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—— Abstract

A tournament is an orientation of a complete graph. A bitournament is an orientation of a complete
bipartite graph. Let G be an oriented graph which is the (not necessarily disjoint) union of a
bounded number of transitive tournaments. When is it possible to remove the arc sets of a bounded
number of transitive bitournaments from G in order to make G acyclic?

In this paper, we begin investigating this question and its ties to lettericity of graphs and
geometric griddability of permutations, two independently developed notions that highlight very
similar structural features in their respective objects. We explore the problem through the lens of
“minimal obstructions”, i.e. minimal classes of directed graphs for which this is not possible, and
identify an infinite collection of such classes.
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1 Introduction and motivation

As far as we are aware, the question from the abstract has never been studied directly.
However, its motivation can be traced to two independent lines of research which, in different
terminologies, ask questions which are structurally analogous to it.

The first of these lines concerns the study of a graph parameter known as lettericity.
This parameter is located strictly between two other more thoroughly studied parameters,
neighbourhood diversity and linear clique-width, in the sense that bounded neighbourhood
diversity implies bounded lettericity, which in turn implies bounded linear clique-width (but
the converse implications do not hold). The notion of graph lettericity was introduced by
Petkovsek in [18] in order to study well-quasi-orderability under the induced subgraph relation.
Independently, a similar notion, named geometric griddability [1], was introduced in the area
of permutation patterns, where it was applied to study enumerative [4], structural [15] and
decidability [7] questions. Despite their independent origins, the notions of lettericity of graphs
and geometric griddability of permutations share a connection: they highlight very similar
structural features in their respective objects. More concretely, bounded lettericity restricted
to permutation graphs becomes equivalent to geometric griddability of the corresponding
permutations, as was shown in [3]. From these studies arose natural questions: when does
a hereditary class of graphs have bounded lettericity; and when is a class of permutations
geometrically griddable?

We wish to approach these questions by identifying minimal classes not satisfying the
respective properties. This can be viewed as a “Ramsey-type” approach: indeed, Ramsey’s
Theorem implies that there exist precisely two minimal hereditary classes of graphs with
arbitrarily many vertices, namely complete graphs and edgeless graphs. This provides a
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characterisation of the boundedness of the (very basic) parameter counting a graph’s number
of vertices: a hereditary class of graphs has unbounded vertex number if and only if it contains
one of the two classes given above. Similar Ramsey-type characterisations are available for
various other parameters, such as maximum vertex degree, matching number, neighbourhood
diversity [14], tree-depth [17], splitness [9], h-index [2]. In particular, there exist precisely three
minimal hereditary classes of graphs with arbitrarily large matching number: complete graphs,
complete bipartite graphs and graphs of vertex degree at most 1. For the neighbourhood
diversity, the number of minimal hereditary classes where this parameter is unbounded is
larger, but still finite. On the other hand, there exist infinitely [10], and even uncountably
many [8] minimal hereditary classes of unbounded clique-width and linear clique-width.
We remark that in general, identifying all minimal hereditary classes where a parameter is
unbounded does not necessarily lead to a characterisation of all hereditary classes where the
parameter is unbounded, since there may exist classes not containing a minimal class (as
hereditary class containment is not a well-founded relation). As we will see, this is not an
obstacle in the case of lettericity.

Our contribution

We introduce a new digraph parameter 8 counting how many arc sets of transitive orientations
of complete bipartite graphs need to be removed in order to obtain an acyclic digraph. We
sketch how to reduce two open problems from the literature (namely characterising geometric
griddability of permutation classes and boundedness of lettericity of hereditary graph classes)
to the problem of characterising boundedness of 8 on hereditary classes of oriented graphs
whose arc set is the union of a bounded number of transitive tournaments. While in this
work we only explain how to do this in principle, the reduction could straightforwardly be
made concrete (that is, with some technical, but not conceptual difficulties) by using the
machinery developed in [3]. We solve the special case of the problem where the intersection
graph of the transitive tournaments is a cycle. Finally, as a consistency check, we show that
any class of unbounded lettericity contains a minimal such class, showing lettericity really
can be characterised in this way.

Our methods

Our main result, the characterisation from Theorem 6, is in the form of a specific structure
forced by large § in the classes under consideration. The structure, which we call a chain
ring, is illustrated in Figure 1, and consists of transitive tournaments intersecting in an
“interlaced” way and going around in a cycle.

Contrapositively, if we are in a class of digraphs partitionable into transitive tournaments
intersecting in a cyclic manner, then forbidding a chain ring puts a bound on § which
depends only on the thickness of the forbidden chain ring (and conversely, 5 increases with
the thickness of the structure).

Our proof is by induction, and uses an argument with a topological flavour: starting with
a digraph, we wind around the (cyclic) intersection graph of the tournaments following a
simple rule for as long as possible. This allows us to partition the digraph into three regions:
the two sides, on which we can apply an appropriate induction hypothesis to obtain small 3,
and a middle region. If the amount of winding we did was small, then we have small § in
the middle region as well; and if it was large, then we are able to exhibit a large chain ring.
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Structure of the paper

Section 2 covers the relevant preliminaries. In Section 3, we provide some motivation for the
question stated in the abstract, which we formulate precisely. In Section 4, we solve a special
case of the question. In Section 5, we provide some additional background, and describe
how problems from two areas of ongoing research relate to our question. Finally, we discuss
future directions in Section 6.

2 Preliminaries

For n € N, we write [n] := {1,...,n}.

