
only Õ(n) space to store.

▶ Lemma 13. W.h.p., each L(v) contains at most O(ρ3) colors and the sparsified graph
contains at most O(nρ6) edges.

4.2 Structural Decomposition
First, partition almost-cliques based on their size.

▶ Definition 14. We say the almost-clique C is large if |C| ⩾ ∆ + 1, small if |C| ⩽ ∆ + 1 −ρ

and critical otherwise.

Our algorithm focuses almost entirely on coloring critical almost-cliques. The large will
be easy to color because they always contain some anti-edges. This motivates the following
definition.

▶ Definition 15. The core of C is a K ⊆ C such that G[K] is a clique of maximal size. We
say C is solitary iff the core of C has size at most |C| − 2.

If the largest clique of G[C] is not unique, we pick an arbitrary one as the core of C. When
C is not solitary, the core is uniquely defined unless G[C] contains exactly one anti-edge.
We call core-critical the vertices in the core of a critical almost-clique. When we have an
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almost-clique decomposition Vsparse, C1, C2, . . . , Ck, we write Ki for the core of Ci for all
i ∈ [k]. Since G does not contain a ∆-clique, a large almost-clique is solitary. What makes
the solitary almost-cliques easy to color is the following fact.

▶ Fact 16. C is solitary iff G[C] contains a 2-anti-matching or a 3-independent set.

Solitary almost-cliques are such that any coloring of V − C can be extended to C (see
Figures 1a and 1b). The second criteria that determines how we color almost-cliques relates
to how they are connected to the vertices outside (see Figure 1c for an example of a popular
clique and Figures 2b and 2c for examples of friendly cliques, where s1, s2 and s are friends).

▶ Definition 17. Let C be a non-solitary almost-clique with core K, v ∈ N(C) − K and
k ∈ R>0. We say v is a k-friend of C if it has at least ∆/k neighbors in K and at least one
non-neighbor in K.

If C has two k-friend u and v with a shared neighbor in K and there exists u′ ̸= v′ ∈ K

such that {u, u′} and {v, v′} are not edges, we say that C is k-popular.
If C has at least one k-friend but is not k-popular, we say that C is k-friendly.

4.3 Sparse Recovery
To color the densest regions of the graph, it is necessary to recover some of their structure.
For a solitary C, the information contained in the solitary helper structure allows us to
extend any coloring of V − C to C.

▶ Definition 18. Let C be a solitary almost-clique. A solitary helper structure for C is one
of the two following types of tuple:

(u1, v1, u2, v2, NG(u1), NG(u2)) such that {u1v1, u2v2} is a 2-anti-matching of G[C]; or
(u1, u2, v,NG(u1), NG(u2)) such that {u1, u2, v} is a 3-independent set in G[C].

We do not define other types of helper structure, for we can implicitly recover all the
edges incident to the remaining dense vertices. Formally, we recover the following:

▶ Lemma 19. W.h.p., sparse-recovery uses Õ(n) memory and after the streaming pass,
we recover

the sets A(v) and E(v) for every vertex v /∈ Vsparse with a(v) + e(v) ⩽ 4ρ, and
a solitary helper structure for every non-small solitary almost-clique.

We say that “we know NG(v)” if we can iterate over the neighbors u ∈ NG(v) in time
O(deg(v)) and poly(logn) space after the streaming pass. So, we know NG(u1) and NG(u2)
where u1 and u2 are vertices from the solitary helper structure described in Definition 18.
Lemma 19 implies that, w.h.p., we also know NG(v) for every dense vertex such that
a(v) + e(v) ⩽ 4ρ. Indeed, to iterate over the neighbors of v ∈ C, it suffices to iterate over
E(v) and then C − A(v), which is possible since C, E(v) and A(v) are stored in memory.
We remark that we only store NG(v) implicitly, and hence the space usage remains Õ(n).

Since the sparse recovery is almost verbatim that of [4, Section 4.4], we skip details here
and refer readers to [30, Appendix A]. Observe how using Lemma 19 allows us to recover all
relevant information for non-small and popular almost-cliques.

