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—— Abstract

In this article, we revisit the complexity of the reconfiguration of independent sets under the token
sliding rule on chordal graphs. In the TOKEN SLIDING CONNECTIVITY problem, the input is a
graph G and an integer k, and the objective is to determine whether the reconfiguration graph
TSk(G) of G is connected. The vertices of T'Si(G) are k-independent sets of G, and two vertices
are adjacent if and only if one can transform one of the two corresponding independent sets into the

other by sliding a vertex (also called a token) along an edge. Bonamy and Bousquet [WG’17] proved
that the TOKEN SLIDING CONNECTIVITY problem is polynomial-time solvable on interval graphs
but NP-hard on split graphs. In light of these two results, the authors asked: can we decide the
connectivity of T'Sk(G) in polynomial time for chordal graphs with mazimum clique-tree degree d?
We answer this question in the negative and prove that the problem is NP-hard even when d = 4.
We then study the parameterized complexity of the problem for a larger parameter called leafage
and prove that the problem is co-W[1]-hard. We prove similar results for a closely related problem
called TOKEN SLIDING REACHABILITY. In this problem, the input is a graph G with two of its
k-independent sets I and J, and the objective is to determine whether there is a sequence of valid
token sliding moves that transform [ into J.
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1 Introduction

A typical reconfiguration problem on a graph consists of two feasible solutions S, T', and a
modification rule. The objective is to determine whether S can be transformed into T' by
repeated applications of the modification rule such that at any intermediate step, the set
remains a feasible solution. It is helpful to imagine that a token is located at every vertex
of S. Therefore, the modification operation corresponds to how the tokens can be moved.
Three well-studied operations are token addition and remowal, token jumping, and token
sliding. In the first operation, one can add or remove the token during the intermediate
stages. In the second operation, a token can jump from one vertex to another vertex (usually
to a vertex that doesn’t have a token). In token sliding, one can move tokens along edges of
the graph, i.e., vertices can only be replaced with adjacent vertices.

The reconfiguration version of various classical problems like SATISFIABILITY [20], DOM-
INATING SET, INDEPENDENT SET, COLOURINGS [6, 14], KEMPE CHAINS [8, 15], SHORTEST
PATHS [9], etc., has received significant attention in recent years. See surveys [31, 33]
for a comprehensive introduction to these topics. Among these problems, INDEPENDENT
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SET RECONFIGURATION is one of the most well-studied problems with respect to all the
operations mentioned above, namely token addition and removal [28, 30], token jump-
ing [10, 11, 25, 26, 27], and token sliding [7, 13, 17, 22, 23, 29]. Recall that for an integer k,
a k-independent set of G is a subset S C V(G) of size k of pairwise non-adjacent vertices. In
this article, we consider the complexity of the reconfiguration of INDEPENDENT SET problem
under the token sliding rule. As we focus only on INDEPENDENT SET, we refer to it simply
as TOKEN SLIDING and consider the following two problems.

TOKEN SLIDING CONNECTIVITY (T'S-CONNECTIVITY)

Input: Graph G and integer k

Question: Is the k-T'S reconfiguration graph T'Sk(G) of G connected?

The vertices of T'Sk(G) are k-independent sets of G and (I, .J) is an edge of T'S;(G) if
and only if J\ I = {u}, I\ J = {v} and (u,v) is an edge of G for some u,v € V(G).

TOKEN SLIDING REACHABILITY (TS-REACHABILITY)
Input: Graph G and two k-independent set of I, .J of G.
Question: Are the vertices corresponding to I and J in the same connected components

of TSy (G)?

Alternately, in the second variation, the objective is to determine whether we can transform
one independent set to the other by token sliding, while the set remains independent.

Hearn and Demaine [22] proved that TS-REACHABILITY is PSPACE-complete even for
planar graphs. On the positive side, Kaminski et al. [28], Fox-Epstein et al. [17] and Bonsma
et al. [4] presented polynomial time algorithms when the input graph is restricted to cographs,
bipartute permutation and claw-free graphs, respectively. Yamada and Uehara [34] showed
that any two k-independent sets in proper interval graphs can be transformed to each other
in polynomial steps. Demaine et al. [12] described a linear algorithm when the input graph
is a tree. In the same paper, the authors asked if determining whether TS-REACHABILITY
is polynomial time for interval graphs and then more generally for chordal graphs, a strict
superclass of interval graphs. Belmonte et al. [4] answered the second part in the negative by
proving that the problem is PSPACE-complete on split graphs, a strict subset of chordal graphs.
Bonamy and Bousquet [7] answered the first part positively by presenting a polynomial-time
algorithm for TS-REACHABILITY when input is an interval graph. They also proved the
following result about TS-CONNECTIVITY.

» Proposition (Theorem 2 and 3 in [7]). TOKEN SLIDING-CONNECTIVITY is in P for interval
graphs, but is co-NP-hard for split graphs.

