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—— Abstract

We provide a new algebraic technique to solve the sequential flow problem in polynomial space. The

task is to maximise the flow through a graph where edge capacities can be changed over time by
choosing a sequence of capacity labelings from a given finite set. Our method is based on a novel
factorization theorem for finite semigroups that, applied to a suitable flow semigroup, allows to
derive small witnesses. This generalises to multiple in/output vertices, as well as regular constraints.
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1 Introduction

Determining the maximal flow through a network under capacity constraints is a classical
optimisation problem [10]. The SEQUENTIAL FLOW PROBLEM is a dynamic variant in which
the labelling of edges by capacities is not static but can change over (discrete) time. We are
given a finite set A C (NU {w})V*V of which each element a € A prescribes capacities for
every edge in the directed graph'. Every length-¢ capacity word ajas - --a; € A* uniquely
determines a pipeline, a graph of size (¢ + 1) - |V together with edge capacities where at time
1 <i < ¥, the edge v — v has capacity a;(v,v"). The SEQUENTIAL FLOW PROBLEM asks to
determine the supremum of flow values through any such pipeline.

Notice that there is no limit on the length ¢ of the capacity words and therefore, the
optimal sequential flow can be unbounded even if there is no finite word witnessing this.

» Example 1. Consider the graph with vertices V' = {v1, va, v3,v4}, with source vs = v; and
target vy = vg, and capacity constraints A = {a, b} as depicted on the left in Figure 1. In
both capacities a and b, there is no path from the source v; to the target v4. It is therefore
necessary to combine them sequentially in order to enable positive flow from v; to v4. This
can be achieved using the capacity word abba, which has a maximal flow value 2.

Even more flow can be transported from v; to v4 through longer pipelines. For every
n > 0 the pipeline for capacity word ab"a has a flow of (maximal) value n, as depicted in
Figure 2. The sequential flow for A is therefore unbounded.

L A capacity / flow value w means unbounded, i.e., finite but arbitrarily large.
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Figure 1 Two capacity constraints, a pipeline, and an optimal flow through it with value 2.

Figure 2 A flow of value n + 1 through the pipeline ab™*!a.

Background. Early works on dynamic flows consider flows in directed networks where edges
have fixed capacities as well as transit times, and where associated costs are minimised [9, 2].

Closest to our setting, Akrida et al. [1] compute maximal flows through temporal net-
works [15, 16], where the edge capacities are a function of (discrete and bounded) time, i.e.,
a fixed capacity word. They devise a polynomial-time algorithm to compute the maximal
temporal flow under such constraints, and prove a temporal version of the max-flow min-cut
theorem.

In contrast to these works, in the SEQUENTIAL FLOW PROBLEM neither the time horizon
nor the capacities at given times are fixed. Instead, akin to planning or scheduling problems,
one can choose the capacity word to maximise the flow through the network. Sequential
flows were introduced in [5, Section 3] in the context of distributed computing. They have
applications for controlling populations of Markov Decision Processes [6, 11] and Logics: it
can be observed that the commutative lossy tiling problem defined and shown decidable in [3]
is inter-reducible with the SEQUENTIAL FLOW PROBLEM. Colcombet et al. showed that it is
PSPACE-hard [6, Section 7], and decidable in exponential space [6, Theorem 5.1] whether the
optimal sequential flow is unbounded?. The upper bound was achieved by an exponential
reduction to the unboundedness problem of distance automata, for which a PSPACE upper
bound is known [17].

Contributions. We provide a new, simple and optimal solution for the SEQUENTIAL FLOW
PROBLEM. We show how to compute the precise maximal sequential flow values in polynomial
space (Theorem 22), thus matching the lower bound of [6] with an upper bound for a much
more general problem. The approach in [6] is based on regular cost functions, a formalism
used to express boundedness properties of functions from words to integers. They use a model
of weighted automata adapted to this setting to prove their upper bound. There is however
an exponential blow-up in the construction of this automata, leading to an exponential-space
algorithm. We go through an algebraic approach instead, by exhibiting a suitable §-monoid
(another way to represent regular cost functions), whose elements are matrices of dimension
the number of vertices. While a #-monoid could be obtained from the automata in [6], the
exponential blow-up would remain.

2 This is called the “simple sequential flow problem” in [6].
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Our technique is adapted to further generalisations: We derive the same upper bounds
for the SEQUENTIAL FLOW PROBLEM where sequential flows must be witnessed by capacity
words from a given regular language (Theorem 37). This directly generalises the classical
MAX FLOW PROBLEM as well as the setting in Akrida et al. [1]. We also show how to solve a
generalisation called the FAIR SEQUENTIAL FLOW PROBLEM, where the flow should be routed
equally along a set of given edges (Theorem 35).

Our contributions are based on new algebraic contributions of independent interest: In
particular, we provide a factorization technique for general finite semigroups, where we show
the existence of small summaries (Theorem 26). We also show the existence of §-summaries
of polynomial height for elements of the flow semigroup, a particular stabilization monoid [4,
Section 3.1] used to witness unbounded sequential flows. This allows to obtain optimal upper
bounds on the value of a finite solution to the SEQUENTIAL FLOW PROBLEM (Theorem 16).

Missing proofs can be found in the long version of this paper.

2 Sequential Flows

We first recall the definition of flows and their optimisation problem.

Flows. Fix a finite set of vertices V' and two distinct vertices v, and v; referred to as source
and target, respectively. A flow f € RV*V
satisfies capacity— and flow conservation constraints as follows.

is a mapping of edges to non-negative reals which

A capacity constraint a € (NU {w})vxv assigns to each edge a capacity, respecting that

all incoming edges to the source and from the target have capacity 0.

