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Abstract
Given a graph class G, the limiting density of G is defined as δ(G) = limn→∞ ex(G, n)/n where
ex(G, n) is the maximum number of edges of a graph in G on n vertices. The limiting density δ(G) is
known to be a rational number when G is a minor-closed graph class. For every δ ∈ [0, 3/2), we prove
that the set of ⊆-minimal minor-closed graph classes with densities > δ is finite and we identify it
completely. A consequence of our results is an algorithm that, given a finite set of graphs Z, of total
size n, either outputs the value of δ(excl(Z)) or reports that δ(excl(Z)) ≥ 3

2 , where excl(Z) is the
class of graphs excluding the graphs in Z as minors. The algorithm runs in 2poly(n) time.
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1 Introduction

All graphs in this paper are finite and have no loops or multiple edges. Given a graph G, we
use V (G) and E(G) for the set of its vertices and edges, respectively. Given a graph class G
and a non-negative integer n we define ex(G, n) := max{|E(G)| | G ∈ G, |V (G)| = n}, i.e.,
the maximum number of edges of an n-vertex graph in G.

1.1 Limiting densities
The limiting density of an infinite graph class G is defined as

δ(G) = lim
n→∞

ex(G, n)
n

.

If G is a finite class then the limiting density of G is −∞. In this paper we study limiting
densities of minor-closed graph classes (see Section 2 for definitions on the minor relation). A
minor-closed graph class G is proper if it does not contain all graphs. Given that G is proper,
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29:2 Minor Obstructions for Limiting Densities < 3/2

there is some graph H that does not belong in G, therefore G excludes a clique on k = |V (H)|
vertices as a minor. It was proved by Thomasson in [29] that if a graph G excludes Kk as a
minor then |E(G)|/|V (G)| ≤ (α + o(1)) · k ·

√
log k, where α ≈ 0.319, therefore δ(G) is always

a non-negative real number (see also [14,16,28,30,31]).
We denote by L the set of all limiting densities of infinite proper minor-closed graph

classes. The study of the set L was initiated by David Eppstein in [7], where he proved that

L ∩ [0, 3/2) = { x

x + 1 | x ∈ N} ∪ { 3x + 2y

2x + y + 1 | x ∈ N≥1, y ∈ {0, 1, 2}}. (1)

The above implies that [0, 3/2) contains two accumulation points, namely 1 and 3
2 . We

denote by B the set of all accumulation points of L. Interestingly, Eppstein observed in [7]
that if a ∈ L, then a+1 ∈ B∩L. As a next step, McDiarmid and Przykucki in [18] completely
identified L ∩ [0, 2) by proving that for every k ∈ N≥2 it holds that

L ∩
[
2 − 1

k − 1 , 2 − 1
k

)
= {2 − 1

k − 1} ∪ {2 − 1
k

− 2k − t − 1
kn

} (2)

where n = mk + 1 + t, m ≥ 1, 0 ≤ t ≤ k − 1, and n > (2k − 1 − t)(k − 1). According to
the above, L ∩ [0, 2) contains infinitely many accumulation points, which are the points in
B := {2− 1

k | k ∈ N≥1}. Recently, Kapadia and Norin proved in [12] that all limiting densities
are rational numbers. Moreover, they showed that for each proper minor-closed class G there
exists a minor-closed class G′ ⊆ G of bounded pathwidth1 such that δ(G′) = δ(G).

1.2 Deciding limiting densities
The question that motivated this paper is the following:

Let G be an infinite proper minor-closed graph class and δ be a non-negative
rational number. Can we decide whether δ(G) ≤ δ or whether δ(G) < δ? (3)

Notice that it is important to distinguish the questions δ(G) ≤ δ and δ(G) < δ. The
second question becomes particularly relevant when δ is an accumulation point of L. This
is because limiting Density < δ when δ is not an accumulation point is equivalent to
limiting Density ≤ δ′ where δ′ is the biggest limiting density that is smaller than δ.

In order to formulate the above questions algorithmically, we need a finite encoding of G.
A typical way to describe minor-closed graph classes is by excluding as minors all graphs of
some finite set Z. The resulting minor-closed graph class is denoted by excl(Z). Robertson
and Seymour showed that every minor-closed graph class G has such a finite description, i.e,
there is some finite Z, called the minor-obstruction set of G, such that G = excl(Z) [26]. We
use obs(G) for the minor-obstruction set of the class G and observe that G = excl(obs(G)).
Moreover, we may assume that Z is a minor anti-chain, that is, its elements are pairwise
non-comparable under the minor relation. For every non-negative rational number δ, we may
now formulate the question in (3) algorithmically as follows.

limiting Density ≤ δ (< δ)
Input: A minor anti-chain Z and a non-negative rational number δ.
Question: Is the limiting density of excl(Z) at most (strictly less than) δ?

(4)

As a measure of the input sizes of the above problems we define n(Z) =
∑

Z∈Z |V (Z)|.

1 A minor-closed graph class has bounded pathwidth iff it does not contain all acyclic graphs [2, 23].
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1.3 Our results
We prove that, for every value δ ∈ [0, 3/2), limiting Density ≤ δ can be solved in time
linear on the size n(Z) of the input. We also prove the same for limiting Density < δ

when δ is one of the two accumulation points in B ∩ [0, 3/2], i.e., δ = 1 and δ = 3
2 . Our

algorithms come as a consequence of a series of combinatorial results that we explain below.

Class properties on limiting densities. Given some non-negative rational δ, we define C≤δ

(resp. C<δ) as the set of all minor-closed graph classes whose limiting density is at most
(resp. strictly less than) δ. We define the class obstruction of C≤δ, denoted cobs(C≤δ), as
the set of all ⊆-minimal minor-closed graph classes that do not belong in C≤δ. We define
cobs(C<δ) analogously. It is worth noting that we have no general theory implying that
cobs(C≤δ) (or cobs(C<δ)) is finite. This would certainly follow if minor-closed graph classes
were well-quasi-ordered with respect to the set inclusion relation. However, this is an open
problem that is known as the “ω2-wqo conjecture” for the minor relation [11,17,19,20].