It is known that for each chordal graph there is a tree, called clique-tree, whose vertices
are the cliques of the graph and for every vertex in the graph, the set of cliques that contain
it form a subtree of clique-tree. See, for example, the note by Blair and Peyton [5]. The
maximal cliques in an interval graph can be ordered such that for every vertex, the maximal
cliques containing that vertex occur consecutively [19]. Hence, for interval graphs, clique-tree
has degree at most two. Whereas, for split graphs the maximum degree of a clique-tree can
be unbounded, as demonstrated by a star graph. This prompted Bonamy and Bousquet [7]
to explicitly ask the following question.

» Question. Let d be a fixed constant. For an integer k and chordal graph G of the mazimum
clique-tree degree at most d, can the connectivity of TSk (G) be decided in polynomial time?

As our first result, we answer this question in the negative.
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In other words, the authors asked about the structural parameterization of the problem.
Before proceeding, we mention the known results about the natural parameter, i.e., the
solution size. It is known that TS-CONNECTIVITY [7] and TS-REACHABILITY [26] are
co-W|[2]-hard and W[1]-hard, respectively, when parameterized by the number of tokens k.
However, the latter problem admits an FPT algorithm for planar graphs [27]. In this article,
we study the structural parameterization of these problems when the input is a chordal
graph. The first parameter we consider is the maximum clique-tree degree of the chordal
graph and answer the question by Bonamy and Bousquet [7] in the negative.

» Theorem 1. On chordal graphs of mazimum clique-tree degree 4, TOKEN SLIDING CON-
NECTIVITY problem is co-NP-hard.

Bonamy and Bousquet [7] adapted their algorithm for TS-CONNECTIVITY on interval
graphs to solve T'S-REACHABILITY on interval graphs in polynomial time. Also, Belmonte
et al. [4] proved that TS-REACHABILITY is PSPACE-complete on split graphs. Hence, it is
natural to ask the analogous question regarding T'S-REACHABILITY: Does T'S-REACHABILITY
admit a polynomial-time algorithm when the input is a chordal graph of the maximum clique-
tree degree at most d? We answer even this question in the negative.

» Theorem 2. On chordal graphs of mazimum clique-tree degree 3, TOKEN SLIDING REACH-
ABILITY problem is NP-hard.

Next, we move to our second structural parameter leafage. The leafage of chordal
graph G, denoted by ¢, is defined as the minimum number of leaves in the tree of a tree
representation of G. Habib and Stacho [21] showed that we can compute the leafage of a
connected chordal graph in polynomial time. In recent years, researchers have studied the
structural parameterization of various graph problems on chordal graphs parameterized by
the leafage. Fomin et al. [16] and Arvind et al. [2] proved, respectively, that the DOMINATING
SET and GRAPH ISOMORPHISM problems on chordal graphs are FPT parameterized by
the leafage. Galby et al. [19] presented an improved FPT algorithm for DOMINATING
SET parameterized by the leafage, and adapted it to obtain similar FPT algorithms for
CONNECTED DOMINATING SET and STEINER TREE on chordal graphs. They also proved
that MuLTICUT WITH UNDELETABLE TERMINALS on chordal graphs is W[1]-hard when
parameterized by the leafage £. Barnetson et al. [3] and Papadopoulos and Tzimas [32]
presented XP-algorithms running in time n®® for FIRE BREAK and SUBSET FEEDBACK
VERTEX SET on chordal graphs, respectively. Papadopoulos and Tzimas [32] also proved that
the latter problem is W[1]-hard when parameterized by the leafage. Hochstéttler et al [24]
showed that we can compute the neighborhood polynomial of a chordal graph in n°)

For a chordal graph, leafage is a larger parameter than the maximum clique-tree degree.

-time.

However, our next results imply that this parameter is not large enough to obtain FPT
algorithms for either of the problems.

» Theorem 3. On chordal graphs, the TOKEN SLIDING-CONNECTIVITY problem is co-W/[1]-
hard when parameterized by the leafage £ of the input graph.

» Theorem 4. On chordal graphs, the TOKEN SLIDING-REACHABILITY problem is W([1]-hard
when parameterized by the leafage £ of the input graph.

We conclude the introduction with a note on potential positive results. We conjecture
that both the problems admit algorithms with running time n/(). Any such algorithm would
likely require a non-trivial generalization of the algorithm for trees due to Demaine et al. [12]
and the algorithm for interval graphs by Bonamy and Bousquet [7]. However, extending these
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approaches has proved challenging. Only recently, Francis and Prabhakaran [18] managed
to generalize the tree-based algorithm to block graphs, using fairly technical arguments.
Recall that a block graph is a chordal graph in which any two maximal cliques intersect in
at most one vertex, and thus constitutes a highly restricted special case of the graph classes
considered in this work.

We conclude this section by some relevant definitions about chordal graphs and tree
representations.

