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Abstract
In 1965, Vizing [16] showed that every planar graph of maximum degree ∆ ≥ 8 can be edge-colored
using ∆ colors. The direct implementation of Vizing’s proof gives an algorithm that finds the coloring
in O(n2) time for an n-vertex input graph. Chrobak and Nishizeki [4] have shown a more careful
algorithm, which improves the time to O(n log n), though only for ∆ ≥ 9. In this paper, we extend
their ideas to get an algorithm also for the missing case ∆ = 8. To this end, we modify the original
recoloring procedure of Vizing. This generalizes to bounded genus graphs of maximum degree 8 in
the sense that in time O(n log n) the algorithm colors the graph using the optimal number of colors
which may be 9 for relatively small graphs.
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1 Introduction

Edge-coloring of graph G is an assignment of colors to the edges of G such that incident edges
receive different colors. The minimum number of colors that suffice to color graph G is called
the chromatic index and denoted as χ′(G). Let ∆(G) denote the maximum degree among
vertices of G. Throughout the paper, we write ∆ when there is no ambiguity. For any graph
G, it is clear that χ′(G) ≥ ∆(G). Also, Vizing’s Theorem [15] states that χ′(G) ≤ ∆(G) + 1.
If χ′(G) = ∆(G), then we say that G is in Class 1, otherwise, that is if χ′(G) = ∆(G) + 1,
we say that G is in Class 2.

Determining whether G is Class 1 is an NP-complete problem for general graphs, as shown
by Holyer [10]. However, there are interesting variants of the edge-coloring problem that allow
for efficient algorithms. Zhou, Nakano and Nishizeki [17] gave an algorithm that uses χ′(G)
colors and runs in linear time for graphs with bounded treewidth. Several works focused on
implementing Vizing’s Theorem, i.e., (∆ + 1)-edge-coloring [9, 14, 2, 3], culminating in the
recent breakthrough of Assadi, Behnezhad, Bhattacharya, Costa, Solomon and Zhang [1]
with a randomized algorithm in time O(|E(G)| log ∆(G)). Finally, there are natural graph
classes that fit entirely into Class 1 and admit efficient algorithms for edge-coloring with

© Patryk Jędrzejczak and Łukasz Kowalik;
licensed under Creative Commons License CC-BY 4.0

52nd International Workshop on Graph-Theoretic Concepts in Computer Science (WG 2026).
Editors: Jan Goedgebeur and Paweł Rzążewski; Article No. 27; pp. 27:1–27:17

Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

mailto:pj429285@students.mimuw.edu.pl
https://orcid.org/0009-0004-6936-2859
mailto:kowalik@mimuw.edu.pl
https://orcid.org/0000-0002-7546-2969
https://doi.org/10.4230/LIPIcs.WG.2026.27
https://doi.org/10.48550/arXiv.2507.04516
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics
https://www.dagstuhl.de


27:2 The Planar Edge-Coloring Theorem of Vizing in O(n log n) Time

∆ colors. Examples include the O(m log ∆)-time algorithm for bipartite graphs by Cole,
Ost and Shirra [7] and the recent O(n log n)-time algorithm of Kowalik [12] for graphs of
bounded maximum average degree mad(G) where ∆ ≥ 2 mad(G).

1.1 Planar graphs
In this paper, we focus on edge-coloring of planar graphs. Vizing [16] showed that all planar
graphs with ∆ ≥ 8 are in Class 1. He also gave examples of planar graphs with ∆ ∈ {2, 3, 4, 5}
belonging to Class 2. Later, Sanders and Zhao [13] proved that planar graphs with ∆ = 7
are in Class 1. The only remaining case, ∆ = 6, remains open. One can turn the proof of
Vizing into an O(n2) algorithm that finds a ∆-edge-coloring of any planar graph with ∆ ≥ 8.
The same can be done with the proof of Sanders and Zhao, giving an O(n2) algorithm for
the case ∆ = 7. Currently, these are the best known algorithms for ∆-edge-coloring when
∆ ∈ {7, 8}, while more efficient algorithms are known when ∆ ≥ 9. Chrobak and Nishizeki [4]
provided a O(n log n) algorithm for the case ∆ ≥ 9. Later, Cole and Kowalik [6] used a
different approach that gave an O(n) algorithm.

1.2 Our result
In this work, we present an O(n log n) algorithm for the missing case ∆ = 8 of Vizing’s
original result. Similarly as in the case of the work of Chrobak and Nishizeki [4], our algorithm
applies to bounded genus graphs, in the sense that in time O(n log n) the algorithm colors
the input graph G using the optimal number of colors χ′(G).

1.3 Vizing’s proof and the implementation of Chrobak and Nishizeki
To prove that any planar graph G with n vertices and ∆(G) ≥ 8 is in Class 1, Vizing [16]
showed that G must contain edge e that can be reduced, i.e., we can remove e from G and,
after coloring G \ {e} with ∆(G) colors, we can expand the obtained edge-coloring by e

without using more colors. In the Vizing’s proof, edge e needs to satisfy a condition that
involves an upper bound on the number of degree ∆ vertices in the neighborhood of one
of its endpoints (see Theorem 1). We call such an edge weak in this work. The existence
and reducibility of a weak edge allows for completing the proof of the Vizing’s theorem by
induction. This corresponds to an iterative algorithm that begins with an empty edge-coloring
and expands it edge by edge. Coloring a new edge e may require changing the colors of some
of the previously colored edges. Namely, it may recolor edges incident to e or a single path
with alternating colors. The path is called a chain or an (a, b)-chain where a and b are the
colors that alternate. Unfortunately, the chain can be of length Ω(n), and this is why the
direct implementation takes quadratic time. Chrobak and Nishizeki found a workaround
by reducing a subset of Ω(n) weak edges simultaneously in time O(n), which leads to the
O(n log n) algorithm.

In more detail, their argument has two ingredients. First, they proved that if ∆(G) ≥ 9,
there are Ω(n) weak edges. Second, they show that one can find a set W of Ω(n) weak edges,
which can be colored one by one independently, i.e., if for an edge f ∈ W we define E(f)
as the set of all recolored edges while coloring an edge f alone, then for any different edges
e1, e2 ∈ W , there are no e′

1 ∈ E(e1) and e′
2 ∈ E(e2) which are the same edge or are incident

to each other. In particular, this means that recoloring both e1 and e2 results in a proper
edge-coloring of G, and the same holds if we recolor all the edges from EW =

⋃
f∈W E(f).

Moreover, since the sets E(f) are pairwise disjoint,
∑

f∈W |E(f)| = |EW | ≤ |E(G)| = O(n),
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i.e., even though a single chain for an edge in W may be of length Ω(n), all these chains have
total length only O(n). It is not hard to color a single edge of EW in O(1) time, and thus
coloring all edges in W takes O(n) time in total.

Let us now explain how the set W is found. The first step is to find Ω(n) weak edges
that are 2-independent, i.e., not too close to each other: the distance between endpoints of
different edges is greater than 2. Clearly, this is easy to achieve if ∆ is upper-bounded by a
constant, and we can indeed work under this assumption, because when ∆ is large enough,
edge-coloring can be found in linear time [5, 6]. Note that the 2-independency guarantees
that the local changes in edge-coloring needed to reduce a weak edge do not interact with
each other. The goal of the next step is to exclude the situation where recoloring a chain
of one edge of W interacts with recoloring a chain of another edge. To this end, Chrobak
and Nishizeki assign a so-called type to each chosen edge. Edge e is of type ab for different
colors a, b ∈ [∆] if the only chain that must be recolored to reduce e is an (a, b)-chain. Then,
we choose the largest set of edges of the same type, whose size is Ω(n) since the number of
types is bounded. Finally, we filter out at most half of the chosen edges to ensure that each
remaining edge requires a different chain to be recolored. W consists of the remaining edges.

