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—— Abstract

The wvisibility graph of a set S C R? is the graph whose vertices are the points of S, with two points
x,y connected by an edge if and only if they see each other in S, that is, if the segment xy is
contained in S. The edge density of this graph is known as the Beer index of S.

Previously, it has been shown that a simply connected set S C R? of unit Lebesgue measure
with Beer index 8 > 0 contains a convex subset of measure Q(3); in particular, for visibility graphs
of simply connected sets, a positive edge density 8 > 0 implies the existence of a clique containing
an Q(f)-fraction of all vertices. The simple-connectivity assumption cannot be omitted, as there are
non-simply-connected sets with Beer index 1 and no convex subset of positive measure.

Nevertheless, in this paper, we extend the above result to non-simply-connected sets, by showing
that a visibility graph with large edge density contains a triangle with large convex hull. More
precisely, we show that a set S C R? of unit Lebesgue measure with Beer index 3 > 0 contains three
pairwise visible points whose convex hull has measure Q(3°). If in addition S is an open domain
with K holes, then S contains three pairwise visible points with convex hull of measure Q(5/K) as
well as a convex subset of measure Q(3/K?).
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1 Introduction

Let S C R? be a set, and let z and y be two points of S. We say that 2 and y see each other
if the segment connecting them is a subset of S. This relation is conveniently represented
by the wvisibility graph of S, denoted Gg, which is the graph whose vertex set is S with two
vertices connected by an edge if and only of they see each other.

The interplay between the properties of Gg, such as its independence number or its
clique-cover number, and the geometry of the set S have been the topic of a long line of
research [8, 11, 14, 15, 17]. In this paper, we focus on the edge density of G, which is known
as the Beer index of the set S and denoted b(.S). Equivalently, b(S) can be understood as
the probability that two points of S chosen uniformly and independently see each other.

The Beer index has been introduced and thoroughly studied by Beer [4, 5, 6] in the 1970s
under the name “index of convexity”, and later independently considered by Stern [21].

The Beer index has been previously studied from a computational perspective: Rote [18]
has shown that the index can be computed in polynomial time for a polygonal set (possibly
with holes) with boundary consisting of n segments, by expressing the index as a sum of
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O(n?) values of a specific function described by a closed form expression involving logarithms,
which can be evaluated numerically. Later, Rote [19] remarked that the bound can be
further improved to O(n”). A preprint by Abrahamsen and Fredslund-Hansen [1] presents
a different algorithm, with time complexity O(n?), which expresses the Beer index as the
sum of O(n?) (more complicated) closed form expressions. Meanwhile Buchin, Kostitsyna,
LofHler and Silveira [9] have considered an analogue of the Beer index defined with respect to
a non-uniform probability distribution, and found an efficient way to approximate it.

The Beer index is also crucial in the analysis of certain geometric algorithms. For
instance, Cabello, Cibulka, Kyn¢l, Saumell and Valtr [10] developed a probabilistic near-
linear algorithm that approximates the largest convex subset of a given convex polygon — a
problem known as “the potato-peeling problem” [13]. A crucial step of their analysis is a
result that shows that the Beer index of a polygon can be used to bound from below the size
of the largest convex subset in a polygon.

The relationship between the Beer index and the existence of large convex subsets has
been generalized and tightened by Balko, Jelinek, Valtr and Walczak [3], who showed that a
simply connected set S C R? of unit measure contains a convex subset of measure Q(b(9)).
They also made a series of conjectures pointing towards possible generalisations of their
results to sets that are not assumed to be simply connected. For such sets, it is not in
general possible to claim that positive Beer index implies large convex subsets — indeed, as
we will see, there are sets with Beer index equal to one and no convex subsets of positive
measure. However, Balko, Jelinek, Valtr and Walczak conjectured [3, Conjecture 4.5] that
in an arbitrary planar set S of unit measure, a positive Beer index implies that S contains
a large “hollow triangle”, that is, it contains the boundary of a triangle whose area can be
bounded from below by a function of the Beer index.

As our first main result, we confirm this conjecture. While this result applies to arbitrary
planar sets satisfying only basic measurability assumptions, we also focus on sets that possess
a more explicit combinatorial structure, namely bounded open sets with a fixed number of
compact holes. The number of such holes gives us a convenient measure of how far a given
set is from being simply connected, and we obtain bounds on the size of both hollow and full
triangles contained in such a polygonal set, as a function of the Beer index and the number
of holes.

