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Abstract
We consider upward-planar layered drawings of directed graphs, i.e., crossing-free drawings in which
each edge is drawn as a y-monotone curve going upward from its tail to its head, and the y-coordinates
of the vertices are integers. The span of an edge in such a drawing is the absolute difference between
the y-coordinates of its endpoints, and the span of the drawing is the maximum span of any edge.
The span of an upward-planar graph is the minimum span over all its upward-planar drawings.

We study the problem of determining the span of upward-planar graphs and provide both
combinatorial and algorithmic results. On the combinatorial side, we present upper and lower
bounds for the span of directed trees. On the algorithmic side, we show that the problem of
determining the span of an upward-planar graph is NP-complete already for directed trees and for
biconnected single-source graphs. Moreover, we give efficient algorithms for several graph families
with a bounded number of sources, including st-planar graphs and graphs where the planar or
upward-planar embedding is prescribed. Furthermore, we show that the problem is fixed-parameter
tractable with respect to the vertex cover number and the treedepth plus the span.
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1 Introduction

The visualization of directed graphs is a central topic in Graph Drawing and has sparkled
extensive research efforts spanning several decades. A natural objective to effectively convey
the hierarchical information is to construct crossing-free visualizations in which edges “flow
upward” according to their direction. This has been formalized within the two classic notions
of upward-planar drawings [4, 7, 13, 21, 24, 27, 28] and layered drawings [2, 3, 9, 11, 15, 29, 30].
An upward-planar (layered) drawing of a directed acyclic graph, for short DAG, maps each
vertex to a point in the plane (with integer y-coordinates) and each edge to a strictly
y-monotone Jordan arc from its tail to its head, so that no two edges intersect except at
common endpoints. By [19, 31], we may assume that the edges are drawn as straight-line
segments. A DAG is upward-planar if it has an upward-planar drawing.

The span of an edge e in an upward-planar layered drawing Γ is the difference between
the y-coordinate of its head and the y-coordinate of its tail. It is denoted by spanΓ(e) or
simply by span(e), if Γ is clear from the context. The span of drawing Γ, denoted by span(Γ),

© Patrizio Angelini, Sabine Cornelsen, Giordano Da Lozzo, Fabrizio Frati, Philipp Kindermann,
Ignaz Rutter, and Johannes Zink;
licensed under Creative Commons License CC-BY 4.0

52nd International Workshop on Graph-Theoretic Concepts in Computer Science (WG 2026).
Editors: Jan Goedgebeur and Paweł Rzążewski; Article No. 6; pp. 6:1–6:19

Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

mailto:pangelini@johncabot.edu
https://orcid.org/0000-0002-7602-1524
mailto:sabine.cornelsen@uni-konstanz.de
https://orcid.org/0000-0002-1688-394X
mailto:giordano.dalozzo@uniroma3.it
https://orcid.org/0000-0003-2396-5174
mailto:fabrizio.frati@uniroma3.it
https://orcid.org/0000-0001-5987-8713
mailto:kindermann@uni-trier.de
https://orcid.org/0000-0001-5764-7719
mailto:rutter@fim.uni-passau.de
https://orcid.org/0000-0002-3794-4406
mailto:johannes.zink@tum.de
https://orcid.org/0000-0002-7398-718X
https://doi.org/10.4230/LIPIcs.WG.2026.6
https://arxiv.org/abs/2605.00603
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics
https://www.dagstuhl.de


6:2 Upward-Planar Drawings with Bounded Span
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Figure 1 A directed graph with span three. The drawing has span three and there is a directed
s-t-path of length 8 and a directed s-t-path of length 3. So the span has to be at least 8/3 > 2.

is the maximum span of any of its edges. The span span(G) of an upward-planar graph G is
the minimum span of any of its upward-planar layered drawings. See Fig. 1 for an example of
a DAG with span three. In this paper, we consider the problem k-span upward planarity,
which takes as input an upward-planar graph and asks whether it has span at most k.
Furthermore, if the graph comes with a prescribed (upward-)planar embedding, then such
an embedding must be preserved in the produced drawing.

Motivations and related work. The problem of constructing layered drawings with bounded
span has previously been studied for undirected graphs [5, 17]. The authors study the problem
of computing acyclic orientations of the edges of a graph such that the resulting DAG has
span at most k. A significant motivation to study drawings with bounded span lies in their
connection with the edge-length ratio, that is, the maximum ratio between the Euclidean
lengths of any two edges in the drawing [8, 10, 17]. This relationship, in the directed case,
is: If an upward-planar layered drawing with span k exists, then an upward-planar layered
drawing with edge-length ratio at most k(1 + ϵ) exists, for any ϵ > 0, see [17].

Undirected graphs that admit leveled-planar drawings with span 1 are also known as
(proper) leveled planar. Heath and Rosenberg showed that recognizing graphs that admit
such drawings is NP-complete [26]. On the contrary, we observe that deciding whether an
upward-planar DAG admits an upward-planar layered drawing of span 1, i.e., solving 1-span
upward planarity, can be done in linear time, as all layers are fixed and thus the problem
reduces to level-planarity testing [29]. If the number of allowed distinct y-coordinates (layers)
is bounded by a constant, then the problem can be solved in polynomial time for both
directed and undirected graphs [18].

Drawing edges with small span is also a goal in the layer-assignment step of the celebrated
Sugiyama framework [32] for drawing directed graphs. There, however, edges are allowed
to cross. Minimizing the sum of the span of all edges in the Sugiyama framework can
be done in polynomial time using an ILP-approach with a totally unimodular constraint
matrix [22]. This approach can be extended to decide in polynomial time whether there is a
(not necessarily planar) upward layered drawing in which the maximum span is at most k.