1.4 Our contribution
The algorithm of Chrobak and Nishizeki does not extend to the case ∆(G) = 8 for one
reason: then it is possible that graph G has only O(1) weak edges. We introduce a new type
of edge that can be reduced – so-called butterfly-like edge. In Section 2, we prove using the
discharging method that there are either Ω(n) weak edges or Ω(n) butterfly-like edges. In the
first case, we can use the algorithm provided by Chrobak and Nishizeki. In the second case,
our approach is similar. We also base our solution on reducing a fraction of all butterfly-like
edges at once in time O(n). The challenge is to show that such a fraction of edges always
exists, how to find it, and how to reduce the edges efficiently.

One difficulty is that a butterfly-like edge is reduced by means of one of seven different
cases, depending on the coloring of neighboring edges. Thus, controlling interactions between
recolorings required to color a set of butterfly-like edges of the same type would require
considering

(7
2
)

situations. We overcome this by incorporating the case into the type. Thus,
the number of types is increased, but still bounded, and when we prove that edges in the
chosen subset of butterfly-like edges (of the same type) can be colored independently, it is
enough to focus on one case of the reducibility procedure at a time only, so 7 instead of

(7
2
)

situations. The details are presented in Section 3.

1.5 Terminology
We use standard terminology and notation concerning graph theory throughout the paper.
Here, we recall the notions used less often and define those specific to this work.

Let v be a vertex of a graph G. The degree of v is denoted by dG(v) or d(v) when G is
clear. We call v a d-vertex when d(v) = d. Similarly, we call a neighbor w of v a d-neighbor
when d(w) = d. By NG(v), we mean the set of neighbors of v, and by NG(X) for some
X ⊆ V (G), we mean

⋃
v∈X NG(v).

We define the distance between two vertices v1, v2 of a graph as the number of edges of
the shortest path from v1 to v2. If v1 and v2 are in different components, the distance is ∞.
The distance between vertex v and edge e is the smallest possible distance between v and an
endpoint of e. The distance between two edges e1, e2 is the smallest possible distance between

WG 2026
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an endpoint of e1 and an endpoint of e2. We also call two edges k-independent if the distance
between them is greater than k. Similarly, two sets of edges E1, E2 are k-independent if for
every e1 ∈ E1 and e2 ∈ E2 edges e1, e2 are k-independent.

We represent edge-coloring of graph G as a function π : E(G) → N which assigns different
values (called colors) to incident edges. By D-edge-coloring, we mean an edge-coloring
that uses only colors from [D] = {k ∈ N : 1 ≤ k ≤ D}. We also use the notion of partial
D-edge-coloring, which is a function π : E(G) → [D] ∪ {⊥} where ⊥ represents an uncolored
edge and π|π−1([D]) is an edge-coloring.

For a graph G, its partial D-edge-coloring π, and v ∈ V (G), we define the set of used colors
at v as π(v) = {π(x) : x ∈ NG(v)} \ {⊥} and the set of free colors at v as π̄(v) = [D] \ π(v).

Given a partial D-edge-coloring π of graph G and two different colors a, b ∈ [D], let Gab

be the subgraph of G induced by the edges colored either a or b with respect to π. Gab is
a disjoint union of paths and cycles since its maximum degree is at most two. We call a
component of Gab an (a, b)-chain. If we know that an (a, b)-chain is a cycle, we sometimes
call it an (a, b)-cycle. We call any subgraph of G a chain if it is an (a, b)-chain for some
different colors a, b. We note that for any (a, b)-chain if we recolor all edges colored a to b

and vice versa, we get a new partial D-edge-coloring of G. We call this operation kemping
and say that we kempe the involved chain.

1.6 Organization of the paper
This paper is organized as follows. In Section 2, we prove that every planar graph with
∆(G) ≤ 8 has Ω(n) weak edges or Ω(n) butterfly-like edges. Next, in Section 3, we describe
an O(n log n) algorithm that finds an 8-edge-coloring of any planar graph with ∆(G) ≤ 8.
Finally, in Section 4, we suggest some related open problems.

2 Linear lower bound for the number of reducible edges

First, we formally define weak and butterfly-like edges. Let us recall the classic Vizing
Adjacency Lemma.

▶ Theorem 1 (Vizing Adjacency Lemma, VAL [16]). Let G be a simple graph and let e = xy

be an edge such that x has at most D − d(y) + [d(y) = D] neighbors of degree D. Then any
partial D-edge-coloring of G which colors a subset Ec of edges of G, e ̸∈ Ec can be expanded
to a partial D-edge-coloring that colors Ec ∪ {e}.

In this work, we consider only the case D = 8 and graphs with ∆ ≤ 8. An edge xy is
called x-weak when it satisfies the assumption of VAL for D = 8, that is, x has at most
8 − d(y) + [d(y) = 8] 8-neighbors. If xy is x-weak or y-weak, then it is also weak. Note that
for graphs with ∆ < 8 every edge is weak.

Let G be a simple graph containing a subgraph B ⊆ G such that B is isomorphic to B1
or B2, where B1 and B2 are defined as follows. B1 (presented in Figure 1) satisfies:

V (B) consists of different vertices x, y, z, v1, v2, v3,
E(B) consists of edges xy, xz, yv1, yv3, zv1, zv2, and xvi for i ∈ [3],
dG(y) = dG(z) = 3, dG(x) = 8, and dG(vi) = 8 for i ∈ [3].

B2 (presented in Figure 2) satisfies:
V (B) consists of different vertices x, y, z, v1, v2, v3, v4,
E(B) consists of edges xy, xz, yv1, yv4, zv2, zv3, and xvi for i ∈ [4],
dG(y) = dG(z) = 3, dG(x) = 8, and dG(vi) = 8 for i ∈ [4].
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Figure 1 Subgraph B1.
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Figure 2 Subgraph B2.

Subgraph B is called a butterfly and edge xy is called butterfly-like. An edge is called
reducible when it is weak or butterfly-like. Later, we will show how to reduce butterfly-like
edges. Here, we prove a linear lower bound for the number of reducible edges.

▶ Theorem 2. Let G be an n-vertex planar graph without isolated vertices and such that
∆(G) ≤ 8. Then G contains at least n/1460 reducible edges.

More generally, genus g graphs without isolated vertices and with maximum degree at
most 8 have at least n/1460 − (g − 1)/3 reducible edges.

We note that the constant 1/1460 can be improved, but we decided not to do it for the
sake of the proof simplicity, since any linear bound is sufficient for us.

Proof. Let G = (V, E) and denote m = |E|. We can assume that G is connected, because
otherwise we apply the proof to each component of G.

