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—— Abstract

The number of perfect matchings of a k-pfaffian graph can be counted by computing a linear

combination of the pfaffians of k matrices. The pfaffian number of a graph G is the smallest integer k
such that G is k-pfaffian. We present the first known lower bounds for the pfaffian number of graphs.
As an intermediate step, we prove an upper bound for the rank of two matrices related to their
Khatri-Rao product. One of the consequences of the found lower bounds is the existence of graphs
whose pfaffian numbers are arbitrarily large.
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1 Introduction

Counting perfect matchings of a graph is a fundamental problem that naturally appears
in applied fields, as chemistry [6, 7], statistical physics [2, 10] and quantum mechanics [11].
Examples of some applications can be found in the book by Lovdsz and Plummer [15,
Chapter 8]. On the other hand, this problem is #P-complete [20], which suggests that there
are no efficient algorithms to solve it in general. In that sense, it is interesting to study graph
classes for which efficient algorithms for counting perfect matchings are known. One of the
most studied such classes is the class of pfaffian graphs.

Unless otherwise stated, assume that the graphs in this work are simple. Let G be a
graph and let D be an orientation of G. Let (1,2,...,2k) be an enumeration of the vertices
in G. Let M be a perfect matching of G. The permutation of M in D, denoted by 7p (M), is

1 2 3 4 ... 2k—-1 2k
Uy Vi1 U V2 ... Uk Vk

where, for each i, 1 <14 < k, u;v; is an arc of M oriented from u; to v; in D. The sign of M
in D, denoted by signp (M), is the sign of the permutation 7p(M). Notice that signp (M) is
independent of the order in which the edges of M are listed in wp(M). The orientation D is
a pfaffian orientation if and only if all the perfect matchings of G have the same sign in D.
A pfaffian graph is a graph that admits a pfaffian orientation.
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Denote the skew-symmetric adjacency matrix of D by Ap := (a;;), defined as follows:

1, if4j is an arc of D,
a;; = —1, if jiis an arc of D,
0, otherwise.

The pfaffian of a skew-symmetric matrix A is a polynomial in the entries of the matrix and
is denoted by Pf(A). If the orientation D is pfaffian, then |Pf(Ap)| is equal to the number
of perfect matchings of G. It turns out that, for every skew-symmetric matrix, the square of
its pfaffian is equal to its determinant. Hence, if D is pfaffian then it is possible to efficiently
compute the number of perfect matchings of G. Note that these definitions can be easily
extended to graphs with multiple edges: parallel arcs of a pfaffian orientation D must be
oriented in the same direction and the entries of Ap should indicate this multiplicity.

The reader can find a detailed account of the main results of the theory of pfaffian graphs
in the book by Lucchesi and Murty [16, Part III].

Of course, not every graph is pfaffian. The graph K3 3 is the smallest non-pfaffian graph.
Hence, we might consider a generalization of pfaffian graphs. Let k be a positive integer. A
k-orientation of G is a vector D = (D1, Da, ..., Dy) of k orientations of G. The sign of a
perfect matching M in D is the vector

signp (M) := (signp, (M), signp, (M),... ,signp, (M)).

Denote by M(G) the set of perfect matchings of G. The signature matriz of D is the
matrix signp of |[M(G)| rows such that every one of them is the sign in D of a different
perfect matching of G. The k-orientation D is pfaffian if the system

signpx =1 (1)

is solvable. In other words, D is pfaffian if the all-one vector is a linear combination of the
columns of the signature matrix signp. A vector that satisfies (1) is a solution of D. A
graph that admits a pfaffian k-orientation is k-pfaffian. Notice that relabeling the vertices
of G either changes the sign of all of its perfect matchings in D or does not change the sign
of any of its perfect matchings in D. Therefore, the property of a graph being k-pfaffian is
independent of the enumeration of its vertices. It is known, as we will see later, that every
graph admits a k-pfaffian orientation for some integer k. The pfaffian number of G, denoted
by pf(G), is the smallest integer k such that G is k-pfaffian. In particular, the pfaffian number
of a pfaffian graph is 1.

Given a k-pfaffian orientation D of G with solution «, the number of perfect matchings
of G can be computed by

k
> a;Pf(Ap,).
i=1

Kasteleyn [8], in 1961, introduced pfaffian orientations for solving problems in statistical
physics. Later, in 1963, he proved that every planar graph is pfaffian [9]. In his paper of 1963,
he also claimed, without proof, that is possible to count the number of perfect matchings of a
graph embeddable in a surface of genus g using 49 pfaffians. This claim was formally proved
by the end of the 20th century by Galluccio and Loebl [5] and, independently, by Tesler [19].