One of our motivations for the study of the Beer index stems from the goal of understanding
which graph-theoretic properties distinguish visibility graphs from general graphs. Visibility
graphs may contain an arbitrary finite or countable graph as an induced subgraph. However,
we conjecture that their subgraph densities are far from arbitrary. Specifically, we conjecture
that a visibility graph with positive edge density must also have positive triangle density. In
other words, a triple of points chosen uniformly from a set S with positive Beer index will
see each other with positive probability. This contrasts with general graphs, which may be
triangle-free while having edge density up to %

Our result on high Beer index implying a large hollow triangle is a weaker version of the
above conjecture, since it is known [3] that a positive triangle density in the visibility graph
implies the existence of large hollow triangles.

To state our results precisely, let us begin by introducing the necessary terminology.

2 Definitions and Results

Recall that two points z,y of a set S C R% see each other if the closed segment with endpoints
x and y is a subset of .S; this is denoted by = L y, or just & ~ y if S is clear from the context.
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The wvisibility set of a point x in a set S C R? is the set
Vis(z) = {y € $; « 2y},
and the segment set of S C R is the set
Seg(S) = {(z,y) € S x S; x ~ Yy}
For ease of notation, we use the following indicator function for subsets X,Y of S:

1 ifz~yforeveryre X andyeY

0 otherwise.

HXNH:{

When writing out small sets explicitly, we omit the curly braces and write, e. g., I(x
Y1, Y2, y3) instead of I({SE} ~ {ylv Y2, y3})

For a set S C R?, we let A\(S) denote the d-dimensional Lebesgue measure of S. We
refer to it simply as “the measure of S”. We implicitly assume that all the random choices
we use are performed with respect to this measure, and all the integrals are evaluated with
respect to it. Let E[f] denote the expectation of a random variable f.

For a set S C RY of positive finite measure, we define the Beer index b(S) as the probability
that two randomly independently chosen points of S see each other, or in other words

b(S) = EqyesI(x ~ / / (x ~y)dedy )‘253\((18(?)(5))'

Note that the Beer index can equivalently be viewed as the average normalized measure of
the visibility set, i.e.,

b(S) = Eyes Pdg(iz()x))] _ )\d(lS)Q /S Aa(Vis(z)) da.

In particular, if b(S) is defined for a set S C R?, it means that both S and Seg(S) are
measurable. Moreover, for almost every x € S the set Vis(z) is measurable as well, and the
function x +— Ag(Vis(z)) is also measurable.

The Beer index of a set S C R? can also be seen as the edge density of the visibility graph
Gg of S, which is the graph whose vertices are the points of S and edges connect the pairs
of vertices that see each other. The p-component of S (which is short for “polygonal path
connectivity component of S”) is the vertex set of a connected component of the visibility
graph of S, or equivalently, any maximal subset of S in which any two vertices can be
connected by a piecewise linear curve contained in S.

Following standard terminology, we say that a set S is path-connected if any two of its
points can be connected by a curve contained in S. The path-components a set S are its
maximal path-connected subsets. The path-components in general form a coarser partition
of a set S than the p-components. For instance, a circle consists of a single path-component,
while its visibility graph is edgeless and therefore each p-component contains a single point.

A set S is simply connected if it is path-connected and any closed curve in S can be
contracted to a point. We say that a set is p-componentwise simply connected if each of its
p-components is simply connected. The following theorem is one of the main results of [3].

» Theorem 1 ([3, Theorem 1.3]). Every p-componentwise simply connected set S in the plane
of unit measure contains a convex subset of measure 2(b(.S)).
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Note that a simply connected set is also p-componentwise simply connected, hence Theorem 1
applies in particular to any simply connected set S.

Any convex set in the plane contains a triangle covering a constant proportion of its
measure; specifically, Blaschke [7] showed that any convex set C' C R? contains a triangle of
measure at least %)\2(0). Thus, the following is an equivalent version of Theorem 1.

» Corollary 2. FEvery p-componentwise simply connected set S in the plane of unit measure
contains a triangle of measure Q(b(S)) as a subset.

Note that the linear dependency on b(S) in Theorem 1 and Corollary 2 is in general best
possible, as shown by the example of a set S which is the union of N disjoint convex sets,
each of measure %

Our motivation is to extend Theorem 1 and Corollary 2 to sets which are not simply
connected. One cannot, however, simply drop the simple-connectivity assumption, as shown
by the set [0,1] x [0,1] \ (Q x Q) which has Beer index 1 and no convex subset of positive
measure.

One possible way to generalize Corollary 2, which has been previously suggested as a
conjecture [3], is to consider hollow triangles instead of triangles. A hollow triangle is the
boundary of a triangle, that is, a union of three segments xy, yz and xz, for a triple of points
x,1y,z. The size of a hollow triangle is the measure of its convex hull. Note that hollow
triangles correspond precisely to the subgraphs of the visibility graph Gg isomorphic to the
complete graph Kj.

Our first main result confirms that such a generalization is possible, at least in a qualitative
sense:

» Theorem 3. A set S in the plane of unit measure with b(S) > 0 contains a hollow triangle
of size at least Q(b(S)?).