Y(v,0") € V3 (v =vs Vo =1v) = a(v,v') =0 (1)
A flow f satisfies the capacity constraint a if

Vo, o' €V, f(v,v") < a(v,v’) (2)
It satisfies the flow conservation constraints if

Vo e VA\{vs, v}, out(f)(v) = in(f)(v) 3)
where out(f)(v) = Xy ey £(0,0) and in(£)(v) = Sey F(0',0).

Intuitively, a flow determines rate of goods flowing along each of the edges, and the
capacity of an edge (v,v’) is a predetermined bound on the admissible rate that can flow
from v to v’. A capacity of a(v,v’) = 0 means that nothing at all can flow, and a capacity of
a(v,v") = w means that an arbitrary finite amount can flow.

The value of a flow f is |f| = out(f)(vs), the cumulative flow out of the source vertex.

The MAX FLOW PROBLEM asks to compute the maximal value of any flow.

MAX FLOW PROBLEM
Given a capacity constraint a € (N U {w})
Maximise |f| under constraints in equations (2) and (3).

VxV

Due to the presence of edges with unbounded capacities and because every flow must
have a finite value, there may not exist flows of maximal value.
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Sequential flows. The SEQUENTIAL FLOW PROBLEM is a dynamic variant of this setting in
which the maximiser gets to pick a fresh capacity constraint at any unit time. A sequential
flow still represents the rate of goods flowing along the edges, but both capacity constraints
and flow conservation dynamically reflect maximiser’s momentary choice of capacities.

Assume a finite set A € (NU{w})"*" of capacity constraints. A sequence f =
fifo-.. fe € (RVXV)* is a sequential flow if for all 0 < ¢ < £, both

Ja; € A,Vv,0' €V, fi(v,v") < a;(v,0") and (2')
Vo e V\{vs, v}, in(fi)(v) = out(fiz1)(v). (3"

A sequential flow f = f1fs... fr dictates at least one capacity word w = ajas...ap € A*
that witnesses f satisfying the sequential capacity conditions (2'). We will refer to f as a
sequential flow over capacity word w. The value of f is

[f = in(fe)(vr) = out(f1)(vs),

the input flow to the target at the latest time £ and the output of the source at time 1. We
want to optimise the supremum value of any sequential flow.

SEQUENTIAL FLOW PROBLEM
Given a finite set A C (NU{w})V*V of capacity constraints.
Determine the optimal sequential flow optSeqFlow = sup {|f] : f is a sequential flow}.

Note that the SEQUENTIAL FLOW PROBLEM is not a linear program because £ is not
bounded, and hence the number of constraints (2') and (3") is not bounded a priori.

There is a natural connection between the SEQUENTIAL FLOW PROBLEM and the MAX
FLOW PROBLEM. Every capacity word a; . ..ay defines an instance of MAX FLOW PROBLEM in
the corresponding pipeline, with source (vs, 0) and target (v, £). This instance has a maximal
flow, and optSeqFlow is the supremum of those maximal flows over all capacity words a; . . . ap.
However, there is no simple algorithmic reduction between these two optimisation problems.
Indeed, for an instance of the SEQUENTIAL FLOW PROBLEM with capacities A = {c}, the
optimal sequential flow value can be the same, strictly larger, or strictly greater than the
maximal flow value if ¢ is interpreted as an instance of the classical MAX FLOW PROBLEM.

» Example 2. Let V = {vy, v3,v3,v4} and capacities ¢, d, and e as depicted in Figure 3. If ¢
is considered as an instance of MAX FLOW then only 1 unit of flow can be transported from
source vy = vy to target vy = vy, using the edge (va,v3) at its maximal capacity. The values
of maximal flows through capacity words ¢, cc, cce, ccee are 0,0, 1,2, respectively, and the
max flow through any capacity word of the form ¢, n > 4 remains 2. The optimal sequential
flow given set of capacities A = {c} is therefore 2.

Consider now only capacity d. A flow with maximal value |f| = 2 from the source vs = vy
to the target vy = vy is f(v1,v3) = f(va,v4) = f(v1,v2) = f(vs,vy) = 1. Similarly, the
sequential flow ff for capacity word dd € A* has value |f f| = 2. However, every capacity
word d" of length n > 3 has maximal flow value 0. The optimal sequential flow given set of
capacities A = {d} is therefore 2.

Consider now only capacity e. The maximal value of a flow from vy to vy is 2 whereas
the optimal sequential flow is only 1, because for any n > 0 there is at most one path of
length n, and the minimal capacity along these paths is 1. The optimal sequential flow given
set of capacities A = {e} is therefore 1.
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Figure 3 Capacities ¢, d, e from Example 2, pipeline cccc and its maximal flow, and pipeline ec.

Finally, to demonstrate that combining different capacity letters may be required for the
optimal sequential flow, consider the set of capacities A = {c, e}. The optimal sequential flow
value w can be witnessed by a single capacity word ec and a family (f,,)nen of sequential
flows defined as f,, = fn,1fn,2 With f,, 1(v1,v3) = fn,2(vs,vs) = n of value |f,| = n.

As established in both examples so far, there may not exist sequential flows of maximal
value because there are in fact sequential flows of arbitrarily high values. In that case we call
the optimal sequential flow unbounded and write optSeqFlow = w. This can be witnessed in
two ways: either by a single pipeline such as at the end of Example 2, or, as in Example 1, by
a family of pipelines of growing length and maximal flow value. In Example 1, the optimal
sequential flow value of w cannot be witnessed by any finite pipeline and is instead witnessed
by a family ab™a of words that iterate the capacity constraint b arbitrarily, but finitely
often. Our final example demonstrates that such witnesses may require more complex nested
iterations.