We can also assume that ∆(G) = 8. Otherwise, all edges of G are weak.
First, assume G contains less than n

10 vertices of degree 8. Then, since ∆(G) = 8, less
than 9n

10 vertices are of degree 8 or have an 8-neighbor. In other words, if Z ⊆ V is a set of
all vertices of a degree smaller than 8 that do not have a neighbor of degree 8, then |Z| ≥ n

10 .
Let IZ be a maximal independent set in G[Z]. By maximality, Z ⊆ IZ ∪ NG[Z](IZ). Then,
since ∆(G[Z]) ≤ 7, |Z| ≤ |IZ | + 7|IZ | = 8|IZ |, so |IZ | ≥ |Z|

8 ≥ n
80 . Let x be any vertex of IZ

and let y ∈ V be any of its neighbors. Since x has no 8-neighbors and d(y) ≤ 8, edge xy is
x-weak. We can find a weak edge incident to any vertex in IZ , and all of these edges are
different because IZ is an independent set. Hence, G contains at least n

80 reducible edges.
From now on, we can assume that G contains at least n

10 vertices of degree 8.
A vertex of G that is an endpoint of a reducible edge is called reducible; other vertices

are non-reducible. Let R, N ⊆ V be the sets of all reducible and non-reducible vertices of G,
respectively. The number of reducible edges in G is at least |R|

2 . If at least 1
73 of the vertices

of degree 8 in G are reducible, then |R| ≥ n
730 and G contains at least n

1460 reducible edges.
Therefore, we can assume that there are at least 72n

730 non-reducible vertices of degree 8 in G.
We use the discharging method (see e.g. [8]). Fix any embedding of G into a surface

of genus g and let F be the set of faces of graph G. Each vertex v ∈ V receives an initial
charge ch(v) = d(v) − 4 and each face f ∈ F receives a charge ch(f) = |f | − 4 where |f |
is the length of the shortest closed walk induced by all edges incident to f . Using Euler’s
Formula, we can easily bound the total initial charge on G:∑

v∈V

ch(v)+
∑
f∈F

ch(f) =
∑
v∈V

(d(v)−4)+
∑
f∈F

(|f |−4) = 2m−4n+2m−4|F | = −8(1−g). (1)

Our plan is to show that by moving charges in G, we can obtain the final charge ch′ such that:
(F1) ch′(v) ≥ −12 for every v ∈ R,
(F2) ch′(v) ≥ 0 for every v ∈ N such that d(v) ≤ 7,
(F3) ch′(v) ≥ 1/6 for every v ∈ N such that d(v) = 8,
(F4) ch′(f) ≥ 0 for every f ∈ F .

WG 2026
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Since the total charge does not change, we can get the claim of the theorem as follows:

−8(1−g) =
∑
v∈R

ch′(v)+
∑
v∈N

ch′(v)+
∑
f∈F

ch′(f) ≥
∑
v∈R

ch′(v)+
∑
v∈N

ch′(v) ≥ −12|R|+ 72n

730 · 1
6 .

(2)

We get |R| ≥ n
730 + 2

3 (1 − g), so G contains at least n
1460 + 1

3 (1 − g) reducible edges, as
required (recall that g = 0 for planar graphs).

Now, we specify the rules of moving the charge, called the discharging rules. Let triangle
face be a face incident to exactly 3 distinct vertices. Let (a, b, c)-triangle be a triangle face
incident to distinct vertices x, y, z such that d(x) = a, d(y) = b, d(z) = c. Also, for example,
let (a, b, ≥ c)-triangle be a similar triangle face, but d(z) ≥ c. Additionally, let (a)-triangle be
a triangle face incident to x, y, z where min{d(x), d(y), d(z)} = a. Similar definitions follow
for a (≤ a)-triangle and a (≥ a)-triangle – we always consider the minimum degree among
incident vertices.

Rule 1. Each vertex sends 1 to each incident 2-vertex.
Rule 2. Each vertex sends 1/3 to each incident 3-vertex.
Rule 3. Each reducible vertex sends 1 to each incident triangle face.
Rule 4. Each non-reducible d-vertex, where d ∈ {5, 6}, sends 1/15 to each incident (d, 8,

8)-triangle.
Rule 5. Each non-reducible 5-vertex sends 1/3 to each incident (5, 5, 8)-triangle, (5, 6,

6)-triangle, and (5, 6, 7)-triangle.
Rule 6. Each non-reducible 5-vertex sends 1/5 to each incident triangle face not mentioned

in rules 4, 5.
Rule 7. Each non-reducible 6-vertex sends 1/2 to each incident (4, 6, 8)-triangle.
Rule 8. Each non-reducible 6-vertex sends 1/3 to each incident triangle face not mentioned

in rules 4, 7.
Rule 9. Each non-reducible d-vertex, where d ∈ {7, 8}, sends 1/2 to each incident (≤ 4)-

triangle.
Rule 10. Each non-reducible 7-vertex sends 2/5 to each incident (5)-triangle.
Rule 11. Each non-reducible 7-vertex sends 1/3 to each incident triangle face not mentioned

in rules 9, 10.
Rule 12. Each non-reducible 8-vertex sends 7/15 to each incident (5)-triangle and (6)-triangle.
Rule 13. Each non-reducible 8-vertex sends 1/3 to each incident triangle face not mentioned

in rules 9, 12.

Before we prove that the final charge satisfies (F1)-(F4) after following the rules 1-13, we
present two helpful lemmas that follow immediately from VAL.

▶ Lemma 3. Let G be a graph such that ∆(G) = 8. For any edge xy of G if d(x)+d(y) < 10,
then xy is weak.

▶ Lemma 4. Let G be a graph such that ∆(G) = 8. If x is non-reducible, then for every
y ∈ NG(x) the number of 8-neighbors of x is at least 9 − d(y) + [d(y) = 8].

We start by proving (F4). Let f ∈ F be any face. Faces never send any charge, so if
|f | ≥ 4, then ch′(f) ≥ ch(f) = |f | − 4 ≥ 0. We must show that if f is a triangle face, then f

receives at least 1 unit of charge. If f is incident to a reducible vertex, f receives 1 unit of
charge by Rule 3. We can now assume that all vertices incident to the triangle face f are
non-reducible, and thus all edges of f are not reducible. By Lemma 3, we can assume that
each edge incident to f has the sum of endpoints’ degrees at least 10.
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Assume f is a (≤ 3)-triangle. Then, f must be a (≤ 3, ≥ 7, ≥ 7)-triangle. By Rule 9, f

receives 1 unit of charge.
Assume f is a (4)-triangle. Then, f must be a (4, ≥ 6, ≥ 6)-triangle. When f is a

(4, ≥ 7, ≥ 7)-triangle, then by Rule 9, f receives 1 unit of charge. Otherwise, f is a (4, 6, ≥ 6)-
triangle. Note that f cannot be a (4, 6, ≤ 7)-triangle since, by Lemma 4, at least 5 neighbors
of the 6-vertex must be of degree 8. Hence, in the only remaining case f is a (4, 6, 8)-triangle
and receives 1 unit of charge by rules 7 and 9.

Assume f is a (5)-triangle. By case analysis we can see that f gets at least 1 unit: for (5,
8, 8)-triangle by rules 4, 12; for (5, 7, 8)-triangle by rules 6, 10, 12; for (5, 7, 7)-triangle by
rules 6, 10; for (5, 6, 8)-triangle by rules 6, 8, 12; for (5, 6, 7)-triangle by rules 5, 8, 10; for
(5, 6, 6)-triangle by rules 5, 8; for (5, 5, 8)-triangle by rules 5, 12. Note that f cannot be a
(5, 5, ≤ 7)-triangle because, by Lemma 4, any non-reducible 5-vertex with a 5-neigbor has at
least four 8-neighbors.

Finally, assume f is a (≥ 6)-triangle. If f is a (6, 8, 8)-triangle, then f receives 1/15 + 2 ·
7/15 = 1 unit of charge by rules 4 and 12. Otherwise, f receives at least 1/3 of a unit of
charge from each incident vertex by rules 8, 11, 12, and 13. In total, f receives at least 1.