We will primarily work with directed graphs, or digraphs for short. The vertex set and
the arc set of a digraph G are denoted by V(G), respectively E (G) (the arrow is purely
decorative, to remind the reader that the arcs have a direction — they are ordered pairs
of vertices). We write uv to mean (u,v) (“the arc from u to v”). We will use standard
terminology and notation such as (in- and out-)neighbourhood, ... (see e.g. [11]).

An oriented graph is a directed graph with no directed cycles of length at most 2.

A standard way of describing oriented graphs is by beginning with an undirected graph

G = (V, E), and specifying an orientation, that is, a choice of direction for each edge of G.

We use the term “orientation” to also refer to the resulting oriented graph. Note that when
talking about undirected graphs, we will use the term “edges” rather than “arcs”, to mitigate
any ambiguities.

A tournament is an orientation of the complete graph K, (for some n € N), and a
bitournament is an orientation of the complete bipartite graph K, (for some s,t € N).

Given k € N and a family { X}, of sets, its intersection graph is the graph with vertex
set [k], and with ¢j an edge if and only if X; N X; # @&. We will abuse notation and refer to
“the intersection graph of the X;” to mean the intersection graph of {X;};c.

A directed graph G is transitive if for every u,v,w € V(G), we have that uwv,vw €
E(G) = wuw € E(G). It is acyclic if it contains no directed cycles. We remind the
reader the folklore fact that any transitive tournament G can be identified with a strict total
order on V(@) (explicitly, a transitive tournament is acyclic, so we can produce a topological
ordering of its vertices, in which all arcs point “in the same direction”). We also remark that

a transitive bitournament has all arcs oriented from one part of the bipartition to the other.

Two kinds of graph containment will play important roles: the subgraph containment,
and the induced subgraph containment. A (di)graph H is a subgraph of a (di)graph G if it
can be obtained from G by removing vertices and arcs/edges. It is an induced subgraph of
G if it can be obtained from G by only removing vertices. The subgraph of G induced by a
set U C V(Q) (that is, the (di)graph obtained from G by removing every vertex not in U) is
denoted by G[U]. If G does not contain an induced subgraph isomorphic to a (di)graph H,
we say that G is H-free, or that G excludes H, or that H is a forbidden induced subgraph
for G.

A class (or family or property) of (di)graphs is a collection of (di)graphs closed under
isomorphisms. It is hereditary if it is closed under taking induced subgraphs. From general
theory, any hereditary class X can be uniquely described by its set of minimal forbidden
induced subgraphs (that is, the (di)graphs not in X minimal under the induced subgraph
relation). The class of all (di)graphs excluding (di)graphs in a set S is denoted by Free(S)
(and we may omit the set brackets).
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For succinctness, we will sometimes abuse terminology and identify oriented graphs with
their arc sets, so that e.g. “removing a transitive bitournament” means “removing the arc set
of a transitive bitournament”; this is not problematic, since in our setting, we do not lose
generality by assuming that the oriented graphs we consider have no isolated vertices.

We also include here a reminder on terminology from order theory. Given a poset (X, <),
two elements x,y € X are comparable if x <y or y < x, and incomparable otherwise. A set
of pairwise incomparable elements is called an antichain. A (quasi-)ordered poset (X, <) is
said to be well-quasi-ordered (“wqo” for short) if there are no infinite antichains, and no
infinite sequences xg >~ 1 > x2 > ... (this second property is called well-foundedness, and
is satisfied trivially for the orders we will consider in this paper).

3 A question about oriented graphs

Let us begin by providing some additional perspective on the question stated in the abstract.
Let us fix a number k£ € N. Suppose that we are given a set X, and that we are given k
strict total orders defined “locally” on subsets of X and which are pairwise compatible, in
the sense that they agree whenever they compare the same elements of X. Explicitly, let
X1,..., Xk be subsets of X; for i € [k], let <; be a strict total order on X;, and suppose
that, for every i,j € [k], if 2,y € X; N X}, then z <; y if and only if z <; y. We aim to study
when it is possible to extend these <; to a common “global” total order < on X.

But the answer is easy: we may interpret each <; as the arc set of a transitive tournament,
and the compatibility condition says precisely that the union of these arc sets yields an
oriented graph. We call this union G = (X,{J; <i) the conflict graph associated to an
instance of our problem. It is a standard result that the <; can be extended to a common
total order on X precisely when the conflict graph is acyclic. So suppose instead that we are
after a more fine-grained measure quantifying how close we are to being able to extend the
<; to a common total order on X.

One quickly notes a connection between this question and the MINIMUM FEEDBACK
ARcC SET problem, in which we are looking for a minimum set of arcs which, upon removal,
yields an acyclic graph. However, removing an individual arc does not have a satisfying
interpretation in our setting — one which meaningfully preserves the structure of an instance
of our locally-defined-orders problem. Instead, we will focus on another operation which we
argue is much more natural. Given an instance (X;, <;);c[x] of our question, a split consists
of choosing a j € [k] and replacing (X, <;) with two totally ordered sets (X, <) and
(X;r, -<j+), where X~ is an initial segment of (X, <;), X;r = X;\ X;, and <, —<j are the
restrictions of <; to X ; » respectively X f . Intuitively, a split consists of picking one of the
total orders, and “splitting” it into two by declaring that everything smaller than or equal
to some element becomes incomparable to everything greater than that element. If X is
the order chosen in the split operation, then we say that the split is “at X;”, or that we are
“splitting X;”. Naturally, we obtain the following problem (“MFSS”):

Minimum Feedback Split Set

Instance: A ground set X, and a finite set {(X;, <i);ep)} of strictly totally ordered subsets
of X whose orders are pairwise compatible.