» Example 3. Take sets V = {v1,v9,v3,v4,v5} and A = {a, b, c} of vertices and capacity
constraints as depicted below, where non-zero capacities of a, b, ¢ are shown in red, blue, and
yellow.

w

1

T A hm a/’" A Flm
ONEINC N C BN C EENG

w

The optimal sequential flow from source vs = v; to target v; = vs is w, yet no finite capacity
word witnesses this. To witness a sequential flow of value n, a capacity word must be of the

form (ab="c)="a. The combined capacities for the word ab™c is shown in Figure 4 (left).

This allows a flow of n from v; to vs (using ab™); then to transfer one unit to vz (using c,
which empties v3). Iterating this prefix n times allows a flow of n units to v4, at which point
all can flow in one step towards the target vs (via a, see the right half of Figure 4).

3 Solving the Sequential flow problem

We present a solution to the SEQUENTIAL FLOW PROBLEM in two stages. The first stage,
described in Section 3, is qualitative: we determine whether the instance is unbounded, i.e.,
whether there exists sequential flows of arbitrarily high value. The key for that is to abstract
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Figure 4 The pipelines from Example 3. The pipeline for ab™c and its shortened representation
(seen on the left) is iterated another n times in the pipeline for (ab"c)"a (seen on the right).

the exact computation of values by means of a finite algebraic structure called the flow
semigroup. The elements of this semigroup are enumerated using Algorithm 2 (presented
later), which searches for a witness of unboundedness. The second stage is quantitative: it is
performed by Algorithm 1, which computes the maximal value of sequential flows, assuming
they are bounded, by a simple binary search. Both stages can be carried out in polynomial
space. A key component for this upper bound in the second stage is the proof that when
sequential flows are bounded the supremum is at most exponential in the number of vertices.

Algorithm 1 Computing the optimal sequential flow.

C M K- [VPEIVIT 4
m <+ 0
repeat
C+ [(m+M)/2]
if there is a sequential flow f such that |f| = C then
m <+ C
else
M C
until M <m+1
10: return m

For the qualitative stage, we will abstract the exact values of capacity constraints and
only consider whether those values are 0, finite or w.
We make use of the mazmin semiring

M = ({0,1,w}, max, min) with 0 < 1 < w

There is a natural structure of semigroup on M"Y *V | using the usual matrix product over
this semiring. For x,y € MV*V and v,v' € V,

(@ y)(v;v') = max (min (z (v,0"),y (v",0)))
v'"'e
Every capacity constraint a € NV*V is naturally abstracted as a matrix z, € MY*V by
losing precision: 0 and w are preserved while finite positive numbers are mapped to 1.

» Example 4. In Example 1 there are two capacity constraints a and b. Their abstractions,
as well as the product thereof, are as follows:

0 w 0 O 0 0 0 O 0 w 1 0

- 0 0 0 O — 0 w 1 0 vy Ty = 0 0 0 O
. 0 w 0 w 0 0 w O “ 0 w1 0
0 0 0 O 0 0 0 O 0 0 0 O
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Notice that a = x, and b = x;, coincide with their abstractions since all finite coordinates
are equal to 0 or 1.

The matrix product allows to keep track of which paths have finite or w-capacity. For
every n > 1, the product z,zx, can be computed easily: since z;, is idempotent, i.e. z7 = xy,
we have

T Ty Tg =Tq - Th-Tq =

o O O O
SO = O =
o O O O
O = O =

This simple computation tells us that starting from the source v (the first line), any sequential
flow through the pipeline 2} 2, can carry only a finite flow to the target v; (the last column),
because the top right coefficient is 1. However, this finite representation of the pipeline
2o Xy T, misses an important point: although the flow from v, to v; is finite for every n > 0,
it is actually unbounded and grows with n (cf. Figure 2).

In order to take this phenomenon into account, we introduce an extra operation on
idempotent elements, i.e. the elements e € MY *V such that e = e?. This operation computes
a new idempotent element ef € MY *V . Intuitively, the element e is an abstraction of the
sequence of pipelines (€™),¢cn and should be thought of as “using e many times”.

Before we proceed to define this operation, let us observe that the possible effect that
iterating idempotents can have on the maximal flow between any two vertices.

e e e e e e e
e e e e ve o ® '] . ° . ° Ve . °
; W . w NS
ve [ ] [ ] [ ] [ ] [ voe o—— @ ——©0 ---- © [ ] [ [ ] @ ccerracenns [ ] [ ]
& { \1 \1 \
v''e QL.----QLQYQ r/]o ° .L.----.L.&. o L .X.
v'e ° ° ° ° ° v'e ° ] ° ° ° ° v'e ° ° [
Case 1) Case ii) Case iii)

Figure 5 The figure illustrates Lemma 5, which classifies the three possible long-term behaviours
of an edge (v,v’) of an idempotent e, when e(v,v’) # 0. Case i) is e(v,v') = w and case ii) and iii)
occur when e(v,v') = 1.

» Lemma 5 (Flow-carrying Edges of idempotent elements). Let e € MY *V such that e = €2,

and v,v" € V such that e(v,v") > 0. Forn > 1, let K,, denote the optimal flow value from v
to v’ in the pipeline e™. Exactly one of the following holds.
i) K, =w for alln > 1. This holds iff e(v,v") = w and there exists v € V such that

w=-e(v,v") = e V") = el ).

i) n—2< K, <n|V] for alln > 1. This holds iff e(v,v") = 1 and there exists vo,v) € V
such that

e(vg,vy) =1 and w = e(v,v) = e(vg, vo) = e(vy, vy) = e(vy,v').
i) 1 < K, <2|V| for all n > 1. This holds iff e(v,v') =1 and for all vy, v €V,
e(vg,vy) > 1 = (e(v,v9) <1 ore(vgy,v") <1).

