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—— Abstract
We consider COLOURING on graphs that are H-subgraph-free for some fixed graph H, which are

graphs that do not contain H as a subgraph. To classify the complexity of COLOURING on H-
subgraph-free graphs for connected H, it remains to consider when H is a tree of maximum degree 4
with exactly one vertex of degree 4, or a tree of maximum degree 3 with at least two vertices of
degree 3. We let H be a so-called subdivided “H”-graph, which is either a subdivided Hp: a tree of
maximum degree 4 that is a star, or a subdivided Hj: a tree of maximum degree 3 with exactly
two vertices of degree 3. We develop new decomposition theorems resulting in polynomial-time
algorithms, and in combination with known results, fully classify all cases Hy and H;. To illustrate
the wider applicability of our techniques, we also employ them to obtain similar new polynomial-time
results for two other classic graph problems: STABLE CUT and, in part, FEEDBACK VERTEX SET.
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1 Introduction

For an integer k > 1, a k-colouring c of a graph G = (V, E) maps every vertex v € V to an
integer c(u) € {1,2,...,k} such that ¢(v) # c(w) for every two vertices v and w with vw € E.
The corresponding decision problem COLOURING has as input a graph G and integer k and is
to decide if G has a k-colouring. If k is not part of the input but a fixed constant, we denote
this problem as k-COLOURING. It is well known that 3-COLOURING is NP-complete [12].
This led to an extensive study of the complexity of COLOURING for special graph classes.

Most studied graph classes are hereditary, i.e., closed under vertex deletion. In particular,
Kral et al. [11] determined, for every graph H, the complexity of COLOURING for H -free
graphs, i.e., graphs that do not contain H as an induced subgraph. For connected H, this
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classification implies that COLOURING is polynomial-time solvable if H is an induced subgraph
of the 4-vertex path P, and NP-complete otherwise. The complexity classification becomes
much more involved for (Hy, Hy)-free graphs, see [6], and is not yet settled.

We consider monotone graph classes, which are not only closed under vertex deletion
but also under edge deletion, and in particular H-subgraph-free graphs, i.e., graphs that do
not contain some graph H as a subgraph. Every H-subgraph-free graph is also H-free, but
the reverse implication only holds if H is a complete graph. A range of graph problems
on partitioning, covering, network design, width parameter computation etc. can be fully
classified [8] on H-subgraph-free graphs (even on H-subgraph-free graphs for finite sets #) if
they satisfy the following three conditions:

polynomial-time solvable on graphs of bounded treewidth (C1)

NP-complete for subcubic graphs, i.e. graphs of maximum degree at most 3 (C2)

stay NP-complete under edge subdivision of subcubic graphs (C3).

However, COLOURING does not satisfy C2, as it is polynomially solvable for subcubic
graphs due to Brooks’ Theorem. Our research question is: Is it still possible to classify the
complezity of COLOURING for H-subgraph-free graphs? To get a handle on answering this
question, we restrict ourselves to connected H. Even with this restriction, the classification
is much more problematic than the classification for H-free graphs, as we now discuss.

1.1 Known Results

Emden-Weinert, Hougardy and Kreuter [3] (see also [11, 13]) proved that 3-COLOURING is
NP-complete for graphs of girth g+ 1 for every g > 3, which implies the same for H-subgraph-
free graphs if H has a cycle Cy. Hence, we may assume H is a tree. Garey, Johnson and
Stockmeyer [5] proved that 3-COLOURING is NP-complete for graphs of maximum degree 4, so
for H-subgraph-free graphs if H is a tree of maximum degree at least 5. A standard dynamic
programming algorithm (and also a result on clique-width [10]) shows that COLOURING is
polynomial-time solvable for graphs of bounded treewidth, and thus for H-subgraph-free
graphs if H is a subcubic tree with at most one vertex of degree 3 [17].

Golovach et al. [7] started a systematic study on COLOURING for H-subgraph-free graphs.
To explain their results, we first consider the trees of maximum degree at most 4 displayed
in Figure 1. For a graph F, a subdivided F' is a graph obtained from F' by subdividing each
edge zero or more times. The “H”-graph H = H; is the graph from Figure 2 that looks like
the letter “H”. For d > ¢>b>a > 1 and 7 > 1, a subdivided “H”-graph Hf’b’c’d is obtained
from H by subdividing the horizontal edge i — 1 times and the vertical edges a — 1, b — 1,
c— 1 and d — 1 times, respectively. For example, H = H%’l’l’l and T7 = H?’Q’g’z. For p >0,
let 7% be the tree obtained from Ty by subdividing p times the edge st, so T3 = Ts.

Golovach et al. [7] proved that 3-COLOURING is NP-complete for H-subgraph-free graphs
if H is a tree with at least two vertices of degree 4, or contains as a subgraph either a
subdivided 77, i.e., a tree H?’b’c’d with i > 1 and a > 2; or a tree T with 0 <p <9, or a
tree from {73, Ty, T5,Ts}. They also proved that COLOURING is polynomial-time solvable for
H-free graphs if H is a forest of maximum degree at most 4 on at most seven vertices, which
includes the cases where H € {Hy """ Hy "' HP b2

Johnson et al. [9] focussed on the case where H is a subdivided star S, 4, s of maximum
degree 4 for some s > r > ¢ > p > 1, which is obtained from the 5-vertex star K; 4 by
subdividing each edge p—1, ¢g—1, r—1 and s—1 times, respectively; for example, K1 4 = S1,1,11
and T3 = S2 2.2,2. Golovach et al. [7] showed that COLOURING on S, , . s-subgraph-free graphs
is polynomial-time solvable if (p,q,r,s) € {(1,1,1,1),(1,1,1,3),(1,1,2,2)} and NP-complete,