Our Results. We first provide upper and lower bounds for the span of directed trees in
terms of the number n of vertices, the maximum degree d, and the maximum length ℓ of a
directed path. Paths and caterpillars have span 1 (Observation 8) unless an upward-planar
embedding is given; in this case, even paths require a span that is linear in n (Proposition 1).
If no planar embedding is given and each vertex is a source or a sink, i.e., ℓ = 1, then the
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span of directed trees is exactly ⌊d/2⌋ + 1 (Theorems 6 and 9). In this case, the span is
also lower bounded by log2 n/(2 log2 log2 n) (Corollary 5). If there are longer directed paths,
there exist binary directed trees with span at least (ℓ + 1)/2 and (n − 1)/6 (Proposition 3).
In general, the span for directed trees is in O((d − 1)ℓ) ∩ O(ℓ · nlog2 φ) with φ = (1 +

√
5)/2

(Theorems 10 and 11) and lower bounded by (d − 1)ℓ/2ℓ (Corollary 7).
The k-span upward planarity problem is NP-complete, even for biconnected single-

source graphs (Theorem 12) and for directed trees (Theorem 13). On the positive side, we
show that it can be solved in linear time for planar st-graphs (Theorem 16) and single-source
outerplanar graphs (Theorem 23), and in XP time with respect to the number of sources
for planar DAGs with a prescribed planar embedding (Theorem 22). Finally, we show
that k-span upward planarity is in FPT if parameterized by the vertex cover number
(Theorem 26), or by the span plus the treedepth (Theorem 24).

For statements marked with a (⋆), we provide the full proofs in the full version [1].

Preliminaries. For a directed edge (u, v), we call u its tail and v its head. A vertex is a
source (sink) if it is not the head (tail) of any edge. The underlying graph of a directed
graph G is the undirected graph obtained from G by ignoring the edge directions. The degree
of a vertex is the number of its incident edges. The degree of a graph is the maximum degree
of any of its vertices. We denote by y(v) the y-coordinate of a vertex v in a drawing.

A planar embedding of a connected planar graph fixes the outer face and the cyclic order
of the edges around each vertex. A plane graph is a planar graph equipped with a planar
embedding. In an upward-planar drawing of a DAG (a) the cyclic order of the edges around
each vertex is such that all outgoing edges are consecutive (a planar embedding satisfying
this condition is called bimodal) and (b) exactly one angle between consecutive edges around
each sink or source is greater than π (this is called the large angle of the source or sink). A
source-switch (sink-switch) for a face f in an upward-planar drawing of a DAG G is a source
(resp. sink) for the subgraph of G composed of the vertices and edges on the boundary of f .
An upward-planar embedding is a bimodal embedding together with an assignment of large
angles to sources and sinks such that each face f has a number of large angles equal to the
number of source-switches minus 1, if f is an internal face, or plus 1, if f is the outer face.
An upward-plane graph is a directed graph equipped with an upward-planar embedding.

An st-graph is a directed graph with a single source s and a single sink t. An st-graph
is planar if it admits an st-planar embedding, i.e., a planar embedding in which s and t are
incident to the outer face. A planar st-graph equipped with an st-planar embedding is a
plane st-graph. An st-planar embedding uniquely determines an upward-planar embedding
(the only large angles are those incident to s and t in the outer face) [16].

We use [k] as an abbreviation for {1, 2, ..., k}.

2 Lower Bounds

We prove lower bounds for the span of some graph classes. The span of a graph with n

vertices is at most n − 1. In fact, in the worst case, the span is in Θ(n) for paths with a fixed
upward-planar embedding, even if there is no directed subpath of length two.

▶ Proposition 1. Let Pn = ⟨v1, . . . , vn⟩ be a path that is oriented such that vi is a source
if i is odd and a sink if i is even (i.e. Pn contains no directed path of length two). If we fix
the upward-planar embedding of Pn so that all large angles are on the same side of Pn (see
Fig. 2a for an illustration of P11), then Pn has span at least ⌊n/2⌋.

WG 2026
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(c) binary tree T .

Figure 2 Graphs with large span.

Proof. In an upward-planar drawing of Pn with the given embedding, path Pn can be
partitioned into two subpaths ⟨v1, . . . , vℓ⟩ and ⟨vℓ, . . . , vn⟩ with 1 ≤ ℓ ≤ n that are so-called
coils with the following property: For any i and j with 1 ≤ j < i ≤ ℓ or ℓ ≤ i < j ≤ n, if vi

is a source then y(vi) < y(vj) and if vi is a sink then y(vi) > y(vj); see [20, Lemma 2]. This
implies that the edge between vℓ−1 and vℓ has span ℓ − 1 and the edge between vℓ and vℓ+1
has span n − ℓ (if these edges exist). So the span is at least max(ℓ − 1, n − ℓ) ≥ ⌊n/2⌋. ◀

By combining three copies of Pn (see Fig. 2b), we can also consider variable embeddings:

▶ Corollary 2 (⋆). For each n there is a 3-connected upward-planar graph with 3n vertices,
degree at most four, maximum length of a directed path at most five, and span at least ⌊n/2⌋.

Next, we consider trees without fixed embedding. If the length of a directed path is
unbounded then even the span of a binary tree can be linear in the number of its vertices.

▶ Proposition 3. For each ℓ and each n ≥ n0 = 3ℓ + 4, there is an n-vertex directed tree,
with degree at most three, maximum length of a directed path at most ℓ, and span at least
⌈(ℓ + 1)/2⌉ = ⌈(n0 − 1)/6⌉.

Proof. Let T be any directed tree that contains three disjoint directed paths ⟨u0, . . . , uℓ⟩,
⟨v0, . . . , vℓ⟩, ⟨w0, . . . , wℓ⟩ and an additional vertex r with three edges (um, r), (vm, r), and
(wm, r) with m = ⌈ℓ/2⌉. See Fig. 2c. Consider an upward-planar drawing of T . W.l.o.g. let
the incoming edges of r be (um, r), (vm, r), and (wm, r) from left to right. If the edge (vm, r)
had span smaller than ⌈(ℓ + 1)/2⌉ then u0 and w0 are below vm, so the ⌈(ℓ + 1)/2⌉ vertices
vm, . . . , vℓ would have to be drawn on distinct layers between the paths ⟨u0, . . . , um, r⟩ and
⟨w0, . . . , wm, r⟩. But there are less than ⌈(ℓ + 1)/2⌉ layers. ◀

We continue with trees with arbitrary degrees, but bounded directed path length. We
recursively define, for each positive d ∈ Z, an undirected tree T ′

d rooted at a vertex r of
degree d. Tree T ′

1 is a single edge and T ′
2 is a path of length two. If d > 2 then the subtree

rooted at each neighbor of r is T ′
d−2 if d is odd and T ′

d−3 otherwise. See Fig. 3. Let Td be an
orientation of T ′

d in which all vertices are sources or sinks.

