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—— Abstract

The minimum cut problem is one of the oldest and most fundamental optimization problems in
operations research. In this problem, we are given a connected edge-weighted graph (G,w) and
have to find an edge set A (called edge-cut) of smallest total weight such that the removal of the
edges of A disconnects GG. The problem thus takes the view of an attacker that wants to destroy
the global connectivity of the network. Bienstock and Diaz [SICOMP 93] introduced GLOBAL CUT
PREVENTION, a two-player version of the minimum cut problem where a defender aims to protect
edges to increase the weight of the minimum cut of the resulting graph. More precisely, the input
contains an additional edge cost function ¢ that is independent of the attacker weight w and the
defender aims to protect an edge set of total cost at most d such that every edge-cut consisting of
unprotected edges has weight at least a + 1. We initiate the study of the parameterized complexity
of GLOBAL CuT PREVENTION. Here, we consider the most natural parameters such as the budgets d
and a of the players, the vertex cover number and treewidth of the input graph, and combinations
of these parameters. We show, for example, that the encoding of the costs and weights of the edges
has a considerable influence on the problem complexity: If each edge has unit defender cost and
unit attacker weight, then GLOBAL CUT PREVENTION is FPT for the vertex cover number. If the
attacker weights are arbitrary and encoded in unary, then the problem is W[1]-hard for the vertex
cover number but still admits an XP-algorithm. Finally, if the defender cost and the attacker weight
are encoded in binary, then the problem becomes NP-hard even on graphs with a vertex cover of
size 2.
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1 Introduction

The problem of decreasing the minimum cut of a graph by removing edges has been widely
studied under the umbrella of network interdiction [7, 20, 35, 37]. These interdiction problems
can be understood as a two-player game: one player wants to achieve a certain goal (for
example ensure high connectivity of the network), and another player wants to modify the
network to prevent this. We consider the reverse problem of protecting edges to prevent the
attacker from disconnecting the graph: A defender aims to protect edges D C FE of total
cost at most d so that no attacker with budget a can disconnect the graph. An alternative
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formulation is that the defender increases the weight of some edges to a + 1 in such a way
that in the resulting weighted graph, each cut has weight more than a. The formal problem
definition is as follows.

GLOBAL CUT PREVENTION

Input: An undirected graph G = (V, E) with weights w : E — ZT and costs
c: E — 7Z7; the attacker’s budget a € Z* and the defender’s budget d € ZT
Question: Is there an edge set D C E with ) __ c(e) < d such that there is no
cut A C E\ D with weight w(A) < a?

Bienstock and Diaz [3] showed that the problem is NP-hard even if ¢ = 8 when allowing
non-unit weights and non-unit costs. Hommelsheim et al. [19] later gave constant-factor
approximation algorithms. We initiate the study of the parameterized complexity of GLOBAL
Cut PREVENTION with respect to the budget parameters a and d, as well as structural
graph parameters such as the vertex cover number or the treewidth.

Related work. Stackelberg games on graphs, in which one party modifies the graph under
a budget and another responds, have received considerable attention. When the first party
acts as an interdictor removing edges, the setting is known as network interdiction. Typical
interdictor goals are to raise the cost of the minimum spanning tree [14, 38, 31], to shrink
the maximum matching [36, 12], to worsen connectivity or the minimum cut [37, 20, 33, 26,
17, 8, 2], or to lengthen shortest paths [25, 30, 1]. For all of these problems it is known that
they are NP-hard. Moreover, the study of their classical and parameterized complexity has
received a lot of attention [16, 36].

The defensive side — choosing which edges to protect to limit the interdictor’s impact — is
far less understood. For the defender’s problem of preserving global connectivity, only the
unit-weight case [3] and its approximation [19] have been studied. A closely related problem
is WEIGHTED MIN (s,¢)-CuT PREVENTION (WMCP). Intuitively, in WMCP the defender
only focuses on ensuring that each (s, t)-cut has weight at least @ + 1. Griittemeier et al. [15]
studied the classic and parameterized complexity of WMCP.

Our results. We provide numerous parameterized complexity results for GLOBAL CuUT
PREVENTION for arguably the most important structural parameters of the input graph: its
treewidth and its vertex cover number. We also consider the budget parameters a and d and
two additional parameters related to the vertex cover number and/or the treewidth (the
vertex deletion distance to disjoint stars and the feedback edge number). The consideration
of the latter two parameters gives us a more fine-grained view of the border line between
tractable and intractable cases. A second main dimension in our study concerns the edge
weights and costs. We distinguish three cases: binary encoding, unary encoding, and unit
weights and costs. For an overview of our results, refer to Figure 1. We show for example,
that these cases have vastly differing complexities when GLOBAL CUT PREVENTION is
parameterized by the vertex cover number. A further important result is that the unit weight
case of GLOBAL CUT PREVENTION is hard for constant values of a and W[1l]-hard with
respect to the treewidth tw but that the binary case is FPT for the combination of a and tw.
We show that the complexity of GLOBAL CUT PREVENTION and the (s, t)-connectivity
variant WMCP studied by Griittemeier et al. [15] can drastically differ: While both problems
admit an FPT-algorithm for a + tw, WMCP also admits an FPT-algorithm for a alone,
while GLOBAL CuUT PREVENTION is NP-hard even if ¢ = 8 (non-unit weights and non-unit
costs [3], unit weights and unit costs and constant maximum degree (Theorem 3.2)).
Proofs marked by (%) are (partially) deferred to a full version.
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Figure 1 Overview of our results. A line from a box for parameter p to a box above for
parameter p’ implies that p € O(p’) on all instances. Consequently, hardness results hold also for all

parameters below and algorithmic results for all parameters above.