Chordal graphs and Tree representations. A graph is called a chordal graph if it contains no
induced cycle of length at least four. It is well-known that chordal graphs can be represented
as intersection graphs of subtrees in a tree, that is, for every chordal graph G, there exists a
tree T' and a collection M of subtrees of T' in one-to-one correspondence with V(G) such
that two vertices in G are adjacent if and only if their corresponding subtrees intersect.

The leafage of chordal graph G, denoted by /4, is defined as the minimum number of leaves
in the tree of a tree representation of G. A tree representation (7, M) for G such that the
number of leaves in T is ¢, can be computed in time O(|V (G)|?) [21].

Let G be a connected graph, and consider K¢ to be the set of its maximal cliques. A tree
on K¢ is said to satisfy the clique-intersection property if, for every pair of distinct cliques
K,K' € Kg, the set KN K’ is contained in every clique on the path connecting K and K’ in
the tree. The tree T for a chordal graph G whose vertices are the cliques in g and which
satisfies the clique-intersection property is called the clique-tree of G. It is shown in [5] that
the clique-tree T, for a chordal graph G is isomorphic to its intersection tree T'. Since in any
tree the number of leaves is always greater than or equal to the maximum degree of a vertex,
the leafage of a chordal graph G is at least the maximum degree of its clique-tree T°.

Due to space constraints, we have moved some of the proofs to the full version.

2 Parameterized by Maximum Clique-Tree Degree

2.1 Hardness for Token Sliding Connectivity

In this subsection, we prove Theorem 1. We present a polynomial time reduction from the
DOMINATING SET ON NON-BLOCKING GRAPHS which is NP-hard [7]. For a graph G and a
subset S of V(G), a vertex x € V(G) is said to be a private neighbour of s € S if x € N(s)
and z ¢ NJ[t] for any t € S\ {s}. A set of vertices S C V(G) is a blocking set if no vertex in
S has a private neighbour with respect to S. In the DOMINATING SET ON NON-BLOCKING
GRAPHS problem, an input is a graph G and integer k such that G has no blocking set of
size at most 2k — 1. The objective is to determine whether G contains a dominating set of
size at most k.

Reduction. Our reduction closely follows the one presented in [7]. Let (G, k) be an input
instance of DOMINATING SET ON NON-BLOCKING GRAPHS. The reduction constructs an
instance (G, k") of the TS-CONNECTIVITY problem. Suppose V(G) = {v1,va,...,0,}.
Add the vertices in the sets C' = {c1,ca, ..., cnikt1} and W = {wy, wa, ..., Wyyki2} in
V(G"). Add the edges c;c; in E(G’) for i # j € [n+ k + 1] to ensure that G'[C] is a
clique. Set W will remain an independent set in G’.
For each 4, j € [n], if v; and v; are adjacent in G then add the edges c;w; and cjw; to
E(G).
Add the edge c;w; in E(G') for i € [n+ k + 1].
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Figure 1 The reduced instance for the TOKEN SLIDING CONNECTIVITY problem parameterized
by the maximum clique-tree degree and its corresponding clique-tree.

Make vertex w1 x+2 adjacent to all the vertices in C' that correspond to vertices in V(G),
i.e., add edges c;wpyrt2 in E(G') for each i € [n].

Add sets of vertices X = {z1,29,...,Tntxr2} and Y = {y1,y2, ..., Untrt2} in V(G).

Also, add the edges z;y; for i € [n + k + 2] and edges z;¢; for each i € [n + k + 2] and
j€[n+k+1]in G'. That is, each vertex in X is adjacent to all the vertices in C, and
G'[X UY] consists of a matching as in Figure 1.

The reduction sets k¥’ = k + 1. We prove that the graph G’ satisfies the desired properties,

and we show the equivalence of the original and the reduced instance in the full version.

This completes the description of the reduction. These arguments, along with the fact that
reduction takes polynomial-time, imply that TS-CONNECTIVITY is co-NP-hard on chordal
graphs with a maximum clique-tree degree of 4.

2.2 Hardness for Token Sliding Reachability

In this subsection, we present a reduction used to prove Theorem 2. We present a polynomial
time reduction from TS-REACHABILITY on split graphs which is known to be NP-hard [4].

Reduction. Let (G,1,J) be the input instance of TS-REACHABILITY problem where G is
a split graph with a clique C' = {¢1,¢2,...,¢,} and an independent set U = {uq,us,...,uq}
and I, J are two k-independent sets in G. The reduction constructs an instance (G', I, J")
of the TS-REACHABILITY problem as follows.
For each vertex ¢; € V(G) construct a vertex d;, and for each vertex u; € V(G) construct
a vertex w; where i € [p] and j € [¢]. Add edges between all pairs of vertices d; and d;
where i # j € [p] to construct the clique C’. Denote the set of vertices {wy,ws, ..., wq}
by W. This will be an independent set in G'.
For each edge c;u; in E(G) (where ¢ € [p] and j € [q]), add an edge d;w;.