» Theorem 1 (Galluccio and Loebl, [5]; Tesler, [19]). Fvery graph embeddable in an orientable
surface of genus g is 49-pfaffian.
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Tesler also extended this result for non-orientable surfaces. In 2009, Norine [18] proved that
not every positive integer is the pfaffian number of a graph:

» Theorem 2 (Norine, [18]). Every 3-pfaffian graph is pfaffian and every 5-pfaffian graph
is 4-pfaffian.

In particular, the pfaffian number of K33, embeddable in the torus, is four. Due to this

and other results, Norine conjectured that the pfaffian numbers are always a power of four.

However, in 2011, Miranda and Lucchesi [17] showed a counterexample to that conjecture: a
graph with pfaffian number six.

It is worth mentioning that there is an analogous method for counting the number of
even subgraphs of a graph through a linear combination of pfaffians. For this method, Loebl
and Masbaum [13] proved that, for a graph embeddable in an orientable surface of genus g,
the number of pfaffians needed is exactly 49. In other words, Loebl and Masbaum proved a
version of Norine’s conjecture for counting even subgraphs.

Norine [18] also characterized graphs with pfaffian number four. More recently, in 2021,

Costa Mogo, Miranda and Nunes da Silva [4] characterized graphs with pfaffian number six.

These two characterizations are similar but it is not known if they can be generalized.

1.1 Preliminaries and Notation

Let G be a graph. The graph G is matchable if it admits a perfect matching. An edge of G
is matchable if it is contained in some perfect matching of G. A graph G is matching covered
if it is connected, has at least one edge and all of its edges are matchable. The study of
k-pfaffian graphs can be naturally reduced to matching covered graphs. A subgraph H of G
is conformal if H and G — V(H) are matchable (equivalently, if any perfect matching of H
may be extended to a perfect matching of G).

Let D and D’ be orientations of the same graph G. Denote by D A D’ the set of edges
of G that have different orientations in D and in D’. The next result follows easily from the
definition of sign of a perfect matching.

» Proposition 3. Let G be a graph and let D and D' be orientations of G. Let M be a
perfect matching of G. Then,

signp (M) - signp, (M) = (_1)|Mﬂ(DAD’)\.

Let T be a trail of G. An arc of D is a forward arc of T if it is traversed from tail to
head. The set of forward arcs of T is denoted by fwp(T). Let @ be a conformal cycle of G.
The sign of @ in D, denoted by signp (@), is 1 if [fwp(Q)] is odd and —1 otherwise. As @
is conformal then it is even, hence the sign of QQ in D does not depend on the direction of
its traversal. The following basic result appears in the book by Lovisz and Plummer [15,
Chapter 8].

» Proposition 4. Let G be a graph and let D be an orientation of G. Let M and N be
perfect matchings of G. Then,

signp (M) - signp(N) = H signp (Q),
Qec

where C is the set of all (M, N)-alternating cycles.
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Similarity of Orientations

Let X be a set of vertices of G. The cut with shore X of G, denoted by 9(X), is the set of
edges that have one endpoint in X and the other in X, where X is the set V(G) — X.

Let D be an orientation of G and let F' be a set of arcs of D. We denote by D rev F’
the orientation obtained from D by reversing the orientation of all the arcs of F. Two
orientations D and D’ are similar if D' = DrevC, where C is a cut of G. Two k-orientations
D and D’ are similar if D; is similar to D} for every ¢, 1 <4 < k. The next result follows
from the fact that the parity of the number of edges of any perfect matching in a cut 9(X)
is equal to the parity of | X|.

» Proposition 5. Let D be an orientation of a graph G, let M be a perfect matching of G
and let C := 9(X) be a cut of G. Let D' = Drev C. Then,

signp (M) -signpy (M) = (~1)/¥].

Let D and D’ be two similar k-orientations. If D is pfaffian with solution «, then D’
is pfafian. Indeed, we can modify «, possibly changing the sign of some of its entries, to
obtain a solution of D’.

» Corollary 6. Let D and D’ be two similar k-orientations. The k-orientation D is pfaffian
if and only if D’ is pfaffian.

Cuts and Contractions

Let X be a set of vertices of G. Denote by G/X the graph obtained from G by the contraction
of the vertices in the set X to a single vertex and removing the resulting loops (multiple
edges may appear and are kept). Let C' := 9(X). The C-contractions of G are the graphs
G/X and G/X.