T. Eagling-Vose, J. Jooken, F. Lucke, B. Martin, and D. Paulusma

1

—0—
[ = o

b
| 3

S L

Figure 1 The trees T1,...,7Ts from [7]; note that 77 = Hf’z’Q’Q and T3 = S2,2,2,2.
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Figure 2 The “H”-graph H = H; = Hi’l’l’l and for ¢ > 1, the graph H; = Hg’l’l’l obtained from
H by subdividing i — 1 times the horizontal edge uv. The other edges of H are the vertical edges.

even for k = 3, if p > 2. Johnson et al. [9] extended these results by showing polynomial-time
solvability if p = ¢ =1 and s > r > 1. They showed this not only for COLOURING but for
every graph problem that (i) can be solved in polynomial time on subcubic graphs; (ii) can
be solved in polynomial time on graphs of bounded treedepth; and (iii) can be solved on
graphs with proper bridges by using a polynomial-time reduction to a family of instances
on graphs that are either of bounded treedepth or subcubic. Here, a proper bridge in a
connected graph G is an edge e that is not incident to a vertex of degree 1 such that G —e
is disconnected. As other examples of such problems, they gave (INDEPENDENT) FEEDBACK
VERTEX SET, CONNECTED VERTEX COVER and MATCHING CUT.

1.2 Focus

The graph Si1,1,1 is also known as the graph Hy, which is part of an infinite sequence
Hy, H;,Ho, ..., where H; = ]H[i’l’l’1 for ¢ > 1; see also Figure 2. We note that the infinite set
M ={C5,Cy,...,Hy,H;,Hs,...} is a maximal antichain in the poset of connected graphs
under the subgraph relation. Conditions C2 and C3 ensure that for every finite set M’ C M,
(C123-problems are NP-complete on M’-subgraph-free graphs. If C2 or C3 is not satisfied,
as is the case with COLOURING, we must consider graphs H from M. For example, this
has been done by Lozin et al. [14] for HAMILTON CYCLE, k-INDUCED DISJOINT PATHS,
STAR 3-COLOURING and C3-COLOURING, which all satisfy C2 but not C3. For each of
these, they left challenging open cases of graphs H;. As COLOURING is NP-complete for
(Cs,...,Cy_1)-subgraph-free graphs for every g > 3 [3], we only need to focus on graphs
from {Hy, H;,Ho, ...}, but we will consider every subdivided Hy and every subdivided H.

1.3 Our Results

We fully classify the complexity of COLOURING on H-subgraph-free graphs if H is a subdivided
Hy (subdivided S1,1,1,1) or subdivided Hy by proving that all the remaining cases are
polynomial-time solvable. Combining this with the hardness results from [7, 9] yields:
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» Theorem 1. Letd>c>b>a>1andi> 1.
If a =1, then COLOURING on H?’b’c’d-subgmph—free graphs is polynomial-time solvable;
If a > 2, then even 3-COLOURING on H?’b’c’d—subgmph—free graphs is NP-complete.

» Theorem 2. Lets>r>qg>p>1.
If p =1, then COLOURING on Sy q,rs-subgraph-free graphs is polynomial-time solvable;
If p > 2, then even 3-COLOURING on Sp q.r.s-subgraph-free graphs is NP-complete.

Combining Theorems 1 and 2 with the results from [3, 7, 17] leaves open exactly the two
cases, where H is a tree of maximum degree 4 with exactly one vertex of degree 4 and at
least one vertex of degree 3; or H is a subcubic tree with at least three vertices of degree 3.

1.4 Methodology

As COLOURING is polynomial-time solvable for subcubic graphs by Brooks’ Theorem, we
may assume the input graph G has a vertex of degree at least 4. We may also assume that G
is 2-connected; else consider its 2-connected components separately. Hence, G has no proper
bridge. The approach of Johnson et al. [9] was to show that a connected S 1 s s-subgraph-free
graph G with a vertex of degree at least 4 and no proper bridges has bounded treedepth.
Their idea is to take a vertex u of degree at least 4. If G — v has unbounded treedepth,
G — u must contain a long path P. Due to the 2-connectivity u can be connected to a middle
vertex of P by two vertex-disjoint paths, and this yields an S1,; 5,5, @ contradiction.

Johnson et al. [9] explained that 3-edge connectivity is needed for their approach to work
for 51, r-subgraph-free graphs and left the case where H = S ., as an open problem. We
solve this open problem by showing a new structural decomposition theorem. This theorem
states that if an S, -subgraph-free graph G' of maximum degree at least 4 contains no
proper bridge alongside some other special substructure, then it must have bounded treedepth.
To prove this statement we assume G has unbounded treedepth. By a result of Galvin, Rival,
and Sands [4], G, being S} ;. -subgraph-free, must have a long induced path. We take a
vertex on this path and argue the existence of three long vertex-disjoint paths, giving an
S1,r,rr, which is the desired contradiction. It then remains to show that we can preprocess
instances of COLOURING in polynomial time to obtain a polynomial number of instances that
satisfy the conditions of our new structural decomposition theorem.

To prove that COLOURING is polynomial-time solvable for H; ’d’d’d—subgraph—free graphs
we use a similar technique, but the details are different, We need the Hi’d’d’d—subgraph—free
input graph to have minimum degree at least 3, while it may not contain some fan (path
with dominating vertex) and another special type of substructure. We emphasize that in
both proofs the connections of the fan and other special substructures to the rest of the
graph must be in some controlled way, in order to preserve H-subgraph-freeness.