1:5
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U, = {w17d17d27-":dp}

i Uy = {ws,d1,dy,...,dp}

Figure 2 Reduction for TOKEN SLIDING REACHABILITY problem parameterized by the maximum
clique-tree degree and the corresponding clique-tree.

Construct ¢ vertices s1, 2, ..., Sq. We will denote the set {s1,s2,...,54} by S and refer
to the vertices in S as special vertices. Now add an edge from each s; to each d; such that
i € [g) and j € [p]. That is, each vertex s; in S should be adjacent to all the vertices d;
in C’, as shown in Figure 2.
This completes the description of the reduction. We prove that the graph G’ satisfies the
desired properties, and we show the equivalence of the original and the reduced instance in
the full version.

3 Parameterized by leafage

3.1 Hardness for Token Sliding Connectivity

In this subsection, we prove Theorem 3 by presenting a parameterized reduction from the
MULTICOLORED INDEPENDENT SET (MULTICOL IND-SET) problem. In an instance of
MurTiCoL IND-SET, we are given a graph G and a partition (Vi, Vs, ..., V;) of its vertex
set V(G), where each V; is an independent set of size exactly n. The goal is to determine
whether G contains an independent set of size k that includes exactly one vertex from each
part V;. This problem is known to be W[1]-hard when parameterized by the solution size k.

We provide a parameter-preserving reduction that transforms an instance
(G, (V1,Va,..., Vi), k) of MuLTICOL IND-SET into an instance (G’,nk) of the TS-
CONNECTIVITY problem, such that G’ is a chordal graph with leafage ¢ = 2k + 1. To
facilitate the construction and analysis of G’, we describe it via a tree model 7. Recall that
in this representation of chordal graphs, each vertex of G’ is associated with a subtree of T,
and an edge exists between two vertices in G’ if and only if their corresponding subtrees
intersect.

We now proceed with an overview of the reduction, followed by a detailed construction
and correctness analysis.

Structure of the Model Tree 7, Parking Structure, and Bridge. The model tree 7 is
constructed as follows. It consists of a central vertex g, which acts as the root and has k + 1
children: ¢q,tg,...,t, and ¢,. For each i € [k], the vertex ¢; has two children, denoted ¢¢
and t?.
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To construct long paths encoding vertex choices, we subdivide each edge ¢;t{ and tit,li’ by
inserting 2n — 1 new internal vertices. Let T; denote the path from ¢{ to tlz?; this path will be
used to encode the n vertices of the independent set V;.

Additionally, we subdivide the edge tot, to construct the parking structure:

We insert nk blue vertices and nk — 1 green vertices along the path between ¢y and ¢,

as illustrated in Figure 3. The blue vertices are used to “park” the nk tokens, while the

green vertices ensure that the tokens are not adjacent.

We introduce a special purple vertex b* in G’ whose model is {tg,t1,%a,...,t;} and the

first vertex along the path from ¢y to ¢,. This forms a star-like subtree centered at ¢

with k£ 4 1 leaves.
The vertex b* serves as a central bridge, enabling token transitions from any t; (for i € [k])
to the parking structure, assuming it is feasible to move a token to ¢;.

Conditional Free Pass Construction. We want to simulate the following conditional be-
havior: tokens can move from T} to the parking structure only when T; is empty, for any
i # j. In order to enable this conditional behavior, we introduce a gadget we refer to as the
conditional free pass. This is implemented using the orange vertices as shown in Figure 3.
For each pair i # j with ¢, j € [k], we add an orange vertex with the following model:
It contains a line segment within 7; connecting ¢ to tlg, i.e., it spans the entire path T;.
It also contains a short segment within 7}: one edge from ¢; toward ¢§, and another from
t; toward t’]’-, such that only the first vertices in these directions are included.
These segments are connected via an inverted V-shaped structure through ty, forming a
single connected subtree in T, as depicted in Figure 3.
The purpose of the orange vertex is to enforce that tokens on 7Tj can only reach ¢;, and
subsequently the parking structure via b*, if T; is unoccupied. Note that the orange vertex
becomes adjacent to token positions on Tj only when its entire model (especially the T;
portion) is unoccupied, thereby enabling the desired behavior.

Encoding the Vertices of G. We now describe how the vertices of G are encoded in the
constructed graph G’. For each i € [k], we introduce three types of vertices in G’ to represent
the n vertices in V;. Recall that the edges ¢;t; and titf in the model tree 7 have each been
subdivided by inserting 2n — 1 new vertices, thereby forming long paths which will be used
for encoding.
Left Encoding Vertices: We introduce n new vertices u}, u?,...,u? in G’ corresponding
to n disjoint intervals along the subdivided edge between t¢ and t;. Specifically, u}
corresponds to the interval between t¢ and the first subdivision vertex; u?