From now on, we only need to show that all vertices satisfy conditions (F1)-(F3). We
start by proving (F1), i.e., ch′(v) ≥ −12 for each v ∈ R. Since v is reducible, it sends at
most 1 unit of charge to each of its d(v) neighbors by rules 1 and 2. Additionally, by Rule 3,
v sends 1 unit of charge to all incident triangle faces, and there are at most d(v) of them.
Therefore, ch′(v) ≥ d(v) − 4 − 2d(v) ≥ −12.

Now, we prove (F2), i.e., ch′(v) ≥ 0 for each v ∈ N such that d(v) ≤ 7. Note that by
Lemma 3, all neighbors of v must be of degree at least 10 − d(v). In particular, v cannot be
of degree one. Also, note that if d(v) ≤ 4, then v never sends any charge, and if d(v) ≥ 4,
then v never receives any charge.

Assume d(v) = 2. Then, v receives 2 units of charge by Rule 1, so ch′(v) = ch(v) + 2 =
d(v) − 4 + 2 = 0.

Assume d(v) = 3. Then, v receives 1 unit of charge in total by Rule 2, so ch′(v) =
ch(v) + 1 = d(v) − 4 + 1 = 0.

Assume d(v) = 4. Observe that v does not send or receive any charge, so ch′(v) = 0.
From now on, let w be the neighbor of v with the lowest degree. If there are multiple

such neighbors, w is any of them. Recall that d(w) ≥ 10 − d(v) by Lemma 1.
Assume d(v) = 5 and d(w) = 5. By Lemma 4, v has four 8-neighbors. Therefore, the

set of triangle faces incident to v consists of at most two incident (5, 5, 8)-triangles and
at most three incident (5, 8, 8)-triangles. By rules 5 and 4, respectively, v sends at most
2 · 1/3 + 3 · 1/15 ≤ 1, so ch′(v) ≥ 0.

Assume d(v) = 5 and d(w) = 6. By Lemma 4, v has at least three 8-neighbors. Assume
first that v is incident to at most four triangle faces. At most one of them receives a charge
by Rule 5, and the other by rules 4 and 6, so v sends at most 1/3 + 3 · 1/5 = 14/15 < 1.
Hence, we can assume all the faces incident with v are triangle faces. Let w, x1, x2, x3, x4 be
the neighbors of v in the clockwise order in the considered embedding into a genus g surface.
Assume first that d(x1) < 8 or d(x4) < 8. By symmetry, we consider only the former case.
Then, v sends at most 1/3 to the (5, 6, d(x1))-triangle vwx1 by rules 5 and 6, exactly 1/5 to
the (5, d(x1), 8)-triangle vx1x2 by Rule 6, 2 · 1/15 to the (5, 8, 8)-triangles vx2x3 and vx3x4
by Rule 4, and finally 1/5 to the (5, 6, 8)-triangle vwx4 by Rule 6. Hence, altogether v sends
at most 1/3 + 2 · 1/5 + 2/15 = 13/15 < 1. We are left with the case d(x1) = d(x4) = 8. By
symmetry, d(x3) = 8. The triangle faces vwx1 and vwx4 receive 1/5 by Rule 6, the triangle
face vx3x4 receives 1/15 by Rule 4, and finally the triangle faces vx1x2 and vx2x3 receive at
most 1/5 by Rule 4 or 6. Thus, v sends at most 4/5 + 1/15 < 1, as required.
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Assume d(v) = 5 and d(w) ≥ 7. Then, v sends at most 1/5 to each incident triangle face
by rules 4 and 6, so it sends at most 1 unit in total.

Assume d(v) = 6 and d(w) = 4. By Lemma 4, all the remaining neighbors of v are of
degree 8. Hence, v has at most two incident (4, 6, 8)-triangles and at most four incident (6,
8, 8)-triangles. By rules 7 and 4, respectively, v sends at most 2 · 1/2 + 4 · 1/15 < 2 units.

Assume d(v) = 6 and d(w) ≥ 5. Then, v sends at most 1/3 of a unit of charge to each
incident triangle face by rules 4 and 8. So, it sends at most 2 units in total.

Assume d(v) = 7 and d(w) = 3. By Lemma 4, all the remaining neighbors of v are of
degree 8. Hence, v has at most 2 incident (3, 7, 8)-triangles and at most 5 incident (7, 8,
8)-triangles. In total, v sends at most 1/3 + 2 · 1/2 + 5 · 1/3 = 3 units of charge by rules 2, 9,
and 11, so ch′(v) ≥ 0.

Assume d(v) = 7 and d(w) = 4. By Lemma 4, v has at least five 8-neighbors. Let k be the
number of (≤ 5)-triangles incident to v. We can observe that k ≤ 4 because v has at most two
(≤ 5)-neighbors. The rest of the triangles incident to v must be (≥ 6, ≥ 6, 7)-triangles, and
there are at most 7 − k of them. Therefore, v sends at most k · 1/2 + (7 − k) · 1/3 = k/6 + 7/3
of a unit of charge by rules 9, 10, and 11. Since k ≤ 4, v sends at most 3 units of charge.

Assume d(v) = 7 and d(w) ≥ 5. Then, v sends at most 2/5 of a unit of charge to each
incident triangle face by rules 10 and 11, so v sends 7 · 2/5 ≤ 3 units of charge in total. This
completes the proof of (F2).

Finally, we prove (F3), i.e., ch′(v) ≥ 1/6 for each v ∈ N such that d(v) = 8.
Assume d(v) = 8 and d(w) = 2. By Lemma 4, all the remaining neighbors of v are of

degree 8. Note that w can belong to only one triangle face because otherwise G is not simple.
Hence, v has at most one incident (2, 8, 8)-triangle and at most six incident (8, 8, 8)-triangles.
In total, v sends at most 1 + 1/2 + 6 · 1/3 < 4 − 1/6 by rules 1, 9, and 13.

Assume d(v) = 8 and d(w) = 3. By Lemma 4, v has at least six 8-neighbors. Let t be
the number of 3-neighbors of v. Clearly, t ∈ {1, 2}. Let k be the number of (≤ 6)-triangles
incident to v. Since v has at most two (≤ 6)-neighbors, we can observe that k ≤ 4. The rest
of the triangle faces incident to v must be (≥ 7, ≥ 7, 8)-triangles, and there are at most 8 − k

of them. In total, v sends at most t · 1/3 + k · 1/2 + (8 − k) · 1/3 = t/3 + k/6 + 8/3 of a
unit of charge by rules 2, 9, 12, and 13. If t = 1 or k ≤ 3, then v sends at most 23/6 of a
unit of charge, so ch′(v) ≥ 1/6. Otherwise, i.e., if t = 2 and k = 4, G contains a butterfly as
a subgraph, and one of the edges incident to v is butterfly-like, which contradicts v being
non-reducible.

Assume d(v) = 8 and d(w) = 4. By Lemma 4, v has at least five 8-neighbors. Let k be
the number of (≤ 6)-triangles incident to v. Since v has at most three (≤ 6)-neighbors, we
can observe that k ≤ 6. The rest of the triangle faces incident to v must be (≥ 7, ≥ 7, 8), and
there are at most 8 − k of them. Hence, v sends at most k · 1/2 + (8 − k) · 1/3 = k/6 + 8/3
by rules 9, 12, and 13. Since k ≤ 6, v sends at most 11/3 ≤ 4 − 1/6 of a unit of charge.