Question: What is the smallest number of splits required to obtain an instance for which
U; < is acyclic?
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It is more convenient to state our results in the language of oriented graphs. Indeed, we
note that each <; from an instance of MINIMUM FEEDBACK SPLIT SET can be interpreted
as a transitive tournament, and the union of the <; is then the arc set of an oriented
graph. Moreover, in the conflict graph, a split at X; corresponds to removing a transitive
bitournament whose vertex set spans X; — and we may identify the split with (the arc set
of) that transitive bitournament. This leads to the following related problem (“MFTBS”):

Minimum Feedback Transitive Bitournament Set

Instance: An oriented graph G.

Question: What is the smallest number of transitive bitournament subgraphs of G whose
removal yields an acyclic graph?

While the algorithmic aspects of the problems are interesting in their own right, in
this work we will focus on their structural features. Specifically, we will consider classes of
instances, and we will investigate the qualitative boundary between when the number of
transitive bitournaments to be removed is bounded across all instances in the class, versus
when it is not.

We also note one slight difference between MFSS and MFTBS: in MFSS, we exclusively
allow the transitive bitournaments arising from splits as candidates for removal, while in
MFTBS, we allow all transitive bitournaments. However, it is routine to check that the
intersection of a transitive bitournament with a transitive tournament is contained in a split
at that tournament. In particular, for an instance of MFSS with k strictly totally ordered
subsets, the number of splits required to obtain an acyclic graph is within a factor of k of the
number of transitive bitournaments required. Given that we are primarily only interested
in boundedness, it is thus natural to fix k£ — that is, to study the restriction of MFTBS
to oriented graphs which are the union of a bounded number of transitive tournaments.
This restriction turns out to still be general enough to yield results towards our motivating
problems.

Formally, for an oriented graph G = (V, E), we let 7(G) denote the smallest number k
of transitive tournaments {(X;, <) }iepy with E = U,y <0, and we let 3(G) denote the
smallest number £ of transitive bitournaments {(Y; U Z;,Y; x Z;) }igpq with Y; N Z; = @
and Y; x Z; C E(G) for all i € [(] such that (V,E \ (Uz‘e[l] Y; x Zz-)) is acyclic. With this

terminology, we are ready to formally state a first variant of our question.

» Question 1. Let C be a hereditary class of oriented graphs of bounded 7. When is
bounded in C?

4 Infinitely many minimal obstructions

We first introduce some useful terminology and notation.

» Definition 2. Let G = (V, E) be an oriented graph. We call a set S = {(X;, <i)iek)} (with
k € N) of transitive tournaments a transitive tournament cover of G if E= Uz‘e[k] <i. The
template of S is the (undirected) intersection graph of the X;. We call a set R = {B;}cy
of transitive bitournaments a feedback bitournament set of G if every cycle of G intersects
some B;.
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With this definition, we have

7(G) = min{|S] : S is a transitive tournament cover of G},
and

B(G) = min{|R| : R is a feedback bitournament set of G}.

» Notation 3. Let G = (V, E) be an oriented graph, and S = {(X;, <i)ic[k]} @ transitive
tournament cover of G. Fori € [k] and y € X;, let

B! = (X, {zeX,:x iy} x{ze€X;: x> y}).

We will look for obstructions to bounded 3, in the form of hereditary classes of oriented
graphs where the parameter is unbounded. We note that a trivial obstruction is the (hereditary
closure) of graphs which are the disjoint union of cycles; but that class has unbounded 7. In
what follows, we describe infinitely many obstructions to bounded S with bounded 7, and
show that they are minimal.

Fix k € N with k£ > 3, and let X}, consist of all oriented graphs which admit a transitive
tournament cover whose template is a subgraph of the cycle on k vertices. By definition,
7(G) < k for every G € Xj. We define a subclass Cy, of X}, as follows.

Fort € N, let X := {xz 21 € [k],j € [t]}. For i € [k], indices modulo k, let X; := {x; :
e {i,i+1},j € [t]}, and define <; on X; as follows:

z)' =i o), whenever j; < jp and £ € {i,i + 1},

It =, xfil whenever j; < jo,

xiil = xf whenever j; < js.
In particular, (X;, <;) is a transitive tournament for every i € [k], and by construction, the
oriented graph Cy; := (X,J; <) is in X. We call Cj; the chain ring of length k and
thickness ¢, and define Cy, as the hereditary closure of {Ckﬂ;}tew Note that for each j <t
and J C [t] with |J| = j, the subgraph of Cj; induced by {7} : (£, ) € [k] x J} is isomorphic
to C,;. We claim that Cj, is minimal of unbounded /3.

» Lemma 4. If G is a graph in X}, with transitive tournament cover (X;, <i)icx) and B is

—

a transitive bitournament, then |{i € [k] : E(B)N <;# @}| < 4. Moreover, for every i € [k],

E(B)N <,C B? for some = € X;.

Proof. The first statement follows immediately from the fact that if © € X;, then N(x) C
Xi—1 UX; UX;41 (indices modulo k). The second follows from the fact that each <; is a
total order. <

We note that the bound given by the lemma is tight: when k& = 4, a transitive bitournament
may intersect all <;.

» Lemma 5. For every k > 3, the class Cy, has unbounded .