Proving that cobs(C≤δ) (or cobs(C<δ)) is finite has algorithmic consequences. Indeed,
as we will see in Section 5, knowing the finite obstruction sets for the finitely many classes
in a class obstruction yields algorithms for the problems in (4), based on finitely many
minor-checking queries. In turn, using the recent result of [13], this implies that these
problems can be solved in almost linear time; see also [10,25].

Combinatorics and algorithms on cobs(C≤δ) and cobs(C<δ). In this paper, we make
a first step towards the study of cobs(C≤δ) (resp. cobs(C<δ)) by focusing our attention on
the cases where δ is smaller (resp. strictly smaller) than 3

2 . In Section 3, we provide exact
descriptions of cobs(C≤δ), for δ ∈ [0, 3/2), and of cobs(C<1) and cobs(C<3/2). It follows that
cobs(C<1) consists of three graph classes, while cobs(C<3/2) consists of 33 graph classes.
According to our results, the size of cobs(C≤δ), i.e., the number of class obstructions, can be
bounded as follows:

If δ ∈ [0, 1), then |cobs(C≤δ)| is 2 plus the number of trees on ⌊ δ
1−δ ⌋ + 2 vertices.

If δ ∈ [1, 3/2), then |cobs(C≤δ)| ≤ 32 + n1 + n2 + n3 + n4 where
n1 is the number of connected graphs with 1 + ⌊ δ

3−2δ ⌋ triangle blocks,
n2 is the number of connected graphs with max{1 + ⌊ 4δ−5

3−2δ ⌋, 0} triangle blocks with
one block being the unique 2-tree on 4 vertices,
n3 is the number of connected graphs with max{1 + ⌊ 5δ−7

3−2δ ⌋, 0} triangle blocks with
one block being a 2-tree on 5 vertices, and
n4 is the number of connected graphs with max{1 + ⌊ 7δ−10

3−2δ ⌋, 0} triangle blocks with
two blocks being the unique 2-tree on 4 vertices.

In Section 4, for every δ ∈ [0, 3/2) and for each C ∈ cobs(C≤δ), we completely determine
obs(C). When δ ∈ [0, 1), none of these obstructions has size bigger than max{⌊ δ

1−δ ⌋+3, 4} and
when δ ∈ [1, 3/2), none of these obstructions has size bigger than max{2(1+⌊ δ

3−2δ ⌋)+1, 7}+1.
Given the complete knowledge of all class obstructions for every δ ∈ [0, 3/2), as well as

of their own obstructions, in Section 5, we capitalize on the fact that the presence/absence
of these obstructions serves as a certificate for the negative/positive answer to limiting
Density ≤ δ and limiting Density < δ. This leads to the claimed linear-time algorithms.
Finally, using these algorithms as subroutines, we construct an algorithm that, given a
δ ∈ [0, 3/2) and an anti-chain Z, either outputs the limiting density of excl(Z) or reports that
it is at least 3

2 in time 2poly(n), where n = n(Z), i.e., time that is exponential to the size of
the input Z, agreeing that we use poly(n) as a shortcut for nO(1).

WG 2026
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Due to lack of space, all proofs of results marked with a star (⋆) have been omitted from
this extended abstract.

2 Definitions and preliminary results

2.1 Basic concepts on graphs
We denote by N the set of non-negative integers. We use the notation N≥n = {x ∈ N | x ≥ n}.
Given some p, q ∈ N≥1 with p < q we denote by [p] and [p, q] the sets {1, . . . , p} and
{p, p + 1, . . . , q}, respectively.

We provide some concepts on graphs. For other concepts on graphs that are not defined
neither here nor in the introduction, we use the notation of [6].

We denote by Gall the set of all graphs. Every graph class G that is different from
Gall is called proper. Given a graph class G, we denote by Gn the set of n-vertex graphs
in G. Given some X ⊆ V (G), we define the subgraph of G induced by X and denote it
by G[X] = (X, {e ∈ E(G) | e ⊆ X}). The vertex set X is connected (in G) if G[X] is a
connected graph.

We say that a graph G contains a graph Z as a minor if there exist a collection
X = {Xv | v ∈ V (Z)} of pairwise disjoint connected vertex sets of G such that for every
edge vu ∈ E(Z) the set Xv ∪ Xu is connected. We call X = {Xv | v ∈ V (Z)} a minor model
of Z in G. We write Z ≤ G to denote that Z is a minor of G. Given some S ⊆ V (G), we
call a minor model X of a graph Z in G an S-minor model if every vertex set of the minor
model contains at least one vertex of S. A graph Z is an S-minor of G if there exists a
minor model of Z in G that is an S-minor model.

Given a graph G and an edge e, we denote by G/e the graph obtained from G after
contracting the edge e. The contraction of an edge e = xy is the replacement of x and y by
a vertex vxy whose neighbors are the vertices in (NG(x) ∪ NG(y)) \ {x, y}. Notice that H is
a minor of G if and only if a graph isomorphic to H can be obtained from a subgraph of G

after contracting a (possibly empty) set of edges.
A bridge in a graph is a subgraph that is isomorphic to K2 where the removal of its unique

edge increases the number of connected components. A block of a graph G is a maximal
2-connected subgraph of G or a bridge of G.

2.2 Obstructions
A minor anti-chain Z is a set of graphs that are pairwise non-comparable by ≤. Given a
class G of graphs, we define min(G) as the subset of G containing the minor-minimal elements
of G. Notice that min(G) is a minor anti-chain that, according to the Graph Minors Theorem
of Robertson and Seymour [26], is always finite. Given a minor-closed graph class G, we
define its obstruction set as the minor-minimal graphs that do not belong in G, i.e., the set
obs(G) = min(Gall \ G). We also refer to the members of obs(G) as the minor-obstructions
of G. Given some minor anti-chain Z, we denote by excl(Z) the set of all graphs excluding
every graph in Z as a minor. Notice that, for every minor anti-chain Z, it holds that
obs(excl(Z)) = Z and for every minor-closed graph class G, we have excl(obs(G)) = G.