▶ Lemma 4 (⋆). The tree Td has maximum degree d. If d ≥ 7, then the number of vertices
of Td is greater than 2d and less than d!. The span of Td is at least ⌈d/2⌉. Moreover, if d

is even then let v1, . . . , vd/2, v′
d/2, . . . , v′

1 be the neighbors of the root in the cyclic order in
which they appear in some upward-planar layered drawing of Td. Then the span of the edge
between the root and vi and v′

i, respectively, is at least i for i = 1, . . . , d/2.
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(a) T ′
1. (b) T ′

2. (c) T ′
3. (d) T ′

4.

r

(e) T4, r sink.
r

(f) T4, r source.

Td−2

· · · d · · ·

Td−2

(g) T ′
d, with d odd.

Td−3

· · · d · · ·

Td−3

(h) T ′
d, with d even.

Figure 3 T ′
d has maximum degree d and span at least ⌈d/2⌉ if all vertices are sources or sinks.
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Figure 4 Illustration of the proof Lemma 4. The drawing in (a) and (b) is not upward.

Proof Sketch. The degree of Td is at most d. Let nd be the number of vertices of Td. We
can show by induction on d that 2d < nd < d! for d ≥ 5 odd and for d ≥ 8 even.

For the span, assume that d is even; the proof for odd d is analogous. We use induction on d.
Trees T1 and T2 have span at least one. So let d > 2 be even and consider an upward-planar
drawing of Td where the neighbors of the root r appear in the order v1, . . . , vd/2, v′

d/2, . . . , v′
1.

Consider first a subtree of Td isomorphic to Td−2 rooted at r and containing the children
v1, . . . , vd/2−1, v′

d/2−1, . . . , v′
1 of r. See the black vertices in Fig. 4a. By the inductive

hypothesis, the edges between r and vi and v′
i have span at least i for i = 1, . . . , d/2 − 1.

Assume that no edge has span at least d/2. Consider a tree isomorphic to Td−2 rooted
at vd/2; it contains the subtree of Td rooted at vd/2, the root r of Td and parts of d − 5
subtrees of Td rooted at children of r other than vd/2. See the black vertices in Fig. 4b. By
the inductive hypothesis there must be at least two edges with span at least d/2 − 1 incident
to vd/2. But if the edge between r and vd/2 had span at most d/2 − 1 then there was no
space for another edge of span d/2 − 1. See the dashed edge in Fig. 4c. ◀

▶ Corollary 5. For infinitely many n there is a tree with n vertices and longest directed path
length one that has span greater than log2 n/(2 log2 log2 n).

Proof. Let d ≥ 7 and let nd be the number of vertices of Td. Then log2 nd < log2 d! <

log2 dd = d log2 d < d log2 log2 nd. Thus, the span of Td is d/2 > log2 nd/(2 log2 log2 nd). ◀

For d even, we can improve the lower bound of Proposition 1 by one. In Sect. 3, we will
see that this bound is tight.

▶ Theorem 6 (⋆). For each d > 2 there is a tree where each vertex has degree at most d,
each directed path has length at most one, and the span is at least ⌊d/2⌋ + 1.

Proof Sketch. The statement follows directly from Lemma 4 if d is odd. If d is even, consider
the tree T shown in Fig. 5 for d = 4. There is a central sink r of degree d. Each neighbor
of r is the root of a subtree containing a Td. Among the neighbors of r there are three where
two more neighbors are again a root of a Td. Then T cannot have span d/2. ◀

WG 2026
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Figure 5 Tree T used in the proof of Theorem 6 in the case d = 4. Each vertex with some label
is the root of a T ′

d contained in T .

Finally, we consider also trees with longer directed paths.

▶ Corollary 7. For each d > 2 and each ℓ there is a tree where each vertex has degree at
most d, each directed path has length at most ℓ, and the span is at least (d − 1)ℓ/2ℓ.

Proof. Consider the tree T(d−1)ℓ . For each vertex v of T(d−1)ℓ , replace v and the edges to
v’s children by a perfect (d − 1)-ary tree Tv of height ℓ. All edges are directed from the
root v to the leaves if v was a source and from the leaves to v if v was a sink. Merge the
children of v with distinct leaves of Tv. An upward-planar drawing Γ with span s of the thus
constructed tree T induces an upward-planar drawing Γ′ of T(d−1)ℓ in which the vertices
of T(d−1)ℓ are on the same layers as in Γ. The span of Γ′ is at most s · ℓ by construction, but
at least (d − 1)ℓ/2 by Lemma 4. Thus, s ≥ (d − 1)ℓ/2ℓ. ◀

3 Upper Bounds

In this section, we show upper bounds on the span of n-vertex directed trees. By Proposition 3,
such a span might be Ω(n); hence, our upper bounds apply to families of directed trees or
rely on additional parameters beyond n. We begin with the following observation which,
when compared with Proposition 1, shows that the possibility to choose an upward-planar
embedding plays an important role in the construction of drawings with bounded span.

▶ Observation 8. The span of any directed tree whose underlying graph is a path or a
caterpillar is 1.

Proof. We draw a directed tree whose underlying graph is a path as an x-monotone curve that
goes up and down between consecutive layers, according to the edge directions. For a directed
caterpillar, we draw its spine as above and then embed the leaves connected to a spine vertex v

on the layers above and below v, according to the direction of their incident edges. ◀
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We next consider bounded-degree directed trees in which the longest directed path has
length 1. These are the trees that we use in Lemma 4 in order to prove lower bounds on the
span. We get the following upper bound, which by Theorem 6 is tight.

▶ Theorem 9 (⋆). Let T be a directed tree in which the longest directed path has length 1,
and let d be the degree of T . Then T has span at most ⌊ d

2 ⌋ + 1.