2 Preliminaries

Graph notation. We use standard graph notation [11]. Let G = (V, E) be an undirected
graph. For v € V, we write dg(v) for the set of edges incident with v and Ng(v) for the set
of neighbors of v. For S C V', we write dg(S) for the set of edges with exactly one endpoint
in S. We omit the subscript when the context is clear. We denote the set of edges with both
endpoints in S as E(S). A set of edges is an edge-cut (sometimes just called cut) of G if its
removal increases the number of connected components. For X, Y C V| we write E(X,Y) for
the edges with one endpoint in X and the other in Y, and E(v, X) for E({v}, X). Moreover,
let G[V'] denote the subgraph of G induced by V' C V', and G | e denote the graph obtained
from G by contracting edge e. For an edge set F', let w(F') denote the total weight of the
edges in F, ie., w(F) =) cpw(e). Analogously, let ¢(F') denote the total cost of the edges
in F. A defender strategy is an edge set of cost at most d, such that the min cut in the
remaining graph is as heavy as possible.

We may assume that G has no parallel edges: two parallel edges can be merged into one
by setting the new edge’s weight to the sum of their weights and its cost to the minimum of
their costs; the resulting instance is equivalent.

Fixed-parameter tractability. We use standard notations of parameterized complexity [9, 32].

A problem is fized parameter tractable (FPT) if it can be solved in time f(k)-n®M for some
computable function f and a parameter k. A kernelization algorithm for a parameterized
problem is a polynomial-time algorithm that, given an instance (z, k), returns an equivalent
instance (2/, k') with |2'| + k" < g(k) for some computable function g; the problem then
admits a kernel of size g(k). A problem is in XP (slicewise polynomial) if it can be solved in
time n/*) for some function f and parameter k, i.e., in polynomial time when k is fixed.

3 Parameterization by the Budgets of the Attacker and Defender

Initially, we investigate parameterization by the natural parameters a and d. For the combined
parameter there is a simple FPT-algorithm for a + d based on search-trees: While there is a
cut of attacker weight at most a, branch on the at most min(|E|, a) edges of the cut since
the defender has to protect at least one of them. This procedure can be repeated at most
d times, since each edge has defender cost at least 1. Hence, we obtain the following.
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» Proposition 3.1. GLOBAL CUT PREVENTION can be solved in min(|E|,a)® - n®M) time.

Note that Proposition 3.1 implies that GLOBAL CUT PREVENTION admits an XP-
algorithm for d. It is open whether also an FPT-algorithm for d is possible.

Next, we investigate parameterization by a alone. Hommelsheim et al. [19] showed that
GLOBAL CUuT PREVENTION can be solved in polynomial time if ¢ < 2. Bienstock and
Diaz [3, Section 4] showed that GLOBAL CUT PREVENTION is NP-hard for ¢ = 8. The
instance they constructed, however, had multi-edges (to model weights larger than 1 for the
attacker) and also edges with costs d 4+ 1 for the defender. We refine their reduction and
provide NP-hardness of GLOBAL CUT PREVENTION (in simple graphs) for a = 8, even if the
maximum degree is a constant and all edges have unit weights and costs.

» Theorem 3.2 (x). Even if a =8, GLOBAL CUT PREVENTION is NP-hard on graphs with
mazximum degree A = 10 when each edge has unit weight and unit cost.

4  Attacker’s Budget a + Treewidth

We now study the parameterized complexity of GLOBAL CUT PREVENTION when the
parameter is the treewidth tw(G) plus the attacker’s budget a. We provide an FPT-algorithm
for this parameter combination. Our algorithm is based on dynamic-programming on a nice
tree decomposition.

A tree decomposition (7, 3) of G consists of a tree T on a vertex set V and a mapping /3
from the node set of T to subsets of V(G) (the bags) such that (i) for every edge uwv € E(Q)
at least one bag contains both u and v, (ii) for every v € V(G) the set of nodes whose
bag contains v induces a nonempty subtree of 7, and (iii) the width is max, |8(z)| — 1
(the treewidth tw(G) is the minimum width over all tree decompositions of G). Further,
we assume that the root r contains an empty bag, that is, 3(r) = . Note that a tree
decomposition of minimal width for G with [V| < 4n can be computed in 20" . pO1)
time [28, 4]. We introduce the following standard notation: For each node x € V, let V,, be
the union of all bags S(y), where y is a descendant of = in 7. Moreover, let G, = G[V,]
denote the graph induced by these vertices and E,, := E(G,,) its edge set.