Let C be a cut of a matching covered graph G. The cut C is separating if both
C-contractions of G are matching covered. The cut C is tight if |[M NC| = 1 for every perfect
matching M of G. The following characterization of separating cuts appears in the book by
Lucchesi and Murty [16, Chapter 4].

» Theorem 7. A cut C of a matching covered graph G is separating if and only if each edge
of G lies in a perfect matching that contains precisely one edge in C.

It is then easy to see that every tight cut is separating. A cut is trivial if there is a
single vertex in one of its shores. Notice that every trivial cut is also tight. A matching
covered graph free of non-trivial tight cuts is a brick if it is non-bipartite and is a brace if it
is bipartite. A tight cut decomposition of a graph is a collection of bricks and braces obtained
by recursively applying a C-contraction of a non-trivial tight cut C' whenever possible. In
1987, Lovész [14] proved that every tight cut decomposition of a graph is, in a certain way,
unique.

» Theorem 8 (Lovasz, [14]). Every application of the tight cut decomposition to a matching
covered graph G produces the same set of bricks and braces, up to multiple edges.
Linear Algebra

The following basic result, which is a consequence of the Rank-Nullity Theorem, will be
useful in Section 3.
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» Lemma 9. Let A be a matriz with n columns. Let Ax = b be a linear system. If this
system has t linearly independent solutions, then rank(A) <mn —t+ 1.

The Hadamard product of two vectors u,v € R", denoted by u ® v, is the vector in R"
obtained by position-wise product. Namely, u® v = (u; - v;)1<i<n. Let S be a set of vectors
in R™. The Hadamard product of all the vectors in S is denoted by [], s V.

We denote the i-th row of a matrix A by A;. The Khatri-Rao product of two matrices
A € R™*"™ and B € R™2*" denoted by A*B, is a matrix obtained by the Hadamard product
of pairs of rows from A and B. Formally, the product A B is the matrix C € R(m1m2)xn
such that C(;_1).m,+; = A; © B; for every i, 1 <7 < my, and every j, 1 < j < ma.

It turns out that the products defined above are useful for describing properties of signs of
matchings and cycles in k-orientations. For example, we can easily generalize Proposition 4
to k-orientations. Let D be a k-orientation of G. The sign of a conformal cycle @ in D is

signp (Q) := (signp, (Q),signp, (@), .. .,signp, (Q)).

» Proposition 10. Let G be a graph and let D be a k-orientation of G. Let M and N be
perfect matchings of G. Then,

signp (M) © signp (N) = H signp (Q),
QeC

where C is the set of all (M, N)-alternating cycles.

1.2 OQutline of the Paper

In Section 2, we review a recently developed method for counting perfect matchings: the
symbolic pfaffian method. This method was introduced by Tesler [19], and further developed
by Babenko and Vyalyi [1]. The symbolic pfaffian number of a graph G, denoted by spf(G),
is a parameter of G related to the complexity of applying the symbolic pfaffian method to
this graph. There are known lower bounds for the symbolic pfaffian number, similar to those
obtained in this paper for the pfaffian number. We discuss the similarities of the symbolic
pfaffian method and the k-pfaffian method. In particular, we show that the pfaffian number
is lower bounded by the symbolic pfaffian number.

» Theorem 11. Let G be a graph. Then, pf(G) > spf(G) + 1.

In Section 3, we present a lower bound for the pfaffian number of a graph related to the
pfaffian numbers of its conformal subgraphs.

» Theorem 12. Let G be a matching covered graph. Let H' be a non-spanning conformal
subgraph of G and let H" := G — V(H'). Then,

pf(H') + pf(H") — 1 < pf(G).

As an intermediate step, we prove an upper bound for the rank of two matrices related to
their Khatri-Rao product. Then, we conclude that the pfaffian number is unbounded by
showing an infinite family of graphs with increasing pfaffian number. To the best of our
knowledge, this is the first proof of that fact.

In Section 4, we show that the pfaffian number of a graph is at least the pfaffian number
of its separating cut contractions.

28:5
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» Theorem 13. Let G be a matching covered graph and let (X) be a separating cut of G.
Then

pf(G) > max{pf(G/X), pf(G/X)}.

This theorem generalizes previous results by Little and Rendl [12], and by Carvalho, Luchessi
and Murty [3].
Finally, in Section 5, we conclude with some final remarks and open problems.