The following definition of iterations of idempotents explicitly distinguishes the three
cases of Lemma 5 to summarise an “ever growing” finite maxflow (case ii) as a new w.
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» Definition 6 (lteration of an idempotent). Let e = €2 be an idempotent element of F. A
pair (v,v") € V2 such that e(v,v') = 1 is called unstable iff there exists vo,v) € V such that
e(v,v9) = w, e(vg,vy) =1 and e(v),v') = w, and stable otherwise.

Then the iteration of e, denoted €?, is defined by

e(v,v') ife(v,v) € {0,w}
efv,v) =<1 if e(v,v") =1 and (v,v") is stable in e

w if e(v,v") =1 and (v,v") is unstable in e.
An idempotent e is called unstable if it has an unstable pair, and stable otherwise.

Note that if an edge is unstable then it does not satisfy condition iii) of Lemma 5, thus it
satisfies condition ii) of the same Lemma. Note also that e is unstable if and only if e # ef.
We also make the following observation.

» Lemma 7. The iteration of an idempotent e is idempotent and stable, i.e., (e?)* = ef.

Our main algebraic tool is the flow semigroup, a finite structure obtained by application
of the product and iteration to the abstract capacities until saturation. This flow semigroup
is in fact an example of a stabilisation monoid (upon addition of a neutral element), which
are ordered monoids with a stabilisation operator [4, Section 3.1].

» Definition 8 (Flow semigroup). The flow semigroup, denoted F, is the smallest subset of
MY >V which contains all abstracted capacity constraints {x, | a € A} and is closed under

the matriz product and the iteration operation for idempotents.

» Example 9. Continue with Example 4. The flow semigroup F contains x, and
and since x% = xp, it also contains :Ug. The only capacity-1 edge in z; is unstable since

xp(ve2, v2) = w, xp(v2, v3) = 1 and xp(vs,v3) = w. Therefore, F contains the iteration
@ o
w,
v ()

Intuitively, b allows only one unit of flow from vy to v3, but arbitrarily much flow can
remain both in vy and v3. If this is iterated then the sum of those single units of flows
from vy to vy grows, which is represented by a new capacity w on this edge in the capacity

0"&3::

Il
oo oo
o o & o©
o € &€ o©
oo oo

constraint bF.
Finally, F contains the product

e @
%@
=@

The top right coordinate in xaxgxa, which corresponds to the edge (v1,v4) from the
source to the target, is w. This suggests that an arbitrary amount of flow can be transported
from vs = v1 to v4 = v;. Such an element is called an unboundedness witness.

xaajgwa =

o oo o
o & o &
oo oo
o &€ o &

» Definition 10 (Unboundedness witness). An unboundedness witness is an element of x € F
such that

z(vs,v4) = w .
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The existence of such elements in F is a sufficient and necessary condition for the existence
of sequential flows carrying an arbitrary large amount of flow from the source to the target.

» Theorem 11 (Characterization of the unboundedness case). An instance of the SEQUENTIAL
FLOW PROBLEM 1is unbounded if, and only if, there exists an unboundedness witness in the
corresponding flow semigroup.

We will now present the structure of the proof of this theorem.

To begin with, we observe that since our finite capacities have integer values the integral
flow theorem [9] guarantees that every sequence of capacity constraints has a flow with
integer coefficients and maximum value. This allows us to work with token flows, in which an
explicit set of named tokens is fixed, and the trajectory of every token is precisely described.

» Definition 12 (Token flows). Fiz a finite set T of tokens. A token flow of T of length k
over a capacity word w is a mapping d € VT <) which describes the position of every
token at every date, and which satisfies capacity constraints. Formally, for every i € [1, k]
and v,v' €V

HreT|dr,i—1)=vAd(r,i) =2} <ai(v,v).

The outcome of a token flow is described by a global flow, which accounts for the number
of tokens traveling along every pair of states.

» Definition 13 (Global flows). With every token flow d of length k is associated a global
flow denoted g(d) € NV*V | which measures the number of tokens moving between every pair
of vertices between the dates 0 and k, formally defined as:

g(d)(v,v") = |{r € T | d(r,0) = v Ad(T,k) = 0v'}]
for allv,v' € V.

The proof of Theorem 11 is in two steps: Lemma 14 establishes that the condition is
sufficient and Lemma 17 that is it is necessary.

» Lemma 14 (Sufficient condition). If there exists an unboundedness witness, the answer to
the SEQUENTIAL FLOW PROBLEM is w.

The proof makes use of the notion of paths.

» Definition 15 (Paths). A path in a capacity word w = ay ...a; € A* is a sequence of
vertices : {0,...,k} — V that may be followed by a token, i.e., such that a;(w(i—1),m(:)) > 1
forallie{1,... k}.

Proof sketch of Lemma 14. The key idea is to establish that the following property of
element = in the flow semigroup is invariant by product and iteration, and satisfied by the
abstract capacities. We prove the following property on elements of the flow semigroup F:

($) For all x € F, for all N € N, there exist a capacity word w and a token flow d over w
such that for all v,v" € V, the following two conditions are satisfied:
1. z(v,v") =w = g(d)(v,v') > N
2. x(v,v") > 1 = there is a path in w from v to v’ (in the sense of Definition 15).

98:9
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The proof is by induction on the flow semigroup. For abstract capacity constraints x,, the
capacity word is simply a and we have N tokens following each edge (v, v’) with z,(v,v") = w.