Our dynamic programming table DP has entries of type DP|x, f,, D,] with z € V, f, :
20() —[0,a+1], and D, C E(B(z)), where f,(0) = f.(8(x)) = a+1. Herein, DP[x, f,, D,]
stores the minimum cost of an edge set D C E, with D N E(5(z)) = D,, such that for each
cut d¢, (S) in G, that avoids D with § C S C V,,, we have w(dg, (S)) > f=(SNB(z)). Note
that we can assume that f, is symmetric, that is, f,(B) = fz(8(z) \ B) for each B C ().
By definition, the instance is a yes-instance if and only if DP[r, f.., 0] < d.

The recurrences and the formal correctness proof are deferred to a full version.

» Theorem 4.1 (x). GLOBAL CUT PREVENTION is fized-parameter tractable parameterized
by tw(G) + a.

The proof of Theorem 4.1 also implies the following.
» Corollary 4.2. If all weights are encoded in unary, GLOBAL CUT PREVENTION admits an

XP-algorithm for tw(G).

5 Parameterization by Vertex Cover Number

An immediate follow-up question of Corollary 4.2 is whether also an FPT-algorithm for tw(G)
alone is possible. In this section we show that in the most general setting, that is, if the
costs of the defender are encoded in binary, GLOBAL CUT PREVENTION is weakly NP-hard
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for graphs of constant treewidth. More precisely, we show NP-hardness even for instances
with vertex cover number vc = 2. We then continue our investigation of parameterization
by vc alone and we consider more restricted settings. More precisely, we consider the case
that the attacker weights are encoded in unary or are 1 for each edge. In the former case we
still have W[1]-hardness when parameterized by vc, while in the latter case we obtain an
FPT-algorithm if the defender costs are also 1 for each edge.

5.1 Hardness for Binary and Unary Encoding of the Attacker Weights

We initially present our negative results for parameterization by the vertex cover number vc
alone if the attacker weights are encoded in binary or unary. More precisely, we now show
weakly NP-hardness of GLOBAL CUT PREVENTION even for vertex cover number 2.

» Theorem 5.1 (x). GLOBAL CUT PREVENTION is weakly NP-hard on graphs with vc = 2.

We obtain this result by a reduction from KNAPSACK.

We now turn our attention to the special case of GLOBAL CUT PREVENTION where the
defender cost of each edge is 1. Even with this restriction, we obtain para-NP hardness for
the vertex cover number for binary encoded attacker weights. The same reduction also yields
W/[1]-hardness if the attacker weights have unary encoding.

» Theorem 5.2. Fuven on instances with unit defender cost, GLOBAL CUT PREVENTION
is (i) NP-hard on graphs with vertex cover number 3 if all attacker weights are encoded in
binary and (i) W[1]-hard when parameterized by the vertex cover number if all attacker
weights are encoded in unary.

Moreover, unless ETH fails, there is no algorithm for GLOBAL CUT PREVENTION with
unit defender cost and unary encoded weights running in time 2°(0V(G) . go(ve(G)) .| 1|01,

Proof. We reduce from BIN PACKING.

BIN PACKING

Input: A multiset of positive integers X and another positive integer k.

Question: Can the set X be partitioned into k subsets, such that each such subset
sums up to the same value?

BIN PACKING is weakly NP-hard even if k = 2, in which the problem is most commonly
referred to as PARTITION [24]. Moreover, BIN PACKING is W[1]-hard when parameterized
by k even if all elements of X are encoded in unary [21]. Moreover, Bringmann, Diirr, and
Wegrzycki [5] rule out algorithms for BIN PACKING with running time 20(n)¢o(k) yunder ETH,
where n :=[X| and ¢ := £ >,y « is the target bin load.

Let I = (X, k) be an instance of BIN PACKING with k > 2. Moreover, assume without
loss of generality that each number in X is smaller than ¢t. We will present a reduction to
GLOBAL CuT PREVENTION for which the resulting graph has a vertex cover number of k + 1.
For a visualization, we refer to Figure 2. To this end, we start with an empty graph G
and add for each element x € X a vertex v, to G. Let Vx := {v, | * € X}. Afterwards,
we add for each i € [1,k] a vertex b; to G. Then, we add another vertex b*. To complete
the definition of the graph G, we make (Vx,{b; | i € [1,k]} U {b*}) a biclique. Note that
{b; | i €[1,k]} U{b*} is a vertex cover of size k + 1 for G. All edges have a defender cost of 1.
It remains to define the attacker weight of each edge, as well as the total budgets for the
defender and the attacker. All edges that are not incident with b* have an attacker weight
of 1, and for each integer x € X, the edge {v,,b*} has an attacker weight of k- n - z. Finally,
we define the budgets for the defender and the attacker as d :=n and a :==k-n-t— 1.
Let I' := (G, ¢,w, d,a) be the resulting instance of GLOBAL CUT PREVENTION.
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a) b)
multiset X:
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3
- attacker weight 1
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Figure 2 A visualization of Theorem 5.2. Part a) shows a BIN PACKING instance with k = 2. The
coloring of the numbers corresponds to a bin assignment. Part b) shows our constructed instance
of GLOBAL CuT PREVENTION. Each edge has defender cost 1. The black numbers indicate that
the vertex corresponds to that integer. The red numbers correspond to the attacker weight. The
highlighted edges correspond to an edge protection set D of the defender of total cost d = 6 such
that now each cut has weight at least k-n -t = a + 1 for the attacker.