2 Related Work: The Symbolic Pfaffian Method

In 2000, Tesler [19] proved the assertion of Kasteleyn that implies that graphs embeddable in
orientable sufaces of genus g are 49-pfaffian. The proof by Tesler, as he noticed, also implied
that the number of perfect matchings of graphs embeddable in surfaces of genus g can be
computed via evaluation of the pfaffian of a matrix with symbolic entries in 2¢ variables.
The symbolic pfaffian method for counting perfect matchings was later formally described in
2017, by Babenko and Vyalyi [1], for bipartite graphs. Then, in 2021, Vyalyi [21] generalized
this method for arbitrary graphs. Some of the notation below differs from the notation of
Babenko and Vyalyi for the sake of comparison with the k-pfaffian method.

Let G be a graph and let d be an integer. Consider the vector space F := GF(2)? formed
by the binary vectors of dimension d. Denote the sum in this vector space by @. A d-symbolic
function 7: E(G) — F of G is a function defined in the edges of G and that extends to
perfect matchings by

(M) = P r(e)

ecM

for every M € M(G). A d-symbolic orientation of G is a pair (D, 1), where D is an
orientation of G and 7 is a d-symbolic function of G. A d-symbolic orientation is pfaffian if,
for every pair of perfect matchings M and N of G,

signp (M) # signp(N) — (M) £ 7(N).

Every graph G admits a pfaffian |E(G)|-symbolic orientation. Indeed, a |E(G)|-symbolic
function 7 which maps every edge to a different vector in the standard basis of F implies
that 7(M) # 7(N) for every two different perfect matchings M and N of G. The symbolic
pfaffian number of G, denoted by spf(G), is the smallest integer d such that G admits a
pfaffian d-symbolic orientation. In particular, if G is a pfaffian graph, it suffices to consider
a 0-symbolic orientation (D, 7) where D is pfaffian; therefore, spf(G) = 0.

Given a pfaffian d-symbolic orientation (D, 7) of G, we can count the number of perfect
matchings of G in O(2%oly(|V(G)|)) complexity by computing the pfaffian of a symbolic
matrix with entries in d variables [21].

Babenko and Vyalyi [1] also extended this method for the field Z¢. However, the most
interesting results are for the case described here, with vector entries in GF(2). Also,
Vyalyi [21] considered a generalization of this method that uses more than one symbolic
orientation. The results obtained for that generalization hold, in particular, for the version
described here.

In 2021, Vyalyi [21] obtained lower bounds for the symbolic pfaffian number of arbitrary
graphs. Let Pf*(G) be the greatest absolute value of Pf(Ap) among all orientations D of G.
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» Theorem 14 (Vyalyi, [21]). Let G be a graph. Then,

IM(G)|
PF(G)

» Corollary 15 (Vyalyi, [21]). spf(K2,) = Q(nlgn)

1
spf(G) > ) log,

We noticed that we can build a pfaffian d-symbolic orientation of a graph given a pfaffian
(d + 1)-orientation. This implies the lower bound in Theorem 11, stated in the introduction,
namely, pf(G) > spf(G) + 1.

Proof of Theorem 11. Let k := pf(G). If kK = 1, then G is pfaffian, spf(G) = 0 and the
theorem holds trivially. Suppose then that G is non-pfaffian and hence k£ > 1. Let D be a
k-pfaffian orientation of G. Let 7 be a (k — 1)-symbolic function of G defined by

T(e)‘_ 1, ifee D; A Dy
*7 1 0, otherwise

for every edge e € F(G) and i, 1 < i < k — 1. Then, by definition, for every perfect
matching M of G, we have that 7(M); = |M N (D; A Dy)| (mod 2). We will show that the
(k — 1)-symbolic orientation (D, 7) is pfaffian.

Since G is not pfaffian, there are perfect matchings of G, say M and N, with different
signs in Dy. Assume, by contradiction, that 7(M) = 7(IN). Then, by the construction of 7,
we have

for every i, 1 <1i < k — 1. Therefore, by Proposition 3, we obtain

signp (M) - signp, (M) = signp_ (N) - signp, (V).

Given that the signs of M and N in Dy are different, we know that signp (M) # signp, (V).

We conclude that the signs of M and N are different in all the orientations of D. However, this

implies that the equation signpx = 1 has no solution because signp (M) + signp (N) = 0.

This contradicts that D is pfaffian. <

Notice that the lower bound of Theorem 11 is sharp. Indeed, every pfaffian graph G has
pf(G) = 1 and spf(G) = 0. We do not know any non-pfaffian graph for which equality in
Theorem 11 holds.

Applying Corollary 15, we obtain the following lower bound for the pfaffian number.