The proof of this theorem appears in Section 3.

The bound of Q(b(S)?) in Theorem 3 is likely far from best possible; in fact, we conjecture
that it might be replaced by a linear bound to match Theorem 1 and Corollary 2. To bridge
the gap between the quantitative bounds for general sets and for simply connected sets, we
focus on sets that have only a bounded number of holes in them. Formally, for an integer K,
a K-hole set is a set S that can be expressed as

S=P\(HHUHyU---UHg),

where P is a bounded, open and simply connected subset of R?, while Hi, ..., Hx are
pairwise disjoint closed and simply connected subsets of P, which we call holes.

Thus, K-hole sets represent a convenient relaxation of simply connected sets, and we will
show that they contain both hollow triangles and convex subsets whose size can be bounded
in terms of b(S) and K. Specifically, we obtain the following results:

» Theorem 4. A K-hole set S of unit measure contains a hollow triangle of size Q(b(S)/K).

» Theorem 5. A K-hole set S of unit measure contains a conver subset of measure

Q(b(9)/K?).

The proofs of these two theorems appear in Sections 4 and 5, respectively. As a tool in
the proof of Theorem 5, we prove the inequality b(S \ ) > b(S)/4, where S is any set with
positive Beer index and ¢ is any line. This shows that the Beer index of a set cannot decrease
arbitrarily after cutting it by a line. This result, which might be of independent interest, is
stated as Theorem 9.
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3 Large Hollow Triangles in Arbitrary Sets

In this section, we present the proof of Theorem 3. Before we prove the theorem, we first
state and prove two auxiliary results.

We remark that the proof of the next lemma uses a similar idea as the proof of the more
general Theorem 1.5 from [3].

» Lemma 6. Let S C R? be a set of unit measure and x,vy,z a triple of points chosen
independently uniformly at random in S. Then for any § > 0, the probability that the convex
hull of {x,y, 2z} has measure at most ¢ is at most 120.

Proof. Let S be as above, and let 6 > 0 be fixed. For a pair of points z,y, let |xy| denote
the length of the segment xy.

Let T = {z,y, 2} be a set of three distinct non-collinear points in S. We say that the
ordered triple (x,y, z) is the canonical permutation of T if the following conditions hold:

2yl > y2| and |zy| > |2z], and

the triple (z,y, z) is a counter-clockwise triple.

Note that any non-collinear three-element set 7' C .S has at least one canonical permutation.
In fact, this canonical permutation is unique, unless T forms an isosceles triangle.

Let us say that a set of points T' = {z,y, 2z} is small if its convex hull has measure at
most §. Fix now any two distinct points z and y of S. We claim that for a point z chosen
uniformly from S, the probability that (x,y, z) is a canonical permutation of a small triple is
at most 26.

L
Z//

Figure 1 Rectangle R,, with 2’, 2’/ and 2"’ as invalid placements of 2.

To see this, consider a rectangle R,, with four vertices x,y,u,v in counter-clockwise
order, with |yu| = |zv| = %; see Figure 1. Note that R, has measure 20. We claim
that if (x,y, 2) is a canonical permutation of a small triple, then z belongs to Ry,. Indeed,
z must belong to the strip bounded by the line defined by yu and the line defined by zwv,
otherwise either zz or yz would be longer than xy. Moreover, z must form a counterclockwise
triple with (z,y). Finally, the distance of z from the segment zy must be no more than
é—g‘ in order for the set {x,y, z} to be small. We thus conclude that for any fixed pair of
points z,y € S, and a uniformly randomly chosen point z, the probability that (z,y, z) is a
canonical permutation of a small triple is at most 24.

It follows that when x,y, z are all chosen uniformly independently in S, the probability
that (x,y, z) is a canonical permutation of a small triple is at most 20. Finally, if x,y, z are
again chosen uniformly independently from S, the probability of the set T' = {z,y, z} being
small is at most 126, since T’ can only be small if at least one of its six permutations is a

canonical permutation of a small triple. <
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Our next lemma is a variant of a known extremal result on the density of bipartite
subgraphs. It can be viewed as the special case of Sidorenko’s inequality for the complete
bipartite graph K3 3 [20], based on ideas that can be traced at least to Erdés and Moon [12],
and also appear in a more direct way in a paper by Alon [2]. We include the simple argument
here, to keep the presentation self-contained.

» Lemma 7. Let S C R? be a set of unit measure with b(S) > 0. Let (x1,T2,73,Y1,Y2,Y3)
be a siztuple of points chosen uniformly independently from S. Then, with probability at
least b(S)?, each of the points x1,xa, w3 sees all the points y1,Ya,y3-

Proof. Throughout the argument, any random choice of a point x € S is assumed to be
uniform with respect to the Lebesgue measure, with different points chosen independently of
each other. Fix a set S satisfying the assumptions of the lemma.