Proof. Fix k > 3 and suppose, for a contradiction, that there exists a natural p with
B(Ck) < p for every t € N. In particular, there exists a feedback bitournament set of Cj, 4 of
size at most p. By Lemma 4, any transitive bitournament B has nonempty intersection with
at most 4 of the <;. In particular, there is a feedback bitournament set R of Cj, ; of size at
most 4p consisting of transitive bitournaments of the form B! with i € [k] and y € X;. Now
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Figure 1 Chain ring Cy 4. To avoid overloading the figure, we have highlighted the arcs between
consecutive elements in each <;, and left the others transparent. The set X3 is shaded.

let j € [t] and note that, since the vertices xf and xf 41 are consecutive in <;, we have that
B} only contains x]x],, if y = x]. Since some transitive bitournament of R intersects the

, i
cycle {z? :i € [k]}, we have B;" € R for some i € [k]. But since j was arbitrary, this gives
|R| >t — a contradiction, since ¢t € N is arbitrary. <

It remains to argue that for each k£ > 3, the family Cj is minimal of unbounded S. The
way to do this would be to show that Cy N Free(Cy ;) has bounded S for every t. We show
something stronger, namely that Cj is the unique obstruction to bounded 5 in Xj:

» Theorem 6. Let k > 3 and X C Xy, be a hereditary class. Then X has unbounded [ if
and only if Cx, C X.

To prove the theorem, it suffices to show that every graph G € X} which does not contain
an induced Cy; has §(G) bounded above by some function of ¢.

» Notation 7. For the remainder of this section, we will fix a digraph G € X},. By definition
of Xy, the digraph G admits a transitive tournament cover S = {(Xs, <) }icpr) such that, for
i # j, we have X; N X; # @ only if i and j are consecutive modulo k. For i € [k], we write
A =X, 1 NX;.

» Remark 8. The case where k = 3 is special, since it is the only one where some x may
belong to three distinct X;. However, we note that if G € A3 and C is a cycle in G, then
V(C)N (X1 NXoN X3) = @. Indeed, if z € X3 N Xy N X3, then transitivity in each X;
implies that zy € E(G) for each y € V(C) \ {z} — a contradiction, since G is oriented, and

has at least one in-neighbour in C. Thus if G € X3, we have 5(G) = 8(G \ (X1 N X2 N X3)).
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In view of Remark 8, we may — and will, throughout the rest of the section — assume
w.l.o.g. that X7 N Xo N X3 = @ if kK = 3. In particular, every = belongs to at most two of
the X,L

» Notation 9. We say that an arc uv € E(G) crosses x € V(Q) if there exists i € [k] with
u = =<; v (that is, if uv € E(Bf)) We write Sy for the set of all arcs which cross x. We
note Sy is the union of at most two transitive bitournaments (since x belongs to at most two
of the X;). Note that if G has a feedback bitournament set of size k, then by Lemma 4, there
exist £ vertices x1, . ..,xy with £ < 4k such that Uie[f] Sz, intersects every cycle of G.

» Remark 10. If uv and vw are edges but ww is not, it means that v € X;\ X, and w € X;\ X;
for some i € [k] and j € {i —1,i+ 1}, while v € X; N X;. In particular, the internal vertices
of a chordless path (of length at least 2) belong to distinct A;, and a chordless cycle of G
intersects each A; in exactly one vertex (and so if G contains a cycle, then A; # & for every
i€ [k]).

» Notation 11. In view of Remark 10, we note that chordless cycles and paths of length at
least 2 are directed either in order of increasing or decreasing i. In the former case we say
the cycle or path is downwards, and in the latter, we say it is upwards. The following lemma
shows that this notion can be extended to all cycles of G, not just chordless ones.

» Lemma 12. Let C be a cycle of G. Then C does not contain both a downwards chordless
cycle and an upwards chordless cycle.

Proof. Suppose, for a contradiction, that C' contains both a downwards chordless cycle Cy
and an upwards chordless cycle C,,. Using Remark 10, write V(Cy) = {z1,...,2} and
V(Cy) ={wn,...,yk}, with z;,y; € A; for i € [k].

> Claim. If y; <; x; for some i € [k] (indices modulo k), then y;11 <;+1 @;41. Similarly, if
x; =i Yi, then x;_1 <;_1 y;—1. In particular, we have that either z; <; y; for every i € [k], or
y; <; x; for every i € [k].

Proof. Suppose that y; <; ;. We note that y;11y; and x;x;41 are edges, so by transitivity
of <;, we have y;11 <; ¥; =; ¥; <; 2;+1 (and in particular y;11 <;4+1 Z;y1, since <; and <;41

agree on A;y1). The second statement follows by symmetry, and the last follows by applying
one of the first statements repeatedly. <

Using the above claim, assume w.l.o.g. that x; <; y; for all ¢ € [k] (the other case is
symmetric). We show that there exists no path from V(C,) to V(Cy). Indeed, if such a path
exists, then we may pick a chordless one, and we note that by transitivity, it cannot have
length 1. By Remark 10, it is either downwards or upwards. If it is upwards, we let vv’ be the
first edge of the path going from a vertex v € A; (for some j € [k]) with z; <, v to a vertex
v’ € A;j_1 with v’ <x;_1. We note that =; <;_1 v <;_1 v/ <;_1 ;_1, a contradiction (since
Cy is downwards). So the path is downwards, in which case we let ww’ be the first edge of
the path going from a vertex w € A; (for some j € [k]) with y; <; w to a vertex w’ € A;4q
with w’ <11 yj+1. But then we note that y; <; w <; w’ <; y,41, a contradiction (since C,,
is upwards). <

With this in mind, we say a cycle is downwards if it contains a downwards chordless cycle,
and upwards otherwise.