▶ Corollary 20. Let C with core K be critical and not solitary. From sparse-recovery, we
recover K and N(v) ∩K for all vertices v ∈ V .
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4.4 Summary of the Information Collected by the Algorithm
Before moving on with the analysis of our coloring algorithm, we recapitulate all the
information gathered during the streaming pass. With high probability, at the end of the
stream, we have the following information available:

the random lists of colors L(v) as described in Section 4.1,
all the edges of the sparsified graph defined in Definition 12,
a vertex partition Vsparse, C1, . . . , Ck as in Definition 5 (by Proposition 7),
the sets A(v) and E(v) for all v ∈ C with a(v) + e(v) ⩽ 4ρ (by Lemma 19),
a solitary-helper structure for every non-small solitary almost-clique (by Lemma 19),
the core of every critical and not solitary almost-clique (by Corollary 20),
the sets of critical k-popular and k-friendly almost-cliques for all k > 0.

It is an easy observation that the set of k-popular critical almost-cliques can be inferred,
such cliques are not solitary and all the edges incident to their core are known.

It should also be clear that the algorithm uses Õ(n) space as the sparsified graph contains
O(n log6 n) edges (by Lemma 13), and sparse recovery uses Õ(n) space (by Lemma 19).

5 The Coloring Algorithm

In this section, we explain how to color the graph after the streaming pass. We have two
means to ensure that we do not create monochromatic edges when we color vertices. Either
they use a color from their random list L(v), and we can check for conflicts by looking at the
edges of the sparsified graph (Definition 12). Or we color a vertex with a color that is not
from its random list L(v), in which case we must be able to iterate over all its neighbors.
To emphasize that aspect, we define the notion of serene coloring and maintain that our
coloring is one.

▶ Definition 21. We say that a (possibly partial) coloring φ is serene if for all vertices v
with φ(v) ̸= ⊥, either φ(v) ∈ L(v) or we know NG(v) after the streaming pass.

Detailed Overview. Let us explain the steps of our coloring algorithm.

Step 1: Reed Transform. First, we remove all non-small solitary and non-small αρ2-
popular almost-cliques from G and obtain the graph G′. Then, we remove all 2ρ-friendly
almost-cliques with a (∆ − 1)-clique, possibly adding some extra edges to the graph. The
resulting graph is called H and has the same almost-clique decomposition (apart from
those that got removed), but contains no large, critical solitary, or critical ρ-popular
almost-clique, and the almost-cliques with a core of size ∆ − 1 are not ρ-friendly.
Step 2: Slack Generation. Every vertex in H gets activated with constant probability
and samples a uniform color in [∆ − 1]. If that color was sampled by no neighbor, we
color the vertex with it.
Step 3: Coloring Critical Almost-Cliques of H. Recall that all edges incident to
the core of critical almost-cliques are known. Hence, we color those vertices serenely
without using palette sparsification. We argue that after slack generation, all critical
almost-cliques have two vertices whose coloring can be delayed, because (1) they have two
pairs of same-colored neighbors, or (2) they have one pair of same-colored neighbor and
an uncolored neighbor whose coloring can be deferred even further. Because the coloring
of some vertices must be delayed, we actually color critical almost-cliques in two steps.
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Step 4: Coloring Sparse Vertices & Small Almost-Cliques. After Step 3, all
critical almost-cliques have been colored. Observe that in Step 1, we removed all large
almost-cliques from H, because they are solitary. So it remains to color the small almost-
cliques and the sparse vertices. The sparse vertices are colored as in [3]. Each dense
vertex from this set gets Ω(logn) pairs of same-colored neighbors from slack generation.
As such, they can be colored using palette sparsification.
Step 5: Inverse Reed Transform. Steps 3 and 4 colored all vertices of H. From
a proper coloring of H, we construct a coloring of G′. Step 5 focuses on inverting the
Reed Transform, during which we removed 2ρ-friendly almost-cliques with a (∆ − 1)-core
from the graph, and possibly added some edge. By same-coloring two pairs of vertices
manually, we can extend the coloring to all such almost-cliques. Note that, from then on,
we may recolor vertices. In particular, the pairs of same-colored neighbors produced by
slack generation are no longer guaranteed to exist.
Step 6: Coloring Non-Small Popular & Non-Small Solitary. We complete the
coloring by handling the solitary and friendly almost-cliques removed during the phase 1
of the Reed Transform. Structurally, those almost-cliques have pairs of vertices that, if
same-colored, allow us to extend the coloring greedily (recall Figure 1). Thanks to sparse
recovery, we can identify those pairs and same-color them with colors from their random
lists. Then, they can be colored using either a greedy algorithm or palette sparsification.