For a product -y the token flow d(x - y) for N is obtained by considering two token flows
d(z) and d(y) for |V|?>N tokens, renaming and deleting some of the tokens and concatenating
the resulting sequential flows.

The last case is the iteration f = ef. We start by showing that we can decompose e’ as
a product of e with so-called simple unstable idempotents, where all non-zero entries are
self-loops, except for a single unstable pair. This simple structure is used to craft token flows
carrying arbitrarily large amount of tokens along unstable pairs. <

For the other direction, we show that when evaluating capacity words in the flow semigroup,
the flows between pairs of vertices mapped to 0 or 1 are uniformly bounded.

» Theorem 16. Let K be the largest finite constant appearing in a capacity constraint of A.
For every token flow d, there exists an element x € F such that, for every v,v' € V,

z(v,0") =0 = g(d)(v,0") =0 and
2(v,0) =1 = g(d)(v,0) < K - [V

This result relies on a subtle and careful analysis of the flow semigroup, performed in
Section 4. The first step is a general result about finite semigroups, showing that every element
of a semigroup S has a finite representation as a binary tree whose height is polynomial in a
parameter called the regular J-length of the semigroup (Theorem 26). The second step is
specific to the flow semigroup F, and shows that for F this parameter is polynomial in |V|
(Theorem 33). We then extend these trees to incorporate the f operator, and prove that the
resulting trees still have polynomial height. That leads to Theorem 16. By contraposition, a
consequence of Theorem 16 is the following.

» Lemma 17 (Necessary condition). If the answer to the SEQUENTIAL FLOW PROBLEM 1§ w
then there is an unboundedness witness in JF.

Proof. Since we have sequential flows of unbounded values between v and v, there exists a
capacity word w with a sequential flow of value greater than K - |V|536'|V‘12. By the integral
flow theorem [9], we also have a token flow d over w such that g(d)(vs,v;) > K - [V|5361VI",
We apply Theorem 16 to d. By case inspection, the only possible value of z(v,v’) is w, thus
x is an unboundedness witness. <

In order to test unboundedness for the SEQUENTIAL FLOW PROBLEM we can compute the
entire flow semigroup F, starting with the capacity abstractions {z, | a € A} and closing it
by product and f, and then check if it contains an unboundedness witness. The correctness of
this algorithm follows directly from the definition of F, as well as Lemma 14 and Lemma 17.
The resulting algorithm runs in exponential time and space, essentially bounded by the size
of F. This can be improved to polynomial space: Instead of explicitly enumerating elements
of the flow group we can enumerate so-called f-expressions, which represent elements of F.

» Definition 18. A f-expression of an element © € F is a finite F-labeled ordered tree such
that the root node is labeled by x, and every node v is of one of three possible types:

either a leaf node labeled by an abstract capacities xq,a € A;

it has a single child labeled by e, in which case e = €* is idempotent and v is labeled by ef,

it has two children labeled by 1 and x2, in which case v is labeled by =1 - T2.
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Algorithm 2 Check if x has a f-expression of height at most h.

1: function ISIN-REC(x, h)

2 if z € {x, | a € A} then return true

3 if h=0 then return false

4 for every y, 2z € {0,1,w}V*V with y - 2 = x do

5: if ISIN-REC(y, h — 1) and ISIN-REC(z, h — 1) then return true
6 for every e € {0,1,w}V*V withe-e=e and ef =z do

7 if ISIN-REC(e, h — 1) then return true

8

return false

The recursive nature of this definition dictates a recursive algorithm to determine if a
given element 2 € {0,1,w}" >V has a f-expression of at most a given height h. By convention,
the height of a single leaf node is 0.

» Lemma 19. Given capacities A, element z € {0,1,w}V*V, and h > 0, Algorithm 2 returns
true iff x has a f-expression of height at most h.

Notice that Algorithm 2 still runs in (deterministic) exponential time due to the enumer-
ations in lines 4 and 6. However, it only requires space polynomial in |V| and h due to the
explicit bound on the recursion depth.

The central argument for showing that unboundedness can be tested in polynomial space
is a polynomial bound on the number of nested applications of the § operator necessary to
produce an unboundedness witness, provided by the following theorem.

» Theorem 20. FEvery element of the flow semigroup F is generated by a §-expression of
height at most 2n*.

We make use of proof techniques used for designing polynomial-space algorithms in other
contexts, in particular for checking limitedness of desert automata [17] and the value 1
problem of probabilistic automata [8, 7]. According to Theorem 20, every element of F has
a f-expression of height at most 2n*. We can therefore check in polynomial space if a given
element z is in the flow semigroup F and whether there exist unboundedness witnesses.

» Theorem 21 (Checking unboundedness). Checking whether the optimal sequential flow is
unbounded is decidable in polynomial space.

Proof. By Theorem 20, any positive instance admits an unboundedness witnessed x that
has f-expressions of height at most h = 2n*. It therefore suffices to enumerate (in polynomial
space, using Algorithm 2) all f-expressions of such bounded height and for each check if the
represented element x € F constitutes an unboundedness witness, i.e., that x(vs,v;) = w. <«

If the maximal finite sequential flow value exists, then we can compute it in polynomial
space thanks to the exponential bound K established in Theorem 16. Indeed, if there is a
flow of value above K then there are flows of unbounded values. It therefore suffices to check
whether there is a flow of value K + 1. If so then flows can have unbounded values, if not,
then we find the optimal value between 0 and K by dichotomic search. Hence we only need
to be able to check whether there is a flow of a given, at most exponential, value. This is
done in polynomial space via classic graph exploration.