The following technical lemma shows that we do not need to worry about vertices
belonging to only one Xj.
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> Lemma 13. Let G' := G[U;cpy Ail. We have B(G) < 2453(G").

Proof. By Lemma 4, there exists a set Y of size £ with ¢ < 48(G’) such that |J__, S, NE(G)
intersects every cycle of G'.

For x € Y, we let j(x) be such that x € A;,). We let 2~ be the greatest element of
Aj(zy—1 With 7 <(;y—1 @, and similarly, we let zT be the greatest element of Aj(zy+1 with
T <y ©. Welet Y™ := {2~ : 2 € Y}, and define Y* analogously.

We claim that (J,cy - yuy+ Sz intersects every cycle of G (and so, since S, is the union
of at most two transitive bitournaments for each x, we have 5(G) < 6¢ < 248(G’), as
required).

To see this, let C' be a cycle in G. If v € V(C) \ V(G’), then the vertices u and w
appearing before and after v in C belong to the same X; as v; in this case, we construct a
shorter cycle by replacing the arcs uv, vw with the arc uw. Repeated applications of this
substitution yield a cycle C’ in G’ with V(C") = V(C) N V(G’) and which visits its vertices
in the same order in which they appear in C. By assumption, some edge uw of C’ crosses

€Y

some z € Y. Let u =wv1,...,v, = w be the vertices between u and w in C. If u and w belong
to different (consecutive) A;, then some edge in the path vy,..., v, crosses z. Otherwise,
w.l.o.g. u and w both belong to A; for some i, we have vq,...,v,—1 € X; \ X;_1, and we

have z € X;_1 \ X; (see Figure 2 for an illustration; the other cases are similar). In this case,
some edge in the path vy,...,v, crosses 7.

X
Ai—l

0 X1

P S 0" S X,

Aivq 7

Figure 2 Illustration for the proof of Lemma 13. Note that we may have 2™ = u and v2 = v,_1.

The splits at  and = are represented by vertical lines immediately to their right.

<

In view of Lemma 13, we may — and will, throughout the rest of the section — assume
w.lo.g. that V(G) = Uy 4i-

» Notation 14. We denote by < the union of the total orders on each A; which are the
restrictions of each <; to A; (that is, x < y if there exists i with x,y € A; and x <; y).
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Given a walk W in G with vertices x1,. .., z, appearing in this order, for each ¢ € [g], we
let a(i) € [k] be such that z; € A,(;. For every i € [¢ — 1], we let b(i) € {—1,0,1} be such
that b(i) = a(i + 1) — a(i) (mod k). We define the winding number of W as

Note that for any closed walk, and in particular for any cycle C' of G, the winding number is
an integer. The % factor is a normalisation constant ensuring that a cycle going once in the
positive direction of the indices has winding number 1.

» Lemma 15. If W is a closed walk in G of length at least 1, then v(W) # 0.

Proof. We argue inductively that for any walk W with vertices z1,...,z4 (¢ > 2) and with
v(W) = 0, we have 1 < z4. Indeed, the statement is clear when ¢ = 2. Suppose now
that W is a walk of length at least 2 with vertices x1,...,z, and with v(W) = 0. Then W
visits at least two A; (otherwise the statement is clear), and since y(W) = 0, there exist
i1,12 € [g] \ {1, ¢} with 41 < iy such that a(i) = a(i') for every 4,7’ € {i1,...,i2}, and

(a(in) —a(ia — 1))(a(iz + 1) —aliz)) = —1

(that is, a point in the walk where the walk “doubles back” after possibly spending some
time in some A;). But then the walk W’ obtained from W by replacing the subwalk
Tiy—1%4y - .. iy Tipp1 With the arc ;, 124,41 is a shorter walk from z; to x4 with y(W’) = 0,
showing x; < x4. In particular, W is not a closed walk, as required. |

» Lemma 16. If G contains no Cy, then 5(G) is bounded above by a function of t.

Proof. We proceed by induction on t. The statement we will show by induction for ¢ > 1 is
that if G does not contain a downwards copy of Cj; (that is, a copy of C; in which the
cycles {a? : j € [t]} are downwards for every i € [k]), then there exists f(t) with the property
that there are at most f(t) vertices x1,...,, such that every downwards cycle has an edge
crossing some x;. The theorem will then follow by symmetry and by Lemma 4.

Noting that Cj 1 is a cycle of length k, that any cycle contains a chordless cycle, and that
the only chordless cycles of G have length k, the statement is trivially true when ¢ = 1.

Fix ¢t > 1, and suppose the statement is true for ¢; we aim to show it for ¢ + 1, that is,
there exists f(t + 1) € N such that if there is no downwards Cf ;41 in G, then there are at
most f(t 4+ 1) vertices such that every downwards cycle of G has an edge crossing one of
them.