1.5 Paper Organisation

Additional notation and concepts needed for our structural results are introduced in Sections 2
and 3. Our structural results for H}'%®4

;%" “-subgraph-free graphs and 51, , r-subgraph-free
graphs are proven in Sections 4 and 5, respectively. In Section 6, we present our colouring
algorithms. In Section 7, we show how our general techniques apply to other graph problems,
namely STABLE CUT for Hzl ’d’d’d—subgraph—free graphs and S , , ,-subgraph-free graphs, and
FEEDBACK VERTEX SET for S, , -subgraph-free graphs. Finally, we finish our paper with

some natural directions for future work in Section 8.
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Figure 3 An illustration of the notation regarding paths. The subpath P[p; : p2] = P[1 : 2]
is highlighted by the purple box, P[ps : pr] = P[4 : 7] is highlighted by the teal box, whereas
Plps : p1o] = P[8: 10] is highlighted by the orange box. Note that negative indexing may also be
used i.e., P[8: —1] = P[-3: —1] = P[8: 10].

2 Preliminaries

We only consider finite, simple, undirected graphs G = (V(G), E(G)). Let G be a graph.
The neighbourhood of a vertex v in a graph G is the set Ng(v) = {u € V(G) | uwv € E(G)}.
For S C V(G), we write Ng(S) = U,cg Na(v). If H is a subgraph of G, we write H C G.
For S C V(G), we write G[S] to denote the subgraph of G induced by S, that is, the graph
obtained from G after deleting the vertices not in S. We further let G — S denote the graph
G[V(G)\ S]. We also write G —u instead of G —{u}. The contraction of an edge e = uv in G
replaces u and v by a new vertex w that is adjacent to every vertex in (Ng(u)UNg(v))\{u,v}.
We denote the distance between two vertices u and v in G by distg(u,v). An edge uv € E(G)
is a bridge if its removal increases the number of connected components. A bridge is proper
if neither incident vertex has degree 1. A graph is quasi-bridgeless if it has no proper bridge.

The sequence (p1,pa, .. .,pn) denotes a walk P with vertices p1,...,p, and edges p;—1p;
for 2 < i <n. P is a path if the vertices p1,...,p, are all distinct. The length of P isn — 1.
Let K, s be the complete bipartite graph with partitions of size r and s, respectively. An
elimination forest of G is a rooted forest T' such that V(G) = V(T') and for every uv € E(G),
both w and v are on the same root-to-leaf path of T'. The treedepth td(G) is the minimum
height of an elimination forest of G. We will use:

» Theorem 3 ([16]). Let G be a graph of treedepth at least d. Then G has a subgraph
isomorphic to a path of length at least d.

Combining Theorem 3 with the following theorem, we obtain a useful corollary.

» Theorem 4 ([4]). For all r,s,0 € N, there is a number c(r,s,£) such that every K, s-
subgraph-free graph with a path of length c(r, s, €) has an induced Py.

» Corollary 5. For allr,s,l € N, there is a number c(r, s,£) such that every K, s-subgraph-free
graph of treedepth c(r, s,£) has an induced P;.

We also consider ordered lists. For lists A = [ay,...,a,] and B = [by,...,by], let A+
B = [a1,...,an,b1,...,by]. For paths P = (p1,...,pn) € G and Q = (q1,.-.,9m) C
G — (V(P) \ {pn}) such that p,, = ¢1, we let P + @ denote the path (p1,...,Pn,q2,--,Gm)-
For a path P = (p1,...,pn), for every i € {—n,...,—1}, we refer to p,i+it1 as p;, ie.,
P—1 = Ppn. See Figure 3. For ¢,5 € {—n,...,n}\ {0}, let ¢/ =4, ifi >1,and i =n+i+1
otherwise. Likewise, if j > 1, let 7/ = j, and 5/ = n + j + 1 otherwise. If ¢/ < j/, let
Pli: j] = (pir,pir+1,---,pj), else let Pli: j| = (pjr,pjr41,-..,pi). For vertices u,v € V(P),
if distp(p1,u) =i —1 and distp(p1,v) = j — 1, then let Plu : v] = P[i : j]. Further, for every
integer i € {—n,...,n} \ {0} and vertex u € V(P), let P[: i) = P[1 :4], P[i:] = P[i : —1],
P[: u] = Plp; : u] and Plu:] = Plu: p_1].

The fan is obtained by adding a new vertex adjacent to every vertex of an (n — 1)-vertex
path P. We call this new vertex the centre of the fan and those vertices at the ends of P
the ends of the fan. We also say that the centre and ends are the three poles of the fan, see
Figure 4. We say G contains some protected fan of order n, if there is some @ C V(G) such
that G[Q] is isomorphic to a fan of order n and for all v € @, either v is a pole or N(v) C Q.

16:5
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Figure 4 An example of a fan (of order 10) with poles drawn in orange.

3 T-type and L-type Subgraphs, Jumps and Chain Extensions

The following definitions allow us to formalise the structural results developed in Sections 4
and 5. In particular, the key results of those sections show that if a graph does not
contain one of those “H”-type graphs we are concerned with, i.e., H-subgraph-free with
H € {HEF*k S k), for some m, k > 1, then either the graph contains a large protected
fan, or there exists a pair of vertices whose removal leaves a component of bounded treedepth.
As we explain in Section 6, when such a component also satisfies additional properties, we
can preprocess the input graph to an equivalent instance which is also H-subgraph-free but
contains no such cut vertices. Towards this we define T-type subgraphs and note that if our
graph contains such a subgraph then there exists a pair of vertices whose removal leaves a
component of bounded treedepth.

» Definition 6 (7-type subgraph). A subgraph G' C G is a T-type subgraph, for some
treedepth bound ¢ > 1, if G’ has treedepth at most ¢ and there exists some witness set
S CV(G)\ V(G") of size at most 2 such that N(V(G')) \ V(G') = S and for each v € S,
IN(w)N(V(G')US)| > 2.