Notice that the expectation E, ,eg[I(x ~ y)] is simply the probability that two random
independent points in .S see each other, or in other words, the Beer index of S. Our goal is
to find a lower bound for By, 25 25.41.90.use5L(T1, T2, T3 ~ y1,Y2, y3)], which is exactly the
probability that each of the points x1, 2, 3 sees all the points y1, Yo, y3.

We will repeatedly use the fact that the function x — z3 is convex for > 0, and in
particular, if f is a non-negative random variable, then E[f3] > (E[f])® by Jensen’s inequality.

Observe that

Eyrysuses (@ ~y1,92,93)] = Eves [Ey ys ysesI (@ ~ y1,92,93)]]
3
= Eqses [Ey1,yz,y363 [H I(Z‘ ~ yl)]]
i=1

= Eves [(ByesI(z ~ y)))*]

> (Epyes[I(@ ~ y)])°

= b(S)37
where the first equality follows from the Fubini-Tonelli’s theorem, the second follows from
the definition of I(-), the third follows from the independence of the y;, and the subsequent
inequality follows from the convexity of z + 22, as noted above. The final equality follows

from the definition of b(S) and I(-).
In a similar fashion, we see that

Efl,$2,I3,y17y2793€S[I(3§17 x2,T3 ~ Y1,Y2, yS)]

= Ey1,y2,y365 [E$1a$27ﬁ365[1(l‘17 T2,T3 ~ Y1, Y2, y3)”
3
=Ey, y2,y5€8 lEr1,$2,z3€S |J:[ I(xi ~ y1,92, yS)‘|‘|
i=1

= Eypnnes | (Evesl(z ~ y1,92,3)))°)

(Ew,yuyz,yaes[l(x ~ Y1, Y2, 93)])3
b(S)?,

A\VARAY,

where at the last line we used the inequality derived in the previous paragraph. The lemma
follows. |

Proof of Theorem 3. Suppose S is a set of unit measure with positive Beer index. Consider
a random sixtuple X = (z1,xo,...,zs), where the x; are chosen uniformly independently
from S. By Lemma 7, with probability at least b(S)? every point in {z1, 22,23} sees all the
points in {4, x5, 26}
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Let us now define § = 23_(%2);)1. By Lemma 6, for every triple of indices T' C {1,2,...,6},

the probability that the convex hull of the set {z;; ¢ € T'} has measure at most ¢ is at most
126. Thus, with probability at least b(S)? — (g) 126 = b(9) — 20 - 126 > 0, the random
tuple X = (z1, 9, ...,2s) has the property that every point in {z1, 22, z3} sees all the points
in {z4, 25,76} and moreover, any three points from X have a convex hull of measure at
least 0. Let us fix one specific choice of X = (z1,...,x6) with these properties.

Set X' = {z1, 22,25} and X" = {x4, x5, 26}. Consider all the nine segments that connect
a point from X’ to a point from X”. We know that all these segments are contained in S.
Since the graph K3 3 is non-planar, at least two of these segments cross each other. Suppose,
without loss of generality, that the segment xjx5 crosses the segment xox4. Let y be the
crossing point of the two segments. It follows that the boundaries of the two triangles x4y
and xoxsy are contained in S, and it remains to show that at least one of these two triangles
has large measure; see Figure 2.

16— — — — — — — )

Figure 2 The triangles x1x4y and x2xs5y.

Let p1, pa2, u3 and py denote, respectively, the measures of the triangles x1x4y, T4x5Y,
Tox5y and x1x2y. Note that by our assumptions on X, all the sums w1 + po, po + s, p3 + pig
and py + pg are greater than or equal to 9.

Moreover, we have the identity pq 13 = popg. To see this, let do and dy4 denote, respectively,
the distance of x5 and x4 from the line through z; and x5, and notice that

1
Hipz = 1|5€1Z/| syl - da - dy = popi.
From this identity, it follows that max{x1, us} > min{pse, pa}. Since we also know that

max{1, g} + min{pug, pa}t > 4,

we conclude that at least one of the two triangles x1x4y and xox5y has measure at least

b(8)° :
S = m, completing the proof. <

4 Sets with Few Holes and Large Hollow Triangles

We now prove Theorem 4, which states that a K-hole set .S of unit measure contains a hollow
triangle of size Q(b(5)/K).

Proof of Theorem 4. Let S be a K-hole set of unit measure, let Hy, ..., Hg be the holes of
S, let §; be the boundary of H; for i =1,..., K, and let §; be the boundary of the original
simply connected set P=SUH; U---U Hg.