Table 1 For each type of almost-clique, the step of the algorithm at which it is colored. We
stress that popular almost-cliques are not solitary and that the “Friendly with a (∆ − 1) Core” are
neither solitary nor popular.

Solitary Popular Friendly with a (∆ − 1) Core Others

Small Step 4 Step 4

Large Step 6

Critical Step 6 Step 6 Step 5 Step 3

5.1 Step 1: Preprocessing and the Reed Transform

This first step removes from the graph all vertices that cannot be colored with slack generation.
To ensure that the almost-cliques removed from the graph can be colored later, we may add
some edges. The resulting graph is called H.

Concretely, we construct the graph H in two phases. First, a preprocessing phase
computes the graph G′ by removing from G all almost-cliques that are either large, critical
solitary, or critical αρ2-popular. This step is obvious from the information gathered during
the streaming pass (Section 4.4) and needs not further discussion. Then, the Reed Transform
computes the graph H by removing from G′ all 2ρ-friendly almost-cliques that contain a
(∆ − 1)-clique and adding selected edges. We choose the edges to add to H in Algorithm 1.

▶ Remark 22. Some important observations about Algorithm 1 before we analyze it:
the random set ART is introduced in Algorithm 1 to break-symmetry and simplify the
inversion of the Reed Transform; it ensures that an x- or y-vertex is not selected as a u-
or v-vertex for some other almost-clique and vice versa;
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Algorithm 1 Reed Transform.

Input: a graph G′ with no large, critical solitary, or critical αρ2-popular almost-cliques.
Output: a graph H such that: a) almost-cliques with |Ki| = ∆ − 1 are not ρ-friendly and
b) solitary and αρ2-popular almost-cliques are small.
For each 2ρ-friendly almost-cliques Ci with a (∆ − 1)-core (i.e., |Ki| = ∆ − 1), do:

i) Let si be a (2ρ)-friend of Ci; if Ci ̸= Ki, take si inside Ci.
ii) Let Di = NG′(si) ∩ Ci be the set of neighbors of si in Ci.
iii) For each u ∈ Di, let f(u) denote the external neighbor of u that is not si, if any.
iv) Sample each vertex into the set ART independently w.p. pRT = 1/10.

Let Si = {u ∈ Di ∩ART : f(u) ̸∈ ART }.
v) If all nodes of Di are of degree ∆ and f(Si) is an independent set then

a. Sample each vertex of Si into a set Ti w.p. pds = 1/ρ.
b. Let ui ≠ vi be any pair of nodes in Ti such that xi = f(ui) and yi = f(vi) are distinct,

and not members of the same critical almost-clique.
c. Add the pair {xi, yi} to the set Enew and add i into the set I.

Return the graph H where V (H) = V (G′) −
⋃

i∈I Ci and E(H) = G′[V (H)] ∪ Enew.

the algorithm can be implemented after the streaming pass because the decomposition
is known (Proposition 7) and the core as well as all edges incident to core vertices of
non-small almost-cliques are known (Corollary 20).

▶ Lemma 23. Assume that ∆ ⩾ αρ3 and ε ⩾ max{8/ρ, 4
√

2/√ηρ}. Let G′ be a graph with
an (η, ε, ε)-almost-clique decomposition Vsparse, C1, C2, . . ., Ck that has no large, critical
solitary, or critical αρ2-popular almost-cliques. W.h.p., the graph H produced by Algorithm 1
with the same vertex-partition restricted to V (H) is such that:
(RT.1) it is an (η/2, ε, ε/2)-almost-clique decomposition;
(RT.2) all solitary or ρ-popular almost-cliques in H are small;
(RT.3) no almost-clique in H with a (∆ − 1)-core is ρ-friendly; and
(RT.4) H has maximum degree ∆ and does not contain a ∆-clique.

Proof. We first verify that each u ∈ Di of degree ∆ has exactly one external neighbor f(u)
different from si. Indeed, u is in the (∆ − 1)-clique Ki, thus has ∆ − 2 core neighbors. Since
u is of degree ∆, it has one additional neighbor besides si, which must be external because
si is the only vertex of Ci −Ki (when Ci ̸= Ki).

▶ Fact 24. Every u ∈ Di with degree ∆ has exactly one external neighbor f(u) other than si.

We need that a constant fraction of u ∈ Di belong to Si, i.e., are in ART while their
external neighbor f(u) is not. We show that this is a high probability event.