< corresponds to
the interval between the second and third subdivision vertices; and so on, as illustrated
in Figure 4. To maintain adjacency among these vertices, we also add n — 1 auxiliary

. 1
connector vertices, where each such vertex connects u? and u?*" for p € [n — 1].

Right Encoding Vertices: Similarly, we introduce n new vertices w},w?,...,wl in
G’ corresponding to n disjoint intervals along the subdivided edge between t; and t?.
Specifically, w} corresponds to the interval between the first and second subdivision
vertices, and w? corresponds to the interval between the last subdivision vertex and #°.
As before, we add n — 1 connector vertices that link w?” and w?™" for each p € [n —1].

Pink Constraint Vertices: For each i € [k], we add n—1 special vertices v, 3?2, . .. ,yf_l
to enforce consistency between the left and right encodings, that is, to ensure that there

are no more than n tokens on the blue vertices between t¢ and 0.

1:7
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Figure 3 (Top) Structure of the model tree. Node tg is the central vertex and ¢1,ts,...,t; and
tp are its children. The structure between ¢y and t, is to park the tokens. (Bottom) The orange
vertex denotes the conditional free pass between T; and Tj.

See Figure 4. Each pink vertex y? is modeled over a subtree that intersects the model
subtrees of the set {u?,u?*", ... u?} and the set {w}, w?,...,w’t"}. This creates an
interaction between both sides of the encoding and is crucial in ensuring that the pink
vertex y can be used to move tokens only when there is no token on vertices mentioned
in the two sets above.

Note that for any 4 € [k], if there are p tokens on the left-hand side of the path T; (i.e.,
the segment between t¢ and ¢;), we may assume without loss of generality that these tokens
occupy the vertices u},u?,...,u. If this is not the case, then using a sequence of valid token
sliding operations confined to the path segment, we can reposition the tokens to those vertices
without affecting any other part of the graph or disturbing tokens elsewhere. Similarly, if
there are p tokens on the right-hand side of T} (i.e., between t; and %), we may assume they

n—p+1 n—p+2 n
i , W; yeeey, Wy

occupy the vertices w

The pink vertices introduced in the construction enforce consistency constraints on token
placements across the two sides of T;. In particular, they guarantee the following properties
(and the proof is given in the full version):

> Claim 5. For any i € [k], if there are n tokens on T, then no token can be moved to a
pink vertex.

> Claim 6. For any i € [k], if there are fewer than n tokens on the path T;, then the pink
vertices intersecting T; can be used to move tokens from T to the vertex b* (and subsequently
to the parking structure).

Encoding the Edges of G. To encode the edges of the input graph G, we introduce special
vertices in G’ corresponding to each edge between the p'" vertex in V; and the ¢* vertex in
V;, where p, ¢ € [n] and i, j € [k]. Each such edge is represented by a pair of gadget subtrees
in the tree model, which we collectively refer to as H-type vertices. These vertices enable
transitions that simulate adjacency in G. See Figure 5 for an illustration.
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Figure 4 Add (n — 1) pink vertices for each ¢; where i € [k] as follows: Each pink vertex y?
intersects {u?,u?™', ... ul} and {w},w?,...,wP’T'}. In the figure n is taken to be 5. No token

from T; can be moved to a pink vertex.

For the first H-type structure, we construct a horizontal segment in the model tree
from the endpoint of the interval corresponding to u! to the endpoint of the interval
corresponding to w? (both inclusive). A second horizontal segment is added from the
endpoint of the interval corresponding to ugﬂ
corresponding to w;? (both inclusive). These two horizontal segments are then connected
by a vertical segment, forming an #-shaped subtree.

For the second H-type structure (symmetrically), we add a horizontal segment from

the endpoint of the interval corresponding to u?- to the starting point of the interval

to the starting point of the interval

corresponding to w? (both inclusive), and another from the endpoint of u? 1 %o the

starting point of w?. These are again connected by a vertical segment, forming another

‘H-shaped subtree.

Each such pair of H-type subtree corresponds to a single edge in G and results in two new
vertices in G'.

As established in Claim 5, if there are n tokens on the path T; for some i € [k], then
none of them can be moved to the parking structure using pink vertices. In such situations,
at least one of the tokens on T; must move through an H-type vertex corresponding to an
edge in G in order to reach the parking structure. This can only happen if the model of
such H-type vertex in T} is not adjacent with any token. This simulate adjacency in the
original graph and ensure that token can be moved only when the token positions in 7; and
T} correspondings to selecting a pair of non adjacent vertices in V; and V; in G. We formalize
this in the next claim which is proved in the full version.