Assume d(v) = 8 and d(w) ≥ 5. Then, v sends at most 7/15 to each incident triangle
face by rules 12 and 13. In total, v sends at most 8 · 7/15 ≤ 4 − 1/6. This completes the
proof of (F3) and the whole theorem. ◀

3 Our coloring algorithm

In our solution, we reduce many reducible edges simultaneously. Roughly, it means that
we remove some reducible edges from a graph at once, find the edge-coloring of the rest
of the graph recursively, add the removed edges back to the graph, and finally expand the
edge-coloring to all of them efficiently.
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Let G = (V, E) be an n-vertex planar graph such that ∆(G) ≤ 8. Let W ⊆ E be a set
of uncolored reducible edges that are pairwise 4-independent. Assume all edges of E \ W

are colored. Below, we show how to choose set W ′ ⊆ W of size Ω(|W |) and expand the
8-edge-coloring of G by all edges of W ′ in time O(n). This procedure is sufficient for our
needs, as we can successively apply it to color all edges of W in time O(n log |W |) – in each
step, the number of uncolored edges of G decreases by a constant factor.

The set W ′ of edges to reduce will contain either only weak edges or only butterfly-like
edges. Chrobak and Nishizeki [4] have already shown how to reduce weak edges, so we omit
details related to weak edges in this work. We will rely on the following theorem that directly
follows from the correctness of the algorithm provided by Chrobak and Nishizeki.

▶ Theorem 5 (Chrobak, Nishizeki [4]). Let G = (V, E) be a graph such that ∆(G) ≤ 8 and
let W ⊆ E be a set of weak edges that are pairwise 2-independent. Also, let π be a partial
8-edge-coloring of G such that π−1([8]) = E \ W . We can find in time O(|E|) a partial
8-edge-coloring σ of G such that σ−1([8]) = (E \ W ) ∪ W ′ for some W ′ ⊆ W of size Ω(|W |).

In what follows, we will show a similar result for butterfly-like edges.

3.1 Types
We start by introducing the notion of a type of a butterfly-like edge. Every butterfly-like
edge will be of at least one type in our setup. The final algorithm, given an 8-edge-coloring
and a set W of butterfly-like edges, will extend the set of colored edges by a subset W ′ ⊆ W

where all the edges in W ′ are of the same type.
Let G = (V, E) be a graph. Let π be a partial 8-edge-coloring of G and let e = xy ∈ E

be an uncolored butterfly-like edge. We define the types below. As we will see, whether e

has a specific type depends on G and π.
Edge e has type 1ab (see Fig. 3a) for different a, b ∈ [8] if a ∈ π̄(x), b ∈ π̄(y), and x is not

an endpoint of the (a, b)-chain starting at y.
Edge e has type 2ab (see Fig. 3b) for different a, b ∈ [8] if a, b ∈ π̄(y), and for some

c ∈ π̄(x) \ {b} there is z ∈ NG(x) ∩ NG(y) such that π(yz) = c, π(xz) = a, and xz does not
belong to an (a, b)-cycle.

Edge e has type 3ab (see Fig. 3c) for different a, b ∈ [8] if a ∈ π̄(x), b ∈ π̄(y), there is an
(a, b)-chain with endpoints x and y, and for some c ∈ π̄(y) \ {b} there is z ∈ NG(x) such that
b ∈ π̄(z) and π(xz) = c.

Edge e has type 4ab (see Fig. 3d) for different a, b ∈ [8] if a, b ∈ π̄(y), there is an (a, b)-
cycle containing x, and for some c ∈ π̄(x) there are different z, v ∈ V \ {x, y} such that
xv, zv, xz ∈ E, π(xv) = a, π(zv) = c, and b ∈ π̄(z).

Edge e has type 5ab (see Fig. 3e) for different a, b ∈ [8] if a ∈ π̄(y), b ∈ π̄(x), there
is an (a, b)-chain with endpoints x and y, and for some c ∈ π̄(y) \ {a} there are different
z, v ∈ V \ {x, y} such that xv, zv, xz ∈ E, π(xv) = c, π(zv) = a, and b, c ∈ π̄(z).

Edge e has type 6abcd (see Fig. 3f) for different a, b, c, d ∈ [8] if a, c, d ∈ π̄(y), b ∈ π̄(x),
there is an (a, b)-chain with endpoints x and y, there is a (c, d)-cycle containing x, and there
are different z, v1, v2 ∈ V \{x, y} such that xv1, xv2, zv1, zv2, xz ∈ E, π(xv1) = c, π(xv2) = a,
π(zv1) = a, π(zv2) = c, and b, d ∈ π̄(z).

Edge e has type 0 if we can color e after recoloring only edges at distance at most 1
from e. This type is special because it requires different algorithms depending on G and π.
Note that the property that e has type 0 depends only on the colors of edges at distance at
most 2.
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Figure 3 Types of butterfly-like edges.

3.2 The chain data structure
We first prove that any uncolored butterfly-like edge is of one of the defined types. However,
to make the final algorithm efficient, we must also show how to find types of butterfly-like
edges quickly. The problem is that types may depend on chains. We must be able to find
endpoints of an (a, b)-chain to verify that, for example, an edge is of type 3ab. We must also
be able to check whether an (a, b)-chain is a cycle to verify that, for example, an edge is
of type 4ab. These checks must be done efficiently, since we aim at finding types of Ω(n)
butterfly-like edges in time O(n). Chains can be of length Θ(n) and a single chain can be
needed to determine the type of Ω(n) edges, so checking the chain-related conditions naively
could take time Θ(n2), which would be too slow.

To find types of multiple butterfly-like edges more efficiently, we design a simple data
structure. For any graph G and a partial D-edge-coloring π of G, the chain data structure
CDS(G, π) is defined as follows. For each v ∈ V (G) and for each different a, b ∈ [D], the
CDS(G, π) stores the following information about the (a, b)-chain P containing v:

the boolean value representing whether P is a cycle, and if not,
the endpoints of P .

Note that the chain P always exists, though it may have no edges. We will only use chain
data structures when ∆(G) ≤ 8 and D = 8. With such constraints, the chain data structure
has size O(|V (G)|), since it uses O(1) words for each vertex. It can also be computed quickly.

▶ Lemma 6. Fix D ∈ N. Given an n-vertex graph G such that ∆(G) ≤ D and partial
D-edge-coloring π of G, CDS(G, π) can be computed in time O(n).

Proof (Sketch, see the full version). For each pair of different colors a, b ∈ [D] we filter out
only edges of color a, b obtaining a collection of paths and cycles. For each such path/cycle
we update the information of CDS in its vertices. ◀

3.3 Computing types
We are ready to show that any butterfly-like edge has some type and we can find it quickly.

▶ Lemma 7. Let G = (V, E) be a graph such that ∆(G) ≤ 8 and let π be its partial 8-edge-
coloring. If e ∈ E is an uncolored butterfly-like edge such that all edges at distance at most 1
from e are colored, then e is of at least one of the types 0, 1ab, 2ab, 3ab, 4ab, 5ab, 6abcd for some
a, b, c, d ∈ [8]. Moreover, given CDS(G, π), we can find a type of e in constant time.
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Proof. Let B ⊆ G be any butterfly that makes e the butterfly-like edge. To find it, we only
have to look at vertices and edges at distance at most 1 from e. Their number is bounded by
a constant, so this step takes constant time.

8v4

3y

8
v1

8
x

8
v2

3 z

8 v3

a⊥

b c

d

f

f

Figure 4 Proof of Lemma 7. Case when B is isomorphic to B2.