In the case where, H = S} . 1, for some k > 1, it is possible to reduce our instance (in
polynomial time) to an equivalent one with no T-type subgraph with small treedepth bound.
However, this does not necessarily hold where H = H},’L’“’k’k, for some m,k > 1. To address
this issue, we introduce L-type subgraphs. The additional constraints imposed on L-type
subgraphs ensure that we can reduce to an equivalent instance with no L-type subgraph
with small treedepth bound.

» Definition 7 (L-type subgraph). A subgraph G' C G is an L-type subgraph, for some
treedepth bound ¢ > 1 and some length bound ¢ > 1, if G' is a T-type subgraph with
treedepth at most c, the witness set S has size 2 and there exists an induced path of length at
least € between the two vertices of S in the graph G[V(G') U S].

Note that T-type and L-type graphs may be disconnected. We now present Definition 8
and Lemma 9, which will be especially useful in Section 6. The reason is that they ensure
that T-type and L-type subgraphs can be preprocessed in polynomial time. This will then
allow us to assume that they do not exist in our input graph G anymore. For the proof of
Lemma 9 we refer to the full version of our paper [2].

» Definition 8 (Minimal T-type (L-type) subgraph). G’ C G is a minimal T-type (L-type)
subgraph if there is no G C G’ such that G" is a T-type (L-type) subgraph, with respect to
the same treedepth bound (and length).

» Lemma 9. For anyc>1 and G' C G, if G’ is either a minimal T-type or L-type subgraph
with treedepth bound ¢ and witness set S, then td(G[V(G') U S]) < 3¢+ 2.

The core of both key structural theorems (Theorems 19 and 21) will be in finding several long
paths with a single common vertex. Towards this, we identify a path P in our graph such
that, for specific vertices in P, if removing these vertices disconnects P, then we obtain either
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Figure 5 An illustration of Definitions 10-12. The jump Z% (ps, p10) is in teal and the jump
Z% (ps,po) in orange. There is a negative jump out of (ps,pr) with endpoints (p2,ps). There
are three positive jumps out of (p4,pr) and these have endpoints (ps,p9), (ps,p10) and (ps,pio),
respectively. Here the maximum positive jump out of (ps,p7) has endpoints (ps,pio), that is,
(@* (pa, p7), y* (P4, p7)) = (P6, Pro)-

a T-type or an L-type subgraph. That is, if no T-type or L-type subgraph exists, we conclude

that there must exist additional paths between specific vertices which are disjoint from P.

These additional disjoint paths will then be used to construct long, internally disjoint paths
between designated vertices. In turn, the existence of such paths will be used to show that
our graph contains either an S j 4 or an HLF®* subgraph, for k,m > 1.

Our next definitions and notation are illustrated in Figure 5, and will help us to formalise
this reasoning and ensure that the constructed paths are indeed internally disjoint.

» Definition 10 (Jump). Let G be a graph, and let P = (p1,...,pn) € G be a path in G.
For a pair of vertices a,b € V(P), a jump between a and b (with respect to P) is a path from
a to b that is both edge-disjoint from P and internally vertez-disjoint from P.

We note that the condition of edge-disjointness in Definition 10 ensures that a single edge of
P is not a jump. While there does not necessarily exist a unique jump between any pair
of vertices, for a graph G and path P C G, for every u,v € V(P), we fix an arbitrary jump
between u and v and denote this by Z¥ (u,v) (and Z% (v,u)), if such a jump exists. We also
let ZF (u,v) = ZF (u,v).

» Definition 11 (Positive/negative jump out of an interval). Let G be a graph, and let
P=(p1,...,pn) € G be a path in G. For u,v € V(P), suppose u € V(P[: v]). We say that
the pair (a,b) are the endpoints of some jump out of the interval (u,v) if there is some jump
between a and b, with a € V(Plu : v]) \ {u,v}, b € V(P)\ V(P[u:v]). If b € V(P[v:]) then
we say this is a positive jump out of (u,v), else this is a negative jump out of (u,v).

» Definition 12 (Maximum positive/negative jump out of an interval). Let G be a graph, and
let P = (p1,...,pn) € G be a path in G. In the following we consider jumps with respect
to P. Let u,v € V(P) be such that v € V(P]: v]). Suppose there is some positive (negative)
Jump out of the interval (u,v) with endpoints (a,b) such that a € V(Pu : v]) \ {u,v} and
be V(P[v:]) (be V(P[: u]) if this is a negative jump). This jump is a maximum positive
(negative) jump out of the interval (u,v), if b maximises distp(v,b) (distp(u,b) if this is a
negative jump) and a minimises distp(a,b).

While every maximum positive jump out of an interval has the same endpoints the jump
itself may not be unique as there may exist several paths with those endpoints. For a path P
and vertices u,v € V(P), we let 27 (u,v) and y*(u,v) denote the endpoints of a maximum
positive jump out of (u,v), with z*(u,v) € V(P[u : v])\{u,v} and y* (u,v) € V(P[v :])\ {v}.
Likewise, let ™ (u,v) and y~ (u,v) be the endpoints of a maximum negative jump out of
(u,v) with 2~ (u,v) € V(P[u: v]) \ {u,v} and y~ (u,v) € V(P[: u]) \ {u}.
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Figure 6 An illustration of Definitions 13-15. I = [(p2,ps), (p3,D6), (P5, Ps), (P7,P10), (P9, P11)] is a
jump sequence, where I = (p3, ps), I-1 = (po, p11), I3 = p3 and IV, = p11. Further, I = T (p1, p3)
is a maximum length positive chain extension of (p1,ps), and although I does not describe a single
path, there is an odd and an even path as described in Observation 16 shown in teal and magenta
respectively.