Proof Sketch. Assume d ≥ 3, as if d = 2 the theorem follows by Observation 8. We root T

at any leaf r, thus every vertex has at most d−1 children. Since the longest directed path has
length 1, every vertex of T is a source or a sink. Assume that r is a source, the other case is
symmetric. Let S be any subtree of T rooted at a source s. We construct an upward-planar
layered drawing Γ of S via the construction in Fig. 6. When S = T , this provides the desired
drawing of T . We place the children s1, . . . , sk of s in the ⌈ k

2 ⌉ layers right above s, at most

s

s1
s2 s4

s5

s3

Figure 6 Illustration for the proof of Theorem 9. Here, s has k = 5 children.

two children per layer. The span of each edge (s, si) is thus at most ⌈ k
2 ⌉ ≤ ⌊ d

2 ⌋ − 1. The
recursively constructed drawing of each subtree rooted at a child of si has the top side of its
bounding box one unit below si. The proof of the planarity of Γ exploits the fact that Γ (and
thus every recursively constructed drawing) is top-accessible, i.e., a y-monotone line from s to
a horizontal line above Γ can be drawn without intersecting Γ other than at s. Let the upper
height of Γ be the number of layers that intersect Γ not below s. By construction, this is at
most ⌈ k

2 ⌉ + 1 ≤ ⌊ d
2 ⌋ + 1. This upper bound transfers to the span of any edge from a vertex si

to a child, since such a span coincides with the upper height of a recursively constructed
drawing. Thus the span of Γ is upper bounded by ⌊ d

2 ⌋ + 1, which proves the theorem. ◀

Next, we study trees in which the length of the longest path has a fixed upper bound ℓ.

▶ Theorem 10 (⋆). Let T be a directed tree, let d be the degree of T , and let ℓ be the length
of the longest directed path in T . Then T has span in O

(
(d − 1)ℓ

)
.

Proof Sketch. Assume d ≥ 3, as if d = 2 the theorem follows by Observation 8. We root T at
any leaf r. Let d+ ≤ d − 1 be the maximum number of edges incoming into any vertex v from
children of v. Let S be any subtree of T and s be its root. We construct an upward-planar
layered drawing Γ of S via the construction in Fig. 7. When S = T , this provides the desired
drawing of T . Let ℓ↑(S) be the length of the longest directed path incoming into s in S.

We recursively construct drawings Γ1, . . . , Γk of the subtrees of S rooted at the chil-
dren s1, . . . , sk of s, where s1, . . . , sh are successors and sh+1, . . . , sk predecessors of s. We
place Γ1, . . . , Γk side-by-side, to the right of s. The bottom sides of the bounding boxes
of Γ1, . . . , Γh are one layer above s. Also, sh+1 is one layer below s and si is one layer
below the bottom side of the bounding box of Γi−1, for i = h + 2, . . . , k. The proof of
the planarity of Γ exploits the fact that Γ (and thus every recursively constructed draw-
ing) is left-anchored, i.e., s lies on the left side of the bounding box of Γ. Let the lower
height h(Γ) of Γ be the number of layers that intersect Γ not above the layer of s. If d+ = 0,
then h(Γ) = 1. If d+ ≥ 1 we prove, by induction on ℓ↑(S), that h(Γ) ≤

∑ℓ↑(S)
j=0 (d+)j .

WG 2026
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Figure 7 Illustration for the proof of Theorem 10. The lower heights are measured by arrows.

If ℓ↑(S) = 0, then s has no incoming edge and hence h(Γ) = 1. If ℓ↑(S) ≥ 1, by construction
we have h(Γ) = 1 +

∑k
i=h+1 h(Γi). The key observation is that, for any i ∈ {h + 1, . . . , k},

we have ℓ↑(Si) ≤ ℓ↑(S) − 1, since any directed path incoming into si in Si becomes
a directed path incoming into s in S together with the edge (si, s). Thus, by induc-
tion, h(Γ) ≤ 1 +

∑k
i=h+1

∑ℓ↑(S)−1
j=0 (d+)j ≤ 1 + d+ ·

∑ℓ↑(S)−1
j=0 (d+)j =

∑ℓ↑(S)
j=0 (d+)j , where we

exploited k − h ≤ d+. Note that
∑ℓ↑(S)

j=0 (d+)j is in O((d+)ℓ↑(S)). The proof is concluded by
observing that ℓ↑(S) ≤ ℓ, hence the lower height of Γ is in O((d − 1)ℓ), that an edge incoming
into s has span smaller than h(Γ), and that an edge outgoing from s and incoming into si

has span h(Γi). Thus, the span of every edge is also in O((d − 1)ℓ). ◀

For trees with large degree, the next theorem might give a better bound than Theorem 10.

▶ Theorem 11 (⋆). Let T be an n-vertex directed tree whose longest directed path has length ℓ.
Then T has span in O(ℓ · nlog2 φ) ∈ O(ℓ · n0.695), where φ = 1+

√
5

2 is the golden ratio.

Proof. We root T at any vertex r. A root-to-leaf path π = (r = u1, . . . , up) connects r with
any leaf up. A subtree rooted at a child vi,j of ui is an up- or down-subtree of π if T contains
the edge (ui, vi,j) or the edge (vi,j , ui), respectively. Also, π is greedy if, for i = 1, . . . , p−1, the
subtree of T rooted at ui+1 has at least as many vertices as any other subtree of T rooted at
a child of ui. Extending a result of Chan [12] for degree-3 trees, we can prove that, if α and β