Notice that Z contains some edgeless graph if and only if excl(Z) is finite. Recall also
that finite classes have limiting density −∞.

▶ Observation 1. Let Z be a finite set of graphs. It holds that δ(excl(Z)) ≥ 0 if and only if
none of the graphs in Z is edgeless.
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A class property is a family C of graph classes. It is subset-closed if every subclass of
a class in C also belongs in C. Throughout this paper, all graph classes that we consider
are proper minor-closed and all class properties are subset-closed and contain only proper
minor-closed graph classes.

Second order obstructions. Given two minor anti-chains Z1 and Z2, we say that Z1 is a
Smyth minor of Z2, denoted Z1 ≤∗ Z2, if for every Z2 ∈ Z2 there is some Z1 ∈ Z1 such that
Z1 ≤ Z2. The relation ≤∗ is known as the Smyth extension of ≤. It is easy to verify that,
given two graph classes G1 and G2,

G1 ⊆ G2 ⇐⇒ obs(G1) ≤∗ obs(G2). (5)

The class obstruction set of a class property C is the set of all ⊆-minimal minor-closed
graph classes that do not belong in C and we denote it with cobs(C). The fact that cobs(C)
exists follows from Robertson & Seymour’s Graph Minors Theorem [26]. However, it is not
known whether cobs(C) is finite in general.

The (second order) obstruction set of C is defined as OBS(C) = {obs(G) | G ∈ cobs(C)}.

The above definitions imply that for every class property C and every minor anti-chain Z,

excl(Z) ∈ C ⇐⇒ ∀Y ∈ OBS(C), Y ≰∗ Z. (6)

See [19] for more details on the above definitions and their properties. Notice that every
element of OBS(C) is some finite minor anti-chain. On the other hand, as mentioned above,
there is no result implying that OBS(C) (or, equivalently, cobs(C)) is a finite set. However,
when this is the case, (6) gives a finite description of the class property C in terms of second
order obstructions. Whether or not the set of all finite anti-chains is well-quasi-ordered with
respect to ≤∗ is known as the ω2-Well-Quasi-Ordering Conjecture on minors and can be
seen as a special case of the conjecture that graphs are “Better Quasi Ordered” by the minor
relation (see [11,17,19,21,27] for more on these conjectures).

2.3 Parametric graphs

A parametric graph is a sequence G = ⟨Gk⟩k∈N≥1 of graphs and is minor-monotone if, for every
i ≤ j, it holds that Gi is a minor of Gj . Moving forward, all parametric graphs considered
are assumed to be minor-monotone. Given a parametric graph P = ⟨Pk⟩k∈N≥1 we denote
by P ↓ the set of all minors of the graphs in P. For more on parametric graphs and their
relation with class properties see [19,20].

Let G = ⟨Gk⟩k∈N≥1 be a parametric graph. Its apex extension is the parametric graph
Ga = ⟨Ga

k⟩k∈N≥1 where Ga
k is the graph obtained from Gk after adding a new vertex and

making it adjacent to all vertices in Gk. Given a graph G we denote by k · G the disjoint
union of k copies of G. Given a graph H we define PH = ⟨PH

k ⟩k∈N≥1 where PH
k = k · H. We

refer to PH
k as the k-packing of H. Also given a graph H, we define the graph class

GH = PH ↓ . (7)

We use Kk for the complete graph on k vertices, also called the k-clique. We refer to K3
as the triangle. We denote by Kq,r the complete bipartite graph whose parts have q and r

vertices, respectively, and by Pk the path on k vertices. Notice that K1,k = (PK1
k )a.

WG 2026



29:6 Minor Obstructions for Limiting Densities < 3/2

Daisies, chains, and diamonds. We next define three parametric graphs that will be used
in our results; see Figure 1 for examples. We define Dk := (PK2

k )a and we refer to it as a
k-daisy. We define Ck as the unique graph where all blocks are triangles, the maximum
degree is 4, and no block has more than two cut-vertices. We use the term k-chain for Ck.
We define Mk := ((PK1

k )a)a and call it a k-diamond. Notice that Mk contains K2,k as a
spanning subgraph and that Mk is also contained in K2,k+1 as a minor.

Figure 1 The k-daisy (left), the k-chain (center), and the k-diamond (right), when k = 4.

2.4 Erdős-Pósa properties for minors
We need the following result by Robertson and Seymour [24]. Actually we provide a variant
that is adequate for our purposes.

▶ Proposition 2. There is a function f : N2 → N such that if Z is a set of graphs containing
at least one planar graph and h = n(Z), then every graph G that does not contain k disjoint
copies of a graph in Z as a minor, contains a vertex set S ⊆ V (G) such that none of the
graphs in Z is a minor of G − S and |S| ≤ f(h, k).

In fact, Proposition 2, when Z = {K3} is the classic result of Erdős and Pósa in [8] where
f(3, k) = O(k log k). It was proved in [32] that f(h, k) = f(h) · k · log k for some f : N → N.

3 Class obstructions

Given some non-negative rational number δ ≥ 0, we define

C≤δ = {G | G is a minor-closed graph class where δ(G) ≤ δ}

Clearly, {obs(G) | G ∈ C≤δ} is the set of the yes-instances of limiting Density ≤ δ.
Notice that if G1 ⊆ G2, then δ(G1) ≤ δ(G2), therefore both C≤δ and C<δ are subset-closed
class properties.

From Observation 1, it directly follows that cobs(C<0) = {⟨k · K1⟩k∈N ↓}.

This section is devoted to the complete identification of cobs(C<1) (Section 3.1), of
cobs(C<3/2) (Section 3.2), and of cobs(C≤δ), for every δ ∈ [0, 1) (Section 3.3) and for every
δ ∈ [1, 3/2) (Section 3.4).