Here we consider only the case where B is isomorphic to B2, while the case B is isomorphic
to B1 is deferred to the full version. Assume that the vertices of B are named just like their
corresponding vertices of B2, see Figure 4. The set π̄(x) contains only one color, denoted
by f . If f ∈ π̄(y), then π(xy) := f gives σ, so e has type 0. Hence, we need to consider only
the case where f ∈ π(y). By symmetry, we can assume π(yv1) = f .

For any k ∈ π̄(y), we can assume there is an (f, k)-chain with endpoints x and y.
Otherwise, e has type 1fk.

Without loss of generality, assume π(xz) = a, π(xv1) = b, π(xv2) = c, and π(xv3) = d,
where a, b, c, d, f are pairwise distinct.

Assume π(yv4) ̸= a. If f ∈ π̄(z), setting π(xz) := f and π(xy) := a gives σ, so e has
type 0. Hence, we can assume f ∈ π(z). There is k ∈ [8] such that k ∈ π(x), k ∈ π̄(y), and
k ∈ π̄(z) because |π(x)| = 7 and |π(y) ∪ π(z)| ≤ 4. We have already assumed that there
is an (f, k)-chain with endpoints x and y. Hence, e has type 3fk. To see this, map the
vertices/colors from the definition of 3ab as follows: x → x, y → y, z → z, a → f, b → k, c → a.
From now on, we can assume π(yv4) = a.

Since π(y) = {a, f}, we conclude that b ∈ π̄(y). Therefore, for any k ∈ π̄(y), we can
assume the (b, k)-chain containing x is a cycle. Otherwise, e has type 2bk. To see this, map
the vertices/colors from the definition of 2ab as follows: x → x, y → y, z → v1, a → b, b →
k, c → f .

Assume f ∈ π(z). By symmetry, we can assume π(zv2) = f . If π(zv3) ̸= c, then
swapπ(xv2, zv2), π(xy) := c gives σ, so e has type 0. If π(zv3) = c, then e has type 4cb by the
assumption that the (b, c)-chain containing x is a cycle. To see this, map the vertices/colors
from the definition of 4ab as follows: x → x, y → y, z → z, v → v2, a → c, b → b, c → f .
Hence, f ∈ π̄(z).

Assume π(zv3) ̸= c. Let k = π(zv2). Since k ∈ π̄(y), e has type 5kf by the assumption
that there is an (f, k)-chain with endpoints x and y. To see this, map the vertices/colors
from the definition of 5ab as follows: x → x, y → y, z → z, v → v2, a → k, b → f, c → c.
Hence, π(zv3) = c.

Assume π(zv2) ̸= d. Let k = π(zv2). Since c ∈ π̄(y), as in the previous case, e

has type 5kf . To see this, map the vertices/colors from the definition of 5ab as follows:
x → x, y → y, z → z, v → v3, a → c, b → f, c → d. Hence, π(zv2) = d.

Now, we know that π(zv3) = c and π(zv2) = d. By the assumptions that there is an
(f, d)-chain with endpoints x and y, and a (b, c)-cycle containing x, e has type 6dfcb. To
see this, map the vertices/colors from the definition of 6abcd as follows: x → x, y → y, z →
z, v1 → v2, v2 → v3, a → d, b → f, c → c, d → b. This completes the proof that e has a type.

Consider an algorithm that follows the proof above and finds the type of e. The algorithm
only checks a bounded number of conditions involving checking color of an edge or existence
of a chain. Checking any of these conditions is easy to do in constant time. In particular,
checking any chain-related condition is done using CDS(G, π). ◀
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Before we show how we can expand 8-edge-coloring by multiple butterfly-like edges at
once, we need to find a way to avoid expanding edge-coloring by edges of the types 2ab for
different a, b ∈ [8]. The issue with these types is that it is not clear whether we can expand
edge-coloring by multiple edges of one of these types efficiently. The solution is that if we
ever decide to expand edge-coloring by edges of type 2ab for some a, b ∈ [8], we will instead
change the 8-edge-coloring so that all these edges receive type 1ab, and then proceed as
if these edges had type 1ab in the beginning. The proof of the lemma below is in the full
version.

▶ Lemma 8. Let G = (V, E) be a graph such that ∆(G) ≤ 8 and let π be its partial 8-
edge-coloring. Let Eab ⊆ E be a set of uncolored butterfly-like edges of type 2ab for different
a, b ∈ [8] that are pairwise 2-independent. Then, we can find in time O(|Eab|) a partial
8-edge-coloring σ of G such that σ−1([8]) = π−1([8]) and all the edges in Eab have type 1ab.

3.4 Reducing butterfly-like edges
There is one last constraint on the butterfly-like edges that we need to introduce to enable
expanding 8-edge-coloring by multiple butterfly-like edges efficiently. Let G = (V, E) be a
graph such that ∆(G) ≤ 8 and let π be its partial 8-edge-coloring. For different a, b ∈ [8],
edges e1, e2 ∈ E are (a, b)-chain dependent when there are different vertices v1, v2 ∈ V at
distance at most 1 from endpoints of e1 and e2, respectively, such that there is an (a, b)-chain
with endpoints v1 and v2 with respect to π. Otherwise, e1 and e2 are (a, b)-chain independent.
Moreover, if e1, e2 ∈ E are butterfly-like edges of the same type T , then they are T -chain
independent when one of the following holds:

T = 0,
T ∈ {1ab, 3ab, 4ab, 5ab} for some a, b ∈ [8], and e1, e2 are (a, b)-chain independent,
T = 6abcd for some a, b, c, d ∈ [8], and e1, e2 are (a, b)-chain independent and (c, d)-chain
independent.

Let us show how we expand a coloring by multiple edges of the same type at once.

▶ Lemma 9. Let G = (V, E) be an n-vertex graph such that ∆(G) ≤ 8 and let π be its partial
8-edge-coloring. Let ET ⊆ E(G) be a set of uncolored butterfly-like edges of the same type
T ∈ {0, 1ab, 3ab, 4ab, 5ab, 6abcd} for some a, b, c, d ∈ [8] that are pairwise 4-independent and
T -chain independent. Then, in time O(n) we can find a partial 8-edge-coloring σ of G such
that σ−1([8]) = π−1([8]) ∪ ET .

Proof. For any e ∈ ET , we will show how to find a partial 8-edge-coloring σe such that
σ−1

e ([8]) = π−1([8]) ∪ {e}. The algorithm will only compute σe|Ee
, where Ee = {e′ ∈ E :

π(e′) ̸= σe(e′)}, which will allow us to achieve time O(|Ee|) for every e ∈ ET .
In the proof, we will also argue that, for every different e, e′ ∈ ET , σe and σe′ are coherent

that is Ee ∩ Ee′ = ∅, and σe(e1) ̸= σe′(e′
1) for any pair of incident edges e1 ∈ Ee, e′

1 ∈ Ee′ .
Since edges in ET are pairwise coherent, we get that partial 8-edge-coloring σ defined as

σ(e) =
{

σe′(e) if e ∈ Ee′ for some e′ ∈ ET ;
π(e) otherwise;

is a proper partial 8-edge-coloring of G such that σ−1([8]) = π−1([8]) ∪ ET . We prove
that σ is proper by contradiction. Suppose there are incident edges e1, e2 ∈ E such that
σ(e1) = σ(e2). If e1, e2 ̸∈ Ee for every e ∈ ET , then σ(e1) = σ(e2) contradicts π being a
proper partial 8-edge-coloring. If e1 ∈ Ee for some e ∈ ET and e2 ̸∈ Ee′ for every e′ ∈ ET
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(or vice versa), then σ(e1) = σ(e2) contradicts σe being a proper partial 8-edge-coloring.
When both e1, e2 ∈ Ee for some e ∈ ET , we use the same argument. Finally, if e1 ∈ Ee

and e2 ∈ Ee′ for some different e, e′ ∈ ET , then σ(e1) = σ(e2) contradicts σe and σe′ being
coherent.