▷ Claim 25. W.h.p. over the randomness of ART , we have |Si| ⩾ |Di|/24.

Proof of claim. For u ∈ Di, let Xu be the indicator random variable of the event that u ∈ ART

and f(u) /∈ ART . We have Exp[Xu] = pRT (1 − pRT ) and by the linearity of expectation
their sum has expectation µ = pRT (1 − pRT )|Di| ⩾ |Di|/12. The activation of u affects only
Xu and the activation of a vertex in f(Di) affects at most ∆/αρ2 other vertices in Di, for
Ci would otherwise be αρ2-popular. So we may use the read-k bound (Proposition 11) with
k = ∆/(αρ2) and δ = 1/24 to show concentration as

Pr
[∣∣∣∣∣ ∑

u∈Di

Xu − µ

∣∣∣∣∣ ⩾ |Di|/24
]
⩽ exp

(
−Ω

(
|Di|
k

))
⩽ exp(−Ω(ρ)) ⩽ 1/poly(n) ,

where we use that |Di| ⩾ ∆/(2ρ). ◁
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Henceforth, fix ART such that Claim 25 holds and let S =
⋃

i∈I Si.
In Step va, vertices are downsampled to ensure that the algorithm does not add an

excessive number of edges to any single vertex.

▷ Claim 26. After Step va, over the randomness T =
⋃

i Ti, we have that
i) For each Ci, we have that |Ti| ⩾ ∆/(50ρ2) w.p. exp(−Ω(∆/ρ2)).
ii) For each node u ∈ V (G′), we have that |f−1(u) ∩ T | ⩽ 2∆/ρ w.p. exp(−Ω(∆/ρ)).
iii) For each Ci, we have that |f(T ) ∩Ki| ⩽ 4∆/ρ w.p. exp(−Ω(∆/ρ)).

Proof of claim. Consider an almost-clique Ci. Observe that |Ti| is the sum of independent
binary variables over the nodes in Si, each with probability pds. By linearity of expectation,
Exp[|Ti|] = |Si|pds ⩾ |Di|/24 · 1/ρ ⩾ ∆/(48ρ2), using Claim 25 and that |Di| ⩾ ∆/(2ρ). By
Chernoff, |Ti| ⩾ ∆/(50ρ2), w.p. exp(−Ω(∆/ρ2)), establishing i).

Consider an arbitrary vertex u of the graph. Each neighbor v ∈ f−1(u)∩S, independently
joins T w.p. pds = 1/ρ. Hence, by linearity of expectation, we have Exp[|f−1(u)∩T |] ⩽ ∆/ρ.
By Chernoff, we get that |f−1(u) ∩ T | is at most 2∆/ρ w.p. exp(−Ω(∆/ρ)), establishing ii).

Each vertex of Ki has at most two external neighbors, so |E(Ki)| ⩽ 2(∆+1). Each vertex
of E(Ki) joins T independently with probability at most 1/ρ so Exp[|E(Ki)∩T |] ⩽ 2(∆+1)/ρ.
By Chernoff, at most 4∆/ρ vertices of E(Ki) join T w.p. exp(−Ω(∆/ρ)). It implies iii)
because each external neighbor in T maps to at most one vertex of Ki through f , i.e.,
|f(T ) ∩Ki| ⩽ |E(Ki) ∩ T |. ◁

We deduce that the algorithm is well-defined.

▷ Claim 27. W.h.p., for each Ci, there is a pair ui, vi as required in Step vb of Algorithm 1.

Proof of claim. Let ui be any node in Ti. If xi = f(ui) is in a critical almost-clique Cj , then
f(Si) includes at most one other vertex z ∈ Cj ∩ f(Si) because f(Si) is an independent set
and Cj is not small, hence not solitary. Both xi and z (if it exists) have at most ∆/αρ2

neighbors in Di, for otherwise Ci would be αρ2-popular. From Claim 26-i), we have that
|Ti| ⩾ ∆/(50ρ2), w.h.p. Thus, if we exclude from consideration the nodes in Ti that map
by f to either xi or z, we are left with |Ti| − 2∆/(αρ2) ⩾ ∆/(αρ2) ⩾ ρ suitable candidates
(using that α ⩾ 150). Any of these can be chosen as vi, thereby establishing the claim. ◁

It is now easy to verify that RT.1 to RT.3 of Lemma 23 hold. It is immediate from
Claim 26-ii) that at most 2∆/ρ edges are added into H that are incident on any given vertex.
So, a vertex v ∈ Vsparse gains at most 2∆/ρ new neighbors and each of its previous neighbors
gains at most 2∆/ρ incident edges (by Claim 26-ii). So the sparsity of v decreases by at
most 4∆/ρ, staying above ηε2∆ − 4∆/ρ ⩾ (η/2)ε2∆. Similarly, we add few enough edges to
ensure that Part 3 of Definition 5 continues to hold, up to a constant factor.