The intuition behind our inductive step is straightforward; we present it here before
providing the more formal write-up. We may assume that G contains a downwards cycle C
of length k intersecting every A; (otherwise we are in the base case). Starting from the
vertex of C' belonging to A; (for some i), we go “in a spiral”, repeatedly choosing the least
(according to <;) vertex of A;;1 which is greater than x. This procedure terminates, yielding
a downwards cycle C\,in, which is “less than or equal to” C' in every order. An analogous
process yields a downwards cycle Chax. This splits G into 3 regions: nodes “smaller” than
Chin, nodes “greater” than C),.x, and a middle region consisting of the nodes between the
two cycles. We check that no downwards cycle of G intersects two of the regions; then the
induction hypothesis applies to the first two regions. To deal with cycles in the middle region,
we show that every cycle has an edge crossing a vertex of our spiral; thus if our spirals are
short, we are done, and if they are long, we find a downwards copy of the forbidden graph
Ck,t+1, a contradiction.
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To make this rigorous, we begin by fixing a chordless downwards cycle C of G (if no such
cycle exists, then we are in the base case). We assume without loss of generality that C
has edges v;v;41 for i € [k] (indices are modulo k throughout the rest of this proof), with
v; € A; for every i € [k]. Given a vertex x € A;, we let s(x) denote the least (w.r.t. <;)
vertex y € A;11 with z <; y if such a vertex exists, and p(z) the greatest (w.r.t. <;_1) vertex
Yy € Ai,1 with Y <i—1 .

With this notation, we note immediately from transitivity of the <; that z < y implies
s(z) <X s(y) and p(x) =< p(y) whenever these exist. Moreover, s(v) and p(v) exist for every
vertex v of C. It follows that the sequences (s7(v1));jen and (p’(v1))jen (where the superscript
denotes the number of applications) exist, and become eventually periodic (since G is finite).
The period of the first sequence is a downwards cycle Ciin with vertices u; € A; for i € [k],
and the period of the second one is a downwards cycle Cpax with vertices w; € A;, for i € [k].
See Figure 3 for an illustration. We note that u; < v; < w; for every i € [k].

L M R

Y

| )y
L
i Vi

Cmin | | | C Cmax

Figure 3 Illustration for the proof of Lemma 16. The essence of the proof lies in showing that
any non-trivial closed walk in M must cross the spiral. From a more high-level perspective, consider
the local orders on the X;. They order each A; from left to right in the illustration. On the cylinder
itself, those local orders do not have a common extension to a global order: it is possible to follow
them around the cylinder and to end up to the left of where we began (this is effectively what the
spiral does). However, if we were to “cut” the cylinder along the spiral (which is effectively what the
splits do), we would obtain a space in which the orders are globally compatible.

\]

N
e
Y

We let L := {x € V(G) : © < uforsomeu € Cpn}, R := {z € V(G) : = ~
w for some w € Chax}, and M = {z € V(G) : u 2 =< w for some u € Cpi, and w €
Cumax}. Note that {L, M, R} is a partition of (¢, 4i = V(G).
> Claim. If C' is a downwards cycle, then V(C”) is contained in one of L, M and R.
Proof. Let C’ be a downwards cycle, and note that it intersects L, M or R. Suppose for
a contradiction that V(C")NL # & and V(C') N (M UR) # @. Then there exists a
z€C'N(MUR)NA; and a z;41 in C' N LN A;11. But by construction, this is impossible,
since then u; < z;, but s(z;) =< zi41 < ui41 = s(u;). An analogous argument shows any
downwards cycle intersecting R is contained in R, and the claim follows. <

> Claim. GJ[L] and G[R] do not contain any downwards C

Proof. If G[L] contains such an induced Cj, ¢, then together with Cypiy, it induces a downwards
C1+1 — & contradiction. An analogous argument applies to G[R]. <
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> Claim. s'"%(v1) < s%(v;) for every i > 0, and p'**(vy) = p’(vy) for every i > 0. Moreover,
the sequences (s7(v1));en and (p?(v1)) en each have fewer than 2k(t + 1) distinct elements.

Proof. For the first statement, we note that for i € {0,...,k — 1}, we have s'(v1) =< v;iy1;
in particular, s*(vy) = s(s* 1 (v1)) < v; = s%(v1) (by definition of s and transitivity, since
s*=1(vy) = wg, and viv; is an edge). Moreover, if s7*(v;) < s%(v;) for some 4, then
s (v1) = s(s7F(v1)) = s(s°(v1)) = T (v1), so the first statement follows by induction
and symmetry. Now write z; := s7(v1), and suppose for a contradiction that the elements

T1,..., Top41) are all distinct. For ¢ € {0,...,t}, let D; := {Z2ik41,. -, T(2i41)k }; then
G[Uz‘e {0,011} D;] is a downwards Cf¢11, a contradiction. The case for the other sequence is
similar. <

The second claim and the induction hypothesis show that the downwards cycles contained
in L and R have an edge crossing one of at most 2f(¢) vertices of G. By the first claim, it
remains to deal with downwards cycles contained in M.

We show that every downwards cycle C’ contained in M contains an edge crossing s’ (vy)
or p’ (v1) for some j. By the third claim, this is enough: we may set f(t+1) = 2f(¢)+4k(t+1).
For ease of notation, write s~/ (v;) := p/(v1) (note, however, that s and p are not inverses of
each other as functions from V to V).

Let C’ be a downwards cycle contained in M. By definition of crossing, every edge uv
crosses its tail u, so we may assume that C’ does not intersect {s?(v1)};ez. Explicitly, letting
x be a vertex of V(C’)N A; for some i, we may assume that s("TDF+H=1(y)) < 2 < s7F+Hi=1 ()
for some r € Z. Since no edge of C’ crosses any vertex in {s’(v1)},ez, there are three cases
for the successor 2’ of z in C”:

If 2’ belongs to the same A; as z, then sU+HDFH=1(y)) < o/ < s7F+i=1(y)),

If 2’ belongs to A;_1, then s TDFHI=2(y) < g/ < g7 Hi=2(y)),

If 2’ belongs to A1, then s TDEFI(y)) < 2/ < sTFFi(y,).