» Theorem 22. Given capacities A, the optimal sequential flow can be computed in PSPACE.
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4 Diving into the flow semigroup

This section is dedicated to the proof of two bounds which are crucial to show that the
SEQUENTIAL FLOW PROBLEM can be solved in PSPACE. The first one is Theorem 20, which
gives a polynomial upper-bound on the maximal depth of a f-expression generating elements
of F. The second one is Theorem 16, which establishes a polynomial upper bound on the
optimal sequential flow, in case it is finite.

The central tool for these proofs are summaries and f-summaries, which provide a
bounded-size representation of words of arbitrary length.

4.1 A general factorization theorem for finite semigroups

We rely on a form of factorization of words in a finite semigroup, which we call summaries.
Let (S,-) be a finite semigroup®. An element e € S is called idempotent if e - e = e. The
set of idempotent elements of S is denoted F(S). We write S for the monoid obtained by
extending S with a neutral element 1.

We define a morphism g : S* — S that evaluates sequences of elements of S by applying
the semigroup (product) operation: ¢s(zg...xr) = g - x1 -+ Tp.

We recall the Green relations, introduced in [12], J,L,R,H on S, starting with the
following partial orders:

x <y if there exist a,b € S such that z = ayb

x <, y if there exist a € S* such that x = ay

x < y if there exist b € S such that x = yb

r<yyifr<,yand x<gy
These partial orders can be thought of as reachability relations on S, and the corresponding
equivalence classes as strongly connected components.

We use well-established notations for the relations 7, £, R, H, the equivalence relations
induced by those partial orders. Formally, for each X € {J, L, R,H} we define the relations
X =<y N>y and <y=<y \ >x. Note that J is coarser than £ and R, themselves coarser
than H.

The regular J-length * of a semigroup S, denoted L(S), is defined as

sup{k e N|Je; <7 --- <7 e € E(S)}.

The Ramsey function of S is the function Rs : N — N where Rs(k) is the minimal
number n such that every word w € §* of length n contains an infix of the form w; - - - ug
with ¢(u1) = -+ = ¢(ug) = e for some e € E(S). The existence of such a number n for all k
can be inferred from Ramsey’s theorem, but the following theorem gives much more precise
bounds.

A core element of the construction is the following result, which guarantees the existence
of consecutive idempotent factors in sufficiently long words over S. Note that the bound is
only exponential in the regular 7-length of the semigroup, not its size.

We choose to work with semigroups in this paper since they are slightly more general than monoids.
Note that [13] formulates everything for finite monoids, but the existence of a neutral element is never
used in the paper. Every statement from that paper holds for finite semigroups as well.

Called regular D-length in [13]. For finite semigroups, D = J, and we use J here since it is more
common. Note that the paper introduces it with a different definition, but the two are proven equivalent
in the extended version [14, Appendix B].
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» Theorem 23 ([13, Theorem 1]). For all k € N,
kS < Rs(k) < (kIS|*)HS).

We can now define the central object of our proofs. The theorem gives a way to summarize
a word with respect to a finite semigroup. A summary abstracts sequences of idempotent
infixes by only keeping the first and last ones. We do so in a way that ensures that the
remaining idempotent factors are “short”, so that the number of letters we keep from the
initial word is polynomial in the size of the semigroup and Rs(3).

» Definition 24. A summary of a word w € 8* is a S x §*-labeled ordered binary tree with
three types of nodes:
a leaf has no children and a label (z,x) for some x € S
a product node labeled (x,w) has two children labeled (y1,u1) and (y2,us) such that
Y1 Y2 = and ujus = w.
an idempotent node labeled (e, w) has two children labeled (e,u1) and (e,us) such that we
have w = uyw'uz, e € E(S) and ¢s(u1) = ps(uz) = ps(w’) = e.
The root is labeled by (x,w), for some x € F, called the result of the summary.

» Example 25. Consider the flow semigroup F for Example 1. Remember that a = x, and
b = x3: capacities match their abstractions because finite constants are 0 or 1. Let z,y € F
be the products y =b-a and z = a - b- a. Since b = b?, the following tree is a summary of
ab™a, for any n > 2.
(z,ab™a)
~
(y,b"a)

|
(b,5™) \
/ \

(a,a) (b, b) (b, b) (a,a)

Independently of their length, all words (ab"a),>2 have this summary of height 4 and size 7.

The existence of summaries of constant depth is true in general, as shown in Theorem 26.

This definition resembles the one of Simon’s factorization forests [18]. However, an
important difference is that Simon’s trees are meant to factorize the entire word, while
ours omit a lot of information by skipping intermediate idempotents. This lets us obtain
better bounds on the height of the tree, since Simon’s trees have linear height in the size
of the semigroup, not just its regular J-length. Those bounds are essential to obtain
singly-exponential bounds, and then a polynomial-space algorithm, in the quantitative
setting.

» Theorem 26. For all w € 8* there exists a summary whose result is ¢s(w) and of height
at most L(S)(logy(|S]) + 2logy(Rs(3)) + 4).

Proof sketch. We first define the regular [J-length of an element of the semigroup, as the
one of the subsemigroup of elements < z-below it. The proof goes through an induction on
the regular J-length of elements of the semigroup. We start by cutting the word in minimal
blocks of maximal regular J-length. We factorize these blocks as a single letter and a block
of smaller regular J-length, for which we get a factorization by induction. Then we consider
the word obtained by replacing each block with its value in the semigroup.

We cut this word into infixes, each long enough to guarantee that it contains idempotents.
We describe an operation that lets us merge some blocks where the same idempotent appears.