We will remove from S a collection of K segments X7,..., Xk in such a way that the set
ST =8\ (X1U---UXk) is simply connected. To find the segments X1, ..., Xk, we proceed
as follows: as long as the set S has at least one hole, draw a line ¢ that intersects at least two
boundary components among the dg, ..., x, and choose a minimal segment X; contained

15:7
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in ¢ whose endpoints belong to distinct boundary components ¢; and J;. By removing X;
from S, the number of holes decreases by one, and repeating this process K times, we obtain
the segments X1, ..., Xx with the stated properties.

Recall that Seg(S) is the segment set of S, that is, the set {(z,y) € S x S; = ~ y},
and that )y is the Lebesgue measure in R?. Consider the subsets Yo, X1, ..., Sk of Seg(S)
defined as follows: 3¢ = Seg(S™), and fori =1,..., K,

Y = {(z,y) € Seg(9); the segment zy intersects X;}.

Clearly Seg(S) = Ufio Y;. Fix j € {0,..., K} so that ¥, has the largest measure among the

Yo,..., 2k In particular, we know that A\y(X;) > ?((—f_)l.
Consider first the case of j = 0. Then b(S™) > %7 and we may apply Theorem 1

to the set S~ to conclude that S~ (and therefore also S) contains a convex subset C' of
measure Q(Llf)) By the result of Blaschke [7] mentioned in Section 2, any convex body C

in the plane contains a triangle of measure at least %)\2 (C) and the theorem follows.

Figure 3 Illustration of the proof of Theorem 4. The gray polygons represent the holes of S.

Suppose now that j > 0. Let ¢ be the line containing the segment X;, and let d(zx, £)
denote the distance of a point x to the line £. We will say that a pair (z,y) € X; is positive
if d(z,€) > d(y,?), and we let E;r denote the set of all the positive pairs in ;. Clearly

)\4(Ej') = IM(Z) > 217}((‘1)2. For a point # € S, we further let Vis*(x) denote the set

{yes; (z,y) € Ej'} By Fubini’s theorem, we have

b(S)

Ao (VisT de = M(EF) >

Les 2(Vis™(w)) dv = () 2 5775,

from which we can conclude that there is a point z € S with \o(Vis™ (z)) > 2’}((?2. Let us

fix, from now on, one specific point  with this property.

Without loss of generality, we may assume that the line ¢ is vertical and x is to its left;
refer to Figure 3. Let uv be the minimal closed segment contained in X; that contains all the
points of X; visible from z in the set S. In particular, for any (x,y) € E?, the segment xy
crosses X inside uv.

Furthermore, let ¢/ be the vertical line to the right of ¢, whose distance from ¢ is equal
to d(x,£), and let v/ and v’ be the points where the line ¢ is crossed by the lines through

ru and zv, respectively. By construction, any point y € VisT(z) is contained inside the
b(S)
2K+2°

trapezoid uvv’u’, and in particular, the trapezoid has measure at least
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Let T denote the triangle zuv and T” the triangle zu'v’. The measure of T' is one quarter
of the measure of 7", and hence one third of the measure of the trapezoid uvv’v’. It follows
that \y(T) > 61}((“1)6. Unfortunately, the boundary of T is not necessarily contained in .S,
since the two segments xu and xv may contain points from the boundary of S. However,

by the minimality of the segment uv, we know that uv contains points visible from z that
are arbitrarily close to u as well as to v. We therefore choose a segment u*v* C wv with the
property that both «* and v* are visible from x and the measure of the triangle T* = zu*v*
is at least 0.99\(7T'), which is at least 06913%5)
this completes the proof. <

. Since the boundary of T is contained in S,

We remark that the argument in the proof of Theorem 4 can be applied more generally
to any set S of unit measure that can be made p-componentwise simply-connected by
removing K segments.

5 Sets with Few Holes and Large Convex Subsets

In this section, we will prove Theorem 5, which states that a K-hole set S of unit measure has
contains a convex subset of measure Q(b(S)/K?). The proof will require some preparation.

Our general strategy is to show that a K-hole set S can be iteratively partitioned by
O(log K)-many cutting lines in such a way, that one of the pieces S, of the partition has

simultaneously large measure, large Beer index and is p-componentwise simply connected.

By applying Theorem 1 to S, we will obtain the required convex subset.

For an affine hyperplane p C R, we let Hg' and H, denote the two open halfspaces
determined by p, that is, the two components of R¢ \ p. For an outer measure p and a
set X C R? with w(X) finite, we say that a hyperplane p is a halving hyperplane of X (with
respect to ), if W(X N HY) = w(X N H,).

Our first ingredient in the proof of Theorem 5 is the following standard corollary! of a
generalization by Stone and Tukey [22] of the famous Ham Sandwich Theorem. An outer
measure is a countably subadditive function u: 28" — [0, +00] which satisfies u() = 0.

» Theorem 8 (Ham Sandwich Theorem). For any outer measure pi, any d subsets of R? of
finite measure under p have a common halving hyperplane.