The formal correctness proof is deferred to a full version. The rough idea is that the
defender has to protect exactly one edge incident with each vertex of Vx and none of these
edges can be incident with b*. This then resembles a selection of each item to one bin, which
corresponds to a valid solution for BIN PACKING.

For the ETH lower bound, we observe that the reduction above preserves the relevant
parameters tightly enough to transfer this lower bound to GLOBAL CUT PREVENTION. More
precisely, for an instance (X, k) of BIN PACKING, the resulting instance of GLOBAL CuT
PREVENTION satisfies

V(G)|=n+k+1, ve(G) =k +1, a=k-n-t—1.
Consequently, if GLOBAL CUT PREVENTION with unit defender cost and unary encoded
weights can be solved in time

20(V(@)) . gole(@) . 7100,

then the reduction above would yield an algorithm for BIN PACKING running in time

go(n+k) (;mt)o(k) . |I|O(1) — go(n) jo(k) | |I|O(1),
This contradicts Theorem 1.1 of Bringmann, Diirr, and Wegrzycki [5]. |

We now show that, even with the restriction that each edge has attacker weight and
defender cost of 1, we can also obtain a W[1]-hardness result for the smaller parameter ‘(vertex
deletion) distance to disjoint stars’. The only edges for which this property did not hold in
the reduction of Theorem 5.2 were the edges incident with b*. In the following reduction,
we essentially only replace each such edge {v,,b*} by w({v,,b*}) many paths (v, w?,b*) of
length 2 and adjust the defender cost, so that one edge of each such path must be protected.

» Theorem 5.3 (x). Even if each edge has attacker weight 1 and defender cost 1, GLOBAL
CuT PREVENTION is W[1]-hard when parameterized by distance to disjoint stars.
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Note that the parameter distance to disjoint stars is larger than the treewidth tw. Hence,
Theorem 5.3 implies the following, and shows that even if the weights and costs of each edge
are 1, improving the XP-algorithm for tw to an FPT-algorithm seems impossible.

» Corollary 5.4. Even if each edge has attacker weight 1 and defender cost 1, GLOBAL CUT
PREVENTION is WI1]-hard when parameterized by the treewidth.

5.2 Algorithms for Unit Attacker Weights or Defender Costs

Now, we focus on exploiting small vertex covers algorithmically to obtain efficient algorithms
for GLOBAL CUT PREVENTION in the case of unit attacker weight and unit defender cost.
According to our hardness results presented in Section 5.1, our algorithms are tight.

FPT algorithm for vc if c¢(e) = w(e) = 1 for each edge e. Let (G,c,w,d,a) be an
instance of GLOBAL CUT PREVENTION. Initially, we compute a minimum vertex cover S
of G of size vc. This requires 1.26V°n®™) time [18]. First, if a < vc, we immediately have
an FPT algorithm parameterized by vc due to Theorem 4.1 and the fact that vc is never
smaller than the treewidth of the input graph. Hence, in the following, we assume vc < a.
We let K :=V'\S. For any S’ C S, let Z(S’) be the set of vertices in K whose neighborhood
is exactly S, i.e., Z(S') ={ve K| N(v) = N(v)nS = 5"}. Now, as vc < a, for each v € K,
since |6(v)| < ve < a, the defender has to protect at least one edge in §(v).

Let F be a inclusion-wise minimum feasible set of edges that the defender protects. Note
that F' contains no cycle as otherwise, we can remove one edge on the cycle without violating
its feasibility. As discussed above, for each v € K, the defender has to protect at least one
edge in (v), i.e., |[F'Nd(v)| > 1. We partition the vertices in K into two sets I and J as
follows. Let I :={v € K | |[6p(v)| > 2} and J := {v € K | |dp(v)| = 1}, where §r(v) denotes
the set of edges in F' incident with v. We prove that [I| = O(vc).

» Lemma 5.5 (x). [I| <3 _/(|op(v)] —1) < ve—1.

Now we present our algorithm, exploiting Lemma 5.5. We first guess [ and Fj =
Uper 0r(v). For any S C S, since the vertices in Z(S’) have the same neighborhood,
c(e) =1 = w(e) for each edge, and |I| < vc, we can fix min(ve, |Z(S’)|) arbitrary vertices
in Z(S’) as potential candidates in I. To guess edges in Fy, we enumerate the two vertices
u € S and v ¢ S. For u, there are ve possibilities. For v, we enumerate S’ C S and at most
ve vertices in Z(S”), which yield 2V - ve possibilities. Since each edge of F7 is incident with
both a vertex of S and a vertex of I, and F contains no cycle, F; contains no cycle and
thus contains at most |I| + |S| < 2ve edges. Hence, the total number of possibilities for
Fy is bounded by (2¥¢vc?)2V¢. Second, we guess the protected edges Fi in G[S], which has
(’)(2"02) possibilities. For each v € K that is not in the guessed I, i.e., in J, we still need to
protect exactly one incident edge. In other words, we need to decide F;.

