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—— Abstract
We introduce the tree-decomposition-based parameter totally A-modular treewidth (TDM-treewidth)

for matrices with two nonzero entries per row. We show how to solve integer programs whose
matrices have bounded TDM-treewidth in polynomial time when variables have bounded domain.
This extends previous graph-based decomposition parameters for matrices with at most two nonzero
entries per row to include matrices with entries outside of {—1,0,1}. We also give an analogue of the
Grid Theorem of Robertson and Seymour for matrices of bounded TDM-treewidth in the language
of rooted signed graphs.
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1 Introduction
We are interested in solving integer programs of the form
max{w’z : Az < b,x € [(,u]NZ"}

where A € Z"*" b € Z™,w € Z™, and £,u € (Z U {oo})™. We may assume that A has at
least two nonzero entries per row by possibly changing ¢, u. Integer programs generalize
many combinatorial optimization problems, see [49]. It is well known that solving integer
programs is NP-hard in general, so there has been much research on what conditions on A
allow for a polynomial time algorithm. Examples include when A has a constant number of
columns (see [38] and improvements in [34, 13, 46]), a constant number of rows (see [44] and
improvements in [18]), or different block structures [9, 10, 17, 3, 11].

The most classical example is when A is totally unimodular, see [49]. To generalize this,
a matrix is called totally A-modular if every square submatrix of A has determinant bounded
by A in absolute value. Hence A =1 is exactly when A is totally unimodular. The following
conjecture seeks to generalize the unimodular case to all A.

» Conjecture 1.1 ([50]). For any constant A, the integer program max{wlz : Ax < b,z €
Z™} can be solved in polynomial time when A is totally A-modular.

Artmann, Weismantel, and Zenklusen [2] answered the conjecture in the affirmative for
A =2, but A > 3 remains open. Fiorini, Joret, Weltge, and Yuditsky [20] gave an algorithm
for solving MAXIMUM WEIGHTED INDEPENDENT SET on graphs which do not contain many
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vertex-disjoint odd cycles. They then used this algorithm to solve totally A-modular integer
programs with two nonzero entries per row. Kober [36] extends this to totally A-modular
integer programs with two nonzero entries per row after removing a constant number of rows
and columns. Choi, Gorsky, Kim, McFarland, and Wiederrecht [6] extend the work of Fiorini
et al. to graphs which “decompose” into parts which do not contain many vertex-disjoint
odd cycles. They again use this algorithm for MAXIMUM WEIGHTED INDEPENDENT SET to
solve the analogous class of integer programs when the coefficients are in {—1,0,1}. Choi
et al. also give a grid theorem for when matrices with two nonzero entries per row and
entries in {—1,0,1} decompose into parts which are totally A-modular using signed graphs.
We extend their work to matrices with entries outside of {—1,0,1}. First, we give a grid
theorem which describes the obstructions to decomposing a matrix into totally A-modular
parts; this theorem is stated in terms of rooted signed graphs. Then we show how to use
such a decomposition to solve integer programs.

A rooted signed graph is a triple (G,~, K) where G is a graph, v : E(G) — Zs represents
the parity of edges, and K C V(@) is the set of roots. The odd cycle packing number
(OCP) of a (rooted) signed graph, denoted OCP(G, ), is the size of a maximum collection of
pairwise vertex-disjoint cycles so that the edges of each cycle sum to 1 under the weighting ~.
Given a matrix A with exactly two nonzero entries per row, we can associate to A a rooted
signed graph GF(A4) = (G, v, K) where G has edge-vertex incidence matrix with the same
support as A, v keeps track of which rows have entries with the same or different signs, and
K is the set of columns that contain an entry outside of {—1,0,1}. By G(A) we denote the
graph G, and by G (A) we denote the (unrooted) signed graph (G,~). See Section 2 for
precise definitions.

Informally, a matrix with two nonzero entries per row has bounded totally A-modular
treewidth if it has a tree decomposition such that each bag is totally A-modular. In a rooted
signed graph, this corresponds to each bag having few elements in K and bounded odd cycle
packing number. However, the precise definition has technical restrictions on the adhesions.
For each bag we have an apex set, the “protector”, and adhesions outside this apex set all
have size 0 or 1 depending on whether the protector is “strong”. This requirement is to
allow for dynamic programming: If a bag has an unbounded number of children and each
contributes new vertices in their adhesion, this can pose a problem for dynamic programming.
The reason that some protectors need not be strong is because we may eventually assume
all variables of the integer program are in {0,1}, see Section 7 for more details. We now
formally define the totally A-modular treewidth (TDM-treewidth) of a rooted signed graph
(and thus a matrix with two nonzero entries per row).

» Definition 1.2 (TDM-treewidth). Let (G,~, K) be a rooted signed graph. Given a tree
decomposition (T, ) of (G,~, K), a protector for a bag B(t) is a set a(t) C B(t) that contains
all the roots in the bag and such that all adhesions to t have size at most one after deleting
a(t). That is, KN B(t) C at) and |(Bt)NAE)) \ alt)| <1 for all tt’ € E(T). A protector
is strong if all the adhesions to t are left empty after deleting «(t), i.e. if B(t) N B(t") C «(t)
for alltt’ € E(T).

A TDM-tree-decomposition of a rooted signed graph (G,~, K) is a tuple (T, 8, v, J) where
T is a tree, J is a (possibly empty) subtree of T, and B,a : V(T) — 2V (&) all satisfy
1. (T, B) is a tree-decomposition of G,
2. «(t) is a protector for B(t) for allt € V(T) and a strong protector when t € V(J),

3. K C UjeV(J)B(j);
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The width of a TDM-tree-decomposition is

t OCP(G[A(t t .
ax |a(t)] + OCP(GIB() \ a(t)], 7)
The TDM-treewidth of (G,v,K), denoted TDM-tw(G,~, K), is the minimum width of a
TDM-tree-decomposition.