» Corollary 16. pf(Ks,) = Q(nlgn)

Vyalyi [21] also proved lower bounds for a family of sparse graphs. From the results of
Vyalyi together with Theorem 11, we conclude that the pfaffian number is unbounded. In
the next section, we show a different proof of that fact that does not depend on symbolic
pfaffian numbers.

3 The Pfaffian Number and Conformal Subgraphs

In this section, we prove a lower bound for the pfaffian number of a graph that depends on
the pfaffian number of its conformal subgraphs. This lower bound is a direct consequence of
a new result on the Khatri-Rao product. In that sense, we start this section describing the
relation between the Khatri-Rao product and the restriction of a k-orientation to conformal
subgraphs.
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» Proposition 17. Let D be a k-orientation of a matching covered graph G. Let H' be a
non-spanning conformal subgraph of G and let H" := G — V(H'). Let D' and D" be the
restrictions of D to H' and H", respectively. Then, the matriz signp, * signp,, is formed
by a subset of the rows of signp.

Proof. Let M’ and M" be perfect matchings of H' and H", respectively. Adjust the
enumeration of the vertices of G such that the first 2|M’| vertices are the vertices in H'. For
every i, 1 <14 < k, adjust the order of the edges listed in the permutation 7p, (M’ UM") such
that all the edges in M’ are listed first. Hence, it is clear that the number of inversions of
mp,(M"UM") is equal to the sum of the number of inversions of 7p/(M’) and of mp, (M").
Thus, we obtain that '

signp/ (M") - signp, (M") = signp (MU M").

Therefore, signp, (M’) @ signp, (M") = signp (M’ U M") holds by the definition of the
Hadamard product. Given that M’ and M" are arbitrary perfect matchings and by the
definition of the Khatri-Rao product, we conclude that every row of the matrix signp, *signgp.,
is a row of signp. <

Now we will prove an upper bound for the sum of the ranks of two particular matrices
using the Khatri-Rao product. We will use the following straightforward result.

» Lemma 18. Let B = {v1,Va,..., v} be a set of linearly independent vectors in R¥. Let u
be a vector in R¥ with no zero entries. The set B = {u© viti<i<n is linearly independent.

» Theorem 19. Let A € R"™*™ agnd B € R™2*™ be matrices with the same number of
columns. If there is a vector a without zero entries that satisfies (A «* B)a = 1, then

rank(A) + rank(B) — 1 < n.

Proof. Suppose that such a vector a exists. Then, by the definition of the Khatri-Rao
product, we have that (A; ® Bj)a =1, for every i, 1 <7 < my, and every j, 1 < j < mao.
Notice that, after transposing B; to match dimensions, we can apply the associativity between
the Hadamard product and the matrix product, yielding Ai(BjT ® a) = 1. Therefore, the
vector set {Bf@a}lgjg,,m is a set of solutions to the system Ax = 1. Since the vector o does
not contain zeroes and due to Lemma 18, we obtain that Ax = 1 has at least rank(B) linearly
independent solutions. By Lemma 9, we conclude that rank(A) < n — rank(B) + 1. |

The theorem above has direct consequences for the pfaffian number of graphs.

» Corollary 20. Let G be a matching covered graph. Let H' be a non-spanning conformal
subgraph of G and let H" := G — V(H'). Let D be a pfaffian pf(G)-orientation of G. Let D’
and D" be the restrictions of D to H' and H", respectively. Then,

rank(signp,) + rank(signp, ) — 1 < pf(G).

Proof. Let « be a solution of D. By Proposition 17, we know that « is a solution to the
system (signp, *signp, )x = 1. Notice that a has no zeroes; otherwise, we could discard the
orientations of D corresponding to the zero entries of & and obtain a pfaffian k-orientation
of G with k < pf(G), a contradiction. Thus, this corollary follows from Theorem 19. <

The obtained lower bound for the pfaffian number can also be written using the pfaffian
numbers of the subgraphs by noticing that the rank of a signature matrix of a pfaffian
k-orientation is lower bounded by the pfaffian number of the underlying graph.
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» Proposition 21. Let D be a pfaffian k-orientation of a graph G. Then,
pf(G) < rank(signp).