>> Claim 7. For 4,5 € [k], suppose paths T; and T contains n tokens each. Let e be

an edge in G connecting the p'"' vertex in V; to the ¢'® vertex in V;, where p,q € [n].
Suppose n tokens in 7T; are placed on the vertices {u},u?,...,uf} U {wf“, wf+2, cowlh

Then a token from 7; can be moved to b* (and subsequently to the parking structure)
using the H-type vertex corresponding to e if and only if tokens in T are placed on

{uj,uf,... ,uitb u {qu-+1,w?+2, Wl

This completes the description of the reduction and the necessary claims. We now prove
the correctness of the reduction by showing that (G, (V4, Va,..., Vi), k) is a YEs-instance of
MurLTiCoL IND-SET if and only if the corresponding instance (G’, nk) is a No-instance of
TS-CONNECTIVITY.

Let I* denote the independent set in G’ consisting of the nk blue vertices in the parking
structure. Recall that (G’,nk) is a YES-instance of TS-CONNECTIVITY if and only if every
independent set I of size nk in G’ can be transformed to I* via a sequence of valid token
sliding moves.

1:9
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Figure 5 For n = 5, if there exists an edge between the 2"% vertex of V; and 3"¢ vertex of Vj, this
is the H-type structure corresponding to this edge. This is the H-type structure when n = 5 and

there is an edge between 27?4 vertex of V; and the 3"¢ vertex of V;. Notice that one of the tokens on

u? (or u?) can move to to using the cyan (or the red) vertex.

» Lemma 8. If (G, (V1,Va,..., Vi), k) is a YES-instance of MurLTICOL IND-SET, then
(G’',nk) is a No-instance of TS-CONNECTIVITY.

» Lemma 9. If (G, (V1,Va,..., Vi), k) is a No-instance of MULTICOL IND-SET, then (G',nk)
is a YES-instance of T'S-CONNECTIVITY.

The proof of Theorem 3 now follows from Lemma 8, Lemma 9, and the observation that
the reduction runs in polynomial time and produces a chordal graph of leafage at most
2k + 1.

3.2 Hardness of Token Sliding Reachability

In this subsection, we prove Theorem 4. Recall that in the MuLTICOLORED CLIQUE (MUL-
TICOL CLIQUE) problem, the input is a graph G together with a partition (V;,Va, ..., Vi)
of V(@) such that each V; is an independent set of exactly n vertices, and an integer k is
given. The goal is to determine whether G contains a clique of size k that includes exactly
one vertex from each part of the partition. This problem is known to be W[1]-hard when
parameterized by the solution size k. Without loss of generality, we assume that every V;
contains at least one vertex incident to an edge.

We present a parameter-preserving reduction that transforms an instance
(G, (V1,Va,..., Vi), k) of the MULTICOLORED CLIQUE problem into an instance (G', I, J) of
the TS-REACHABILITY problem. As before, we find it convenient to describe the chordal
graph G’ via a tree model 7. Recall that each vertex of G’ is associated with a specific
subtree of T, and two vertices of G’ are adjacent if and only if their corresponding subtrees
have a non-empty intersection. We present the reduction after an informal overview.

Overview of the Reduction.
graph G’. The initial independent set is given by I = Iingex UIpark, and the target independent
set is J = Jindex U Jpark. The construction of G’ ensures the following properties:

Figure 6 presents a schematic depiction of the constructed

1. If a token resides in any of the sets Ipark, Jpark, O Kindex, it is not possible to move a
token from Ii,gex-
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Figure 6 Outline of the resulting graph G’. See the informal overview of the reduction.

2. The tokens in [ipgex can be transferred to Kinqex through the set V' if and only if the
tokens occupying V' (originally placed in I,ak) correspond to a multicolored clique in the
graph G.

3. Tokens placed in Kj,qex impose constraints on the movements of tokens within V.

These properties collectively enforce the requirement that any sequence of moves transforming

I to J must proceed in the following four phases:

Phase 1: The green box, labeled V', encodes the vertices of the original graph G. Transfer
all tokens from I,k to V, ensuring that at the end of this phase, their configuration
encodes a multicolored clique in G.

Phase 2: Move all tokens from Iipgex t0 Kindex- This transition fizes the configuration
of tokens within V', thereby preserving the clique structure throughout the remainder of
the process.

Phase 3: Once all tokens have exited Iiyqex, transfer the tokens from Kingex t0 Jindex-
Phase 4: Finally, with Kjygex now empty, move the tokens from V to Jpark.

Structure of the Model Tree 7. The model tree 7 is rooted at a central vertex ty, which
has k children labeled ¢y, to, ..., ¢;. An illustration is provided in Figure 7. For each i € [k],
the vertex ¢; has two children, denoted t¢ and #?. The reduction subdivides each edge t;t¢
and t;#% by inserting 2n — 1 intermediate vertices, thereby forming a path between ¢¢ and 0.
This path is denoted by T;, and it is used to encode the vertices in the part V; of the input
graph G.

Let V denote the set of all vertices in the subtrees rooted at {t1,¢s,...,tx}. The vertices
in V correspond to the vertex set V(G) of the input graph.

In addition to the k subtrees described above, two further children are added to the root g,
labeled ¢4, and t},. These vertices serve as parking locations for tokens at the beginning and
end of the reconfiguration process, respectively.