By another consequence of pairwise coherence, if σe|Ee
is computed in time O(|Ee|) for

every e ∈ ET , then the total time required to compute σ is O
(∑

e∈ET
|Ee|

)
= O(n). We can

first compute σe|Ee
for all e ∈ ET in time O(n), and then compute σ in time O(n).

To summarize, to finish the proof, we will do the following:
for e ∈ ET , give an algorithm finding σe|Ee

that runs in time O(|Ee|),
for different e, e′ ∈ ET , show that σe and σe′ are coherent.

We will consider multiple cases depending on T .
Assume T = 0. The number of edges at distance at most 1 from e is O(1) because

∆(G) ≤ 8. Hence, in constant time we can iterate over all possible ways to modify π by
coloring e and recoloring some edges at distance at most 1 from e. We will find a proper
8-edge-coloring, σe, by the definition of type 0. Also, the edges in ET are 4-independent, so
Ee and Ee′ are 1-independent and thus σe and σe′ are coherent.

Assume T ̸= 0. We name the vertices giving e type T in the same way as in the definitions
of the types. For example, if T = 3ab for different a, b ∈ [8], then e = xy, where a ∈ π̄(x)
and a ∈ π(y), and z ∈ NG(x) satisfies b ∈ π̄(z) and π(xz) = c for some c ∈ π̄(y). For any
T we can find the vertices giving e type T in constant time, since looking at the colors of
edges at distance at most 1 is sufficient to identify them (note that we do not have to check
conditions related to chains because we already know e has type T ). Let

Ve =


{x, y} if T = 1ab for some a, b ∈ [8];
{x, y, z} if T = 3ab for some a, b ∈ [8];
{x, y, z, v} if T ∈ {4ab, 5ab} for some a, b ∈ [8];
{x, y, z, v1, v2} if T = 6abcd for some a, b, c, d ∈ [8];

Similarly, {x′, y′} if T = 1ab for some a, b ∈ [8], etc.
For now, assume T ∈ {1ab, 3ab, 4ab, 5ab} for some different a, b ∈ [8]. We will consider the

case T = 6abcd for some a, b, c, d ∈ [8] at the end. While presenting the algorithm finding
σe|Ee

for different T , we will additionally argue that for any T the set Ee is a union of:
EVe

– a set of (not necessarily all) edges whose both endpoints are in Ve,
EPe

– a set of all the edges of a single (a, b)-chain Pe that has y or z as an endpoint and
does not contain an edge incident with any vertex of Ve′ .

We now show that the condition above implies that Ee and Ee′ are 0-independent, and
thus σe and σe′ are coherent. First, EVe

and EVe′ are 0-independent because the edges in
ET are 4-independent and the edges in EVe and EVe′ are at distance at most 1 from e and
e′, respectively. Second, EPe

and EVe′ are 0-independent by the definition of EPe
. Similarly,

EVe and EPe′ are 0-independent. Finally, EPe and EPe′ would not be 0-independent only if
Pe and Pe′ were the same chain, since both Pe and Pe′ are (a, b)-chains. However, this case
is impossible. Indeed, recall that Pe and Pe′ respectively have an endpoint at distance at
most 1 from e and e′. These endpoints are different by 4-independence of the edges in ET .
Hence if Pe = Pe′ then e and e′ are T -chain dependent, a contradiction.

We show below how to find σe|Ee
in time O(|Ee|) for T ∈ {1ab, 3ab, 4ab, 5ab} for different

a, b ∈ [8]. We make sure that for each T , the chain Pe has y or z as an endpoint. We also
argue that Pe does not contain an edge incident with any vertex of Ve′ . We do not specify
EVe

precisely, but it is easy to check that, apart from the edges in EPe
, σe differs from π

only for edges with both endpoints in Ve.
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Assume T = 1ab. To get σe from π, we can kempe the (a, b)-chain Pe starting at y and
set π(xy) := a. Pe cannot contain an edge incident with x′ or y′ because a ∈ π̄(x′), b ∈ π̄(y′),
and Pe ̸= Pe′ .

Assume T = 3ab for different a, b ∈ [8]. To get σe from π, we can kempe the (a, b)-chain
Pe starting at z, set π(xz) := a, and set π(xy) := c. Note that in the definition of 3ab we
assume there is an (a, b)-chain with endpoints x and y to ensure that Pe does not contain x

or y. Pe′ starts at z′ and Pe ̸= Pe′ , so Pe cannot contain an edge incident with z′. There is
an (a, b)-chain with endpoints x′ and y′, which is different from Pe because the edges in ET

are 4-independent. Hence, Pe cannot contain an edge incident with x′ or y′.
Assume T = 4ab. To get σe from π, we can kempe the (a, b)-chain Pe starting at z,

swapπ(xv, zv), and set π(xy) := a. Pe′ starts at z′ and Pe ̸= Pe′ , so Pe cannot contain an
edge incident with z′. Since a, b ∈ π̄(y′), Pe cannot contain an edge incident with y′. There
is an (a, b)-cycle containing x′ and v′, which is different from Pe because Pe is not a cycle.
Hence, Pe cannot contain an edge incident with x′ or v′.

Assume T = 5ab. To get σe from π, we can kempe the (a, b)-chain Pe starting at z (in
particular, we set π(zv) := b), swapπ(xv, zv), and set π(xy) := c. Pe′ starts at z′, contains
v′, and is different from Pe, so Pe cannot contain an edge incident with z′ or v′. There is an
(a, b)-chain with endpoints x′ and y′, which is different from Pe because the edges in ET are
4-independent. Hence, Pe cannot contain an edge incident with x′ or y′.

We are left with the case T = 6abcd for different a, b, c, d ∈ [8]. Here, Ee = EVe ∪EPe ∪ERe ,
where ERe

is the set of edges of an (c, d)-chain Re that has z as an endpoint and does not
contain an edge incident with any vertex of Ve′ . In the definition of σe, we will kempe the
chain Re just like Pe.

We prove that with the extended definition of Ee, σe and σe′ are coherent. The proof
that EVe

∪ EPe
and EVe′ ∪ EPe′ are 0-independent remains the same as for T ∈ {1ab, . . . , 5ab}.

ERe and EVe′ are 0-independent by the definition of ERe . Similarly, EVe and ERe′ are
0-independent. Just as before, we can argue that Re and Re′ must be different chains,
and thus ERe and ERe′ are 0-independent by the assumption that the edges in ET are
T -independent. EPe

and ERe′ are not necessarily 1-independent, but σe|EPe
and σe′ |ER

e′
are

coherent because Pe is an (a, b)-chain, Re′ is an (c, d)-chain, and we kempe chains Pe and
Re′ in the definitions of σe and σe′ , respectively. Similarly, σe|ERe

and σe′ |EP
e′

are coherent.
We show below how to find σe in time O(|Ee|) for T = 6abcd for different a, b, c, d ∈ [8].

We ensure that Pe and Re have z as an endpoint and argue that these chains do not contain
an edge incident with any vertex of Ve′ .