are the number of vertices of any up- and down-subtree of π, respectively, we have (i) α ≤ n/2
and β ≤ (n − α)/2, or (ii) β ≤ n/2 and α ≤ (n − β)/2. We construct a left-anchored (see the
proof of Theorem 10) upward-planar layered drawing Γ of T via the construction in Fig. 8,
where Γ has at most (2nγ − 1)(ℓ + 1) layers, with γ = log2 φ, which implies that the span of Γ
is in O(ℓ ·nlog2 φ), as required. Let α and β be the maximum number of vertices of an up- and
down-subtree of a greedy root-to-leaf path π = (r = u1, . . . , up), respectively. We recursively
construct a drawing Γi,j of each up- and down-subtree Ti,j . We use at most (2αγ − 1)(ℓ + 1)
layers to place the drawings Γi,j of the up-subtrees of π with the bottom sides of their
bounding boxes on the same layer and with Γi,j to the left of Γi′,j′ whenever i < i′. The
drawings of the down-subtrees of π are placed symmetrically on (2βγ − 1)(ℓ + 1) layers of Γ.
We place a drawing of π on ℓ + 1 intermediate layers, which is feasible since π consists of
directed paths, each with length at most ℓ. The drawing of π is sufficiently to the left so that r

is the leftmost vertex of Γ. Then Γ uses (2αγ − 1)(ℓ + 1) + (2βγ − 1)(ℓ + 1) + (ℓ + 1) layers,
which is at most (2nγ − 1)(ℓ + 1), given that αγ + βγ ≤ nγ , as verified in [12] by exploiting
the inequalities (i) α ≤ n/2 and β ≤ (n − α)/2, or (ii) β ≤ n/2 and α ≤ (n − β)/2. ◀
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u1
up

ui

vi,j

Γi,j

Figure 8 Illustration for the proof of Theorem 11. The ℓ + 1 layers for π are in the yellow region.

4 NP-Hardness

We show that the problem 2-span upward planarity is NP-complete for directed graphs
without fixed embedding even if restricted to trees or biconnected graphs with a single source.
We prove NP-hardness by reduction from 3-partition, which is defined as follows.

3-partition: Given a multi-set A of 3m positive integers that sum to mB, for some positive
integer B, with B/4 < a < B/2 for every a ∈ A, is there a partition of A into m multi-sets
A1, . . . , Am s.t., for each i = 1, . . . , m, Ai contains three integers whose sum is B?

The problem is NP-complete even if B is polynomial in m [23] (i.e., it is strongly NP-
complete). We prove here a reduction to 2-span upward planarity for biconnected
single-source graphs and provide the similar proof for directed trees in the full version [1].

▶ Theorem 12. 2-span upward planarity is NP-complete even for biconnected single-
source graphs.

Proof. Containment in NP follows from the fact that, given the assignment of vertices to
levels, level planarity testing can be done in polynomial time [29] and it can be verified in
linear time that the span is at most 2. To show NP-hardness, we reduce from 3-partition.
Given an instance A of 3-partition with 3m integers that sum to mB, we define a directed
graph G. Some parts of G model on the one hand pockets and frames, and on the other
hand gadgets of a specific height, each representing a number of A.

A key building block is a fixed-length path (of length k), that is, a pair of directed parallel
paths that share some vertices but have disjoint edges: the one path contains k edges for
some even k ≥ 2 and is called long path, while the other path contains k/2 edges and is
called short path. Starting from the first vertex, every other vertex of the long path is shared
with the short path. Observe that in any drawing of span 2, the fixed-length path can only
be realized with the long path having only edges of span 1 and the short path having only
edges of span 2. Hence, such a path bridges k levels (and has vertices on k + 1 levels). For
an illustration, see Fig. 9a.

We are now ready to define the graph G. We start by describing the frame, which is
shown in blue and red in Fig. 10. There is a single source s that has two outgoing edges
leading to vertices s′ and s′′. For i = 0, 1, 2, . . . , m, we add two fixed-length paths. One
starts in s′, the other starts in s′′. Both fixed-length paths terminate in the same vertex ti

and get length (m + i)(B + 1). To the third vertex on the long path from s′ to tm, we add a
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Figure 9 (a) Fixed-length path. (b) Number gadgets for the numbers 7, 2, and 1.

directed path P +
1 of length 3m(B + 1) terminating in a vertex t′. Symmetrically, we add a

directed path P +
2 of length 3m(B + 1) terminating in the vertex t′ to the third vertex on the

long path from s′′ to tm. This finishes the description of the frame.
Now for every number a ∈ A, we use a number gadget Ua; see Fig. 9b. It consists of
a directed path P 1

a with m(B + 1) edges starting in s′ and terminating in a vertex ra,
a directed path P 2

a with m(B + 1) edges starting in s′′ and terminating also in ra,
two parallel directed paths P 3

a and P 4
a with a vertices (and a − 1 edges) that both start

in ra and both terminate in a vertex ua, and
two edges, one connecting the predecessor and successor of ra along P 1

a and P 3
a , respect-

ively, one connecting the predecessor and successor of ra along P 2
a and P 4

a , respectively.

Clearly, s is the only source of G. Moreover, note that any two edges lie on a cycle and,
hence, G is biconnected. Clearly, G has polynomial size in O(mB) and can be described in
the same time bound. This is sufficient for the strongly NP-complete problem 3-partition.

We will next argue that G admits an upward-planar drawing with span 2 if and only if
the given instance A of 3-partition is a yes-instance.

Yes-instance of 3-partition ⇒ span-2 drawing. Let A1, . . . , Am be a solution to the 3-
partition instance A. We show how to construct an upward planar drawing of G with span 2
using this solution. The main idea is to group the number gadgets according to this solution
inside the frame to obtain a drawing like in Fig. 10. We now describe this drawing in more
detail. Place s on level −1 and place s′ and s′′ on level 0. Draw the frame as illustrated
in Fig. 10, that is, for i ∈ {0, 1, . . . , m}, the endpoint ti of the fixed-length paths starting
in s′ and s′′ lies on level (m + i)(B + 1). For i ∈ [m], draw the number gadgets of Ai in
the pockets between the fixed-length paths terminating in ti−1 and ti. More precisely, for
a1, a2, a3 ∈ Ai, place ra1 on level (m + i − 1)(B + 1) + 1, ua1 on level (m + i − 1)(B + 1) + a1,
ra2 on level (m + i − 1)(B + 1) + a1 + 1, ua2 on level (m + i − 1)(B + 1) + a1 + a2, ra3 on level
(m + i − 1)(B + 1) + a1 + a2 + 1, ua3 on level (m + i − 1)(B + 1) + B = (m + i)(B + 1) − 1.
Observe that this allows P 3

a⋆
and P 4

a⋆
(a⋆ ∈ a1, a2, a3) to be drawn. Furthermore, note

that P 1
a⋆

and P 2
a⋆

can be drawn if we combine edges of span 1 and 2. Recall that these paths
have m(B + 1) edges. Let Uab

and Uat
be the bottommost and topmost number gadget,

respectively. Then, rab
is placed on level m(B + 1) + 1, while rat

is placed strictly below
level 2m(B + 1). This also allows, for each a ∈ A, that the predecessors/successors of each ra

is drawn 1 level below/above ra to draw the extra edges with span 2. Finally observe that P +
1

and P +
2 can be drawn in the outer face of the remaining drawing with y(t′) = 3m(B + 1) + 2.
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0

m(B + 1)