Using the properties of the almost-clique decomposition RT.1, we deduce that H contains
no ∆-clique.

▷ Claim 28. The graph H has maximum degree ∆ and contains no ∆-clique.

Proof of claim. The maximum degree remains at most ∆, for each edge added incident to v,
another edge incident to v is removed. So we focus on proving that H contains no ∆-clique.

A ∆-clique in H must be within an almost-clique, since its nodes must be dense, and it
can’t involve nodes from different almost-cliques (by Definition 4 (2)). But the almost-clique
decomposition did not change RT.1 and no edges were added inside critical almost-cliques
(by Step vb), so the ∆-clique would have to have been contained in G′, a contradiction. ◁

This concludes the proof of Lemma 23. ◀
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5.2 Step 2: Slack Generation
Formally, when we color some graph, the slack of a vertex is the difference between the number
of colors it has available and its number of (uncolored) neighbors. For (∆ − 1)-coloring,
vertices start with −1 slack and each time we same-color a pair of neighbors, we increase the
slack by one. We use a well-known technique for generating pairs of same-colored neighbors:
let vertices pick random colors. The algorithm is as follows; recall that we run it on the
graph H obtained from Step 1.

Algorithm 2 slack-generation.
Input: a graph H

Output: a proper partial (∆ − 1)-coloring

i) vertices join ASG w.p. pSG = 1/10.
ii) vertices2of ASG sample χ(v) uniformly at random in [∆ − 1].
iii) if χ(v) /∈ χ(N(v)), then set φ(v) to χ(v) and otherwise let v uncolored, i.e., φ(v) = ⊥.

To implement Algorithm 2 after the streaming pass, each vertex uses the one color from
L2 as the random color χ(v). It therefore suffices to look at the edges of the sparsified graph
to know if a vertex retains its color.

The activation probability ensures that not too many vertices get colored by slack
generation.

▶ Fact 29. After Algorithm 2, w.h.p., every Ci contains at most ∆/5 colored vertices.

We use three flavors of slack generations. First, we have the well-known result (see, e.g.,
[47, 25, 33]) that ζ-sparse vertices (cf. Definition 3) receive Ω(ζ) slack w.e.h.p. in ζ. This
explains why sparse vertices and small almost-cliques can be colored easily.

▶ Proposition 30 ([33, Lemma 6.1]). There exists a universal constant γ ∈ (0, 1) for which
the following holds. Suppose H is a graph of maximal degree ∆ ≫ 1. If φ is the coloring
produced by Algorithm 2, then a ζ-sparse vertex v with ζ ≫ 1 has that

|Lφ(v)| ⩾ degφ(v,H) + γ · ζ

with probability at least 1 − exp(−Ω(ζ)).

In very dense critical almost-cliques, the sparsity of individual vertices is too small for
Proposition 30 to provide vertices with extra colors (by same-coloring neighbors) with high
enough probability. However, when the almost-clique has many different external neighbors,
a very similar argument shows that many vertices of the almost-clique get one external
neighbor colored the same as a vertex inside the almost-clique. For simplicity, we state the
result for a clique K, rather than an almost-clique.

▶ Proposition 31 (Rephrasing Lemma 5.4 in [26]). Let K be a clique and M a matching
between K and N(K) −K. After Algorithm 2, w.e.h.p. in |M |, at least Ω(|M |) vertices in
V (M) ∩K have two non-adjacent neighbors colored the same, i.e., one unit of slack.

2 For consistency, set χ(v) = ⊥ for every v /∈ ASG.
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We conclude this anthology of results about slack generation with one from Reed’s
original paper on (∆ − 1)-coloring. It serves the same purpose as Proposition 31 except
that it counts vertices that receive two units of slack. Consequently, instead of asking for a
matching between C and N(C) − C, we require a one-to-two matching. Formally, we define
a triple for C as a tuple (u, v, w) such that v ∈ C, u ̸= w ∈ E(v). We say that a set of triples
is disjoint if no vertex belongs to more than one.