For each k' € [(g)], introduce two more children of to, labeled ¢{, and t{,. Furthermore,
for every pair ¢ < j € [k], add a child of ¢y labeled tg . We define the following sets:

k k .
Moo i= (e 1K € [(§)D0 Taewi= b 1K (5 Ko i= {0 11 <5 € D,
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Figure 7 The tree model used in the reduction to prove Theorem 4. The central vertex is to.
The vertices in the green rectangles are used to encode vertices in V(G). The purple rectangles are
parking structures for the initial and final independent set. The vertices in the blue rectangle are
index vertices, making all of them can only be moved if placements of tokens in the green rectangle
corresponds to a clique in V(G).

Note that I

index

and J7 .. are indexed over the integers k' € [(§)], while K., is indexed
by unordered vertex pairs (i,j) with ¢ < j. Each vertex tfj(- is associated with the collection
of edges in G having one endpoint in V; and the other in V;. In contrast, the sets I
I qex consist of (%) distinet vertices each.

Finally, for each k&’ € [(]26)]7 subdivide the edge tot!, by introducing an intermediate vertex
Eé,, and similarly subdivide the edge toti, by inserting Eg,. For each i < j € [k], subdivide

the edge totg by adding an intermediate vertex Efj(- .

and

Encoding the Vertices of G. To encode the n vertices in each part V; for i € [k], we
introduce two types of vertices into the graph G’. Recall that in the tree 7, the edges ¢;t¢
and t;? have each been subdivided by inserting 2n — 1 intermediate vertices.

Introduce n vertices u},u?,...,ul

intervals along the path from t¢ to t;, beginning with the interval between ¢ and the first
intermediate vertex. See Figure 8 for an illustration. Additionally, for every p € [n — 1],

. . 1
insert a connector vertex adjacent to both u? and u?*.

in G’, each corresponding to one of the n disjoint

Similarly, introduce n vertices w},w?, ..., w?

™ in G’ corresponding to the n disjoint

intervals along the path from ¢; to t¢, starting after the first intermediate vertex and
ending just before ¢2, as shown in Figure 8. As before, for every p € [n — 1], insert a
connector vertex adjacent to both w? and w?*.

Observe the following simplifications: If there are p tokens on the left-hand side of the path
T; (i.e., between t¢ and t;), it is safe to assume they occupy the vertices u},u?,... ,ul. If
this is not initially the case, the tokens can be repositioned to these vertices via valid token
sliding operations without affecting the configuration elsewhere in the graph. Analogously, if
there are p tokens on the right-hand side of T} (i.e., between t; and %), they can be assumed
—10+17 w?—10+27 D

...,w?. Finally, if tokens occupy u},u?, ... ul

to be located at vertices w;' i

1 2 ; . . .
and w?™ wPT? . wl, this configuration encodes the selection of the p™ vertex in V; as a

member of the multicolored clique.
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to

Figure 8 Adding vertices corresponding to vertices in V; to G’ when n = 5. Note that on the left
side, the indexing starts from the vertex farthest from ¢;, whereas on the right side, the indexing
starts from the vertex closest to t;.

Encoding the Edges of G. To encode an edge between the p'" vertex in V; and the ¢'"
vertex in V; (for p,q¢ € [n] and ¢ # j € [k]), we introduce a red vertex in G’ using the
construction described below. See Figure 9 for an illustration.

Insert a vertical line segment spanning from u? + (inclusive of the starting point of the

corresponding interval) to w! (inclusive of the endpoint of the corresponding interval)
along the subdivided path T;.

Similarly, insert a vertical line segment from uj—“ (including the starting point of its

interval) to w (including the endpoint of its interval) along the subdivided path Tj.
Add a horizontal line segment connecting the root ¢y to the vertex tfj(- in the set Kizzdex.
Connect these three line segments using a path that joins ¢; to ¢; via the root ¢y, thereby
embedding the structure within the topology of 7.

The red vertices added in this manner are referred to as H-type vertices, as each such

construction resembles a horizontally oriented letter “H”, augmented with a vertical connection
from the midpoint to the root tg.

te | | | | | | | | | | | | | | | | | | | | tb
i | N I N S S D E B R | N I N S S D E B R i

— — — — t’L — — — —

1 2 3 4 5 1 2 3 4 5
wooul wl o w
K
ti; O— Oto

T t; . :
te | | | | | | | | | | | | | | | | | | | | tl?
J | | | | | | | | | | | | | | | | | | | | J

B
2

n M m .4 5 T2 3
B 868 @ v v wi o wi o wf

Figure 9 Encoding the edge between 37 vertex in V; and 2" vertex of V;.

We denote the H-type vertex corresponding to the edge between the pt* vertex in V; and
the ¢*! vertex in V; by rii. These vertices facilitate the movement of tokens from the set
I7 tox t0 KT 4., and subsequently from K[ . to JI . .