Our next main ingredient in the proof of Theorem 5 is a general inequality showing that
in a set S C R? with positive Beer index, cutting S by a line must preserve a constant
proportion of visibility segments. We believe this result is of independent interest and state
it here as a theorem.

» Theorem 9. Let S be a bounded measurable set in the plane and let ¢ be a line. Then
b(S\ ¢) > b(S)/4. Consequently, if ¢ is a halving line of S, separating it into two subsets Sy
and Sz of equal measure, then max{b(S1),b(S2)} > b(S)/2.

Proof. Our approach consists of bounding from below the probability that two points p, g
chosen at random are on the same side of the line /. Rather than considering the two
points p, ¢ directly, we first fix the line ¢’ passing through the two points, and then analyze
the possible choices of p and ¢ in £/ N.S. We then show that for any fixed ¢, the probability
that p and ¢ on ¢’ see each other in S but are on different sides of £ is at most %.

! Following the notation of Stone and Tukey [22], R = R"™ and f(A,x) = (A, ) is the scalar product.
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There are, however, important technical subtleties involved in the idea above. For instance,
the choice of two independent uniformly random points (p,q) € S x S in general cannot be
performed by choosing a random line ¢/ and then two independent points p,q in SN ¢, no
matter what probability distribution we use to choose a random line ¢/ and a random point
in SN#. To see this, consider a simple example when S is the unit disk, and fix a small
€ > 0. The probability that two random points p, ¢ in S have distance at most ¢ is at most
€2, since the e-neighborhood of any point covers at most an e2-fraction of S. However, for
any line ¢’ and a pair of points p, g chosen independently from any distribution on the chord
SN ¥, the points p and ¢ will be within the distance of € with probability Q(g) — this is
because the chord can be covered by [2/e] intervals of length e, and with probability Q(e)
the points p and ¢ will end up in the same interval.

Thus, we need to keep in mind that within the set S N ¢, we are not choosing p and
q independently. In fact, as our calculation will soon show, the probability of a pair (p, q)
being chosen is proportional to the distance of p and gq.

i
n

o\ sin

T COS (¢

—a
0 0 \k

Figure 4 Examples of a line £’ parametrized by its angle o € (—7/2,7/2] and signed distance
r € R, one of them with positive and one with negative a.

«

We will parametrize the line ¢/ by the angle @ € (—7/2,7/2] = arctanm of its slope
m € (—o0,00] and its signed distance r € R from the origin, that is, |r| is the distance from
the origin to the nearest point n = (ny,ng) € ¢/, whereas the sign of r is positive if and only
if ng > 0 or if no = 0 and n; > 0. See Figure 4 for illustration. It follows that n; = —rsin «
and ny = rcosa. In the following, we will use a change of variables on the set X from the
coordinates of p,q € X to the parameters of the line ¢’ that contains p and g as well as their
corresponding places = and y on the line so we can define b,/ (X), the contribution to Beer
index of X from all the pairs of points on ¢/. The change of variables for a pair of points
p = (p1,p2) and ¢ = (q1,g2) is described by the following equations:

p1=n1 +xrcosa=xcosa—rsina
pa =Mng + xrsina = xrsina + rcosa
q1 =n1+ycosa=ycosa—rsina

g2 = N2 +ysina = ysina + rcos a.

We have to calculate the Jacobian J of this coordinate transformation and the absolute
value of its determinant:

CoSs & 0 —sina —zsina —rcosa
J sin o 0 COSs & T cosa — rsina
0 cosa —sina —ysina —rcosa

0 sina  cosa ycosa — rsina
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0 cos o rcosa —rsina
|det J| = |cosadet | cosa —sina  —ysina — rcosa
sina  cos«a ycosa — rsin

0 —sina —zsina —rcosa

—sinadet [ cosa —sina —ysina —rcosa

sina  cosa ycosa — rsina

_ cosa —ysina —rcosa
= [(—cos®’a —sin® @) det | .
sina  ycosa —rsina

+ cosa(zxcosa — rsina) — sina(—xsina — 7 cos @)

=|-y+al

This coordinate transform allows us to express b(X) as follows:

//// ((p1,p2) Q17Q2))dp1dp2dCI1d(J2
X
:/ ///I(pwq)|x—y|dxdydrda
= JrJRJR

2

— / / ber (.0 (X) dr day,
,% R

where b/ (r,q) = [z Jo I(p(z,7, ) X q(y,r,a))|x — y|drdy. In a sense, this proves that

if we take two elemenm at random from a set X, the likelihood that they have distance d,

given that they lie on a common line ¢, is proportional to d.