We use an integer linear program (ILP) to decide the protected edges incident with
vertices in J = K \ I. For each S’ C S and each v € S’, we introduce a variable zg , € Z>g
that indicates the number of vertices in Z(S’) N J, having a protected edge incident with wv.
For each vertex u in J, we force u to have exactly one incident protected edge as below. For
each S’ C S, there are |Z(S") N J| vertices, each of which needs to have a protected incident
edge. Hence, we add the following constraints.

> we.=12(8)NJ,VS CS

veSs’
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It remains to ensure that each cut with partite sets C' and V \ C contains at least
one protected edge or has weight at least a + 1. Note that for this, it is sufficient to
consider R := CNS and R := (V\C)N(S\R) = S\ R: Recall that each vertex
of K =V \ S is incident with at least one protected edge e and the other endpoint of e is
incident with a vertex of S. Hence, once the partition of S into R and S\ R is known, for
every vertex v of K we can determine whether v is in the partite set containing R or S\ R
via the values of the variables zg/ , (recall that all vertices in Z(S’) have the same neighbors
and have c(e) = 1 = w(e) for each incident edge).

Next, we describe how to add constraints to the ILP formulation which ensure this
property for each cut. For each R C S we do the following. Recall that we have to ensure
that the corresponding cut has weight at least a + 1, or contains at least one protected edge.
The latter scenario can occur in two cases: First, if the set of protected edges Fs between
vertices of S contains an edge where one endpoint is in R and the other endpoint is in S\ R.
Second, if I C K contains at least one vertex v such that v is incident with at least one
protected edge with one endpoint in R and v is incident with at least one protected edge
with one endpoint in S\ R. Recall that the protected edges in Fg and F; are fixed before
we invoke the ILP. Thus, for this cut which separates S into R and S\ R we do not need
to add a constraint to the ILP. If any of the cases above holds, we say that R C S is good.
Each other R C S is referred to as bad.

Hence, in the following it is safe to assume that R is bad, that is, a) Fs contains no edge
where one endpoint is in R and the other endpoint is in S\ R, and b) I contains no vertex v
such that v is incident with at least one protected edge with one endpoint in R and v is
incident with at least one protected edge with one endpoint in S\ R. In other words, for
each v € I, 1) all its incident protected edges must have the other endpoints all in R or
2) all its incident protected edges must have the other endpoints in S\ R. We let z, be
the number of edges incident with v € I in the part where no incident protected edge has
an endpoint. In other words, in case 1) we have z, := |[N(v) N (S\ R)|, and in case 2) we
have z, := |N(v) N R|.

Now, the cut has three types of edges crossing it (none of which are protected): 1) edges
within S, 2) edges incident with a vertex of I C K = V' \ S, and 3) edges incident with a
vertex of J = K \ I. We can count them as follows:

1. Edges with both endpoints in the vertex cover S which cross the cut. We let Q(R) :=
E(R,S\ R). Recall that by the above, we have Q(R) N F's = () and each edge of Q(R)
has attacker weight 1.

2. Edges incident with I. Here, we need to count the values z, for each v € I. We
set fr(R) =) ,cs %v-

3. Edges incident with J. Recall that for each S’ C S and each v € §’, variable g/, counts
the number of vertices in Z(S”) whose protected edge is incident with vertex v. Let Z(S")"
denote the vertices of Z(S’) for which the edge towards v is the only incident protected
edge. By the above, |Z(S")"| = zg/,,. Hence, if v € R, then the cut contains all the edges
between the vertices of Z(S5)? and all vertices of "\ R. Otherwise, if v € S’ \ R, then
the cut contains all the edges between the vertices of Z(S’)? and all vertices of S’ N R.

Hence, we need to add a constraint which ensures that this cut contains at least a+1 edges.
Thus, the constraint reads as follows, see also Figure 3 for an illustration:

QUR)[+ f1(R)+ Y [S\R| Y zsu+ Y |SNRI Y wsw>a+1,¥bad RCS.

s'CS vES'NR S'CS vES'\R

This finishes the description of our ILP formulation.
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Figure 3 Illustration of the implications of the ILP used in Theorem 5.6. Part a) shows the case

~
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that at least one vertex of I is incident with protected edges which have endpoints in both R and S\ R.

Moreover, also Fs contains an edge crossing the cut. In this case, R is good and no constraint
corresponding to cut R is added. Parts b) and c¢) show a case where we add a constraint for a bad R C
S. In part b) the blue vertices in S correspond to the unique subset S’ = {v,y, 2} which has neighbors
in J = K\I. Hence, we add the constraint |Q(R)|+ f1(R)+|S'\R|-zs' »+|S'NR|- (x5 y+Ts .) > a+1
to the ILP formulation. According to b), we have zg/, = 1, x5/, = 0, v, = 2, |Q(R)| = 1,
and fr(R) = 2. Thus, the resulting cut has weight 7, as shown in part ¢) (the two partite sets are
shown in red and blue, respectively).