The definition for TDM-treewidth arises naturally out of other width parameters for
rooted graphs and signed graphs, see Section 5. See Section 7 for possible modifications of
the definition and further discussion.

We are now ready to state our main algorithmic result, where we assume that w, b, £, and
u can be represented in poly(n) many bits.

» Theorem 1.3. Let d, k be nonnegative integers, and let A be a matrix with two nonzero
entries per row whose associated rooted signed graph has TDM-treewidth at most k. Then for
any w € Z",b € Z™, and {,u € Z™ with |[u — ¢||s < d, we can solve the integer program

max{w’z : Az < b,x € [(,u]NZ"}
in d°FnfF) time for some computable f.

We prove Theorem 1.3 in Section 6 via dynamic programming and a reduction to
MAXIMUM WEIGHTED INDEPENDENT SET. We note that in the above theorem we do not
require a bound on || A||~, the largest entry of A in absolute value. We do however require a
bound on ||u — £||~, which is natural for many combinatorial problems. This need arises out
of the lack of a proximity result like the one of Cook et al. [7, Theorem 1] (see also [43, 5])
for matrices which are only “locally” totally A-modular. In particular, the algorithm is still
poly-time for d € poly(n), which is in line with the bound of d = nA we would get for totally
A-modular matrices by the previously mentioned proximity result of Cook et al.

We also give a grid theorem for having bounded TDM-treewidth. We first define the
relevant grids. The cylindrical (n x m)-grid is P,0C,,, the Cartesian (or box) product of
the path on n vertices P,, and the cycle C,,. Let vy, 71 be the functions which are identically
equal to 0 or 1 respectively.

» Definition 1.4 (Parity Handle #j, and parity vortex V). Let W be the cylindrical (k x 4k)-
grid which we embed naturally in the plane such that the cycles Cyi are concentric. Let
X =A{x1,..., 22} consist of every other vertex along the outer face in clockwise order.

The unsigned, unrooted parity handle Hy, of order k is the graph obtained from W by
adding the edges x;xop—;v+1 for all i € [k]. The parity handle Hy of order k is the rooted
signed graph (Hg,v1, ).

The unsigned, unrooted parity vortex Vi of order k is the graph obtained from W by
adding the edges xo;,_122; for all i € [k]. The parity vortex Vi of order k is the rooted signed
graph (Vi, 71, 9).

See Figure 1a for examples.

» Definition 1.5 (Rooted Grid Wy,). Let Wy, be the (k x k)-grid and let Kw, be the vertex
set of the first row of Wy. The rooted grid Wy of order k is the rooted signed graph
(Wi, v0, Kw,). See Figure 1b for an example.

We can now state our main structural result.
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(a) The parity handle of order 5 (left) and the parity vortex of order 5 (right).
Both graphs are shifting equivalent to the graph with odd edges exactly equal
to the red edges.

(b) The rooted grid of order 8. The vertices in red are the rooted vertices Kw, .
All cycles of the rooted grid are even.

Figure 1
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» Theorem 1.6. There exists a polynomial f : N — N such that for every integer k > 1 and

every rooted signed graph (G,~, K),

1. if (G,v,K) contains one of Hg, Vi, or W as a minor, then TDM-tw(G,~, K) > Q(k),
and

2. if TDM-tw(G,~, K) > f(k), then G contains one of Hy, Vi, or Wi as a minor.

Theorem 1.6 and Theorem 1.3 give the following immediate corollary.

» Corollary 1.7. Let d, k be nonnegative integers, and let A be a matrix with two nonzero
entries per row whose associated rooted signed graph forbids Hy, Vi, and Wy, as minors. Then
for allw € Z™, b € Z™, and {,u € Z™ with ||u — ¢||o < d, we can solve the integer program

max{w’z : Az < b,z € [(,u] NZ"}
in dPYF)nf ) time for some computable f.
Our work is towards the following problem posed in [6].

» Question 1.8 (Question 10.10 [6]). What is the most general class of matrices with two
nonzero entries per row such that we can solve the integer program max{w’z : Ax < b,z €
[,u] NZ"} in polynomial time for all matrices A in the class?

This question seeks to generalize the below question which is central to algorithmic graph
theory.

» Question 1.9. What is the most general class of graphs for which we can solve MAXIMUM
WEIGHTED INDEPENDENT SET (MIS) in polynomial time for all graphs in the class?

In order to make the above questions tractable, it is natural to only consider classes
which are closed under certain operations. For example, if we ask Question 1.9 for hereditary
graph classes, then there has been a long line of research on solving MIS over graph classes
defined by forbidden induced subgraphs [27, 42, 1, 39, 8, 19].

More relevant to this work is when we force the classes to be closed under the minor
relation. Then Question 1.9 is answered by the famous Grid Theorem of Robertson and
Seymour [47], which implies that MIS can be solved on a minor-closed class of graphs if and
only if the class excludes a planar graph. If we restrict our matrices in Question 1.8 to be in
{0,1}™*™ and use the typical minor relation on G(A), then Question 1.8 is equivalent to
Question 1.9.