Proof. Let A := signp. Since D is pfaffian, the vector 1 is a linear combination of the
columns of A. Let D’ be a rank(A)-orientation formed by rank(A) orientations of D
corresponding to linearly independent columns of A. Clearly, D’ is pfaffian. Therefore,
rank(A) cannot be less than pf(G). <

Recall the Theorem 12, stated in the introduction, that asserts
pi(G) = pt(H) + pf(G — V(H)) — 1,

where H is a non-spanning conformal subgraph of G. This lower bound follows directly from
the results above. To apply this lower bound, we need a conformal subgraph that is not
spanning. However, the restriction of a pfaffian k-orientation of a graph G to a spanning
subgraph of G clearly remains pfaffian. This observation allows us to extend Theorem 12 to
arbitrary conformal subgraphs, yielding the following corollary.

» Corollary 22. Let G be a matching covered graph. If H is a conformal subgraph of G, then
the inequality pf(G) > pf(H) holds.

The lower bound in Theorem 12 is sharp. Indeed, consider the graph K4 4. Let H be
a conformal subgraph of K, 4 isomorphic to K3 3. The graph Ky 4 — V(H) is formed by a
single edge and, hence, is pfaffian. Then, given that pf(K33) = 4 and by Theorem 12, we
obtain that pf(K4 4) > 4. Moreover, since K, 4 is embeddable in the torus and by Theorem 1,
we conclude that pf(K, 4) = 4. This example is a particular case of the following corollary.

» Corollary 23. Let G be a matching covered graph. Let H be a non-spanning conformal
subgraph of G. If pf(G) = pf(H), then the graph G — V(H) is pfaffian.

We do not know if the lower bound in Theorem 12 remains sharp if H' and H” are both
non-pfaffian.

3.1 Unboundedness of the Pfaffian Number

The lower bound from Theorem 12 implies that the pfaffian number of graphs is unbounded.
Indeed, we only need to consider a graph with many disjoint non-pfaffian conformal subgraphs.

For example, we can consider the family of bipartite complete graphs Ky 3,. A graph in
this family contains n disjoint copies of K3 3. Hence, applying Theorem 12 recursively, we
obtain that pf(Ksy,,3,) > n - pf(Ks3) — (n — 1) = 3n + 1. The graph K3, 3, has 9n? edges
and, therefore, the pfaffian number of the bipartite complete graphs grows at least as fast as
the square root of their number of edges.

We also constructed an infinite family of sparse matchings covered graphs in which the
pfaffian number grows at least linearly with the number of edges. Then, we noticed that
Vyalyi [21] also constructed a similar family to prove lower bounds for the symbolic pfaffian
method in sparse graphs. We will focus on the Vyalyi family of graphs because these graphs
are also cubic. We will show that the pfaffian numbers of the graphs in this family grow
linearly using Theorem 12.
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Figure 1 The graph V.

The Vyalyi Family of Graphs

An ear in a graph is a path of odd length all of whose internal vertices have degree two. A
bisubdivision of an edge e = uv of a graph G is a graph obtained by replacing e by an ear
from u to v. A bisubdivision of a graph G is a graph obtained by the bisubdivision of some
of its edges. Let H be a bisubdivision of K3 3 in which exactly two non-adjacent edges are
replaced by ears of length three. The graphs in the Vyalyi family contain several copies of H.
Denote by V,, the member of the Vyalyi family that contains exactly n copies of H, denoted
by Hy, Ho,...,H,. Denote by u; and v; the interior vertices of one of the ears of length
three in H;; similarly, denote by p; and ¢; the interior vertices of the other ear of length
three in H;. The graph V,, is formed by the graphs H; and the edges w;p; 1 and v;¢;4+1, for
every i, 1 < i <n—1, and the edges u,p; and v,q1. See Figure 1. Notice that the graphs in
this family are bipartite, cubic and matching covered.

To apply Theorem 12 to the Vyalyi family, we will use the following fact: the pfaffian
number of a bisubdivision of a graph G equals the pfaffian number of G (see Proposition 30
in the next section). Then, the pfaffian number of each conformal subgraph H; of V,, is four.
By applying Theorem 12 recursively, we conclude that pf(V,) > 3n + 1. Using Theorem 14,
Vyalyi [21] proved that spf(V,,) > nlog, /3/2. With that result and Theorem 11, we obtain
that pf(V,) > nlog, /3/2 + 1. The lower bound proved here using Theorem 12 is slightly
better.

4 The Pfaffian Number and Separating Cuts

In 1991, Little and Rendl [12] reduced the problem of deciding if a graph is pfaffian to
deciding if the graphs in its tight cut decomposition are pfaffian. Their result can be stated
as follows.

» Theorem 24 (Little and Rendl, [12]). Let G be a matching covered graph and let C be a
tight cut of G. The graph G is pfaffian if and only if both C-contractions of G are pfaffian.