2m(B + 1)

s
s′ s′′

t′
3m(B + 1)

r1
r1
r3

u3

u2

u2

r2

r2

r1

t0

t2

t1

P+
1 P+

2

(m+ 1)(B + 1)

Figure 10 The biconnected single-source graph for the instance M = {1, 1, 1, 2, 2, 3} of 3-partition
(where m = 2 and B = 5) and an upward-planar layered drawing that corresponds to the partition
{1, 1, 3}, {2, 2, 1}. Frame and pockets are red and blue, while the number gadgets are black.

Span-2 drawing ⇒ yes-instance of 3-partition. Let an upward-planar drawing of G having
span 2 be given. There is only one level assignment possible for the fixed-length paths, which
bound the pockets. Thus, the endpoints s′ and s′′ of the fixed-length paths lie on the same
level, which is w.l.o.g. level 0, and y(ti) = (m + i)(B + 1) for i = {0, 1, . . . , m}. Then, s

lies on level −1 or −2, and y(t′) ∈ {3m(B + 1) + 2, . . . , 6m(B + 1) + 2}. In any case, since
y(t′) > y(tm), P +

1 and P +
2 are drawn outside the pockets above the fixed-length paths as

illustrated in Fig. 10.
It remains to analyze the drawing of the number gadgets. First observe, since the number

gadgets and the fixed-length paths forming the pockets are connected and terminate in the
same vertices s′ and s′′, each number gadget is drawn either completely above or completely
below two fixed-length paths terminating in a common vertex ti. Now observe that for every
a ∈ A, the number gadget Ua is drawn below tm because otherwise Ua would intersect P +

1
and P +

2 as t′ lies above ua. Moreover, ra lies above t0 since the s′–ra path has m(B + 1)
edges and t0 lies on level m(B + 1). Therefore, every number gadget can be associated with
precisely one pocket, where the i-th pocket (for i ∈ [m]) is the area between the fixed-length
paths terminating in ti−1 and ti. Let the multisets A1, A2, . . . , Am be the numbers whose
number gadgets are drawn in the 1st, 2nd, . . . , m-th pocket, respectively. Note that, for
every a ∈ A, Ua requires a levels for the paths P 3

a and P 4
a between ra and ua that are distinct
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T1
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Figure 11 Directed tree from Theorem 13 for the same 3-partition instance as in Fig. 10. Again,
frame and pockets are red and blue, while the number gadgets are black.

from those used by the other number gadgets and from every ti for i ∈ {0, 1, . . . , m}. For
each i ∈ [m], there are B levels strictly between ti−1 and ti. Over all pockets, these are mB

levels, which precisely matches
∑

a∈A a. Hence, the sum of numbers in each pocket is B and
A1, . . . , Am is a 3-partition. ◀

We use a similar NP-hardness construction for directed trees, but we cannot exploit the
rigid structure of fixed-length paths; see Fig. 11. The proof can be found in the full version
of the paper [1].

▶ Theorem 13 (⋆). 2-span upward planarity is NP-complete for directed trees.

5 Algorithms for Graphs with a Bounded Number of Sources

In this section, we provide algorithms to solve k-span leveled planarity for several graph
classes. For plane st-graphs, we use a network-flow with upper and lower capacity bounds
on the edges, inspired by the compaction of orthogonal drawings with rectangular shapes
minimizing the total edge length [14]. The edges of this network are dual to those of the
graph and the flow traversing them corresponds to the span of the dual edge; see Fig. 12a.

▶ Lemma 14 (⋆). For an n-vertex plane st-graph G and any function σ : E → N, we can
decide in O(n) time whether G has an embedding-preserving upward-planar layered drawing
such that the span of each edge e ∈ E is at most σ(e).

By setting σ(e) = k for each edge e, Lemma 14 implies the following.



P. Angelini et al. 6:13

s

t

s∗ t∗

(a) (b)

t

(c)

Figure 12 (a) The flow network used to decide whether a plane st-graph has span at most k.
(b) The augmentation in the proof of Theorem 18 for an internal face and (c) for the outer face.
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t
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Figure 13 Obtaining an upward-planar layered drawing Γi (b) from an upward-planar layered
drawing Γi−1 (a) by redrawing the uv-component defined by the split pair {u, v} in the interior of a
region R containing the drawing of such a component in Γi.

▶ Theorem 15. k-span upward planarity can be solved in linear time for plane st-graphs.

We now extend this result to the setting in which the st-planar embedding is not prescribed.

▶ Theorem 16 (⋆). k-span upward planarity can be solved in linear time for planar
st-graphs.

Proof sketch. Any two st-planar embeddings of a planar st-graph differ by a sequence of
flips of st-planar components, and each such flip can be realized in an upward-planar layered
drawing by horizontally mirroring the drawing of the flipped component, which preserves all
vertex layers and hence all edge spans; refer to Fig. 13. Thus, the existence of a drawing
with span at most k is independent of the chosen st-planar embedding, and the claim follows
by applying the linear-time embedding-preserving algorithm of Lemma 14. ◀

Next, we study upward-planar graphs that have a fixed upward-planar embedding and
that still have a single source, but possibly multiple sinks.
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▶ Lemma 17 (⋆). For an n-vertex single-source upward-plane graph G and any function
σ : E → N, we can decide in O(n) time whether G has an embedding-preserving upward-planar
layered drawing such that the span of each edge e ∈ E is at most σ(e).