If we instead restrict our matrices in Question 1.8 to be over {—1,0, 1}, it is natural to
associate such matrices with signed graphs and to force classes to be closed under the signed
graph minor relation (see Section 2.1 for relevant definitions). Historically, signed graphs
have been studied in relation to matroids and geometry [53, 54, 55], but they have recently
found relations to integer programming [6, 36]. Question 1.8 for signed graph minor closed
classes of matrices with entries in {—1,0,1} then again reduces to Question 1.9 for graph
classes closed under odd-minors, see [6, Theorem 10.3] based on [20, Section 3]. We discuss
the relation between odd-minors and signed graphs in Section 2.2. Choi et al. [6] showed
that MIS (and hence the analogous integer programming problem) is solvable over classes
which exclude both a planar graph with at most two odd faces and a planar graph with

all odd cycles touching a common face (that is, H; and Vy, for some k) as an odd-minor.

This generalized an array of previous work on the MIS problem in odd-minor-closed graph
classes [15, 32, 30, 26, 29, 20]. Other notable work on the MIS in odd-minor-closed graph
classes include [25, 52]. The problem is only known to be hard when the class contains all
planar graphs, and so an exact hardness threshold is not known for this case.
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We instead pose Question 1.8 for matrices which may have entries outside of {—1,0,1}.
We again force our classes to be minor closed, but it is not obvious which minor operation
to choose. A matrix with two nonzero entries per row is totally A-modular if and only if
it has bounded entries, a bounded number of columns with entries outside {—1,0,1}, and
the associated signed graph has bounded odd cycle packing (see Lemma 2.9). Motivated by
this equivalence, we propose representing such matrices as rooted signed graphs as defined
above. We can then naturally encode the minor relation as rooted signed graph minors (see
Section 2.3 for relevant definitions), which allows us to apply results on rooted minors and
rooted tree decompositions [40, 31, 28].

The best known results for matrices with two nonzero entries per row and entries possibly
outside {—1,0, 1} are given by the following results which more generally apply to matrices
with an arbitrary number of nonzero entries per row. The primal graph of a matrix A is
a graph with vertex set equal to the columns of A where two columns are adjacent if and
only if there exists a row where both columns are nonzero. If we assume the domain size
|lu — €| is bounded, then we can solve the integer program when the primal graph has
bounded treewidth [33, 21]. If we instead bound || A||s, then we can solve the integer program
when the corresponding graph has bounded treedepth! [17, 23, 22]. Integer programming
remains NP-hard on matrices with || A||o bounded and where the primal graph has bounded
treewidth [23], so treedepth can not be relaxed to treewidth. Similarly, integer programming
remains NP-hard on matrices where the primal graph has bounded treedepth and || Al
is unbounded [14]. If we consider the matroid represented by A, integer programming
remains NP-hard even when the matroid has bounded branch-width and the entries are in
{—1,0,1} [12]. However, all of these reductions [23, 14, 12] (as well as others [35, 16, 4]) rely
on matrices with at least 3 nonzero entries per row. To the best of the author’s knowledge,
the only known hardness result for matrices with at most two nonzero entries per row is the
reduction to MAXIMUM (WEIGHTED) INDEPENDENT SET.

The above results imply that if |[u — £||s is bounded and if A is a matrix with two
nonzero entries per row such that G(A) has bounded treewidth, then we can solve the integer
program in polynomial time. Theorem 1.3 generalizes both this result and the result of Choi
et al. [6] (see Theorem 4.8) when ||u — || is bounded.

The paper is organized as follows. In Section 2, we give the relevant background on
signed graphs, rooted graphs, and their connection to totally A-modular matrices. In
Section 3, we discuss K-free treewidth, as introduced in [31], and a grid theorem for rooted
minors. In Section 4, we discuss OCP-treewidth, as introduced in [6], and its applications
to integer programming. In Section 5, we discuss the connection between K-free treewidth,
OCP-treewidth, and TDM-treewidth. We use this connection to give an FPT-approximation
algorithm for the TDM-treewidth of a graph and to prove Theorem 1.6. In Section 6, we
prove Theorem 1.3. In Section 7, we discuss potential future work and open questions. Some
proofs have been omitted for space. A full version of this paper can be found on arXiv [41].

2 Preliminaries

We use [k] to denote the set {1,2,...,k}. By ||A|lc we denote the largest absolute value
among all entries of the matrix A. All graphs may have parallel edges but not loops. We
denote by G[X] the graph induced on X for X C V(G). For V1, V, a partition of V(G), we
denote by [V1, V5] the set of all edges with one end in V; and one end in Va. We call such a
[V1, V5] an edge cut.

LA graph has bounded treedepth if it has a tree decomposition (T, 3) of bounded width such that T" has
bounded height.
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» Definition 2.1 (tree decomposition). A tree decomposition of a graph G is a pair (T, 3)

where T is a tree and B : V(T) — 2V(%) such that

1. Utev(T) Bt) =VI(G),

2. for every edge e € E(Q), there exists t € V(T') such that both ends of e are contained in
B(t), and

3. for every v € V(G), the subgraph of T induced by {t € V(T') : v € B(t)} is connected.

The width of a tree decomposition (T, B) is maxicy (1 |3(t)| — 1. The treewidth of a graph

G is the minimum width of a tree decomposition of G. We call B(t) the bag of t. Each edge

tt' € E(T) corresponds to an adhesion 8(¢) N B(¢).

» Definition 2.2 (grid). The k x k grid is the graph with vertex set [k]? such that (i,j) is
adjacent to (i, ') if and only if |i —i'| + |7 — j/| = 1.

2.1 Signed graphs

A signed graph is a pair (G,~) where G is a graph and v : E(G) — Zy. For e € E(G), if
v(e) = 0 the edge is said to be even, and if y(e) = 1 the edge is said to be odd. The parity of
a path or cycle C in G is ZQGE(C) ~(e), and a cycle is said to be even or odd if the parity is
0 or 1 respectively. The odd cycle packing number (OCP) of a signed graph (G, ), denoted
OCP(G, ) is the size of a maximum collection of pairwise vertex-disjoint odd cycles with
respect to ~.