Note that our ILP has O(2V¢-vc) variables, which is FPT-many in vc. Since ILPs admit an
FPT-algorithm when parameterized by the number of variables [13, 22, 23, 34], we conclude
that our algorithm runs in FPT time.

» Theorem 5.6. When w(e) =1 and c(e) =1 for all e € E, GLOBAL CUT PREVENTION is
fixed-parameter tractable parameterized by vc.

A polynomial-time algorithm for vc < 2 and unit defender costs. We now show that for
unit defender costs, GLOBAL CUT PREVENTION is polynomial-time solvable on graphs with
a vertex cover of 2. This complements the two previous hardness results on graphs with
constant vertex cover number. Namely, the NP-hardness for vertex cover number 3 on unit
defender cost instances (Theorem 5.2) and the NP-hardness for vertex cover number 2 on
graphs where the defender costs are not unit (Theorem 5.1).

» Theorem 5.7 (x). When vc < 2 and c(e) =1 for each e € E, GLOBAL CUT PREVENTION
can be solved in polynomial time.

6 Parameterization by the Feedback Edge Set Number

Finally, we tackle the feedback edge set number. First, we provide polynomial kernels if all
attacker weights are 1 or all defender costs are 1. Second, we show that this positive result
cannot be lifted to the setting of binary encoded weights and costs. More precisely, we show
W([1]-hardness in that case.

6.1 Polynomial Kernels for w(e) =1 or c(e) =1

In the following, we present reduction rules (for an illustration we refer to Figure 4) for
the case that there are some small cuts in the input graph. These reduction rules then
immediately imply a linear vertex kernel for the feedback edge set number, if each edge has
attacker weight of 1. In particular, we consider bridges, that is, edges e, such that removing e
from G increases the number of connected components.
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19 9 1

apply Rule 6.1 exhaustively
~ reduce d by 2

1 6 3 1

apply Rule 6.4
exhaustively

~ reduce d by 16

apply Rule 6.7 exhaustively (assume d = 2 here)

~» d remains un-
changed

e)

11 8 1
apply Rule 6.9
exhaustively
(assume a = 15 here) | 9 1
~ reduce d by 2 8

Figure 4 A visualization of the exhaustive application of Rules 6.1, 6.4, 6.7, and 6.9. In each
part, the bridge or path affected by the corresponding reduction rule is highlighted in red, the blue
numbers are the defender costs and the red numbers are the attacker weights. Each reduction rule
does not change the attacker weight a. All reduction rules except Rule 6.7 reduce the defender
cost d. This change is written in purple.

» Rule 6.1. Let (G, c,w,d,a) be an instance of GLOBAL CUT PREVENTION and let e be a
bridge of G. Then, contract e. If w(e) < a, reduce d by c(e). If this results in a negative value
of d, output a trivial no-instance of constant size of GLOBAL CUT PREVENTION instead.

» Lemma 6.2 (x). Rule 6.1 is correct and can be exhaustively applied in polynomial time.

Note that after Rule 6.1 is applied exhaustively, the input graph is either reduced to a
single vertex, or each vertex has a degree of at least 2. This already implies the following;:

» Corollary 6.3. GLOBAL CUT PREVENTION can be solved in polynomial time on trees.

Note that graphs with a minimum degree of 2 with feedback edge set number k can be
decomposed in polynomial time into (i) a set C' of O(k) vertices and (ii) a collection P of
O(k) paths, where each internal vertex (which is not in C) of such a path P € P has exactly
two neighbors in G and each endpoint of P is in C' (see for example [10]). Moreover, the
induced subgraph G[C] has at most O(|C|) C O(k) edges. Hence, to achieve a polynomial
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vertex kernel for the feedback edge set number k for GLOBAL CUT PREVENTION, it suffices
to guarantee that each path of P has length k(). We will introduce three reduction rules

for special instances (unit attacker weight or unit defender cost) to guarantee this property.

However, on general instances with arbitrary defender costs and attacker weights, an FPT
algorithm for & is unlikely, as we will show in Theorem 6.12.

Our reduction rules aim to shorten paths P in G for which each internal vertex of P has
degree exactly 2 in G. That is, each edge incident with an internal vertex of P is part of the
path P. Our reduction rules are stated as general as possible to be also applicable in cases
where we are not parameterizing by the feedback edge set number. Hence, our reduction
rules speak about general paths P where each internal vertex has degree 2. Note that in
such a path, the defender cannot leave any set of two edges unprotected, for which the total
attacker weight is at most a, as otherwise, the attacker could cut these two edges and increase
the number of connected components. This observation leads us to the first reduction rule
which focuses on such paths P where each edge has attacker weight 1.

» Rule 6.4. Let (G,c,w,d,a) be an instance of GLOBAL CUT PREVENTION with a > 1.
Moreover, let P be a path of length at least three in G for which each internal vertex has
degree ezactly 2 and where w(e) =1 for each edge e of P. Then, contract an edge e* of P
with smallest defender cost and reduce d by c(e*). If this results in a negative value of d,
output a trivial no-instance of constant size of GLOBAL CUT PREVENTION instead.