Proof sketch. The authors of [7] show that, in any embedding-preserving upward-planar
drawing Γ of G, the following holds. For each internal face f , at most one sink-switch (the
topmost vertex of f in Γ) is not a sink of G and all but one sink-switches form a large angle
in f . Furthermore, for the outer face h of Γ, all the sink-switches are sinks of G and form a
large angle in h. Therefore, G can be augmented to a plane st-graph G′ as follows; refer to
Figs. 12b and 12c. For each internal face f , let tf be the unique sink-switch of f that is not
assigned a large angle in f . The graph G′ contains an edge directed from each sink-switch
that is assigned a large angle in f to tf , and it contains a sink t and an edge directed from
each sink of h to t. We show that G has a drawing with the specified spans iff G′ has such a
drawing where each added edge has span at most n, and then use Lemma 14 on G′. ◀

By setting σ(e) = k for each edge e, Lemma 17 implies the following.

▶ Theorem 18. k-span upward planarity can be solved in linear time for single-source
upward-plane graphs.

We now deal with graphs with a fixed planar embedding. The next lemma is implicit
in [7], and is instrumental for the proof of the subsequent results.

▶ Lemma 19 ([7]). For a single-source plane graph G = (V, E), the upward-planar embedding
– if it exists – is unique up to reflection and can be computed in O(n) time.

▶ Lemma 20. For an n-vertex single-source plane graph G = (V, E) and any function
σ : E → N, we can decide in O(n) time whether G has an embedding-preserving upward-
planar layered drawing such that the span of each edge e ∈ E is at most σ(e).

Proof. If G has no embedding-preserving upward-planar drawing, we reject the instance.
Otherwise, by Lemma 19, the given planar embedding of G determines its upward-planar
embedding. Thus, by Lemma 17, we can decide in O(n) time whether G has an embedding-
preserving upward-planar layered drawing where each edge e has span at most σ(e). ◀

By setting σ(e) = k for each edge e, Lemma 20 implies the following.

▶ Theorem 21. k-span upward planarity can be solved in linear time for single-source
plane graphs.

Next, we show that, for graphs with a fixed planar embedding, the problem is in XP
when parameterized by the number of sources.

▶ Theorem 22 (⋆). k-span upward planarity can be solved in O(2zn2z+1) time for
n-vertex plane graphs with z sources.

Proof sketch. We first add a super-source r in the outer face. For each source s of G different
from r, we branch on the O(n) ways to add to the embedding a new edge directed toward s

without introducing a cycle; see Fig. 14. We then apply Lemma 20 with σ(e) = k for e ∈ E

and σ(e) = n, otherwise, to the resulting at most (6n)2z single-source plane instances. ◀

Finally, we turn our attention to single-source outerplanar graphs.

▶ Theorem 23 (⋆). k-span upward planarity can be solved in linear time for single-source
outerplanar graphs.
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r

Figure 14 Illustration for the proof of Theorem 22. Added edges are drawn dashed.

Proof sketch. For a biconnected single-source outerplanar graph, we show that any upward-
planar drawing can be transformed into one that preserves a fixed outerplanar embedding by
repeatedly flipping components along separation edges, which preserves upwardness and edge
spans; see Fig. 15a. If the graph is not biconnected, then each block is itself a single-source
outerplanar graph and can be drawn independently, and the block drawings can then be
glued around cutvertices without increasing the span; see Fig. 15b. ◀

e e

(a)

B0

x

s

(b)

Figure 15 Illustration for the proof of Theorem 23: (a) the flipping operation, and (b) laying out
biconnected components around a cutvertex.

6 Parameterized Algorithms

We first recall some structural graph parameters. Let G = (V, E) be a graph. The vertex
cover number vc(G) is the size of a minimum vertex cover of G, i.e., a set of vertices such
that each edge is incident to at least one of them. The vertex integrity vi(G) is the smallest
number k such that there is a set M ⊆ V such that |M | plus the size of the largest connected
component of G−M is at most k. A treedepth decomposition of G is a rooted tree T = (V, ET )
on the vertex set of G such that for each edge in E between vertices u and v, we have that u

is an ancestor of v in T or vice versa. The treedepth td(G) is the minimum height of any
treedepth decomposition of G. Note that td(G) ≤ vi(G) ≤ vc(G).

Bekos et al. [5] establish a paradigm for constructing FPT algorithms for computing
the span of undirected graphs with respect to structural graph parameters. To show that
testing whether span(G) ≤ s is FPT with respect to a graph parameter k, they establish
(i) that the problem admits a kernel with respect to k + s and (ii) that s can be bounded
by a function of k. Together, this yields a kernel whose size is bounded by a function of k

alone. Bekos et al. [5] apply this method to obtain FPT algorithms for the span of undirected
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Figure 16 (a) Graph Gs and (b) an upward drawing of Gs. (c) Two consecutive blocks of uv-ears.
(d) Reinsertion of a removed upper uv-ear using a block replacement edge (drawn in red).

graphs parameterized by the vertex cover number, the vertex integrity, and the treedepth.
We show that their techniques for step (i) can be extended to the directed case and thus
obtain analogous results. We describe the details in our full version [1].

▶ Theorem 24 (⋆). The problem of computing the span of a DAG G admits a kernel with
respect to s + k, where s is the span and k = vc(G), k = vi(G), or k = td(G). In case of the
vertex cover number, the size of the kernel is O(s · k).

However, in the directed case, it is not possible to remove the dependency on s in a similar
fashion. Namely, the following observation shows that step (ii) fails for directed graphs.

▶ Observation 25. For every s ∈ N, there is a DAG Gs with vc(Gs) = 2 and span(Gs) ≥ s.