We commonly use 7; to denote the function which maps every edge to 1 € Zy where the
domain of the function is clear from context. Similarly we use vy to denote the function
which maps everything to 0 € Z.

Given a signed graph (G, ), shifting at a vertex v € V(G) replaces y(e) with y(e) + 1 for
each edge e incident to v. We say (G,~’) is obtained from (G,~) by shifting if it is obtained
by a sequence of shiftings at vertices. Note that if (G,~’) is a shifting of (G, ), then every
cycle in (G,v) has the same parity as in (G,). The converse is also true: if (G,~') and
(G,v) have the same parity for every cycle, then (G,~') can be obtained from (G,~) by
shifting. Hence it is often natural to think of signed graphs under the equivalence relation
given by shifting.

A signed graph (H,vg) is a (signed graph) minor of (G,~q) if it can be obtained by
vertex deletion, edge deletion, shifting, and contracting even edges. Because we may only
contract even edges, every cycle in (H,~gy) naturally corresponds to a cycle in (G,~vg) of
the same parity. Equivalently, (H,~g) is a minor of (G, ~¢) if there exists a minor model of
(H,vm) in (G,7¢g). That is, if there exist
1. a mapping ¢y from V(H) to pairwise vertex disjoint trees in G,

2. an injection ¢p : E(H) — E(G) such that ¢ (uv) has one end in ¢y (u) and one end in

v (v) for each wv € E(H), and
3. a shifting (G,~¢) of (G, vg) such that

a. for all v € V(H), the edges of the tree ¢y (v) all have label 0, and

b. for every e € E(H), v5(¢r(e)) = vu(e).

Note that if (H,~yy) is a signed graph minor of (G, ~g) then H is a minor of G in the usual
sense.

A signed graph (G,~g) contains a signed graph (H,vy) as a subdivision if there exists
Vi, ©v, pg such that
1. (H,~Yy) is a shifting of (H,vx),

2. gy : V(H) — V(GQ) is an injection, and

3. @g is a mapping from edges of H to internally vertex-disjoint paths in G such that
a. pp(uv) is a path with ends oy (u), py (v) and
b. the parity of the path ¢g(uv) in (G,7) is equal to vy (uv).

33:.7
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Note that if (G,7¢) contains (H, vy ) as a subdivision, then (G,~¢g) contains (H,vg) as a
minor.

We call the cycles of length 4 in a grid the cells. A signed n x m grid is said to be even if
all of its cells are even. Note that if (W,~) is an even grid, then (W, vy) is a shifting. We
show that in any signed grid, we can always find a large even grid.

» Lemma 2.3. Let k € N. Let G be the k? x k? grid and let W be the k x k grid. Then
(G, ) contains (W, o) as a subdivision for every ~y.

The above lemma implies that (G, ) forbids an even grid as a signed graph minor if and
only if G forbids a grid as a minor. More precisely, we get the following corollary.

» Corollary 2.4. For any vy, the following holds. If G forbids the k x k grid as a minor, then
(G, ) forbids the k x k even grid as a signed graph minor. Conversely, if (G,v) forbids the
k x k even grid as a signed graph minor, then G forbids the k? x k? grid as a minor.

2.2 Odd-minors and signed graphs

A graph G contains a graph H as an odd-minor if H can be obtained from G by deleting
vertices, deleting edges, and contracting edge cuts. Equivalently, H is an odd-minor of G if
there exists
1. a mapping ¢y from V(H) to pairwise vertex disjoint trees in G,
2. an injection ¢p : E(H) — E(G) such that ¢ (uv) has one end in ¢y (u) and one end in
v (v) for each wv € E(H), and
3. a 2-coloring ¢ : V(G) — [2] such that
a. for all v € V(H), c is a proper 2-coloring when restricted to the tree ¢y (v), and
b. for every e € E(H), ¢g(e) is monochromatic.

Odd-minors have been studied extensively both from the perspective of coloring [24, 51, 37]
and algorithms [25, 52, 26, 29, 6]. Odd-minors and signed graph minors are essentially
equivalent due to the following observations. Recall that ~; is the function which maps every
edge to 1 € Zo.

» Observation 2.5. G contains H as an odd-minor if and only if (G,v1) contains (H,~1)
as a signed graph minor.

» Observation 2.6. Let H be a graph of minimum degree 3. Let (G,7) be a signed graph,
and let G’ be the graph formed from G by subdividing every even edge exactly once. Then
(G,7) contains (H,~1) as a signed graph minor if and only if G' contains H as an odd-minor.

2.3 Rooted (signed) graphs

A rooted graph is a pair (G, K) where G is a graph and K C V(G) denotes the set of roots.
When we contract an edge in a rooted graph, the resulting vertex is a root if and only if one
of the ends of the contracted edge was a root. A rooted graph (H, Kj) is a rooted minor of
(G, K¢) if it can be obtained by vertex deletion, edge deletion, contraction, and removing
vertices from the set of roots.

A rooted signed graph is a triple (G,~, K) where (G,~) is a signed graph and K C V(G).
A rooted signed graph (H, vy, Kp) is a rooted minor of (G,7¢, K¢) if it can be obtained
via vertex deletion, edge deletion, shifting, contracting even edges, and removing vertices
from the set of roots.