Here, the requirement that P has length at least three is only necessary to prevent that
parallel edges are introduced in case P has length 2 and the endpoints of P are adjacent.

» Lemma 6.5 (x). Rule 6.4 is correct and can be exhaustively applied in polynomial time.

By exhaustively applying this reduction rule, we guarantee that each path in P with
unit attacker weight has length at most 2. Hence, a resulting instance of GLOBAL CUT
PREVENTION with unit attacker weights has at most O(k) vertices and edges.

» Theorem 6.6. GLOBAL CUT PREVENTION with unit attacker weight admits a kernel with
O(k) vertices and edges, where k is the feedback edge set number of the input graph.

We now shift our attention to the case that each edge has defender cost 1. We present a
further reduction rule for this special case.

» Rule 6.7. Let (G,c,w,d,a) be an instance of GLOBAL CUT PREVENTION and let P be a
path of length at least d + 3 in G where each internal vertex has degree exactly 2 and where
each edge has unit defender cost. Then, contract an edge e* of P with largest attacker weight.

» Lemma 6.8 (). Rule 6.7 is correct and can be exhaustively applied in polynomial time.

By exhaustively applying Rule 6.7, we guarantee that each path in P with unit defender
cost has length at most d + 2. To obtain a polynomial kernel for GLOBAL CUT PREVENTION
with unit defender cost, it suffices to guarantee that d < k. We establish this with the next
reduction rule.

» Rule 6.9. Let (G, c,w,d,a) be an instance of GLOBAL CUT PREVENTION with d > 1.
Moreover, let P be a path of length at least three in G for which each internal vertex has
degree exactly 2 and where c(e) = 1 for each edge e of P. If there are distinct edges e; and es
of P with w(e1) +w(e2) < a, contract an edge e := argmingcye, ¢} w(e) and reduce d by 1.

» Lemma 6.10 (%). Rule 6.9 is correct and can be exhaustively applied in polynomial time.
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For instances with unit defender cost, we can now prove a quadratic vertex kernel for the
feedback edge set number.

» Theorem 6.11. GLOBAL CUT PREVENTION with unit defender cost admits a kernel with
O(k?) vertices and edges, where k is the feedback edge set number of the input graph.

Proof. Let I = (G, c¢,w,d,a) be an instance of GLOBAL CUT PREVENTION where G has a
feedback edge set number of k. Moreover, assume that Rules 6.1, 6.7, and 6.9 are exhaustively
applied for instance I. Note that if d = 0, we can solve I optimally in polynomial time.
Moreover, let F' be a feedback edge set of G of size k. As discussed previously, since Rule 6.1
is exhaustively applied, we can decompose G into (i) a subgraph G[C] for some vertex set C
of size O(k), and (ii) a collection P of O(k) paths, where for each path P € P, each endpoint
of P is from C and each internal vertex of P has degree 2 in GG. Since Rules 6.7 and 6.9 are
exhaustively applied, each path of P has length at most d + 2 (due to Rule 6.7) and contains
at most one edge with attacker weight at most § (due to Rule 6.9).

Let X denote the set of all edges of G' with attacker weight at most §. If d > |X|, the
defender wins, as protecting all edges of X ensures that the attacker has to cut at least two
edges (since Rule 6.1 is exhaustively applied), each of which is not in X and thus has attacker
weight greater than a/2, so their total weight is at least a + 1. That is, if d > |X|, we are
dealing with a yes-instance. In this case, our kernelization algorithm outputs a constant-sized
yes-instance. Otherwise, d < |X|. Note that |X| € O(k), as each path of P contains at most
one edge of X and there are only O(k) edges in G that are not part of any path in P. Hence,
d € O(k), which implies that each of the O(k) paths in P has length O(k). Thus, the number
of vertices and edges in G is O(k?), which concludes our kernelization algorithm. |

6.2 Hardness for Weighted Graphs

We now show that the restriction to instances where each edge has unit attacker weight or
unit defender cost was important. That is, we show that GLOBAL CUT PREVENTION is
W/1]-hard for the feedback edge set number of the input graph on instances with unrestricted
attacker weights and unrestricted defender costs.

» Theorem 6.12 (x). If both the attacker weight and the defender cost of each edge are
encoded in binary, GLOBAL CUT PREVENTION is W/[1]-hard when parameterized by the
feedback edge set number plus the mazximum degree of the input graph. Moreover, GLOBAL
CuT PREVENTION admits an XP-algorithm parameterized by the feedback edge set number.

Proof. We reduce from MULTIPLE-CHOICE KNAPSACK, which is W[1]-hard when paramet-
erized by the number k& of color classes [27].

MULTIPLE-CHOICE KNAPSACK

Input: An instance (X,¢,C) of KNAPSACK (consisting of a set X of pairs of positive
integers and two integers ¢ and C) and a k-partition (Xi,..., X%) of X.