But by Lemma 15, the winding number of C” is some r’ # 0. Repeated applications of
the above three points then yield st +Dk+i=1(y) < 5 < s +r)k+i=1(4) 4 contradiction
which finishes the proof. |

We note that our “spiral” argument, and indeed its whole set-up using winding numbers,
is essentially a discretisation of the fact that cutting out a helix from the surface of an infinite
cylinder produces a contractible space. It stands to reason that the proof could be rewritten
in these terms by considering embeddings of graphs from X} into the surface of an infinite
cylinder, then arguing that our spiral construction embeds into a helix and that downwards
cycles embed into non-null homotopic loops. Finally, we conclude:

Proof of Theorem 6. The “if” direction follows immediately from Lemma 5. The “only if”
direction follows from Lemma 16. |

5 (3, lettericity, and geometric griddability

In this section, we discuss how characterising bounded lettericity and geometric griddability
relates to characterising bounded 3. We begin with geometric griddability, since it is easier
to illustrate; the discussion for lettericity is analogous, and we will highlight specific points
as appropriate.
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Permutations and griddability

Our parameter 3 has ties to the study of permutation patterns. We omit the relevant
background; the reader who is not familiar with it is encouraged to consult, e.g., [1] and [3].
The essence of it is that there are two successively stronger notions of well-behavedness for a
class of permutations, namely monotone griddability by a partial multiplication matriz, and
geometric griddability. The question relevant to us is about the boundary between these two
notions:

» Question 17. Which classes of permutations monotone griddable by a partial multiplication
matriz are minimal non-geometrically griddable?

The key insight towards reducing Question 17 to Question 1 is that given a permutation 7
gridded by an s x t partial multiplication matrix, we can construct an oriented graph G, on
the elements of the permutation with 7(G,) at most s+ ¢, by letting each row and column of
the partial multiplication matrix correspond to a transitive tournament ordered according to
that row or column’s sign. In other words, the monotone gridding defines an oriented graph
together with a transitive tournament cover.

We next note that constructing a new gridding of the permutation by adding a vertical
or horizontal line to the starting gridding (and considering the ensuing oriented graph and
transitive tournament cover) corresponds precisely to the splitting operation described in
Section 3.

Finally, if the oriented graph associated to the gridded permutation is acyclic, we can follow
the arguments from [1] and use a topological ordering of the graph to produce a geometric
gridding of the permutation. This can be done explicitly by defining a distinguished corner in
each cell of the monotone gridding, and placing points on the main diagonal/antidiagonal at
increasing distance from the cell’s distinguished corner, according to the topological ordering;
we omit the details.

The above discussion outlines a strategy for characterising geometric griddability of
a class X monotone griddable by a partial multiplication matrix M, given an answer to
Question 1:

Consider the class G x of oriented graphs G, (for m € X') defined as above.

If Gy has bounded S, then for every permutation 7, we can add a bounded number of

lines to the gridding to make the corresponding oriented graph acyclic.

This means that the permutation is geometrically griddable by the resulting gridding.

Since there is only a bounded number of ways to produce a new gridding by adding a

bounded number of lines, this means the class X' is geometrically griddable.

If Gx has unbounded £, then we identify a subclass G x4 minimal of unbounded S using

the answer to Question 1.

We backtrack through our construction of G to produce a corresponding subclass M of

X minimal non-geometrically griddable.

As a special case for the above strategy, Theorem 6 can in principle be used to explicitly
describe all minimal non-geometrically griddable permutation classes which are monotonically
griddable by a partial multiplication matrix whose cell graph contains a unique cycle. We note
that these unicyclic classes have recently received attention in [5]. Indeed, the authors of [5]
use the graph G described above (under the name “orientation digraph”) in order to study
wqo in these classes, as well as some other properties. Their analysis reveals similar structure
to the one we identified in the previous section: their “coils” are analogous to the spiral
construction we use in the proof of Lemma 16. A first notable difference between their work
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and ours is that they use a weaker assumption (the absence of long coils) in order to derive a
weaker conclusion (wqo of the class), while we use a stronger assumption (the absence of
thick chain rings) in order to derive a stronger conclusion (geometric griddability of the class).
A second notable difference is the focus of the work: [5] keeps things permutation-specific
and uses the graph G as an auxiliary tool, whereas we attempt to abstract away as much as
possible, and study the oriented graphs in their own right. Their differences notwithstanding,
the natural continuation of the two approaches is the same: generalising beyond the one-cycle
setting. The authors of [5] give arguments and references supporting the claim that lifting
wqo results to a polycyclic setting is “an order of magnitude more complex”. It is our hope
that trying to understand ( in the oriented graph setting will make that goal more tractable.

Letter graphs and lettericity

The second notion motivating Question 1 is a graph parameter called lettericity, introduced
in [18]. Explicitly, we have:

» Question 18. When does a hereditary class of graphs have bounded lettericity?

We will avoid defining the parameter, since for the purposes of our discussion, we only
need to know a few facts about it. The curious reader is invited to consult [18]. The
most relevant fact is that a permutation class is geometrically griddable if and only if the
corresponding class of inversion graphs has bounded lettericity [3]. And indeed, similarly
to how one reduces the characterisation of geometric griddability to Question 1, one can in
principle relate Question 18 to it. The following outlines a strategy for doing so.