3.1 Class obstructions for C<1

In this subsection we identify the class obstructions of C<1.
We define S = ⟨K1,k⟩k∈N and P = ⟨Pk⟩k∈N. Let G1 = PK3 ↓, G2 = S↓, and G3 = P↓.

▶ Lemma 3 (⋆). If G ∈ {G1, G2, G3} then δ(G) = 1.

▶ Lemma 4. If G is a graph class that does not contain G1 as a subset and excludes the
graphs K1,k and Pk as minors, then δ(G) ≤ 1 − 1/k2.
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Proof. As G is a graph class that does not contain G1, there is some c such that c · K3 is not
a minor of G. This means that if G ∈ G, then less than c of the connected components of G

are non-trees. Let C be a connected component of G that is not a tree. As C excludes K1,k

and Pk, it has bounded degree < k and diameter < k −1. Therefore, |V (C)| ≤ kk. Let CG be
the union of all connected components of G that are non-trees. Observe that |V (CG)| < ckk.
Similarly, if H is a connected component of G that is a tree, then its diameter is less than
k − 1. Moreover, since K1,k is excluded as a minor, H has less than k leaves. By using a
result of [22], we have |V (H)| ≤ 1 + (k − 1)⌊ k−2

2 ⌋ ≤ k2.
Now let G ∈ Gn and define z := |V (CG)|. Let r be the number of connected components

of G that are trees, and let n1, . . . , nr be their sizes. Recall that ni ≤ k2, for every
i ∈ [r]. Therefore,

∑
i∈[r] ni ≤ rk2. Furthermore, if we let p := c ·

(
kk

2
)
, then ex(G, n) ≤

p +
∑

i∈[r](ni − 1) = p + (
∑

i∈[r] ni) − r. Moreover, n ≥
∑

i∈[r] ni ≥ n − ckk. This implies
that

ex(G, n)
n

≤
p + (

∑
i∈[r] ni) − r∑
i∈[r] ni

≤ p∑
i∈[r] ni

+ 1 − r∑
i∈[r] ni

≤ p

n − ckk
+ 1 − r∑

i∈[r] ni

≤ p

n − ckk
+ 1 − r

rk2

= p

n − ckk
+ 1 − 1

k2

We conclude that δ(G) = limn→∞
ex(G,n)

n ≤ (limn→∞
p

n−ckk ) + 1 − 1
k2 = 1 − 1

k2 . ◀

Lemma 3 and Lemma 4 serve as the lower and the upper bound in the proof of the
following, that is the main result of this section.

▶ Theorem 5. cobs(C<1) = {G1, G2, G3}.

Proof. Notice first that none of the classes G1, G2, G3 is a subset of the other. Therefore,
they constitute a ⊆-anti-chain. By Lemma 3, if a class G contains some Gi ∈ {G1, G2, G3}
as a subset, then δ(G) ≥ δ(Gi) ≥ 1. If, instead, G does not contain any of G1, G2, or G3 as
subsets, then by Lemma 4, there is some x such that δ(G) ≤ (x − 1)/x < 1. ◀

Clearly, C<1 ⊆ C≤1. However, because of Lemma 3, C≤1 contains classes that are not
members of C<1 such as the class obstructions of C<1, i.e., G1, G2, G3.

3.2 Class obstructions for C<3/2

Our next step is to identify the class obstructions of C<3/2. The proofs follow the same
approach as in the C<1 case, but they are more intricate and need some additional concepts.

Figure 2 The 2-trees on 3 (left), 4 (center), and 5 (right) vertices.

WG 2026
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k-trees. Let k ∈ N≥1. A vertex v in a graph G is k-simplicial if G[NG(v)] is a k-clique.
A k-tree is recursively defined as follows: Kk+1 is a k-tree and every graph G on > k + 1
vertices containing a k-simplicial vertex v such that G − v is a k-tree is also a k-tree.

Consider the sets of graphs in Figure 3. We denote by A6 all the 2-trees on 6 vertices.
We denote by A8 the class of connected graphs with exactly two blocks one isomorphic to a
5-vertex 2-tree and the other to the unique 4-vertex 2-tree (see Figure 2). We denote by A10
all the connected graphs with three blocks, each isomorphic to the unique 4-vertex 2-tree.
Lastly, we set A4 = {K4}.

We now define A =
⋃

j∈{4,6,8,10}
Aj and let Aj = {PA ↓ | A ∈ Aj} where j ∈ {4, 6, 8, 10}.

We set A =
⋃

j∈{4,6,8,10}
Aj and notice that A contains 30 graph classes. We also define

D = ⟨Dk⟩k∈N ↓, C = ⟨Ck⟩k∈N ↓, M = ⟨Mk⟩k∈N ↓ .

Figure 3 The sets of graphs A4, A6, A8, and A10.

▶ Lemma 6 (⋆). For every G ∈ A ∪ {D, C}, it holds that δ(G) = 3
2 . Also δ(M) = 2.

We are now ready to prove the main result of this section.

▶ Lemma 7 (⋆). If G is a graph class that does not contain any class in A as a subset and
excludes the graphs Dk, Ck and Mk as minors, then δ(G) ≤ 3

2 − 1
4k2+14 .

With Lemma 6 and Lemma 7 we have the “lower bound” and the “upper bound” respec-
tively required for the proof of the main result of this section, that is the following.

▶ Theorem 8. cobs(C<3/2) = A ∪ {D, C, M}.