Question: Is there a set X’ C X with | X' N X;| = 1 for each i € [1,k], such

that -, ,oex Vi 2 tand X5, ey wi < C7

Let I := (X,t,C) be an instance of MULTIPLE-CHOICE KNAPSACK with given k-
partition (X7i,...,X)). Moreover, let n := |X|. We assume without loss of generality
that X; has size at least 2 for each i € [1,k]. Moreover, we can assume that for each ob-
ject (v,w) € X, v < t. This is due to the following fact: Let (v*,w*) be an object with v* > ¢
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a) b) :
values | weights
9 6 a—6
X1 5 3 P
1 1 )
8 5 K
Xo| 6 4 Y
5 3 '
7 5 ra—3). 17
X3 6 4 v’ Pl
4 2 v
10 P
t=17 a=2t—1=33
d=n—-k—-1)-a+C
2* =5-a+10=175

Figure 5 A visualization of Theorem 6.12. Part a) shows a MULTIPLE-CHOICE KNAPSACK
instance with & = 3. The red rows correspond to a solution. Part b) shows our constructed instance
of GLOBAL CuUT PREVENTION. The blue numbers correspond to the defender costs and the red
numbers correspond to the attacker weights, respectively. The highlighted edges correspond to an
edge protection set D of the defender of total cost 175 = d such that now each cut has weight at

least 2t = a + 1 for the attacker.

that is from the partite set Xj. If w* + 3 ey gy minfw | (v,w) € X¢} < C, then the
set X' == {(v", w")} UlUpep ap 53 farg min{w | (v, w) € X,}} verifies that I is a yes-instance
of MuLTIPLE-CHOICE KNAPSACK. Otherwise, that is, if w* + >,y ;3 min{w | (v, w) €
Xy} > C, then there is no possible solution for I that contains object (v*, w*), which allows
us to safely remove the object from the instance. This assumption is necessary to ensure in
the following that exactly one element per partite set is selected.

We now describe how to obtain an equivalent instance I’ := (G, ¢,w, d,a) of GLOBAL
CuT PREVENTION where G has maximum degree k + 1 and a feedback edge set of size k.
For a visualization, we refer to Figure 5. Let o := Z(u,w)ex w and assume without loss
of generality that C < «. The graph G initially contains two vertices y* and z*. For
each i € [1,k], we add a path P; with |X;| many edges from y* to z*. We assume that each
partite set X; has an arbitrary but fixed ordering. The jth edge e of path P; corresponds to
the jth object (v, w) of X;, and we set w(e) := v and ¢(e) = a — w. Additionally, we add an
edge e* between y* and z* and set w(e*) :=t and ¢(e*) := d+1, whered := (n—k—1)-a+C
is the defender’s budget. Note that the defender cannot afford to protect e*. Finally, we
set a := 2t — 1 as the attacker’s budget. This completes the construction. Note that y*
and z* each have a degree of k + 1 and that all other vertices have only a degree of 2. Hence,
the maximum degree of G is k + 1 and the feedback edge set number of G is k, since we
obtain a tree by removing k arbitrary edges incident with y*.

The formal correctness proof is deferred to a full version. The rough idea of the reduction
is that the defender has to protect from each path P; all but one edge, as otherwise, the

attacker would win. For each path, the unique non-protected edge then corresponds to the
item of that partite set which one has to select to obtain a solution for the MULTIPLE-CHOICE

KNAPSACK-instance.

The description of the XP-algorithm is deferred to a full version. <
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7 Conclusion

We initiated the study of the parameterized complexity of GLOBAL CUT PREVENTION. We
investigated parameterization by the budgets a and d of the attacker and defender, respectively,
structural graph parameters, and combinations thereof. In general, the complexity of GLOBAL
CuT PREVENTION drastically depends on the encoding of the costs and weights. For example,
on the one hand if all edge costs and edge weights are 1, then GLOBAL CUT PREVENTION
admits an FPT-algorithm for the vertex cover number, and on the other hand, if the costs
and weights are encoded in binary, then GLOBAL CUT PREVENTION is NP-hard even if the
vertex cover number is 2.

Arguably the most important open question is whether GLOBAL CUT PREVENTION
admits an FPT-algorithm parameterized by d. This parameterization seems related to the
A-VERTEX CONNECTIVITY AUGMENTATION (A-VCA) problem. There the goal is, given
a graph G, an edge set L and an integer k, to determine an edge set X C L of size at
most k such that G + X is A-vertex connected. Recently, it was shown that 4-VCA has
an FPT-algorithm for k [6], and recently it was shown that A-VCA has an FPT-algorithm
for k+ X [29]. GLoBAL CUT PREVENTION seems harder than A-VCA since if there is a
small cut in a A-VCA, many edges need to be added, but in GLOBAL CUT PREVENTION it
suffices to protect one edge of that cut.

Moreover, it is open whether our algorithms can be extended. For example, in Theorem 5.6
we showed that GLOBAL CUT PREVENTION is FPT for the vertex cover number if each
edge has cost 1 and weight 1. A first question is whether also a polynomial kernel in this
case is possible. Second, the complexity of GLOBAL CUT PREVENTION with respect to the
vertex cover number remains open if all edges have unit defender cost but arbitrary attacker
weights.
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