The sufficient condition of the theorem above does not hold if the cut is separating but
not tight. As an example, consider a cut C of the Petersen graph whose shores are the
5-cycles. The cut C is separating and both C-contractions are pfaffian because they are
planar. However, the Petersen graph is not pfaffian. In contrast, the necessary condition of
Theorem 24 still holds for non-tight separating cuts.

» Theorem 25 (Little and Rendl, [12]). Let G be a matching covered graph and let C be a
separating cut of G. If one of the C-contractions of G is not pfaffian, then G is not pfaffian.
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Figure 2 Proof of Theorem 27.

In 2012, Carvalho, Lucchesi and Murty [3] proved a stronger version of the theorem above.

» Theorem 26 (Carvalho, Lucchesi and Murty, [3]). Let C be a separating cut of a matching
covered graph G and let Dy be a pfaffian orientation of G. Then G has an orientation D
similar to Dy such that both C-contractions of D are pfaffian.

We prove a generalization of the previous theorem to k-orientations.

» Theorem 27. Let C be a separating cut of a matching covered graph G and let D(©) be
a pfaffian pf(G)-orientation of G. Then G has a pf(G)-orientation D similar to D© such
that both C-contractions of D are pfaffian.

Proof. We will build D and then show that the C-contractions of D remain pfaffian. For
this purpose, we will describe a method to obtain vertex sets S; for every 4, 1 < i < pf(G),
and show that the pf(G)-orientation D defined by D; := Dgo) rev 0(S;) is as desired. Let
G':=G/X and let G” := G/X. Let e := uv be an edge of C' with u € X. Given that C is a
separating cut, there is a perfect matching, say M, such that M NC = {e}. Let M' and M"
be the restrictions of M to G’ and to G”, respectively.

Let V' be the set of vertex of X that are ends of the edges in C. Likewise, let V" be the
set of vertex of X that are ends of the edges in C. For any w” € V", we define P(w") as
an even length M"-alternating path from v to w” as follows. If w” = v, then P(w") := (v).
Otherwise, there is an edge f # e in C incident to w”. As C is separating, there is a perfect
matching M, of G such that My N C = {f}. Therefore, there is an (M, M[)-alternating
cycle @ of G such that E(Q) N C = {e, f}. Define P(w”) as a (M", My)-alternating path
from v to w” in X. See Figure 2. Indeed, the path P(w”) has even length because the first
edge of the path is in My and the last edge is in M"”. Likewise, for every w’ € V', define
P(w') as an even length M’-alternating path from u to w’. For every i, 1 < i < pf(G), define

Si={weV'uV": fw o (P(w)) =1 (mod 2)}.

Since the paths P(w) have even length, the sets S; are well-defined.
Recall that D; = DEO) rev 3(S;). The pf(G)-orientations D and D(® are similar; hence,
by Corollary 6, D is pfaffian. Also, by the definition of the sets S;, we have

[fwp, (P(w))] =0 (mod 2), for every w e V' UV". (2)

We will show that the C-contractions of D are pfaffian.
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Let D’ be the contraction of D to G’. For every M’-alternating cycle Q' in G’, let ¢(Q’)
be the M-alternating cycle of G defined as follows. If F(Q') N C' is empty, then p(Q’) := Q.
Otherwise, there is a unique edge f # e in C that is contained in E(Q’). Let w” be the end
of f that is contained in V”. Define ¢(Q’) as the M-alternating cycle formed by the edges
in E(Q) UE(P(w")). See Figure 2.

> Claim 28. For every M’-alternating cycle @', signp, (Q') = signp (p(Q’)) holds.

Proof. If E(Q") N C = &, the claim follows trivially. Suppose then that E(Q")NC = {e, f}.
Let w” be the vertex in V" that is an end of f. Thus, for every i, 1 < i < pf(G), we have

lfwp (@) = [twp, (p(Q")] — [fwp, (P(w"))].
We conclude that sigan(Q’) = signp (©(Q")) from (2). <

Let v := signp, (M') © signp (M) be a vector. We will show that, for every perfect
matching N’ of G’, there is a perfect matching N of G, such that signp, (N') = signp (N)©v.
This implies that o ® v is a solution of D’, where « is the solution of D.