Proof. Notice first that none of the classes H ∈ A ∪ {D, M, C} is a subset of the other.
Therefore, they constitute a ⊆-anti-chain. Let G ∈ C<3/2. By Lemma 6, if G contains some
H ∈ A∪ {D, M, C} as a subset, then δ(H) ∈ {3/2, 2}, and therefore δ(G) ≥ δ(H) ≥ 3/2. So, G
does not contain any of A, D, C, M as subsets. Now by Lemma 7, δ(G) ≤ 3

2 − 1
4k2+14 < 3

2 . ◀

3.3 Class obstructions for C≤δ with δ ∈ [0, 1)
We now proceed with the identification of all obstructions for C≤δ in the case where δ ∈ [0, 1).
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Recall that PH = ⟨PH
k ⟩k∈N and GH = PH ↓ where PH

k = k ·H, S = ⟨K1,k⟩k∈N, G1 = PK3 ↓,
and G2 = S↓. Given some a ∈ N≥1, we denote by Ta the set of all trees on a vertices.

For the statement of the next theorem, we need a “second-order” version of min to apply
to minor-closed graph classes. In particular, given a finite set L of minor-closed graph classes,
min(L) is the subset of L that contains the ⊆-minimal elements of L.

▶ Theorem 9 (⋆). For every δ ∈ [0, 1), it holds that cobs(C≤δ) = min
(
{G1, G2} ∪ {GT | T ∈

Tx+2}
)

where x = ⌊ δ
1−δ ⌋.

3.4 Class obstructions for C≤δ with δ ∈ [1, 3/2)
We conclude this section with the identification of all obstructions for C≤δ in the case where
δ ∈ [1, 3/2). For this, we define a series of graph classes, introduced by Eppstein in [7], where
he proved that their densities capture exactly the limit-densities in [1, 3/2). These classes are
an important ingredient of our proofs. Given some b ∈ N, we define the sets of graphs below.

E1
b is the set of connected graphs with exactly b blocks, each block being a triangle (in

this case b ≥ 1).
E2

b is the set of connected graphs with exactly b + 1 blocks, where b blocks are triangles
and one is the unique 2-tree on 4 vertices.
E3

b : is the set of connected graphs with exactly b + 1 blocks, where b blocks are triangles
and one is a 2-tree on 5 vertices.
E4

b : is the set of connected graphs with exactly b + 2 blocks, where b blocks are triangles
and two are the unique 2-tree on 4 vertices.

For each i ∈ {1, 2, 3, 4}, set

(ai, ci) =


(0, 1), i = 1,

(5, 4), i = 2,

(7, 5), i = 3,

(10, 7), i = 4,

bi =
{

1, i = 1,

0, i = 2, 3, 4.

Now for any integer b ≥ bi and any G ∈ E i
b the density of G is |E(G)|

|V (G)| = 3b+ai

2b+ci
.

Let δ be a limiting density in [1, 3/2). For each i, we define βi(δ) =
max

{
bi, 1 +

⌊
δ ci−ai

3−2δ

⌋}
. In other words, βi(δ) is the smallest integer b, such that every

graph in E i
b has density strictly greater than δ. We set Uδ =

⋃
i∈[4] E i

βi(δ) and Eδ = min(Uδ).
Observe that β1(δ) ≥ 2 for every limiting density δ ∈ [1, 3/2).

We now proceed with the proof of the main result of this subsection. The proof follows
along the same lines as in Lemma 7.

▶ Theorem 10 (⋆). For every limiting density δ ∈ [1, 3/2), it holds that cobs(C≤δ) =
min

(
A ∪ {D, M} ∪ {GH | H ∈ Eδ}

)
.

4 Identifying second-order obstructions

In the previous sections we gave complete characterizations of C<δ with δ ∈ {1, 3/2} and C≤δ

with δ ∈ [0, 3/2) in terms of parametric graphs and class obstructions. Since we require finite
characterizations for algorithmic purposes, we proceed in this section with the identification
of the second order obstructions.
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4.1 Second order obstructions
We define Z1 = {P4, K1,3}, Z2 = {K3, 2·K2} and Z3 = {K1,3, K3}. We also define Z4, Z5, Z6
to be the sets of graphs as shown in Figure 4.

Figure 4 The first-order obstruction sets for the classes D, M, C.

The following are easy to verify.

▶ Observation 11. obs(G1) = Z1, obs(G2) = Z2, and obs(G3) = Z3.

We now translate the set of class obstructions of Theorem 8, that is, the classes in A and
the classes D, C, and M, into the set of second-order obstructions OBS(C<3/2). We start
with the obstructions of D, M, and C.

▶ Lemma 12 (⋆). obs(D) = Z4.

▶ Lemma 13 (⋆). obs(M) = Z5.

▶ Proposition 14 ([20, Lemma 3.23]). obs(C) = Z6.

We next deal with the obstructions for the classes in A.

Connectivizations. Given a minor-closed graph class G, we define G(c) as the class containing
every graph whose connected components belong in G. Given a graph G, we define conn(G)
as the set containing every connected graph G′ that contains G as a subgraph and has the
minimum possible number of edges. Observe that conn(G) = {G} if G is connected. We
extend this definition for every set of graphs Z by setting conn(Z) = {conn(Z) | Z ∈ Z}.
Bulian and Dawar in [4] proved the following.
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▶ Proposition 15. If G is a minor-closed class, then obs(G(c)) = min(conn(obs(G))).

Given a graph G, we define minors(G) to be the set of all minors of G; that is, minors(G) =
{G}↓.

▶ Lemma 16. For every two graphs G1 and G2 where G1 ≤ G2, it holds that if G1 =
minors(G1) and G2 = minors(G2), then obs(G(c)

1 ) ≤∗ obs(G(c)
2 ).

Proof. Notice that G1 ⊆ G2 which, by the definition of G(c), implies that G(c)
1 ⊆ G(c)

2 . By (5)
the lemma follows. ◀

For every connected graph G on n vertices, we define

ZG := min(conn(min(minors(Kn+1)\minors(G)))). (8)

▶ Lemma 17 (⋆). Let G be a connected graph on n vertices and G = minors(G). It holds
that obs(G(c)) = ZG.

From Lemma 16 and Lemma 17 we have the following observation.

▶ Observation 18. For every two graphs G1, G2, if G1 ≤ G2, then ZG1 ≤∗ ZG2 .