First assume SN¢ = [0,a+b] and SN\ £ =[0,a) U (a,a + b]. We use the following
equality:

z pz zZT7 ry z
/ / |x—y|dxdy=/ / y—xdx+/ x—ydx} dy
0 0 0 LJO Yy

r 2 2
. ¥ 2y
L L =y d
y 5 t5 5 y(z yﬂ Yy
3 3 3

2'Z2 0
2yz+y} dy =

Il
c\o\gz

+

z z z
2 2 3

w

z
3 .

With this we compute

a-+b a-+b b 3
bw(S):/O /0 |z —y|dedy = (a—g ) and

be\0= [ [ 1@ Ny e - ylastay
nerJSne’

a+b
/ |x—y|dxdy+/ / |z —y|da dy
0

|x—y|dxdy+//|a:—y\dmdy
0
b3

5

w|f o~ o\ m\
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3
By the general mean inequality, {/ @ > “T'H’ and thus a® + b3 > %. We conclude

a® + b3 - (a+b)?
3 T 3.4

b (S ) = = The(S).

Of course it can happen that S N ¢ is not an interval or that it does not intersect /.
However, there is no difference in visibility between S and S\ £ if 2 and y are not chosen
from an interval that does. More precisely, let I be the connected component of SN ¢ that
¢ intersects, p; the probability that both = and y are chosen from I and py < 1 — p; the
probability that none of them is from I. Observing that x and y do not see each other if
exactly one of them is from I, we get:

ber(S\ ) = prbyer (1\ €) + pabyer (S \ 1) > ELbyor (D) + pabier(S\ 1)
> i(ﬁlb\e'(f) + p2byp (S\ 1)) > ibw(S)

We obtain the following bound using the monotonicity of the integral:

b(S\é):[iAb‘z,(r,a)(S\z) dr da

2

T or
2/2 /fbw(,.a)(S)drda
G

z
/2 / b|€/(r,a)(s) dr da
- R

This proves the first inequality of the theorem.

For the second inequality, let ¢ be a halving line of S and let S7, Ss be defined as
in the statement. Then Seg(S \ £) = Seg(S1) U Seg(S2). Without loss of generality, let
A1(Seg(S1)) > Aa(Seg(S2)), that is, b(S1) > b(S2). It follows that

b(S) B A4(Seg(S\ 9)) B A1(Seg(S1)) + Aa(Seg(S2))
5 < 26(5\ ) =2 A2 (S)2 =2 (A2(S1) + A2(52))?
2X4(Seg(S1)) _ Aa(Seg(S1)) _
<2 (2)\2(51))2 = )\2(51)2 = b(Sl) |

With this preparation, we may finally present the proof of the main result of this section.

Proof of Theorem 5. Let S be a K-hole set with holes Hy,..., Hx C R2, and let P denote
the union of S and its holes.
First, we will define an outer measure p with the following properties:

w(H;) =1 vie{l,...,K},
u(R?\ P) =0,
p(X)=X(X) VX CS.
Note that these properties do not require that S has unit measure. This is important, as we

will later want to apply the following construction to subsets of S with smaller measure. To
define p, we choose a point h; € H;,i € [K] in each hole. We then define

H(X) = Ao(X N8) + |X O {ha, hoy . i
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It is easily checked that this function is non-negative, countably subadditive and 0 on
the empty set, and thus an outer measure of total measure j(R?) = K + A\2(S). Thus
the measures of both S and Uie[K] H; =: H are finite. By the Ham Sandwich Theorem,
there is a line ¢, such that y agrees on the intersection of both S and H with the two open
half-planes Hj, H, defined by ¢. In particular, £ is a halving line of S. By Theorem 9,
max{b(51),b(S2)} > b(S)/2, say S1 = SN H,/ is the set with larger Beer index. Further, we
know that |S1 N {h1,...,hx}| < K/2, and in particular, at most | K /2] holes are contained
in Sl-

Note that the line ¢ may cross some of the holes, possibly multiple times, and the sets 57
and S need not be connected. Nevertheless, any p-component of S; that does not contain
any closed curve surrounding any of the holes of .S is necessarily simply connected.

By repeating the above procedure |log, K| times, we arrive at a set S, that is p-
componentwise simply connected, and satisfies the following properties:

b(51) b(S1) _ b(S1) _ b(S)
b(8.) 2 ... 2 Sllo, K] = 9log, K~ K 2K
)\2(5*) - )\2(51) > )\2(51) _ )\2(51) _ )\Q(S) _ 1

v

, and

2llog, K] = glog, K K 2K 2K’
By applying Theorem 1 to a suitably scaled version of Sy, we find that this set contains a
convex subset of measure Q(b(S,)A2(S)) = Q(b(S)/K?), as claimed. <

We do not know if the estimate from Theorem 5 is best possible, and in fact, we do not
believe it is. Our best upper bound, i. e., an example of a K-hole set with no large convex
subset, is obtained from known constructions of e-nets for convex subsets of the unit square.
Specifically, it is known [16] that for any € > 0 there is a point set H C (0,1) x (0,1) of size
K =0 (%log (%)) with the property that the K-hole set (0,1) x (0,1) \ H has no convex
subset of measure more than ¢, i. e., its largest convex subset has measure O(log K/K).