» Definition 13 (Jump sequence). For a graph G and a path subgraph P = (p1,...,pn) we
say the list I = [(x1,91),---, (21, ¥1)] i a jump sequence if there is a jump between x;
and y; (with respect to P) for every i € {1,...,|I|}, see Figure 6.

Suppose I = [(w1,41),---,(77,y)7))] is a jump sequence. For i € {1,...,[I|} we will let
I = x4, I = y; and I; = (24,y;). Further, for i € {—|I,..., -1} we will let I} = z|7j441,

K2

I = yirriv1 and I; = (2711041, Y1) 1i41), that is, Ty = L5y = (21, Y1)

» Definition 14 (Chain extension). Let G be a graph with some path subgraph P = (p1,...,pn)
and vertices u,v € V(P) with w € V(P[: v]). A jump sequence I = [(x1,y1),. .., (%1, Y1)]
is a positive chain extension of (u,v) (with respect to P), if (z1,71) = (#7 (u,v),y" (u,v))
and (z;,y;) = (27 (u,yi—1),y " (u,yi—1)) for every i € {2,...,|I|}. See Figure 6. Likewise,
I is a negative chain extension of (u,v) if (x1,y1) = (7 (u,v),y” (u,v)) and (x;,y;) =
(@™ (v,yi-1), ¥~ (v, 4i-1))-

Let P be a path in a graph G. For a pair of vertices u,v € V(P), let T™ (u, v) be the maximum
length positive chain extension from (u, v), and let T~ (u, v) be the maximum length negative
chain extension from (u,v). We note that 7% (u,v) and T~ (u,v) do not necessarily exist but
if they do they are unique. Note that as T (u,v) is maximal, there is no positive jump out
of (u, T (u,v)?,). Likewise, there is no negative jump out of (T~ (u,v),v).

» Definition 15 (Walk associated with a jump sequence). For a jump sequence I we say the
walk ZF (x1,y1) U Us<icr(Plyi-1 : 2] U ZP(x;,y:)) is associated with I, where, for every
i€ {l,...,|I}, ZF(zs,v:) is that arbitrary jump fized between x; and y;.

We highlight that this walk associated with a given jump sequence is not necessarily a path.

Moreover, the matter of if this is a path may depend on the jumps that we have chosen to

fix for ZF. However, whenever it is relevant, we will justify that this walk associated with a

given jump sequence is a path and that this holds regardless of those jumps chosen for Z¥.
We refer to [2] for the proof of our next observation.

» Observation 16. Let G be a graph containing some path P C G. Suppose that for
u,v € V(P), C is a chain extension of (u,v), with respect to P. There exist paths associated
with the jump sequences [(CF,CY) :i mod 2 =1,1<1i < |C|], i.e. the odd elements of C,
and [(CF,CY) : i mod 2 =0,1<1i<|C|], i.e. the even elements of C, which we call the

odd and even path of C, respectively. Further, if |C| > 2 the odd and the even path of C' are
disjoint.



T. Eagling-Vose, J. Jooken, F. Lucke, B. Martin, and D. Paulusma

4 Subdivided H; Graphs: Structural Results

We now develop those structural results when we forbid some subdivided H;. As outlined in
Section 3, jumps will play a central role in the proofs. Lemmas 17 and 18 form the foundation
of our reasoning: the first shows we can either identify a desired subgraph or reason about

the endpoints of jumps, while the second guarantees the existence of such jumps in the graph.

For the proof of the next two lemmas we refer to [2].

» Lemma 17. For m,k > 1, let G be a graph with minimum degree at least 3 that contains
vertices a,b and an induced path P with length at least 3m? + Tk + 2, such that:
a€€V(Pk+1:—(k+1)])
distp(a,b) > 2k
there is a jump from a to b with respect to P, see Definition 10
Then G contains a protected fan on m + k + 2 vertices or some HLF** subgraph.

» Lemma 18. For every m,k > 1, let G be a graph with minimum degree at least 3.
Suppose G contains some induced path P with length at least 3m? + 7k + 2 and vertices
u,v € V(Pk+1:—(k+1)]) such that distp(u,v) > 3. Then at least one of the following
properties must hold:

i) G contains a protected fan on m + k + 2 vertices,

ii) G contains some HLFFFE syubgraph,

iii) G contains some L-type subgraph with treedepth bound (4k — 3)(distp(u,v) —1) — 1 and

length bound dist p(u,v) — 2, see Definition 7, or
iv) there is some jump out of (u,v) with respect to P, see Definition 11.

We now have those necessary components to prove our main structural theorem:

» Theorem 19. For any k,m > 1, there is some function c(k, m), such that every graph G
with treedepth at least ¢(k, m) and minimum degree at least 3 contains either some protected fan
on m-+k+2 vertices, an L-type subgraph with treedepth at most (4k —3)(8k? —6k+2m+8)—1
and length bound m + k or some HLF** subgraph.

Proof. Let G be a graph with minimum degree at least 3. We note that Kajim41,4k+m+1

L kokok

contains H

holds. That is we assume that G is Kup4m+1,4k+m+1-subgraph-free. By Theorem 5, there is
some function ¢(k, m) such that if td(G) > ¢(k, m) then G contains some induced path P
with length at least 8k% — 6k + 3m? + 8. As 8k? — 6k + 3m? + 8 > 3m? + 7k + 2, the length
of P is sufficient for the application of Lemma 17 and 18. We direct the reader to Section 3
for definitions and notation regarding L-type subgraphs, jumps and chain extensions. In

as a subgraph, that is if G contains Kax4m+1,4k+m+1 then our theorem

particular, recall that for every pair a,b € V(P) we have fixed some arbitrary jump between
a and b, if such a jump exists. We let Z¥ (a,b) denote this arbitrary jump.