▶ Proposition 32 ([50, Section 4] or [47, Chapter 11.3]). For every ε, δ ∈ (0, 1/10), there is a
universal constant γ = γ(ε, δ, pSG) for which the following holds. Let C be an (ε, δ)-almost-
clique and {(ui, vi, wi)}t

i=1 be a set of disjoint triples for C. Let Z be the random variable
counting number of triples for which vi is uncolored, and ui and wi are colored the same as
some vertex in C by slack generation. Then,

Pr[Z ⩽ γ · t] ⩽ exp
(

−Θ
(
t2

∆

))
Note that the concentration from Proposition 32 is effective only when t is asymptotically

larger than
√

∆. This is a consequence of the fact that, contrary to Propositions 30 and 31,
counting colors does not suffice to count the number of vertices with two-units of slack.

5.3 Step 3: Coloring Critical Cliques in H

In this step, we prove that all critical almost-cliques of H can be colored after slack generation.
Since the formal argument is involved, let us provide first a bird’s-eye view of the proof. It is
in three parts:

Firstly, we argue that if a subgraph of H induced by a set of critical almost-cliques is
such that each almost-clique has two adjacent vertices with respectively one and two
units of slack, we can serenely color that subgraph greedily.
Then we analyze how the critical vertices of H get slack from slack generation (Al-
gorithm 2). The analysis is three-fold: when many low-degree vertices exist, or when
many vertices have external neighbors with few edges to the almost-clique, or finally
when most of the vertices have degree ∆ and external neighbors with many edges to
the almost-clique. In the first two cases, we show that w.h.p. at least two vertices get
slack. For the last case, we argue that w.h.p. the almost-clique has many vertices with
one pair of same-colored neighbors and one uncolored external neighbor with 2ρ edges to
the almost-clique.
Finally, we color the critical vertices of H in two stages. That is to ensure that, in the
last type of critical almost-cliques, the uncolored external neighbors with 2ρ neighbors
in the almost-clique C remain inactive while we color C, thereby providing one more
unit of slack. The trick is that such external neighbors, if dense, must have 2ρ external
neighbors. However, critical almost-cliques of H, since they are not solitary, contain at
most one such vertex.

In the end, we get the following result. For the proof, we refer the readers to the full
version [30, Section 5.3].

▶ Lemma 33. Let H be the graph obtained from Step 1 and φ be the coloring produced by
Algorithm 2 in Step 2. With high probability over the randomness of L2(V ) and L3(V ), there
exists a serene extension of φ to all critical almost-cliques of H.

ICALP 2026
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5.4 Step 4: Coloring Sparse Vertices & Small Almost-Cliques
We color the non-critical vertices of H in the following order: first, the sparse vertices; second,
the small almost-cliques with fewer than 107ε∆ anti-edges; last, the small almost-cliques
with at least 107ε∆ anti-edges. The treatment of sparse vertices and almost-cliques with
many missing edges is the same as in [3]. For the small almost-clique with few missing edges,
we observe that their nodes must be Ω(ρ)-sparse, and hence they can be colored by palette
sparsification. We refer readers to [30, Section 5.4] for more details.

5.5 Step 5: Inverting the Reed Transform
In this step, we take the coloring of H computed thus far and inverse the Reed Transform
from Algorithm 1 to deduce a coloring of G′, i.e., of the all vertices except those in non-small
solitary or non-small αρ2-popular almost-cliques. We emphasize that we may change colors
given by slack generation (Algorithm 2), thus guarantees of Propositions 30–32 do not apply
henceforth.

The algorithm same-color two pairs of vertices in each almost-clique removed by the
Reed Transform. This guarantees that the remaining vertices can be serenely colored (recall
that we know the neighborhood of core-critical vertices). We argue that the pairs can be
same-colored greedily, in fact they always have Ω(∆/ρ) colors available. When certain pairs
of vertices to same-color overlap, then we same-color entire independent sets at once.

▶ Lemma 34. Let H be the graph from Algorithm 1. Suppose φ is a total proper serene
coloring of H. With high probability, we compute a serene coloring of G′, i.e., of the graph
G where all non-small solitary and non-small αρ2-popular almost-cliques are removed.