6 Open Problems and Future Work

6.1 Tightening the Bounds

Our Theorem 3 shows that a planar set S has a hollow triangle of size Q(b(S)?). The degree-9
dependency is probably far from optimal. The following conjecture is a generalization of
Corollary 2, which improves the bound Q(b(5)?) of Theorem 3 to a linear bound.

» Conjecture 10. Fvery set S in the plane of unit measure contains a hollow triangle of
size Q(b(S)) as a subset.

Theorem 5 involves a quadratic dependency on K, which is perhaps also not tight. Here,
a potential route to a smaller exponent is via an improvement of the constants in Theorem 9,
which states that b(S \ £)/b(S) > 1 for any line ¢, and max{b(S1),b(S2)}/b(S) > 1 when S
and Sy are the two “halves” of S when cut by a halving line. Neither the % nor the % are
known to be optimal.

The best upper bounds on these constants we are aware of are based on hourglass-shaped
sets cut by a vertical halving line, as depicted in Figure 5(a). The construction of the set
X begins by choosing a parameter « € (0, %), and constructing a hexagon X with vertices
(-1/2,0), (1/2,0), (1/2 — «,1/2), (1/2,1), (=1/2,1) and (—1/2+ «,1/2). We let £ be the
vertical halving line of X, and the set X \ ¢ consists of two symmetric halves Y and Y.

15:13
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For the simple choice of a = i, depicted in Figure 5(b), easy calculations show that
b(X) =12, b(Y) =&, and b(X \ ¢) = 4. Hence, b(Y)/b(X) = 15 and b(X \ £)/b(X) = £.
This choice of «, however, does not minimize the ratio. While we have not calculated
the exact minimum analytically, numerical approximations show that the smallest ratio
b(Y)/b(X) = 0.81 is attained for o = 0.42. We omit the details of the calculations here. The

value of 0.81 for b(Y)/b(X) is clearly far from the lower bound of § of Theorem 9.

T
I
Y : Y/ A / :\\ A/
: S N
! // : \\
SN "B B
| \\ | /
I \ I /
I NI
I NI
! c o
Ny
: Ny
(a) (b)

Figure 5 (a) The set X and its halves Y and Y’. (b) How to divide the set to compute b(X) and
b(Y) for a = 0.25.

6.2 Does High Beer Index Imply Many Hollow Triangles?

We have shown, in Theorems 3 and 4, that under various assumptions, a set with high Beer
index must contain a hollow triangle of large size. A natural way to further strengthen these
results, apart from improvements in quantitative bounds, is to show that large Beer index
guarantees a positive density of hollow triangles.

The triangle density t(S) of a set S is the probability that for three points z,y,z € S
chosen uniformly independently at random, every two of them see each other (in other words,
they induce a hollow triangle in .S).

Theorem 1 implies that for a simply connected set S, we have t(S) = Q(b(5)3). We
conjecture that this is true even without the assumption of simple connectivity, possibly with
a worse dependency between ¢(S) and b(S):

» Conjecture 11. There is a function f: (0,1) — (0,1) such that every set S C R? with
b(S) > 0 satisfies t(S) > f(b(9)).

Conjecture 11, if true, would imply that the subgraph densities in infinite visibility graphs
are more constrained than in general graphs. Indeed, a general graph may have edge density
up to % and triangle density 0, as witnessed by the complete bipartite graphs.

In fact, we are confident enough to make a stronger version of Conjecture 11, and
conjecture that the cubic bound we have for simply connected sets may hold without the
simple connectivity assumption.

» Conjecture 12. For any set S C R?, t(S) = Q(b(S)3) (provided b(S) and t(S) exist).

From Lemma 6, it follows that every set S of unit measure contains a hollow triangle of
size Q(t(9)), since more triples of points in S give hollow triangles than triangles of smaller
size. Thus, Conjectures 11 and 12 can be seen as attempts to further generalize Theorem 3,
by showing that instead of a single large hollow triangle, we can in fact guarantee a positive
density of hollow triangles, some of which are then necessarily large by Lemma 6.
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In fact, even the cubic bound in Conjecture 12 may still not be optimal. Consider, for an
integer n > 1, a set S consisting of n disjoint convex sets of measure % Clearly, b(S) = %

and ¢(S) = 25, providing an example of sets with ¢(S) = b*(S) as b(S) tends to 0. We are
not aware of any family of sets S with t(S) = o(b?(S)) as b(S) tends to 0.
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