We note that Lemma 2.3 and Corollary 2.4 apply more generally for the rooted grid.
Recall from Definition 1.5 that Wy, = (W, v0, Kw,,)-
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» Lemma 2.7. Let k € N. Let (W2, Kw,,) be the k2 x k2 grid rooted at the first row of
W2, Then (W2, 7, Kwkz) contains Wy, as a rooted grid minor for every .

» Corollary 2.8. For any v, the following holds. If (G, K) forbids (Wg, Kw,) as a rooted
minor, then (G,v, K) forbids Wy as a rooted signed graph minor. Conversely, if (G, K)
forbids Wy as a rooted signed graph minor, then (G, K) forbids (Wyz, Kw,,) as a rooted
minor.

2.4 Matrices

Let A be an integer matrix with exactly two nonzero entries per row. By G(A) we denote
the graph whose edge-vertex incidence matrix is the support of A. That is, G(A) has vertex
set equal to the columns of A and edge set equal to the rows of A, and vertex v is incident
to edge e if and only if A, , is nonzero. By G (A) we denote the signed graph (G(A),~)
where y(e) = 0 if the entries of row e have different signs, and ~y(e) = 1 if the entries of row
e have the same sign. By GJ(A) we denote the rooted signed graph (G(A),~, K) where
(G(A),v) = GT(A) and K is the set of columns that contain an entry outside of {—1,0,1}.

A matrix A € Z™*™ is totally A-modular if every subdeterminant of A is contained in
{-A,—A+1,...,A}. If A has two nonzero entries per row, this is equivalent to bounding
|A]|co, the number of columns with entries outside {—1,0, 1}, and the odd cycle packing of
the corresponding graph, as given by the lemma below.

» Lemma 2.9 (Lemma 10.2 [6]). Let A € Z™*™ have two nonzero entries per row and let
(G,7,K) =G (A). Then if A is totally A-modular,

1. Al < A,

2. |K| <2logy A, and

3. OCP(G,~) <log, A.

Conwversely, if A is the largest absolute value of a subdeterminant of A, then

A < 20PED| 41

3 K-free treewidth

Jansen and Swennenhuis [31] introduced K-free treewidth as a notion of treewidth specialized
for rooted graphs. This notion will be central in decomposing our rooted signed graph with
respect to the roots. We note this differs from other notions of treewidth with respect to
rooted graphs, such as annotated treewidth or bidimensionality [48, 45].

» Definition 3.1 (Tree K-free-decomposition). Let G be a graph and K C V(G). A tree
K-free-decomposition of G is a triple (T,,L) where T is a tree, L C V(G) \ K, and
B:V(T) — 2V such that

1. (T, ) is a tree decomposition of G, and

2. for each v € L, there exists a unique t € V(T) such that v € B(t), and t is a leaf of T.
The width of a tree K-free-decomposition (T, 3, L) is max{0, max;cv (7 [3(¢) \ L] —1}. The
K-free treewidth of a graph G, denoted twi (G, K) is the minimum width of a tree K -free-
decomposition of G.

Intuitively, a graph has low K-free treewidth if there exists a tree decomposition where
internal bags must be small, but leaf bags can contain many vertices outside of K.
Jansen and Swennenhuis [31] also gave an FPT 5-approximation for K-free treewidth.
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» Theorem 3.2 (Theorem 3.4 [31]). There exists an algorithm that, given an n-vertex graph
G, K CV(Q), and a non-negative integer k, either computes a tree K -free-decomposition
(T, B) of G of width at most 5k + 5 with |V(T)| € O(n) nodes, or correctly returns that
twi (G, K) > k. The algorithm runs in time 2°® poly(n).

Marx, Seymour, and Wollan [40] proved a grid theorem for rooted minors in the language
of tangles, but we present the statement in terms of K-free treewidth as given in [28].

» Theorem 3.3 (Theorem 9 [28]). There exists a function fs3 : N — N such that for
every positive integer k, every graph G, and every set K C V(G), if (G, K) does not contain
(Wi, Kw, ) as a rooted-minor, then the K -free treewidth of G is at most f3.3(k). Furthermore
f3,3 c O(k36+0(1)).

We also show that the approximate converse is true by first observing the following.

» Observation 3.4. If (H, Ky) is a rooted minor of (G, K¢), then
tWK(H, KH) < tWK(G, Kg)

» Lemma 3.5. If (G, K) contains (Wsii1, Kw,,,,) as a rooted minor, then twg (G, K) > k.

4 (tame) OCP-treewidth

0dd-Cycle-Packing-treewidth (or OCP-treewidth) was introduced by Choi, Gorsky, Kim,
McFarland, and Wiederrecht [6] as a variant of treewidth concerned with the odd cycle
packing number of each bag. For notational convenience we will only be concerned with
tame OCP-tree-decompositions, and we do not define OCP-tree-decompositions in general.
The minimum width of a tame OCP-tree-decomposition is functionally equivalent to the
minimum width of an OCP-tree-decomposition, see [6, Theorem 4.2], but the definition of
a tame OCP-tree-decomposition matches more closely with the definition of a TDM-tree-
decomposition.

» Definition 4.1 (tame OCP-tree-decomposition). A tame OCP-tree-decomposition of a graph
G is a triple (T, B, ) where T is a tree and B,a: V(T) — 2V(%) such that
1. (T, ) is a tree decomposition of G,
2. «at) C B(t) for each t € V(T), and
3. for each tt' € E(T), |(B(t) N B{H")) \ a(t)| < 1.
The tame width (t-width) of a tame OCP-tree-decomposition (T, 3, o) is:

max [a(t) + OCP(GIA(E) \ a(t)]).
We note that this definition of width differs by at most 1 from the usual definition of the
width for a tame OCP-tree-decomposition, but is easier to work with for tame decompositions.
The tOCP-treewidth of a graph G, denoted tOCP-tw(G), is the minimum tame width of a
tame OCP-tree-decomposition of G.