Let L be a finite set of minor anti-chains. We define MIN(L) as the ≤∗-minimal subset
L′ of L, i.e., for every Z ∈ L there is some Z ′ ∈ L′ such that Z ′ ≤∗ Z.

▶ Theorem 19 (⋆). The following hold:
i. For every δ ∈ [0, 1), OBS(C≤δ) = MIN

(
{Z1, Z2}∪{ZG | G ∈ Tx+2}

)
, where x = ⌊ δ

1−δ ⌋.
ii. For every δ ∈ [1, 3/2), OBS(C≤δ) = MIN

(
{Z4, Z5} ∪ {ZG | G ∈ A ∪ Eδ}

)
.

iii. Moreover, OBS(C<0) =
{

{P2}
}

, OBS(C<1) = {Z1, Z2, Z3} and OBS(C<3/2) =
{Z4, Z5, Z6} ∪ {ZG | G ∈ A}.

Figure 5 The second-order obstruction set for the class property C≤3/4. We use Ks
1,3

to denote the tree obtained from K1,3 if we subdivide one of its edges. In particular,
OBS(C≤3/4) =

{
obs(G1), obs(G2), obs(GKs

1,3 ), obs(GK1,4 ), obs(GP5 )
}

or, alternatively, OBS(C≤3/4) ={
{P4, K1,3}, {K3, 2 · K2}, {K1,4, P5, K3}, {P4, K1,5, K3}, {P6, K1,3, K3}

}
.
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Examples. We present some applications of Theorem 19.i. First of all it is easy to ob-
serve that cobs(C≤0) contains the class of all graphs with maximum degree 1 and G2,
therefore OBS(C≤0) =

{
{P3}, {K3, 2 · K2}

}
. Similarly, cobs(C≤1/2) contains the class

of the graphs whose components are paths of length at most two and G2, therefore
OBS(C≤1/2) =

{
{P4, K1,3, K3}, {K3, 2 · K2}

}
. Notice that all classes defined so far are

proper subsets of G1, therefore the minimization excludes them from the corresponding class
obstructions and also excludes Z1 from the corresponding second order obstructions.

The case of cobs(C≤2/3) is slightly more complicated. It contains, apart from G1 and
G2, two more classes, one for each of the two trees on 4 vertices: the first class contains
all graphs whose components are minors of P4 and the other contains all graphs whose
components are minors of K1,3. Using Theorem 19.i, it is easy to verify that OBS(C≤2/3) ={

Z1, Z2, {P5, K1,3, K3}, {P4, K1,4, K3}
}

(recall that Z1 = {P4, K1,3}, Z2 = {K3, 2 · K2}).
Notice now that cobs(C≤3/4) contains, apart from G1, G2, three more classes, one for each

of the three trees on 5 vertices. For each such tree T , the corresponding graph class is the
one containing all graphs whose components are minors of T . Each of these trees generates
an obstruction set according to (8). Therefore, according to Theorem 19.i, there is a total of
five obstructions in OBS(C≤3/4), all of which are depicted in Figure 5.

We next present the simplest possible application of Theorem 19.ii, that is, the case of
C≤1. The set OBS(C≤1) consists of the minimization of Z4 and Z5, depicted in Figure 4,
the obstructions in

{
ZG | G ∈ Eδ

}
and the obstructions in

{
ZG | G ∈ A

}
. Recall that

Uδ =
⋃

i∈[4] E i
βi(δ) and Eδ = min(Uδ). It is easy to verify that E1 = E2

0 ∪ E1
2 = {D, B} where

D is the diamond graph, which is the unique 2-tree on 4 vertices, and B is the bow tie graph,
which is C2. The obstructions corresponding to both graphs are generated using (8) and
are depicted in Figure 6. Observe now that D and B are minors of graphs in A (and in
E3

β3(1) and E4
β4(1), which is why they are not part of E1); therefore, no further obstructions

are generated by
{

ZG | G ∈ A
}

because of Observation 18.
We avoid the precise descriptions of the second order obstructions for limit-densities bigger

than 1 as they are too complex. We just mention that |cobs(C≤6/5)| = 5, |cobs(C≤5/4)| = 8,
|cobs(C≤9/7)| = 10.

Figure 6 The sets of graphs that, along with Z4 and Z5, depicted in Figure 4, form the second-
order obstruction set for the class property C≤1. Here, D (diamond) and B (bow tie) are the unique
graphs in E2

0 and E1
2 , respectively.
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4.2 Upper bounds on obstruction sizes
For every δ ∈ [0, 3/2), we define xδ as follows:

xδ =

⌊ δ
1−δ ⌋, when δ ∈ [0, 1),

⌊ δ
3−2δ ⌋, when δ ∈ [1, 3/2) .

(9)

▶ Lemma 20 (⋆). Let δ be a limiting density in [0, 3/2). Then the following holds:
i. For every Z ∈ OBS(C≤δ) and for every G ∈ Z,

|V (G)| ≤

max{xδ + 3, 4}, when δ ∈ [0, 1),

max{2xδ + 3, 7} + 1, when δ ∈ [1, 3/2) .

ii. For every Z ∈ OBS(C≤δ), |Z| = 2O(xδ).
iii. |OBS(C≤δ)| = 2O(xδ).
Also, |OBS(C<0)| = 1, |OBS(C<1)| = 3, and |OBS(C<3/2)| = 33.

5 Algorithmic consequences

We now proceed with the algorithmic consequences of our results.

5.1 Preliminary algorithmic results
Recall that n(Z) =

∑
Z∈Z |V (Z)| for every finite set of graphs Z.

▶ Lemma 21 (⋆). One can construct an algorithm that with input
a set of sets of graphs Y = {Y1, . . . , Yr} where for every i ∈ [r],

|Yi| ≤ q and
Yi contains a planar graph and every graph in Yi has at most y vertices, and

a set of graphs Z,
outputs whether there is an Y ∈ Y such that Y ≤∗ Z in time O(r · q · 2poly(y) · n), where
n = n(Z).