Let g be the middle vertex of P and r # ' be the pair of vertices such that distp(q,r) =
distp(g, ") = [E+242]. Note that distp(r,r’) > k + m + 2. Whenever we refer to a L-type
subgraph, it is understood to be with respect to treedepth bound (4k —3)(8k? —11k+m+5)—1
and length bound m + k unless stated otherwise.

We omit the proof of the following claim; it can be found in [2].

> Claim 20. Either G contains some L-type subgraph, a protected fan on m + k 4 2 vertices,
some HL¥** subgraph or there is some chain extension of r,7’ with size at least 2k.

From Claim 20, either G' contains some L-type subgraph, a protected fan on m + k + 2
vertices, some HL¥** subgraph or there is some chain extension T of 7,7/ with size at
least 2k (see Figure 7). We will now use this chain extension to show that either G contains
a protected fan on m -+ k + 2 vertices or some H!.*** subgraph.

16:9
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Figure 7 Illustration of the chain extension 7' from Claim 20, with T'= T (r,7’). The odd path
of T is shown in solid green, and the even path in solid red. The path Z; corresponds to the odd
path of T and Z5 corresponds to the even path of T" extended to a. In the figure, Z> consists of
both the solid and dashed red paths.

N

Asm+k Asm asm—m

Figure 8 The path Z; is shown in solid red and the path Z> is shown in solid green. asm—m is
adjacent to some z}, in the case depicted ¢ = 1 and j < k. The path Z’ is shown in dashed red and
the path Z" = Z», that is, it is it can be seen in solid green.

By Observation 16, there exists a pair of disjoint paths described by T'. As P is an induced
path, for every i € {1,...,|T|}, ZF(T;) must have length at least 2. That is, the odd and even
path of T' each have length at least 2+ 28 = 2k. Let a = T¥. Let Z1 = (a,2],...,25,_,...)
denote the odd path of T' and Zs = (a, 2%,...,25;_;,...) denote the even path of T" extended
to a via the path Pla : T¥]. If T'=T*(r,7’"), we let A = (a,aq,...,p1) be that subpath of P
between a and p;. If T =T (r,7'), let (a,a1,...,p—1) be that subpath of P between a and
P-1- HGHCG, V(A) N Zl N ZQ = {a}

Let ap = a. We claim that either G contains some H¥%* subgraph or for every
5 € {1,...,[25]}, the vertex as,, has some neighbour in (Z;UZ5)—{a}. Suppose there is some
minimum § € {1,...,[2%]} such that as,, is not adjacent to some vertex in (Z; U Zo) — {a}.
As G has minimum degree at least 3, asp, has some neighbour y ¢ V(P) UV (Z;) UV (Zs).
Further, as § is minimal and ag = a, there is some ¢ € {1,2} and j € {1,...,2k — 1} such
that ag,,_.m is adjacent to z; If j > k, then let Z' = Z;[1 : j] else let Z' = Z;[j : 2k — 1],
note in each case Z’ has length at least k — 1. Let Z” = Z1, if i = 2, and Z" = Z/ otherwise.
See Figure 8. Now G contains HL.*** as a subgraph with degree 3 vertices ag,, n, and
agsm; a path of length 1 via (asm,y); and paths of length at least k via A[dm —m : a] + Z",
(@sm—m) + Z' and A[dm : 6m + k]. That is, either G contains some HL¥** subgraph or for
every § € {1,...,[2£7}, the vertex as, is adjacent to some vertex in Z{ U Z.

Let b = Q[ 287 From above, if G does not contain some HL*** subgraph, then b is
adjacent to some vertex z in Z] U Z4. By definition, there is some ¢ € {1,...,|T|} such that
z € V(ZP(Ty)). Tt follows that there is some path ZF (b, T/). As distp(b, T}) > 2k, it follows
from Lemma 17 that either G contains a protected fan on m + k + 2 vertices or some H;F-*:*
subgraph. This concludes the proof of this theorem. <

5 Subdivided Stars (Hp): Structural Results

This section is dedicated to subdivided star graphs. We will show the following theorem
(see [2] for its proof).

» Theorem 21. For any k > 1, let ¢ = 16(2k — 1)(k — 1). If G is proper bridgeless, contains
some degree 4 vertex, has treedepth at least 8(Tk® +15k% — % +3)2+46 and no T-type subgraph,
with treedepth bound c, then G' contains S1 ki as a subgraph.
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Figure 9 An illustration of Theorem 21. The active frontier path is drawn in solid red, the inert
frontier path is drawn in solid blue and the candidate path is drawn in solid green. In the case

depicted, in the inductive step the candidate path is extended via that jump drawn in dashed green.

The previous inert frontier becomes the new candidate, the previous active frontier is becomes the
new inert frontier and the previous candidate becomes the new active frontier.

Sketch of the proof of Theorem 21. Unlike Theorem 26, we require not only that the long
paths intersect in a single vertex, but also that this vertex has degree at least 4. We begin
with the following structural result from the literature.

» Theorem 22 ([9]). Let q,r > 1. The subclass of connected Si 1 q-subgraph-free graphs
that are not subcubic and are quasi-bridgeless has treedepth at most 2(q +r + 3)? + 6.

As G is proper bridgeless, has maximum degree at least 4 and treedepth at least 8(£+ 3)% + 6
for ¢ = Tk® + 15k% — %, it follows from Theorem 22 that G contains some S 1./ as a
subgraph. Let = be the centre of this S 1 . Note that = is the middle vertex of some path
P of length 2¢. The central idea of the proof is to show there exist three paths each with
length at least 2k sharing the single common vertex x. Observation 23 will then be used to

find some St i kk- See [2] for proofs of Observation 23 and Lemma 24.