(i) We define a parameter \ for graphs whose boundedness is analogous to monotone
griddability by a partial multiplication matrix.
(ii) We identify the obstructions to bounded lettericity when A is unbounded.
(iii) When X is bounded, we can define oriented digraphs of bounded 7 for which bounded
[ is equivalent to bounded lettericity.

There is one more reason why discussing lettericity is relevant. In general, there is no
guarantee that listing all minimal classes where a parameter is unbounded will lead to a
characterisation of when the parameter is unbounded. It could be the case that a parameter p
is unbounded in a class X, but X does not contain a minimal class where p is unbounded —
instead, it might contain an infinite chain Xy O X7 O ... whose intersection is of bounded p.
We show here that lettericity is well-behaved in this regard. We use the following facts (both
shown in [18]):

If a class & has bounded lettericity, then X is wqo by the induced subgraph relation.

For any graph G and vertex v € V(G), we have let(G) < 2let(G — v) + 1 (where let(G)

denotes the lettericity of G).

» Theorem 19. Any hereditary class X of unbounded lettericity contains a minimal hereditary
class of unbounded lettericity.

Proof. If X is a minimal class of unbounded lettericity, we are done. Otherwise, X contains
a graph G such that X N Free(G) still has unbounded lettericity. Pick a graph Gy € Xy :=
X with this property that has the minimum possible number of vertices (breaking ties
arbitrarily), and put X; := Xy N Free(Gy). Repeat the process for as long as possible, putting
Xiv1 := X N Free(Gy), where Gy, € Xy is a minimum graph such that Xy, has unbounded
lettericity.
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If the process stops at some k, then X}, is the minimal class we were looking for. Otherwise,
the process goes on forever, and we get an infinite strictly descending chain Xy D X7 DO ...
of classes, all of which have unbounded lettericity. Let X};, be their intersection, that is,
‘Xiim =XnN F‘ree(Go, G17 .. )

Note that this limit class cannot have bounded lettericity. Indeed, suppose graphs in Al
have lettericity at most ¢. The graphs Gy, G1, ... are pairwise incomparable by the induced
subgraph relation, because for each i < j, G; is G;-free (by construction) and |G;| < |G|
(by the choice of the graphs). Additionally, for any i € N and v € G; we have G; — v € X,
and hence the lettericity of G; is at most 2¢ + 1. Thus, we obtain an infinite antichain of
graphs of bounded lettericity, which is a contradiction, since classes of bounded lettericity
are well-quasi-ordered.

Moreover, Xjin, is a minimal class of unbounded lettericity. To see this, note first that, by
construction, |G| — oo as n — oo, since there are only finitely many graphs of a given size.
Suppose we can forbid G € Xy, with |G| = k, and we are still left with a class of unbounded
lettericity. But then, by construction, G would have appeared in the sequence (G;) before
any graphs of size at least k + 1, contradicting G € Xy, = X N Free(G1,Ga,...). <

6  Future directions

In this paper, we have shown that any hereditary class of unbounded lettericity contains a
minimal hereditary class of unbounded lettericity and identified infinitely many such classes.
However, a complete description of minimal hereditary classes of unbounded lettericity
remains a challenging open question. The simplest unsolved instance is the case where the
template of the transitive tournament cover is (a subgraph of) two cycles intersecting at one
vertex. We note that as far as wqo is concerned, even in this relatively simple setting, the
behaviour of objects can be very complex. This is evidenced in [16], where long antichains of
permutations are identified which use the two-cycle structure in a non-trivial, aperiodic way.
We believe, however, that characterising boundedness of § is more tractable. Forbidding
chain rings as induced subgraphs is not enough: one can construct examples of large 5 where
they appear as non-induced subgraphs. In fact, it is possible to generalise Lemma 5 to show
that the presence of thick chain rings as subgraphs implies large 8 (note that this is not
immediately obvious, since § may increase when removing arcs). As such, we can formulate
a more concrete version of Question 1:

» Question 20. Is it true that if an oriented graph G contains no chain ring of thickness t
as a subgraph, then B(G) is bounded by a function of t¢

Another direction is to try and understand oriented graphs of bounded 7 from the
perspective of well-quasi-orderability. It is possible to define “chain spirals” analogous to the
coils from [5]. A natural question is then whether the results from [5] generalise:

» Question 21. [s it true that if graphs from a class X of bounded T contain no long chain
spirals as subgraphs, then X is wqo under induced subgraphs?

We also note that as far as the authors are aware, the parameters 7 and § have not
been studied before. Given that their origin is closely linked to the well-studied MINIMUM
FEEDBACK ARC SET problem, it would be worth exploring their algorithmic aspects.

Regarding graph lettericity, it is worth observing that this notion can be useful for
representing graphs even in classes where lettericity is unbounded. For instance, the class
of bipartite permutation graphs is also known as Parikh word representable graphs [19],
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which is equivalent to representing them as letter graphs over an infinite alphabet. A similar

representation is available for all permutation graphs. Both these classes play a critical role

in the area of graph parameters: the class of bipartite permutation graphs is a minimal
hereditary class of unbounded clique-width [13], while the permutation graphs form a minimal
hereditary class of unbounded twin-width [6]. Identifying other critical classes by means of
letter graphs with a well-structured infinite decoder is an interesting research direction.

Finally, we ask whether the results obtained in this paper can be adapted to the notion

of generalized lettericity, which was recently introduced in [12].
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