We can extend this definition to signed graphs (G, ~) by letting the odd cycle packing
number in the above definition refer to odd cycle packing number of the signed graph. Note
that tOCP-tw(G, v1) = tOCP-tw(G). Similarly we can extend the definition to rooted signed
graphs by ignoring the set of roots. Note that for a rooted signed graph (G, ~, &), the sets
«(t) in the above definition are protectors for the bags 8(¢). In particular, if (T, 8, «, J) is a
TDM-tree-decomposition of (G,~, K), then (T, 5, «) is a tame OCP-tree-decomposition of

(G,7).
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Choi et al. noted that (tame) OCP-treewidth is odd-minor-monotone, but we show more
generally that the tOCP-treewidth of signed graphs is minor monotone with respect to signed
graph minors.

» Lemma 4.2. Let (H,vy) be a minor of (G,7v¢). Then tOCP-tw(H,vy) < tOCP-tw(G,v¢g).

The following lemma will be helpful for translating between decompositions for unsigned
graphs and signed graphs.

» Lemma 4.3. Let (G',7') be obtained from (G,~) by replacing an edge with a path of the
same parity. Then tOCP-tw(G’,~') = tOCP-tw(G,~). Furthermore there exists an algorithm
which takes as input (G',v"), (G,7), and a tame OCP-tree-decomposition of (G',~") of t-width
k and returns a tame OCP-tree-decomposition of (G,~) of t-width k with the same number
of bags in time g(k)poly(|V(G"))).

Choi et al. [6] also gave an FPT approximation for tOCP-treewidth, and they gave an
excluded odd-minor characterization for having bounded tOCP-treewidth.

» Theorem 4.4 (Theorem 4.2 [6]). There exists an algorithm that, given an n-vertex graph G
and a non-negative integer k, either computes a tame OCP-tree-decomposition (T, 8, «) for G
of t-width at most fy.4(k) and with |V(T)| € O(n), or correctly returns that tOCP-tw(G) > k.
The algorithm runs in time Ok(n®). Furthermore, fi.4(k) € poly(k).

» Theorem 4.5 (Theorem 1.6 and Theorem 3.4 [6]). There exists a polynomial fs5 : N — N
such that for every positive integer k and every graph G,

1. if G contains Hy, or Vi as an odd-minor, then tOCP-tw(G) > % —1, and

2. if tOCP-tw(G) > fu5(k), then G contains Hy, or Vi as an odd-minor.

The above imply the same results for signed graphs by utilizing Observation 2.6 and
Lemma 4.3.

» Corollary 4.6. There exists an algorithm that, given an n-vertex, m-edge signed graph
(G,7) and a non-negative integer k, either computes a tame OCP-tree-decomposition (T, 3, «)
for (G,~) of t-width at most fy4(k) and with |V(T)| € O(n), or correctly returns that
tOCP-tw(G) > k. The algorithm runs in time g(k)poly(m,n).

» Corollary 4.7. There exists a polynomial fu5: N — N such that for every positive integer

k and every signed graph (G,7),

1. if (G,v) contains (Hy,v1) or (Vi,71) as a signed graph minor, then tOCP-tw(G,~v) >
k/2—1, and

2. if tOCP-tw(G,~) > fa5(k), then (G,v) contains (Hy,v1) or (Vi, 1) as a signed graph
mMinor.

Fiorini et al. [20] gave a connection between solving integer programs over matrices
in {—1,0,1}™*" with two nonzero entries per row and solving MAXIMUM WEIGHTED
INDEPENDENT SET. Choi et al. [6] used this to solve integer programs with coefficient matrix
A such that the associated signed graph G*(A) has bounded (tame) OCP-treewidth.

» Theorem 4.8 (Theorem 1.3 [6]). Let A € {—1,0,1}™*" have two nonzero entries per row
such that the associated signed graph has tOCP-treewidth at most k. Then there exists a
computable function fi5(k) such that we can solve the integer program

max{w’x : Az < b,z € [(,u] N Z"}
in nf+3(*) time, where w € Z", b € Z™, and £,u € (Z U {—o0,00})".

Our main algorithmic result Theorem 1.3 is an extension of Theorem 4.8 to when A has
entries outside of {—1,0,1}.
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5 Properties of TDM-treewidth

In this section we show how TDM-treewidth is a combination of K-free treewidth and tOCP-
treewidth. We use these connections to prove Theorem 1.6 and give an FPT-approximation
for the TDM-treewidth of a graph. We later use these results to prove Theorem 1.3 in
Section 6. First, we show that TDM-treewidth is minor monotone.

» Lemma 5.1. If (H,vy,Kpy) is a minor of (G,vg,Kq), then TDM-tw(H, v, Ky) <
TDM—tW(G,’}/G7Kc;).

We now explicitly state the relation between the width parameters discussed thus far.