» Observation 23. For every k > 1, if G contains some Say 2,21 sSubgraph with centre x
and deg(z) > 4, then G contains S1 i ki as a subgraph.

Lemma 24 is crucial to construct the three paths, which must intersect at a vertex of degree
at least 4, implying several new conditions in contrast to its counterpart, Lemma 18.

» Lemma 24. For every k > 1, let G be some S i i -subgraph-free graph. Suppose that G
contains some path P with length at least 4k — 2 as a subgraph.
Suppose there exist u,v € V(P[2k +1: —(2k + 1)]) and some x € V(P[u : v]) \ {v} with
|N(z)\ V(P)| > 2, such that:
i) there is no jump from x to some y € V(P)\ V(P[u : v]), with respect to P (see
Definition 10);
ii) there exist internally disjoint paths D}, D? from x to v;
i) either x = u, or there exist internally disjoint paths DL, D? from x to u;
iv) if x # u, then the paths D, D? and D). are internally disjoint.
Then either G contains some S1 i k. as a subgraph; G contains some T -type subgraph with
treedepth bound 16(2k — 1)(k — 1); or there exists some jump out of (u,v).

Recall that our goal is to find three paths of length at least 2k with a single common vertex .

These paths will be constructed inductively. In every step of the induction, we either find
some S k., Subgraph, or a pair of vertices b=, b € V(P) such that b~, b+ and = and P
meet the conditions to apply Lemma 24. By Lemma 24, we either find some S i i, some
T-type subgraph (with the desired treedepth bound) or some jump out of (b=,b"). In the
first case, the theorem follows, in the second we get a contradiction to the assumption that
G contains no such T-type subgraph. That is, we assume that such a jump exists. These
jumps are used to construct three paths each of length at least 2k sharing the single common
vertex x, that is our theorem follows.
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The paths are built inductively. At the end of each inductive step we obtain three paths
which share the single common vertex x, together with a pair of vertices b, b™ which satisfy
the conditions of Lemma 24. Moreover, in every block of three steps each of the paths grows
in length by at least one, as ensured by the addition of a new jump. It follows that after 6k
steps each of these paths has length at least 2k, as desired.

To ensure that these paths have the desired properties, we label one of these paths as the
active frontier, one of these as the inert frontier and the other as the candidate. Let f* be
the final vertex of the active frontier, f® be the final vertex of the inert frontier, and f¢ be
the final vertex of the candidate path. We find that f¢ € P[f* : z] and either, f* € P[: z]
and f* € P[: z], or, f* € P[z:] and f* € P[x :]. See Figure 9.

During the inductive step, the inert frontier remains unchanged, the candidate path is
extended by at least one edge (via the addition of a new jump), and the active frontier
may either stay the same or increase in length. In the next step, the previous inert frontier
becomes the new candidate, and one of the remaining two paths (either the former active
frontier or the former candidate) takes the role of active frontier. If the previous active
frontier does not increase in one step, it becomes the inert frontier in the step after, that is
in the following step it is extended. This rotation ensures that after every three steps each of
the three paths has grown by at least one.

To maintain disjointness, we introduce auxiliary properties ensuring that the extended
paths intersect only at 2 and that we can identify a pair of vertices b~, b* such that, together
with x, they satisfy the conditions of Lemma 24. Concretely, we find the candidate and
active frontiers can be extended to one of b~, b™, while a subpath of the active frontier path,
together with the inert frontier, extends to the other. These extensions of the active, inert and
candidate paths remain internally disjoint, thus meeting the conditions for Lemma 24. <«

6 The Algorithms

We now apply Theorems 19 and 21 to show that COLOURING is polynomial-time solvable

for HL:*¥*_subgraph-free graphs and S1,k,k,k-subgraph-free graphs. In both cases we need

another structural result that allows us to assume that the graphs in the input do not contain

protected fans, T-type and L-type subgraphs. We first consider H;**-¥-subgraph-free graphs.
We start with the following lemma whose proof can be found in [2].

» Lemma 25. Let (G,r) be an instance of COLOURING and let ¢,m,k > 1 be constants. We
can in polynomial time obtain a graph G' such that:

G’ has minimum degree at least 3;

G’ contains no protected fan of order m + k + 2;

G’ contains no L-type subgraph, with respect to the bound ¢ and length m + k;

G’ can be coloured with v colours, if and only if G can;

if G is HLREF _subgraph-free, then so is G'.

Given an instance (G,r) of COLOURING, we now apply Lemma 25 and obtain a modified
instance (G’,r). By Theorem 19, the treedepth of G’ is bounded by a constant. Since
COLOURING is polynomial-time solvable for graphs of bounded treewidth [10], and therefore

also for graphs of bounded treedepth, we obtain the following theorem (see [2] for its proof).
» Theorem 26. COLOURING is solvable in polynomial time for HLK-®*_subgraph-free graphs,

for all m,k > 1.

Similarly, in order to apply Theorem 21, we first show one last structural result (see [2] for
its proof).
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» Lemma 27. Let (G,r) be an instance of COLOURING and let ¢,k > 1 be constants. We
can in polynomial time obtain a graph G' such that:

G’ contains no T-type subgraph (with respect to c);

G’ can be coloured with r colours, if and only if G can;

if G is 51,k kk-subgraph-free, then so is G'.

Given an instance (G,r) of COLOURING, we now apply Lemma 27 and obtain a modified
instance (G’,r). We may assume by [9] that G’ contains no bridges and further by [1] that G’
contains some degree 4 vertex. By Theorem 21, the treedepth of G’ is bounded by a constant.
Since COLOURING is polynomial-time solvable for graphs of bounded treewidth [10], and
therefore also for graphs of bounded treedepth, we obtain the following result (see [2] for its
proof).