We then use properties of the Green relations to bound the number of blocks obtained this
way. <
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4.2 Application to the flow semigroup and iterations

This subsection is dedicated to the proof of two bounds which are crucial to show that the
SEQUENTIAL FLOW PROBLEM can be solved in polynomial space. The first one is Theorem 20,
which gives a polynomial upper-bound on the maximal depth of a f-expression generating
elements of F. The second one is Theorem 16, which establishes a polynomial upper bound
on the optimal sequential flow, in case it is finite.

Let n = |V], and let B = B™*" be the finite semigroup of Boolean matrices of dimension
n, equipped with the (V, A) matrix product. The following result bounds its regular 7-length
by a polynomial in its dimension.

» Theorem 27 ([13, Theorem 2]). The reqular J-length of B is at most (n®> +n + 2)/2.
Let us now take a look at the flow semigroup, F C M"*" with M = ({0, 1, w}, max, min).

» Lemma 28. F is isomorphic to a sub-semigroup of B2.

Proof. Define ¢ : F — B? such that for all matrix @ € F, ¥(x) = (1, pw) with, for all

i,j €[1,n],

6.j) T if (i, ) > 1 4 (i.) T if 2(4,j) = w
1,7) = an w(i,j) =
pattg 1 otherwise K J 1 otherwise.

This is an injective function, and it is easily verified that this is a morphism. |
» Theorem 29. Every word w € F* admits a summary of height at most 536 - n'0 .

Proof. As observed above, F is isomorphic to a subsemigroup of B2, which has regular J-
length bounded by (n? +n+2)/2. The regular J-length of F is then at most (n? +mn+2)2/4,
while its size is 3. By Theorem 23, we obtain Rx(3) < 3P4 (*+n+2)% < 3320° g0y >
Then, by Theorem 26 we have that every word over F has a summary of height at most

L(F)(log(|F]) + 2logy (RF(3)) +4)

2 2)2

< W(HZ logy(3) + 2(32n° log,(3)) + 4)

< An*(2n® + 12805 + 4)

< 536n'° )

We now need to integrate the § operator in this construction. We do this by following a
proof of Simon [19, Theorem 9] on a different semigroup.

» Lemma 30. Let m > n? and ey, ..., e, € E(F) idempotents of F such that e;41 <7 eg
for alli. Then there exists i such that eg =e;.

Observe that Example 3 can be generalized to obtain instances where we need a linear
number of nested £ in order to obtain some elements of F.

That result has two interesting consequences, which are the keys to obtain PSPACE
algorithms for the SEQUENTIAL FLOW PROBLEM. The first consequence is that small “f-
expressions” (Definition 18) are enough to generate all elements in the flow semigroup, as
stated in Theorem 20. The idea is as follows: take a f-expression generating an element of F.
First use Lemma 30 to eliminate redundant idempotent nodes and reduce its f-height below
n2. Then reorganise its product nodes to obtain balanced subtrees of product nodes. Since
the monoid has exponential size in n, trees of polynomial height suffice to obtain everything
we can with products.
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The second consequence of Lemma 30 is that every capacity word can be represented
as a small f-summary: We define f-summaries, where idempotent nodes for e € E(S) are
labeled with ef instead of e.

» Definition 31. A f-summary of a word w € F* is a F x F*-labeled ordered binary tree,
with three types of nodes:
A leaf is labeled by (x,x) for some x € F,
A product node has two children. If their labels are (x1,u1) and (x2,us) then its label is
(1‘1 - X9, u1u2)
An idempotent node has two children. If their labels are (z1,u1) and (z2,us) then
x1 = x9 = e is an tdempotent of F and the label of the node is (eﬁ,ulwl .. wpue) for
some wi, ..., Wy € F* such that all w; have a §-summary whose root is labeled (e, w;).
In the case that e = e! we say that the node is a stable idempotent node, and an unstable
idempotent node otherwise.
Moreover, the root is labeled by (z,w) for some x € F, which is called the result of the
f-summary.

» Example 32. In Example 1, since b = b2, the following tree is a #-summary of ab™a.

(a-b*-a,ab™a)
—
(b* - a,b™a)

|
R \
/ \

(a,a) (b, b) (b, b) (a,a)

This §-summary bears some similarity with the summary of Example 25. However, there is a
crucial difference: the root of the f-summary is labelled by a-bf - a, which is an unboundedness
witness (see details before Definition 10). This is not the case in the summary of Example 25:
the root is labelled by z = aba which is not an unboundedness witness since z(vy,v4) = 1.

Independently of their length, all words (ab"a),>2 have this f-summary of height 4 and
size 7. The existence of f-summaries of constant height (and size), whatever the size of the
word, is true in general, as shown in Theorem 33.

Our next step is to show that all words have a g-summary of polynomial height in the
number of vertices n = |V|. We take inspiration from two existing proofs: First, one by
Kirsten [17] to show that the number of unstable nodes along a branch of a f-summary (or
a f-expression) is bounded by a polynomial in n, the number of vertices®. Second, one by
Simon [18] to show that every word has a f-summary where the distance between consecutive
unstable nodes along a branch is bounded by another polynomial in n. Adapting and
combining those two arguments yields the result.

» Theorem 33. For all w € F* there is a f-summary of height at most 536 - n'2.