We also need the following restatement of (6).

▶ Corollary 22. Let G be a minor-closed graph class and let C be some class property. Now
G ∈ C iff for every Q ∈ OBS(C) it holds that Q ≰∗ obs(G).

5.2 Algorithms for deciding limit-densities
Notice now that every graph in the obstructions mentioned in Lemma 20 is either K4 or is K4-
minor-free. This allows the derivation of linear algorithms using Lemma 21. By Lemma 21,
Corollary 22, Theorem 19.iii, and the fact that |OBS(C<1)| = 3 and |OBS(C<3/2)| = 33
(Lemma 20), the following hold.

▶ Theorem 23. One can construct an algorithm that, given an anti-chain Z, decides whether
δ(excl(Z)) < 1 in O(n) time, where n = n(Z).

▶ Theorem 24. One can construct an algorithm that, given an anti-chain Z, decides whether
δ(excl(Z)) < 3

2 in O(n) time, where n = n(Z).
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By Theorem 19.i, Theorem 19.ii, Lemma 20, and Corollary 22, we can apply Lemma 21
for r = 2O(xδ), q = 2O(xδ) and y = O(xδ) and derive the following.

▶ Theorem 25. One can construct an algorithm that, given some δ ∈ [0, 3/2), and some
minor anti-chain Z, decides whether δ(excl(Z)) ≤ δ in 2poly(xδ) · n time, where xδ is defined
as in (9) and n := n(Z).

The algorithmic result of Lemma 21 follows from the main result of [1] that is constructive.
This implies that if the algorithm of Lemma 21 gives a positive answer, it can also find, for
every Z ∈ Z a minor model of a graph Y ∈ Y in Z, and in case of a negative answer it
finds some Z ∈ Z which minor-excludes all graphs in Y for every Y ∈ Y. For Theorem 25,
this implies that if the algorithm gives a negative answer, then this is certified by some
Y ∈ OBS(C≤δ) where Y ≤∗ obs(Z). This, in turn, is certified by producing, for every graph
Z ∈ obs(Z), a minor model of some graph of Y. These minor models may serve as a proof
that δ(excl(Z)) > δ. If, instead, the algorithm gives a positive answer, then the absence
of some Y ∈ OBS(C≤δ) where Y ≤∗ obs(Z) is the proof that δ(excl(Z)) ≤ δ. Analogous
remarks can be made for the algorithms of Theorem 23 and Theorem 24.

5.3 Computing limit-densities
Another relevant question is whether it is possible to compute the exact value of δ(excl(Z)),
given a minor anti-chain Z. Although it is unclear whether this problem is decidable in
general, it is certainly decidable when restricted to the interval [0, 3/2), even if there are
infinitely many values of δ(excl(Z)) in this interval.

▶ Theorem 26. One can construct an algorithm that, given an anti-chain Z, either reports
that δ(excl(Z)) ≥ 3

2 or outputs the value of δ(excl(Z)) in 2poly(n) time, where n := n(Z).

Proof. From Observation 1, we may directly assume that every graph in Z contains at least
one edge (otherwise excl(Z) is finite and the algorithm outputs −∞).

Our algorithm checks first whether for some Y ∈ {Z4, Z5, Z6} ∪ {ZG | G ∈ A} it holds
that Y ≤∗ Z. This can be done in O(n) time, where n := n(Z), by Lemma 21. If the answer
is positive, we can safely report that δ(excl(Z)) ≥ 3

2 , by Corollary 22 and by Theorem 19.iii.
If the answer is negative, then we check whether for some Y ∈ {Z1, Z2, Z3} it holds that
Y ≤∗ Z. This can also be done in O(n) time, by Lemma 21. We distinguish two cases,
depending on the answer that we receive.

Case 1. If the answer is positive then we know that 1 ≤ δ(excl(Z)) < 3
2 , by Corollary 22

and by Theorem 19.iii. The fact that Y ̸≤∗ Z for every Y ∈ {Z4, Z5, Z6} ∪ {ZG | G ∈ A}
along with (5) implies that

for every Y ∈ {Z4, Z5, Z6} ∪ {ZG | G ∈ A}, it holds that excl(Y) ̸⊆ excl(Z). (10)

When Y ∈ {ZG | G ∈ A}, (10) implies that G ̸⊆ excl(Z) for every G ∈ A. When Y ∈
{Z4, Z5, Z6}, (10) implies that there are three graphs Z4, Z5, Z6 ∈ Z such that Z4 ∈ D,
Z5 ∈ M, and Z6 ∈ C. Observe now that there is some k, depending on Z4, Z5, Z6, such that
excl(Z) excludes Dk, Mk, and Ck as minors. In particular, k is the minimum integer such that
Z4 is a minor of Dk, Z5 is a minor of Mk, and Z6 is a minor of Ck. Notice that k is at most
max{|V (Z4)|, |V (Z5)|, |V (Z6)|} ≤ n. By Lemma 7, we know that δ(excl(Z)) ≤ 3

2 − 1
4k2+14 .

Notice that in order to detect each Zi for i ∈ {4, 5, 6} we go through all graphs of Z and
we find one that minor-excludes all graphs in Zi. Therefore, Z4, Z5, Z6 can be computed in
O(n) time, given that we just need to check if they are minors of some Dk,Ck,Mk for some
k respectively.
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Now we apply the algorithm of Theorem 25 on Z for every δ = 3b+ai

2b+ci
with i ∈ [4] and

b ∈ N (or b ∈ N≥1 in case i = 1) where δ ≤ 3
2 − 1

4k2+14 , likewise we can detect δ(excl(Z))
among the values

∆ :=
{ 3b + ai

2b + ci

∣∣∣∣ i ∈ [4], b ∈ N (or b ∈ N≥1 in case i = 1), and 3b + ai

2b + ci
≤ 3

2 − 1
4k2 + 14

}
. (11)

Notice that ∆ is a subset of L ∩ [1, 3/2). This is because if i = 1 (so (a1, c1) = (0, 1)), set
(x, y) = (b, 0) then 3b

2b+1 = 3x+2y
2x+y+1 , if i = 2 (so (a2, c2) = (5, 4)), set (x, y) = (b + 1, 1)

then 3b+5
2b+4 = 3(b+1)+2

2(b+1)+2 = 3x+2y
2x+y+1 , if i = 3 (so (a3, c3) = (7, 5)), set (x, y) = (b + 1, 2) then

3b+7
2b+5 = 3(b+1)+4

2(b+1)+3 = 3x+2y
2x+y+1 , and if i = 4 (so (a4, c4) = (10, 7)), set (x, y) = (b + 2, 2) then

3b+10
2b+7 = 3(b+2)+4

2(b+2)+3 = 3x+2y
2x+y+1 (see the definition of L in (1)).