Proof. The goal is to same-color all pairs of vertices xivi and sizi, where zi is an anti-
neighbor of si in Ki. Then the coloring can be serenely extended to all 2ρ-friendly critical
almost-cliques with a (∆ − 1)-clique, by [30, Claim 5.14]. If a vertex in Di does not have
degree ∆, we do not have any vertices xi and yi; same-coloring the sizi pair suffices. If f(Si)
is not an independent set, we pick any pair ui ̸= vi ∈ Si such that xi = f(ui) and yi = f(vi)
are adjacent in G′.

Denote by S, X , Y , U and V the set vertices respectively containing all si, xi, yi, ui and
vi. Recall that Algorithm 1 chooses X and V disjoint (because V ⊆ ART while X ∩ART = ∅).
For w, call S(w) the set of i ∈ I for which w = si. First, let us explain how we select the zi

vertices. The proof can be found in the full version of this paper, see [30, Section 5.5].

▷ Claim 35. If |S(w)| ⩾ 1, then there exist vertices zi ∈ Ki − N(w) for all i ∈ S(w) and
such that

I(w) := {w} ∪ {zi : w = si} ∪ {vi : w = xi or zj = xi for some j ∈ S(w)}

is an independent set.

Call zi the vertex given by Claim 35 in Ci and call Z the set of all zi vertices. Note that
X can overlap with S and Z. The nodes in Z,V are core-critical but not those in S. We
same-color the pairs in the following order:
1. uncolor all vertices of S,
2. color all vi with φ(xi) where xi is colored,
3. color all pairs sizi and xivi where xi ∈ S ∪ Z, and finally
4. color all remaining pairs xivi, i.e., where xi /∈ S ∪ Z and xi ∈ Cj with j ∈ I.
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Step (2) cannot create a color conflict because vi has at most one colored external neighbor
yi (after uncoloring S) and H (from the Reed Transform) contained an edge between xi

and yi.
Let us explain how we perform Step (3). We form a virtual graph Q1 by contracting sets

of vertices in G. More precisely, for a set of disjoint sets of vertices I ⊆ 2V (G), denote by
G/I the graph with vertex set I and an edge between two vertices if the corresponding
sets contain adjacent vertices in G. Let I1 be the sets of I(w) for all w ∈ S and Q1 = G/I1.
For a vertex I of Q1 (i.e., I ∈ I1), let L(I) be the intersection of the lists of available colors
in G overall the vertices in I, i.e., L(I) =

⋂
w∈I Lφ(w).

Since each I(w) is an independent set, a coloring of Q1 using lists L(I) induces a proper
extension of the coloring to G where vertices from the same I(w) ∈ I1 are colored the same.
Since each si has at least ∆/ρ uncolored neighbors, while each element I(si) other than si

gives rises to O(1) edges, we do obtain a (deg +Ω(∆/ρ))-list-coloring instance. The proof
can be found in the full version of this paper, see [30, Section 5.5].

▷ Claim 36. For all I ∈ I1, we have that |L(I)| ⩾ deg(I, Q1) + ∆/4ρ.

To implement this in streaming, recall that we know all edges incident to core-critical
vertices, which include Z and V. In particular, we can compute the sets I(w) described in
Claim 35, which thereby implies that we know Q1. We color vertices of Q1 greedily. When it
comes to I = I(w) with w ∈ S, we claim that we can color I with some color from L5(w)
with high probability. Indeed, by Claim 36, for any partial coloring of Q1, the vertex I still
has Ω(∆/ρ) available colors, thus

Pr[L5(w) ∩ L(I) = ∅] ⩽
(

1 − ρ2

∆

) ∆
4ρ

⩽ exp(−Ω(ρ)) ⩽ 1/poly(n) .

In particular, when we color vertices of I with that color, the coloring remains serene because
(1) w is the only non-core-critical vertex of this set, and it gets a color from its random list,
and (2) we know the neighborhood of all other vertices from sparse recovery.

The pairs that remain to be same-colored are of the form xivi such that xi /∈ S ∪ Z and
xi ∈ Cj for some j ∈ I. As such, it has at least ∆ −O(ρ) available colors and at most two
external neighbors. It can be that xi = xj = x, in which case we must same color the three
vertices x, vi and vj . Note that vi and vj cannot be adjacent as V is an independent set.
Since the uncolored vertices in X and V belong to (∆ − 1)-cliques of which at most two
vertices are colored, the vertices to same-color share at least ∆ −O(1) available colors.