We make use of Theorem 33 to prove Theorem 16. By the max flow-min cut theorem [10],
to prove a bound on the maximal flow of capacity words it suffices to find for each one a cut of
cost at most this bound. We construct this cut by induction on the height of a f-summary for
the capacity word. A key part of the argument is the trichotomy from Lemma 5, particularly

® A polynomial bound in @(n*) can be obtained by proving that e < e for all e € F, and using the
bound on the regular J-length. We prefer to use Lemma 30, which gives O(n2).
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case (ii). When dealing with an idempotent node we show that for all v, v, either iterating
the corresponding idempotent gives us unbounded flows from v to v/, or, in any iteration of
the idempotent, we can find a cut of bounded cost between v and v’ within the first and last
iterations. This justifies the abstraction of f-summaries: in a sequence of iterations of an
idempotent we keep only the first and last. The value of the constructed cut is exponential
in the height of the f-summary, which yields the result by Theorem 33.

5 Extensions

Our approach to solve the SEQUENTIAL FLOW PROBLEM can be extended to further general-
isations that consider sequential flows between sets of source and target vertices and under
regular constraints on the witnessing capacity words.

5.1 Fair flows along multiple edges / out of multiple sources

The previous results and algorithms can be adapted to solve a more general problem.

Instead of a single source-target pair (vs,v:), the problem comes with a collection
E CV xV of edges, and one wishes to carry as much flow as possible along those edges.

That is, the objective is not to maximize the total amount of flow through the edges (this
can easily be reformulated as an instance of the SEQUENTIAL FLOW PROBLEM, solutions to
which then may lead to one of the edges being unused). Instead, we ask to maximize the
minimal global flow among all given edges.

Using the notation from Definition 12 of token flow d and its associated global flow g(d)),
the FAIR SEQUENTIAL FLOW PROBLEM asks to compute the value Sup;yen fiow /@], where

|d| = min{g(d)(vs, v¢) | (vs,v:) € E}.

This problem can be solved similarly to the SEQUENTIAL FLOW PROBLEM, except one
looks for a different kind of witnesses in the flow semigroup F.

» Definition 34. A fair unboundedness witness is an element of x € F such that
V(vs,v¢) € E, x(vg,v¢) = w.
» Theorem 35. The FAIR SEQUENTIAL FLOW PROBLEM can be solved in polynomial space.

Proof. The unboundedness of the FAIR SEQUENTIAL FLOW PROBLEM is equivalent to
the existence of a fair unboundedness witness in the flow semigroup F, the proof is a
straightforward adaptation of the proofs of Lemma 14 and 17. Such a witness can be looked
for in polynomial space using Algorithm 2. If no such witness exists then the value sup, |d| is
finite and even bounded by B = K - |V|536"V|12 according to Theorem 16. Then a variant of
Algorithm 1 can be used in order to optimise |d| = min{g(d)(vs, v¢) | (vs,v:) € E} by looking
for a token flow d moving exactly k tokens along every edge in E, where k is optimized by
dichotomic search in the interval [0, B]. <

» Remark 36. If, instead of simultaneous flow across a subset of edges, one is interested in
checking simultaneous flows out of several sources into the target, the resulting problem
easily reduces to the FAIR SEQUENTIAL FLOW PROBLEM. Indeed, it suffices to introduce a
new target vertex t and a new final capacity constraint that transfers tokens from all target
states to t. Then the multi-source flow problem is an instance of the FAIR SEQUENTIAL FLOW
PROBLEM where we ask to maximise the simultaneous flow from each source to t.
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5.2 Regular constraints

The FAIR SEQUENTIAL FLOW PROBLEM WITH REGULAR CONSTRAINTS generalises the FAIR
SEQUENTIAL FLOW PROBLEM by requiring that we only consider capacity words within a
given regular language. Formally, consider a finite set A C (NU {w})va of capacities, a set
E CV xV and a regular language L C A* recognized by a non-deterministic automaton
with m states. Let n = |V| and K be the largest finite capacity in any element of A. The
problem is to compute the optimal fair token flow over capacity words in L, i.e.,

sup sup ld| .
weL  token flow d
over w

» Theorem 37. The FAIR SEQUENTIAL FLOW PROBLEM WITH REGULAR CONSTRAINTS

can be solved in polynomial space. Furthermore, if the answer is bounded then it is at most
K(2|V|)(170 log,(m)+835)[V|'?

This can be shown with the technique discussed in Sections 3 and 5.1 with a slightly
extended definition of the flow semigroup. We describe the necessary adjustments below.

Fix a non-deterministic finite automaton A with @ the set of m control states, I, F C @
sets of initial and final states, and A C @ x A x @ the transitions over the alphabet A. We
define the semigroup B4 made of the set of triples in Q x {0,1,w}V*V x @, plus an element
1, and where the product * is defined as follows:

(q1,7-y,¢5) if 4 = g2

/ !
q1,2,41) *(q2,Y, q =
( 1)x( 2) { 1 otherwise.

Weset Lx 1 = 1 and (q,7,¢')x L = Lx(q,2,¢') = L forall (¢,7,¢') € Q x{0,1,w}V*V xQ.

To lift the iteration operation, notice that, except for L, an idempotent of 4 is of the
form (q,e,q) with an idempotent matrix e. Define (q,e,q)f = (¢, €, q) for all ¢ € Q and
idempotent e, and let 1L = 1.

The labeled flow semigroup F 4 is defined as the smallest sub-semigroup of B4 which
contains {(q,%q,q¢") | (¢,a,q¢') € A} and is stable under * and f.

It then suffices to go through the same steps as in Sections 3 and 4, with some minor
changes to accommodate the state constraints.

6 Conclusion

We provide a new algebraic technique to solve the SEQUENTIAL FLOW PROBLEM in PSPACE.

We mention two promising directions to utilize the results shown here. First, we aim to
adapt our techniques to graphs generated by graph grammars. Second, we plan to extend our
framework to settings with asynchronous flows, with applications to asynchronous distributed
computing.
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