To get σe from π, we can kempe the (a, b)-chain Pe starting at z, kempe the (c, d)-chain
Re starting at z, swapπ(xv1, zv1), and set π(xy) := c. Pe′ starts at z′, contains v′

1 and is
different from Pe, so Pe cannot contain an edge incident with z′ or v′

1. There is an (a, b)-chain
with endpoints x′ and y′ that contains v′

2 and is different from Pe because the edges in ET

are 4-independent. Hence, Pe cannot contain an edge incident with x′, y′, or v′
2. Re′ starts

at z′, contains v′
2 and is different from Re, so Re cannot contain an edge incident with z′ or

v′
2. Since c, d ∈ π̄(y′), Re cannot contain an edge incident with y′. There is an (c, d)-cycle

containing x′ and v′
1, which is different from Re because Re is not a cycle. Hence, Re cannot

contain an edge incident with x′ or v′
1. This completes the proof. ◀

We can now state and prove the equivalent of Theorem 5 for butterfly-like edges.

▶ Theorem 10. Let G = (V, E) be a graph such that ∆(G) ≤ 8 and let W ⊆ E be a set of
butterfly-like edges that are pairwise 4-independent. Also, let π be a partial 8-edge-coloring of
G such that π−1([8]) = E \ W . We can find in time O(|V |) a partial 8-edge-coloring σ of G

such that σ−1([8]) = (E \ W ) ∪ W ′ for some W ′ ⊆ W of size Ω(|W |).
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Proof. Let n = |V |. Note that |E| = O(n) because ∆(G) = O(1). Since the edges in W are
4-independent and π−1([8]) = E \ W , all the edges at distance at most 1 from any edge of
W are colored. Hence, all the edges in W have some type by Lemma 7. Moreover, given
CDS(G, π), which we can compute in time O(n) by Lemma 6, we can find the types of all
the edges in W in time O(|W |) = O(n).

Let T be a type that maximizes |{e ∈ W : e has type T}|. The number of types is
bounded by a constant, so there are Ω(|W |) edges of type T in W . Denote the set of these
edges as ET . Also, let

T ′ =
{

1ab if T = 2ab for some a, b ∈ [8];
T otherwise.

If T = 2ab for some a, b ∈ [8], we can modify π in time O(|ET |) so that all the edges in
ET type 1ab by Lemma 8. Therefore, we ensure in time O(n) that all the edges in ET ′ have
type T ′ and |ET ′ | = Ω(|W |). In case Lemma 8 was applied, we also recompute CDS(G, π).

The next step is to find W ′ ⊆ ET ′ such that the edges in W ′ are T ′-independent and
|W ′| = Ω(|ET ′ |) = Ω(|W |). We can take edges to W ′ greedily – we consider all the edges
of ET ′ in any order and take an edge to W ′ if and only if it is T ′-independent with all the
edges already in W ′. We use CDS(G, π) to check if an edge is T ′-independent with all the
edges in W ′. By the definition of T ′-independence, we only have to check that all chains
with appropriate colors starting at distance at most 1 from the edge end at distance more
than 1 from all the edges in W ′. Since ∆(G) ≤ 8, the number of chains to check is at most
2 · 2∆(G) ≤ 32 and for each chain we can perform the verification in constant time using
CDS(G, π) if we keep marking all vertices at distance at most 1 from edges taken to W ′.
We are guaranteed to take at least ⌈|ET ′ |/33⌉ edges to W ′ because any edge in ET ′ must be
T ′-independent with all but at most 32 other edges in ET ′ .

Finally, we can expand π by all the edges in W ′ in time O(n) by Lemma 9. ◀

3.5 The algorithm
Now we collect the ingredients from previous sections to show our main result as follows.

▶ Theorem 11. There is an algorithm that runs in time O(n log n) and finds an 8-edge-
coloring of an input n-vertex planar graph with maximum degree at most 8. The algorithm
does not need a planar embedding.

Proof. Our algorithm is recursive. Given G, we first remove all isolated vertices from it. If
we end up with an empty graph, we return an empty coloring.

Then, we find the set of all weak edges Ew and the set of all butterfly-like edges Eb. For
any edge, we can decide whether it is weak or butterfly-like in constant time (recall that
∆(G) is bounded), so we can compute Ew and Eb in time O(n).

Let R be equal to Ew if |Ew| ≥ |Eb| and Eb otherwise. By Theorem 2, |R| ≥ n/2920.
Next, we find in time O(n) any maximal set I ⊆ R such that edges in I are pairwise
4-independent. We take edges to I greedily – we consider all the edges in R in any order and
take an edge to I if and only if it is 4-independent with all the edges already in I. To be
able to check 4-independence with all the edges in I in constant time, we keep marking all
vertices at distance at most 4 from the edges taken to I. Since ∆(G) ≤ 8, any edge of R can
be at distance at most 4 from O(1) other edges in R. Hence, |I| = Ω(|R|).

Next, we find an 8-edge-coloring π of G \ I recursively. Then, we repeatedly apply
Theorem 5 or Theorem 10 to all uncolored edges of G until we color all edges of G. In
each step, the number of uncolored edges decreases by a constant factor, so there are

WG 2026



27:16 The Planar Edge-Coloring Theorem of Vizing in O(n log n) Time

O(log |I|) steps. Each of them takes time O(n), which gives time O(n log |I|) = O(n log n)
in total. For each recursive call, the number of edges decreases by a constant factor α,
and the number of vertices remaining in the graph (after removing isolated vertices) is
upper-bounded by twice the number of edges, so the total time of the algorithm is O(n log n),
since

∑
i≥0 αin log(αin) ≤

(∑
i≥0 αi

)
n log n = O(n log n). ◀

Let us also provide a generalization to graphs of small genus g. (Proof in the full version.)

▶ Theorem 12. There is an algorithm that runs in time O((n + g) log n + 2O(g)gO(1)) for a
given input genus g graph G with maximum degree at most 8 and finds an edge-coloring of G

using the optimal number of χ′(G) colors. The algorithm does not need an embedding.

4 Further research

One direction to improve the result from this work is to find an algorithm with complexity
o(n log n), ideally O(n). A natural idea is to extend the approach of Cole and Kowalik [6]
to ∆ = 8. Their O(n) algorithm subsequently expands the partial ∆-edge-coloring by one
edge in constant time. We failed to prove that for ∆ = 8 there is always an edge reducible in
constant time, even though we used computer-assisted case analysis.

Another open problem is finding a subquadratic algorithm for the case ∆ = 7. We
considered whether the approach from this work can also be used for ∆ = 7, but we realized
it is not easy. The first challenge is to show that there are Ω(n) reducible (perhaps in a
different sense) edges. The proof of Sanders and Zhao [13] only shows that there is at least
one reducible edge when ∆ = 7. The second challenge is to find a way to efficiently expand
a partial 7-edge-coloring by Ω(n) reducible edges. Expanding a partial 7-edge-coloring by
a single reducible edge in the proof of Sanders and Zhao may look very similar to what
we did in the proof of Lemma 9 – recoloring only a constant number of edges in a close
neighborhood of the edge and kemping a constant number of chains. However, in the proof of
Sanders and Zhao, kemping chains that share a color is possible. For example, one may have
to kempe (a, b)-chain P1 before kemping (b, c)-chain P2. Kemping P1 will change P2 if these
chains share an edge colored b. In particular, P2 may be merged with another (b, c)-chain P3.
This significantly complicates the proof of Lemma 9 for the case ∆ = 7 because we cannot
rely anymore on coherence of edges from ET . For example, some edges of P3 could later be
recolored while expanding the 7-edge-coloring by other edges from ET .
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