» Lemma 5.2. Let (G,~, K) be a rooted signed graph. Then we have the following relationship
between parameters.

max{twg (G, K)+1, tOCP-tw(G,v)} < TDM-tw(G,~, K) < twi (G, K)+1+tOCP-tw(G, )

Proof. Let (J,8s,L) be a tree K-free-decomposition of (G, K) of width at most k — 1
and suppose that tOCP-tw(G,~y) = r. For every leaf j of J, tOCP-tw(G[B;(5) N L],v) <
tOCP-tw(G,~y) = r. Let £(J) denote the set of leaves of J. For each j € £(J), let (T}, B}, o)
be a tame OCP-tree-decomposition of (G[Bs(j) N L],v) of t-width at most r. We now
construct the TDM-tree-decomposition of (G, ~, K) as follows. Let T be a tree formed from
the disjoint union of J and T; for j € ¢(J) by adding an edge from each leaf j € ¢(J)
to an arbitrary vertex in Tj. For each j € V(J), let 8(j) = a(j) = Bs(j) \ L. For each
te V(T;), let B(t) = B;(t) U (Bs(y) \ L) and a(t) = a;(t) U (Bs(5) \ L). Then (T, 8, , J) is
a TDM-tree-decomposition of (G,~, K) of width at most k + r.

Suppose now that (T, 3, «,J) is a TDM-tree-decomposition of (G,~, K) of width at
most k. Then (T, 8, «a) is a tame OCP-tree-decomposition of (G,~) of t-width at most k,
so it suffices to show twg (G, K) < k — 1. We augment (T, 5,«a, J) as follows. For every
J e V() \4(J) with B(j) # a(j), we add a new leaf t to J (and thus T') adjacent only
to j such that 3(t) = 8(j) and a(t) = a(j). We then set 5(j) to be equal to «(j). After
performing this augmentation we still have a TDM-tree-decomposition of width at most
k but now with the extra property that 5(j) = «a(j) for every j € V(J) \ £(J). We then
take L = V(G) \ U;ey () @(j)- Root T' at an arbitrary vertex in V(J). For j € {(J), let
T; be the subtree of T' consisting of all vertices whose unique path to the root includes j
and let 8'(j) = Uey (1) B(t). For j € V(J)\L(J), let 5'(j) = B(j). Then (J, ', L) is a tree
K-free-decomposition of (G, K) of width at most k — 1. <

The above proof naturally gives us an FPT-approximation for TDM-tw(G,~, K).

» Theorem 5.3. There exists an algorithm that, given an n-vertex, m-edge rooted signed
graph (G,~, K) and a non-negative integer k, either computes a TDM-tree-decomposition
(T, B,a,J) of (G,7,K) of width at most f53(k) with |V(T)| € O(n), or correctly returns
that TDM-tw(G,~,K) > k. The algorithm runs in time g(k)poly(m,n). Furthermore

f5.3(k) € poly(k).
Lemma 5.2 and Corollary 2.8 immediately imply Theorem 1.6.

6 Solving integer programs with large entries

In this section we prove Theorem 1.3, which seeks to extend Theorem 4.8 to matrices with
entries outside {—1,0,1} under the condition that variables have bounded domain size,
and there is no “highly linked” set of columns with entries outside {—1,0,1}. We restate
Theorem 1.3 below for convenience.



C. McFarland

» Theorem 1.3. Let d, k be nonnegative integers, and let A be a matrix with two nonzero
entries per row whose associated rooted signed graph has TDM-treewidth at most k. Then for
any w € Z",b € Z™, and {,u € Z™ with ||u — {|| < d, we can solve the integer program

max{w’z : Az < b,x € [(,u]NZ"}
in d°Fnf ) time for some computable f.

Proof. Let G (A) = (G,v, K). For each v € V(Q), let wy,, 2y, £y, u, be the associated entries
in w, z, ¢, u respectively. By Lemma 5.2, twg (G, K) < k—1. Then by Theorem 3.2, we obtain
a tree K-free-decomposition (T, 3, L) of (G, K) of width at most 5k with |[V(T)| € O(n) in
time 20(k)po|y(n). We may assume that 7" contains a non-leaf vertex, otherwise we subdivide
the single edge in T to create a new vertex t and set S(t) = S(¢') \ L for one of the other
vertices t' of T. We root T at an arbitrary non-leaf vertex r. For each t € V(T'), we denote
by T; the subtree of T consisting of all vertices whose unique path to the root includes ¢t. We

denote by IP; the above integer program restricted only to variables x, for v € Ut,ev(Tt) B(t).

We keep the constraints which include only the variables we restricted to.

We construct a dynamic programming table p[t,7;] where for each t € V(T') and each
assignment 7, : {z, : v € f(t) \ L} — Z of z, to a value in [{,, uy], p[t,n:] is the optimal
objective value of IP; under the partial assignment 7, or we store —oo if the partial assignment
can not be extended to a feasible solution. We note that p[t, ] is finite if the partial
assignment can be extended to a feasible solution. We compute p[t, ;] from the leaves of T
towards the root. The final solution is given by

max plr, .
7
As there are d°F choices for 7,, this can be computed in time O(d°*) once we fill in the
table p. We now show how to compute p[t, n:].
Fix a vertex t € V(T) and fix 7. If ¢ is a leaf, then because

tOCP-tw(G[B(t) N L],v) < tOCP-tw(G,v) < TDM-tw(G, v, K) < k

by Lemma 5.2, we can compute p[t, ;] in n/+s®*) time by Theorem 4.8.
We may then assume that ¢ is not a leaf and we have computed p[t’, n/] for every ¢’ a
child of t and every 7. For each child ¢’ of ¢, we compute

s[t',m] = max ¢ plt',me] = D wene (@) (@) = mi(w,) for all v € B(8) N A(H)
veB(t)NA(E)

We note that s[t’, ;] is uniquely determined by 1 restricted to 3(t) N B(¢'). Thus we can
compute s[t’, n;] for all n; when we compute p[t’, 7y for all n in time O (d®*). This can be
done by iterating over all choices of 7, restricted to (t) N B(¢'), and then for each choice

iterating over all ways to extend it to 7 by choosing the assignment of x,, for v € 5(¢') \ 5(¢).