Let N’ be a perfect matching of G’. Let C be the set of (M’, N')-alternating cycles. By
Proposition 10, we know that

signp, (N') = signp, (M') ® H signp, (Q').
Q'eC

From Claim 28 and the definition of v, we obtain

signp, (N') = (signp (M) © [] signp(p(Q))) © v.
Qec

Defining N := M A (Ugrcc E(p(Q'))), a perfect matching of G, we conclude that
signp, (N') = signp(N) O v

as we desired. As mentioned above, this implies that D’ has a solution and, therefore, is
pfaffian. By a symmetric argument, we conclude that the contraction of D to G” is also
pfaffian. <

The theorem above implies Theorem 13, stated in the introduction, namely, the lower
bound

p(G) > max{pf(G/X), pf(G/X)},

where 9(X) is a separating cut of G. Together with Theorem 24 by Little and Rendl and
with Theorem 2 by Norine, we obtain the following corollary.

» Corollary 29. Let G be a matching covered graph with pf(G) = 4. There is at least one
graph with pfaffian number four in the tight cut decomposition of G.

One might believe that, as a generalization of Theorem 24, the pfaffian number of a
graph is equal to the pfaffian number of one of its C-contractions if C' is tight. This is not
true. As a counterexample, consider the graph G1g in Figure 3 discovered by Miranda and
Lucchesi [17]. The cut C shown in this figure is tight. We know that pf(G19) = 6, but the
C-contractions of this graph are isomorphic to K3 3, up to multiple edges, so each of them
has pfaffian number four. However, equality holds in Theorem 13 for a specific type of tight
cut contractions, the bicontractions.
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Figure 3 The graph Gig.

Let v be a vertex of degree two of a matching covered graph G with four or more vertices.

Let u and w be the neighbours of v. Then, the cut 9(X), where X := {u, v, w}, is tight and
the graph G/X is said to be a bicontraction of v from G. The retract of G, denoted by é, is
a matching covered graph obtained from G by repeated bicontractions whenever possible. In
particular, G = G if there are no vertices of degree two. It is easy to see that different orders
of bicontractions in this process generate the same graph up to isomorphism; therefore, the
retract of a graph is well-defined. Notice that G is a bisubdivision of G.

» Proposition 30. Let G be a matching covered graph. Then
pf(G) = pf(C).

Proof. If G has no vertices of degree two, the statement follows trivially. Then, suppose v is
a vertex of degree two in G with neighbours v and w. Let H be the graph obtained from G
by bicontraction of v. We will show that pf(G) = pf(H).

By Theorem 13, we know that pf(G) > pf(H). Therefore, it suffices to prove that
pf(H) > pf(G). Let Dy be a pf(H)-orientation of H. Extend Dy to a pf(H )-orientation D
of G such that (u,v,w) is an oriented path. Let @ be a conformal cycle of G that contains
the vertex v and let @y be the bicontraction of v from ). By definition of sign of cycles, we
have signp (Q) = signp,, (Qx). This implies that the sets of all signs of conformal cycles
of Dy and of D are equal. Let M be a perfect matching of G that contains uv and let
My := M —uv. Let v := signp (M) © signp, (Mp) be a vector. It is easy to see that, for
every perfect matching N of G, there is a perfect matching Ny of H, such that

signp (V) = signp,, (Nyg) O v.

This implies that D is pfaffian. The proposition follows by induction. |

5 Conclusions

We proved lower bounds for the pfaffian number of graphs. Lower bounds for a closely
related method, namely the symbolic pfaffian method, were already known. We established
a relation between the pfaffian number and the symbolic pfaffian number: for a graph G, the
relation pf(G) > spf(G) + 1 holds, with equality if G is pfaffian. We do not know non-pfaffian
graphs for which equality in the above lower bound hold. In fact, we believe such graphs do
not exist.
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» Conjecture 31. Let G be a non-pfaffian graph. Then, pf(G) > spf(G) + 1.

The condition for the existence of a pfaffian k-orientation is more complicated than the
condition for the existence of a pfaffian k-symbolic orientation. In that sense, we believe
that the growth rate of the pfaffian number might be much faster than the growth rate of
the symbolic pfaffian number. In fact, the growth rate of the pfaffian number might be
exponential for complete graphs. In that regard, we conjecture that the lower bound of
Theorem 12 is not sharp if both conformal subgraphs are not pfaffian.

» Conjecture 32. Let G be a matchable graph. Let H' be a non-spanning conformal subgraph
of G and let H" := G — V(H'). If H' and H" are not pfaffian, then

pf(H') + pf(H") — 1 < pf(G).

We also proved that the pfaffian number of a graph does not increase after a separating
cut contraction. In particular, a bicontraction preserves the pfaffian number. It is an
interesting open problem to characterize separating cuts whose contractions preserve the
pfaffian number.
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