» Theorem 28. COLOURING is solvable in polynomial time for Sy j i i-subgraph-free graphs,
forall k > 1.

7  Wider Applicability of Our Techniques

Our main structural results, Theorems 19 and 21, can be applied to other problems:

Set of Conditions I. Let IT be a problem that is polynomial-time solvable for graphs of
bounded treedepth. If, for every k, m > 1, there exist constants ¢, £ such that we are able to
preprocess the input graph in polynomial time to a polynomial number of smaller graphs
of minimum degree at least 3 that contain neither a large protected fan nor an L-type
subgraph with length bound ¢ and treedepth bound ¢, then II is polynomial-time solvable on
MLk _subgraph-free graphs for all k,m > 1.

Set of Conditions Il. Let IT be a problem that is polynomial-time solvable for both subcubic
graphs and graphs of bounded treedepth. If, for every k > 1, there exists a constant ¢ such
that we are able to preprocess the input graph in polynomial time to a polynomial number
of smaller graphs that each contain some vertex of degree at least 4 but neither contain a
proper bridge nor a T-type subgraph with treedepth bound ¢, then II is polynomial-time
solvable for Sy i k-subgraph-free graphs for all k£ > 1.

We note that if a problem satisfies the above two sets of conditions then the algorithm of [9]
can be applied directly to obtain an algorithm for S ; ,,-subgraph-free graphs. Conversely,
the above two sets of conditions are not satisfied by every problem considered in [9]: MATCH-
ING CuT is NP-complete for bipartite graphs in which one partition class has maximum
degree 2 [15] and thus on (H;, Hs, Hs, .. .)-subgraph-free graphs. As our next theorem show,
this is in contrast to a related problem: STABLE CUT: the problem of deciding if a connected
graph G has an independent set I such that G — I is disconnected. See [2] for a proof of
Theorem 29.

» Theorem 29. STABLE CUT is solvable in polynomial time for HL**k_subgraph-free graphs
for all k,m > 1, and for Sy i i k-subgraph-free graphs for all k > 1.

v,y

The FEEDBACK VERTEX SET problem is to decide if a graph has a set S (feedback vertex set)
of size at most k for some given integer k such that G — .S contains no cycles. The FEEDBACK
VERTEX SET problem does not satisfy Set of Conditions I, as we may not assume an instance
of it has minimum degree at least 3. However, we can show (see [2]) that FEEDBACK VERTEX
SET satisfies Set of Conditions II.
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» Theorem 30. FEEDBACK VERTEX SET is solvable in polynomial time for S i . 1-subgraph-
free graphs.

8 Conclusions

In contrast to H-free graphs [11] and H-minor-free graphs (see e.g. [8]), for which COLOURING
is fully classified, even formulating a dichotomy for H-subgraph-free graphs is still challenging.
However, our new dichotomies for COLOURING, STABLE CUT and FEEDBACK VERTEX SET,
being the first of their kind, open up the way for further progress for many graph problems.
In this section we will summarize our findings and explore some new directions.

We proved that COLOURING on H-subgraph-free graphs is polynomial-time solvable on
HLk-¥-*_subgraph-free graphs for all k,m > 1 and on S1,k,k,k-subgraph-free graphs for all k >
1. Combining these results with known NP-completeness results yields a complete complexity
classification of COLOURING on H-subgraph-free graphs whenever H is a subdivided Hy or a
subdivided H;. As mentioned in Section 1, combining our new results with known results
leaves open the cases where

(i) H is a tree of maximum degree 4 with exactly one vertex of degree 4 and at least one
vertex of degree 3; or

(ii) H is a subcubic tree with at least three vertices of degree 3.

Some graphs H of type (i) and (ii) are covered by existing NP-completeness results for smaller
graphs H' (e.g. when H contains an S 2922). Nevertheless, there still exist exactly four
open cases of graphs H on eight vertices, three of type (i) and one of type (ii); see Figure 10.

Our structural analysis does not apply to these four open cases and new ideas are needed.
In fact, even the case when H is the 7-vertex graph H obtained from H; by adding a pendant
vertex to one of the degree-3 vertices is not covered by our new technique. Indeed, there
exists a family of H)-subgraph-free graphs, G, demonstrating that a modified Theorem 19,
where H; replaced by Hj, and a modified Theorem 21, where Si 1 i is replaced by H, do
not hold. Namely, let G = {G,, | n € N} where G,, is that graph obtained by taking a single
vertex v and making v adjacent to the degree-2 vertices of the 2 x n grid. We note that G
has unbounded treedepth and for every n > 2, GG, is 3-connected. It follows that there is no
constant ¢ such that every G € G contains some T-type (or L-type) subgraph with treedepth
bound ¢. Hence, both Theorems 19 and 21 fail. In order to show that the case H = HY,
which is of type (i), is polynomial-time solvable, Golovach et al [7] gave a rather involved
tailor-made algorithm. Studying their proof technique in more detail would be a natural
starting point.

We also propose to investigate in a systematic way which other graph problems satisfy Sets
of Conditions I and II from Section 7. Moreover, we ask if MATCHING CUT is polynomial-time
solvable for S; i i x-subgraph-free graphs for all £ > 1 and if FEEDBACK VERTEX SET is
polynomial-time solvable for H!:¥:**_subgraph-free graphs for all k,m > 1.

] 1] 1] 1 1]
T—.—T—. .—T—.—.—. o —0—0 00 T—.—T
[ J [ J [ J [ J [ J

Figure 10 The four open cases of graphs H on eight vertices.
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