We then set
pltnl = D wen(@)+ Y st
veP(t) t’ child of ¢

if the assignment 7 does not violate any constraint induced by the bag of ¢, otherwise we set
plt,n] = —oo. The correctness of the above algorithm follows immediately by induction. <
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7  Further discussion

In this section we discuss some of the assumptions made in various theorems and whether
they can be relaxed.

7.1 On {0,1}-variables and the definition of TDM-treewidth

The definition of a TDM-tree-decomposition is rather technical and relies on specific properties
of the adhesions. Perhaps it would be more natural to require all adhesions to have some
bounded size outside of the protector set, or to not require some protectors to be strong.
The reason for having an adhesion of size 1 outside of a hitting set is due to {0, 1}-variables.
Suppose all variables take values in {0, 1}, and we are doing dynamic programming on the
tree decomposition. At some bag G(t) for t € V(T'), we guess the value of variables in a.(t) and
the value of the adhesion with the parent bag. However there may be an unbounded number
of children bags, and for each child ¢’ we must decide the value to take on (8(¢) N B(t)) \ a(t).
If this set has size 1, say it corresponds to variable z,,, then there’s a nice trick: add a new
variable y, € {0,1}, add the constraint x, + y, < 1, set w(x,) equal to the optimal value of
the subtree with root ¢’ if z, = 1, and set w(y,) equal to the optimal value of the subtree
if z, = 0. We may assume w(z,),w(y,) > 0 by adding a constant to the final weight. The
optimal solution will then set exactly one of x,, or y, to 1, and adding this constraint doesn’t
affect that the resulting problem is totally A-modular. Hence we can make this construction
for an unbounded number of child bags. If instead z, can take more than two values, or
[(B(t) N B([E))\ a(t)] > 1, it is unclear how to encode this in the integer program without
possibly increasing A.

The reason we can allow [(8(t) N S(t')) \ a(t)] = 1 for some bags in our TDM-tree-
decomposition is because we can reduce to {0,1}-variables for some of the subproblems
during the dynamic programming. In the proof of Theorem 1.3, we applied Theorem 4.8 as
a black box. What’s really happening is that whenever we’re in a subtree disjoint from J,
we can guess on «(t) such that the remaining integer program corresponding to the subtree
has coefficients in {—1,0,1}. We can then solve the LP-relaxation for the entire subtree and
use proximity results to make all variables take values in {0,1} (see [6, Theorem 10.3] based
on [20, Section 3]). Then we can use the above trick to fill the dynamic programming table
even when ¢ has an unbounded number of children with adhesions of size 1.

The above discussion implies, for instance, that if we know that all variables are in
{0,1}, we could solve the integer program even when no protectors are strong. This would
correspond to a tame OCP-tree-decomposition (T, 3, «) such that K N B(t) C a(t) for all
t € V(T) because we may now take J = T. This leads to the following question, which asks
for a grid theorem for such decompositions.

» Question 7.1. What are the forbidden minors for the class of rooted signed graphs (G,~, K)
which have a tame OCP-tree-decomposition (T, 8, &) of bounded width such that KNB(t) C «a(t)
forallt e V(T)?

7.2 Bounded entries and unbounded variables

In Theorem 1.3 we assume that |u — || is bounded, but we allow ||A||s to be unbounded.
Bounding || Al is perhaps more natural from the perspective of totally A-modular matrices,
as this would imply that the bags of the TDM-tree-decomposition are totally A-modular.
This leads to the following question.
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» Question 7.2. Fixz integers d,k > 0. Let A be a matrixz with two nonzero entries per row
such that the associated rooted signed graph has TDM-treewidth at most k. Letw € Z™,b € 7™,
and £,u € (ZU {—o0,00})™. If ||Alleo < d, can we solve the integer program

max{w’z : Az < b,x € [(,u]NZ"}
in polynomial time for constant d, k?

In fact, something much simpler is not known.

» Conjecture 7.3. Fiz a positive integer d. Let A be a matrix with exactly two nonzero
entries per row such that G(A) is a tree and ||A||ooc < d. Then the integer program

max{w’z : Az <b,x € [(,u] NZ"}
can be solved in polynomial time for constant d.

If the tree G(A) has constant depth, the Conjecture 7.3 is implied by results on bounded
treedepth (see, for instance, [17]). However Conjecture 7.3 is not known even for G(A) a
path. The path case is perhaps particularly interesting due to the recent result of Brianski et
al. [4] which shows that integer programming is NP-hard even when every non-zero coefficient
appears in at most two consecutive constraints and ||Al|.c < 8. The resulting matrix has a
“path-like” structure, but crucially may contain 3 nonzero entries per row. Due to the lack
of hardness results for integer programs with at most two nonzero entries per row, it is not
clear whether we must bound one of ||u — £||oo or ||A||sc- It could be that Conjecture 7.3 is
true without the bound on [|A||x.

Another interesting question is whether the rooted grid in Corollary 1.7 must be forbidden.
In fact, it is unclear whether a grid with every vertex in the set of roots must be forbidden.

That is, is there a hardness result for integer programs where large entries are everywhere,
but the corresponding signed graph has no odd cycles?

» Question 7.4. Is it NP-hard to solve the integer program
max{w’z : Az < b,x € [(,u]NZ"}
over instances where G§ (A) = (G, v, K) is planar, has no odd cycles, but K is arbitrary?

The above question is unknown even for G (A) not necessarily planar. Any hardness
result for integer programs with at most two nonzero entries per row that isn’t the standard
reduction to MAXIMUM WEIGHTED INDEPENDENT SET would be interesting.
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