To enable the first type of movement, we make the following additional modification:
Recall that each edge of the form tf](- to is subdivided by introducing an intermediate vertex Ef](- .

For each red vertex r{, extend its associated subtree to reach the corresponding interme-
diate vertex £f5 (or £5 if i > j).
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tf 4 tf 0

Figure 10 Parking Structure; nk many tokens can be parked in Jpark and Ipark each.

Auxiliary Vertices. We begin by describing the parking structures. Two such structures are
added to the graph G’, constructed by subdividing the edges toth and tot}, respectively.

A path of nk blue vertices (representing disjoint intervals) is added between tq and t7, as
illustrated in Figure 10. These vertices are connected via (nk — 1) green vertices. This
structure enables parking of up to nk tokens in the component denoted by Jpark. An
analogous path of nk blue vertices, again connected by (nk — 1) green vertices, is added
between ty and tfg to form the parking structure Ipayk.

A purple auxiliary vertex b* is introduced with model {to,%1,t2,...,tt}. This vertex
functions as a bridge, facilitating the transfer of tokens from the path T; (for some i € [k])
provided a token can reach vertex t;.

We define the following sets: Ipark is the collection of vertices corresponding to the

subpath of T from tfp to tg, including tf; but excluding to; and Jpark is the collection of
vertices corresponding to the subpath of 7 from tng to tg, including tng but excluding .
Next, we describe the construction of the index sets lindex, Jindex, and Kindex:

For each k' € [(g)], add two vertices to G’ with models {t{,} and {t,, ¢1,}, respectively.
These are shown as dark blue and orange intervals (respectively) in Section 3.2.

For each pair i < j € [k], introduce a vertex g;; with model {t/5,¢/5}. These are
represented as green vertices in Section 3.2.

For each &' € [(£)], add a vertex py with model {t,,¢{,}. These are depicted as purple

vertices in Section 3.2.

We now define the index sets as follows:

k

Lindex := {EI/ | ke [<2

>]}a Jindcx = {Pk/ ‘ k/ S [(];:)]}7 Kindox = {glj | 1 <j S [k]}

We now describe the construction of additional components that restrict the movement

of tokens in the graph G’.

Add a vertex, denoted Cy, corresponding to a star-shaped structure centered at ty. This
vertex covers all vertices along the paths from ¢ to tL, and from ¢, to £, as well as the
paths from to to each ¢{, for k' € [(g)] This vertex is depicted as the cyan vertex in
Section 3.2 and is referred to as the first choke-type vertex.

Finally, we introduce additional vertices to assist the movement of tokens from Kj,gex t0

Jindex, assuming the input is a YEs-instance of MULTICOLORED CLIQUE.

For each i < j € [k] and each &’ € [(5)], add a connector vertex ¢/ corresponding to the

subtree induced by {£f5,to, £{,}. This construction is shown in Section 3.2.
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t,

towards V'

index

Figure 11 Adding the Auxillary vertices.

This completes the construction of the graph G’. The initial independent set is defined
as I := Lindex U Ipark, and the target independent set is defined as J := Jindex U Jpark. The
reduction returns the instance (G’,I,J) of TS-REACHABILITY.

In the following two lemmas, we demonstrate the correctness of the reduction and the
proof is given in the full version

» Lemma 10. If (G, (V1,Va,..., Vi), k) is a YES-instance of MULTICOLORED CLIQUE, then
(G',1,J) is a YES-instance of TS-REACHABILITY.

» Lemma 11. If (G',1,J) is a YES instance of TS-REACHABILITY then
(G, (V1,Va, ..., Vi), k) is a YES instance of MuLTiICOL CLIQUE.

Lemma 10 and Lemma 11 implies that the reduction is safe. This, along with the fact
that the reduction works in polynomial time and the leafage ¢ of the chordal graph G’ is
3- (’2“) + 2k + 2 implies the proof of Theorem 4.

4  Conclusion

In this article, we studied the TOKEN SLIDING CONNECTIVITY and TOKEN SLIDING REACH-
ABILITY problems when the input is restricted to a chordal graph. We prove that both
these problems are para-NP-hard when parameterized by the maximum clique-degree of the
chordal graph. This answers the open question posed by Bonamy and Bousquet [7]. We then
consider the complexity of the problems when parameterized by the larger parameter “leafage”
and prove that TOKEN SLIDING CONNECTIVITY and TOKEN SLIDING REACHABILITY are
co-W[1]-hard and W([1]-hard, respectively. We conjecture that both these problems admit
an XP-algorithm, i.e., an algorithm with running time n/(®), when parameterized by the
leafage. This is a challenging task as only recently, Francis and Prabhakaran [18] managed
to generalize the tree-based algorithm to block graphs using fairly technical arguments. It
would also be interesting to investigate whether well-partitioned chordal graphs, introduced
in [1], can be used to narrow down the complexity gaps for these problems.
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