Observe that the set ∆, defined in (11), has at most 7k2 + 19 values. Given that k

is at most n, we can determine δ(excl(Z)) by applying the algorithm of Theorem 25 a
number of 7k2 + 19 = O(n2) times, which can be done in O(2poly(max{xδ | δ∈∆}) · n3). Since
δ ≤ 3

2 − 1
4n2+14 and xδ is increasing, we have that max{xδ | δ ∈ ∆} ≤ 3n2 + 10. Thus, we

can determine δ(excl(Z)) in O(2poly(n) · n3) time.

Case 2. If the answer is negative, then this means that for every Y ∈ {Z1, Z2, Z3} we have
Y ̸≤∗ Z. This along with (5) implies that

for every Y ∈ {Z1, Z2, Z3}, it holds that excl(Y) ̸⊆ excl(Z). (12)

When Y = Z1, (12) implies that G1 ̸⊆ excl(Z). When Y ∈ {Z2, Z3}, (12) implies there are
two graphs Z2, Z3 ∈ Z such that, Z2 ∈ G2 and Z3 ∈ G3. Notice that in order to detect each
Zi for i ∈ {2, 3} we go through all graphs of Z and we find one that minor-excludes all
graphs in Zi. Therefore, Z2, Z3 can be computed in O(|Z| · n) time (by making standard use
of the results from [1,3, 5]). This, in turn, implies that there is some k depending on Z2, Z3
such that excl(Z) excludes K1,k and Pk as minors. In particular, k is the minimum integer
such that Z2 is a minor of K1,k and Z3 is a minor of Pk. Notice as before that k is at most
max{|V (Z2)|, |V (Z3)|} ≤ n. By Lemma 4, we know that δ(excl(Z)) ≤ 1 − 1

k2 . Now we apply
the algorithm of Theorem 25 on Z for every δ = i

i+1 , where i ∈ N and δ ≤ 1− 1
k2 . Equivalently,

we can determine δ(excl(Z)) among the values ∆ :=
{

i
i+1 | i ∈ N and i

i+1 ≤ 1 − 1
k2

}
.

Observe that |∆| ≤ k2 and max{xδ | δ ∈ ∆} ≤ n2 − 1. Thus, similar to Case 1, we can
determine δ(excl(Z)) in O(2poly(n) · n3) time. ◀

6 Research directions

This paper addresses the broader question of precisely characterizing all minor-closed graph
classes with a given limiting density. We exploit parametric graphs to characterize every
limiting density in the interval [0, 3/2) using a unified and constructive framework.

Determining which (rational, according to [12]) numbers occur as limiting densities –
i.e., identifying the set L – is a challenging open problem initiated by Eppstein [7], who
determined L ∩ [0, 3/2). Our results extend Eppstein’s work in a qualitative way: not only do
we know the possible values of the limiting densities in this interval, but we can also describe
precisely which minor-closed classes achieve each of them. Extending this understanding
to limiting densities δ ≥ 3

2 is substantially more challenging. Some progress is still possible
for δ ∈ [3/2, 2), where the set L ∩ [3/2, 2) has been completely characterized by McDiarmid
and Przykucki [18]. Moreover, as observed in [7], the accumulation points of L within this
interval also form an infinite set; in particular, B ∩ [3/2, 2) = {x + 1 | x ∈ L ∩ [1/2, 1)}. A
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natural next step is therefore to combine our approach with the results of [18] in order to
obtain a full characterization of the minor-closed graph classes in C≤δ and C<δ for every
δ ∈ [3/2, 2). We believe that the techniques introduced in this paper may contribute to this
direction.

When δ ≥ 2, the situation becomes even less clear, as the set of limiting densities beyond
this point remains unknown (notice that 2 is the first point that is an accumulation point
of accumulation points). Motivated by our positive results below 3

2 , we conjecture that, for
every rational δ, the classes C≤δ and C<δ admit a finite obstruction characterization.

▶ Conjecture 27. For every δ ∈ Q, both cobs(C≤δ) and cobs(C<δ) are finite.

This conjecture can be viewed as a special instance of the ω2-wqo conjecture. Given
that the well-quasi-ordering of graphs under the minor relation is not expected to admit a
constructive proof (see [9, 15]), a constructive resolution of the ω2-wqo conjecture appears
similarly unlikely. Nevertheless, this does not preclude the existence of a constructive proof
of Conjecture 27. Motivated by this possibility, we formulate the following refinement of
Conjecture 27.

▶ Conjecture 28. It is possible to construct a function f : Q → N such that, for every δ ∈ Q,
if G ∈ cobs(C≤δ) (or G ∈ cobs(C<δ)), then every graph in obs(G) has at most f(δ) vertices.

Our results show that Conjecture 28 holds for all δ ∈ [0, 3/2), and the corresponding
bounds on the function f are provided in Lemma 20. It is an interesting question whether
further progress can be made on “larger fragments” of Conjecture 27 for densities exceeding
3/2, based on constructive proofs and, preferably, on explicit bounds. We believe that the
analogous question on Conjecture 28 is much harder, especially when δ > 3.
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