Claim 26-iii) implies that |X ∩ Ci| ⩽ 4∆/ρ for all i ∈ I because X ⊆ f(T ). Hence, the
degree of virtual vertices is at most 12∆/ρ, and we can use (deg +1)-list-coloring. Recall
that all the xi that remains are core-critical, hence we know their neighborhood and can
serenely color them with any color. ◀

5.6 Step 6: Post-processing

Finally, we assume that φ is a serene coloring of G′, i.e., of all the vertices except for the
non-small solitary and non-small αρ2-popular almost-cliques. We iterate over such almost-
cliques and apply either [30, Lemma 5.22] or [30, Lemma 5.23]. The full statement and
proofs can be found in the full version of this paper, see [30, Section 5.6]. They start by
same coloring some pairs of vertices (recall Figure 1) using colors from their random lists,
w.h.p., and serenely extend the coloring to the rest of the almost-clique.

ICALP 2026



92:20 Beyond Brooks: (∆ − 1)-Coloring in Semi-Streaming

6 Lower bound for (∆ − k)-Coloring in Semi-Streaming

Recall that by a result of Molloy and Reed [48], graphs of maximum degree ∆ (larger than
some sufficiently large constant) that do not have certain forbidden local subgraphs can be
(∆ − k)-colored for all k such that (k + 1)(k + 2) ⩽ ∆. Very recently, [29] proved that such a
(∆ − k)-coloring can be computed in poly(log logn) rounds of Local for all such k but the
largest one (for which the problem requires Ω(n/∆) rounds).

In this section, we show that such a result cannot be obtained in semi-streaming.

▶ Theorem 2. Let ∆, c > 0 be non-negative integers such that (∆ + 1)/2 < c ⩽ ∆. Any
(possibly randomized) one-pass streaming algorithm that outputs a c-coloring of given c-
colorable n-vertex graph of maximum degree ∆ requires Ω(n(∆ − c+ 1)) space.

The proof is via a reduction to the one-way communication complexity of the INDEXm

problem. In this problem, Alice is given a bit-string x = (x1, x2, . . . , xm) and Bob is given
an index i ∈ [m]. Alice sends one message to Bob and so that Bob correctly outputs xi with
probability at least 2/3. It is well-known that Alice needs to send Ω(m) bits to Bob (see [42,
Theorem 3.7] or [49, Chapter 6] for a more recent treatment).

We construct a gadget with Θ(∆) vertices such that Bob can infer the value of xi from
a proper c-coloring of that graph. The graph induced by C is a (c − 3)-clique, and the
graph induced by A ∪ B will be the complement of that induced by A ∪ B. We select m
pairs e1, e2, . . . , em between A and B, but Alice includes the edge ej iff xj = 1 (and the
corresponding edge between A and B is added iff xj = 0). Then Bob connects the endpoints
of ei in A∪B, and he connects all the vertices of C and the endpoints of ei to the endpoints
of ei in A ∪B. See Figure 3. The key observation is that the graph induced by C plus the
endpoints of ei in A ∪ B and A ∪ B form a (c+ 1)-clique minus one of the edge in A ∪ B

or A ∪B, depending on whether xi = 0 or xi = 1. Since any c-coloring of this graph must
same-color the endpoints of this missing edge, Bob recovers the value of xi from a proper
c-coloring of this gadget. It follows that c-coloring this gadget requires Ω(∆(∆ − c+ 1)) bits.
To obtain Theorem 2, we create g = m

∆(∆−c+1) parallel gadgets, each encoding a different
contiguous block of ∆(∆ − c+ 1) bits from x. A formal proof of Theorem 2 can be found
in [30, Section 6].

a1 a2 a3 a4 a5 a6 a7

b1 b2 b3 b4 b5 b6 b7

a1a2a3a4a5a6a7

b
1

b
2

b
3

b
4

b
5
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6

b
7

A

B

A

B
Figure 3 One gadget from the lower bound with ∆ = 7 and c = 6. In black are the edges of C,

known to both players, and in gray the pairs used to encode the bits of x. The edges known/added
by Alice are represented in red, and the edges known/added by Bob are represented in blue. Here
x = 10101011011000 as read on the right with the edges between A and B, and i = 1 since the edges
of Bob are incident to the first gray pair.
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