Proof. Let Gs be K2,2s with all edges directed towards the vertices of degree 2; see Fig. 16a.
Let u, v denote the two vertices of degree 2s and W denote the set of vertices of degree 2.
Note that {u, v} is a vertex cover of size 2. In an upward-planar layered drawing of Gs, there
are at most two vertices of W on each layer; see Fig. 16b. Thus, the height of the drawing is
at least s. Since u lies below all vertices of W , one of its edges has span at least s. ◀

Nevertheless, we show that computing the span of a directed graph is FPT with respect
to the vertex cover number alone. We give a sketch, and defer a detailed proof to the full
version [1].

▶ Theorem 26 (⋆). Computing the span of a DAG G is FPT with respect to vc(G).

Proof sketch. We classify the vertices of a planar DAG G = (V, E) not in a vertex cover M

of size k. As in the undirected case, the number of vertices in V − M with degree at least 3
is bounded linearly in k [6, Lemma 10]. We classify the remaining vertices of G − M as
upper, lower and transversal if they have only incoming edges, only outgoing edges and
incoming as well as outgoing edges, respectively. It is readily seen that it suffices to keep one
representative upper degree-1 neighbor Uv and one representative lower degree-1 neighbor Lv

for each vertex v ∈ M and to remove the remaining degree-1 neighbors (removed upper, resp.
lower, degree-1 neighbors can be reinserted next to Uv, resp. Lv, in any upward drawing
without increasing the span). For the degree-2 vertices, it is easy to see that it suffices to keep
one representative transversal vertex with neighbors u, v ∈ M and to remove the remaining
ones (removed copies can be reinserted next to the copy that remained in the instance in a
drawing). Consider a vertex of G − M that is not transversal. We call such a vertex, which
is either upper or lower, an ear or a uv-ear, where u and v are its neighbors in M .
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To bound the number of uv-ears, we show that it can be assumed that there are at
most two consecutive blocks of uv-ears; see Fig. 16c. We then remove all but the top- and
bottom-most uv-ear from each block and connect them by a block replacement edge. In
addition, to also allow blocks consisting of a single ear, we keep two additional ears. Fig. 16d
illustrates how such edges can be used to reinsert an ear. To reinsert all removed ears, we
impose a lower bound on the sum of the spans of the two block replacement edges. This
reduces the problem to computing the minimum span of a graph with lower bounds on the
sum of the spans of certain pairs of edges. As the graph has bounded size, we can branch over
its embeddings and augmentations to an st-graph. For a given embedding and augmentation,
the flow formulation in Sect. 5 implies that the problem can be modeled as an ILP with a
bounded number of variables and constraints, which can be solved in FPT time [25]. ◀

7 Conclusion

In this paper, we studied the span of directed graphs. Our research opens up many questions.
From a combinatorial perspective, Proposition 3 and Theorem 6 rule out the possibility of
an upper bound for the span of n-vertex degree-d directed trees as a function of the length
ℓ of the longest directed path only, or of n + d with a sub-linear dependence on n. While
our O(dℓ−1) bound (Theorem 10) is almost tight (Theorem 6), the O(ℓ · n0.695) bound of
Theorem 11 leaves room for improvement: Can the exponent of n be lowered via a tree
decomposition better than the one obtained by repeatedly splitting the tree along greedy
paths? Can a sub-linear function of n + ℓ be achieved? From an algorithmic perspective,
Theorems 12 and 13 rule out the possibility of solving k-span upward planarity efficiently
(unless P=NP), even for k = 2 and for directed trees or single-source graphs. However, the
problem might be tractable for instances with a fixed planar embedding, e.g., for triconnected
graphs. Also, it would be interesting to provide an FPT algorithm parameterized by the
treedepth, thus strengthening our results in Theorems 24 and 26.

References

1 Patrizio Angelini, Sabine Cornelsen, Giordano Da Lozzo, Fabrizio Frati, Philipp Kindermann,
Ignaz Rutter, and Johannes Zink. Upward-planar drawings with bounded span. CoRR, 2026.
arXiv:2605.00603.

2 Patrizio Angelini, Giordano Da Lozzo, Giuseppe Di Battista, Fabrizio Frati, and Vincenzo
Roselli. The importance of being proper: (in clustered-level planarity and T-level planarity).
Theor. Comput. Sci., 571:1–9, 2015. doi:10.1016/J.TCS.2014.12.019.

3 Michael J. Bannister, William E. Devanny, Vida Dujmovic, David Eppstein, and David R.
Wood. Track layouts, layered path decompositions, and leveled planarity. Algorithmica,
81(4):1561–1583, 2019. doi:10.1007/S00453-018-0487-5.

4 Giuseppe Di Battista and Roberto Tamassia. Upward drawings of acyclic digraphs. In Herbert
Göttler and Hans Jürgen Schneider, editors, 13th Int. Workshop on Graph-Theoretic Concepts
in Computer Science (WG’87), volume 314 of Lecture Notes in Computer Science, pages
121–133. Springer, 1987. doi:10.1007/3-540-19422-3_10.

5 Michael A. Bekos, Giordano Da Lozzo, Fabrizio Frati, Siddharth Gupta, Philipp Kindermann,
Giuseppe Liotta, Ignaz Rutter, and Ioannis G. Tollis. Weakly leveled planarity with bounded
span. In Stefan Felsner and Karsten Klein, editors, 32nd Int. Symp. on Graph Drawing and
Network Visualization (GD’24), volume 320 of LIPIcs, pages 19:1–19:19. Schloss Dagstuhl –
Leibniz-Zentrum für Informatik, 2024. doi:10.4230/LIPIcs.GD.2024.19.

WG 2026

https://arxiv.org/abs/2605.00603
https://doi.org/10.1016/J.TCS.2014.12.019
https://doi.org/10.1007/S00453-018-0487-5
https://doi.org/10.1007/3-540-19422-3_10
https://doi.org/10.4230/LIPIcs.GD.2024.19


6:18 Upward-Planar Drawings with Bounded Span

6 Michael A. Bekos, Giordano Da Lozzo, Fabrizio Frati, Siddharth Gupta, Philipp Kindermann,
Giuseppe Liotta, Ignaz Rutter, and Ioannis G. Tollis. Weakly leveled planarity with bounded
span. Theor. Comput. Sci., 1069:115811, 2026. doi:10.1016/j.tcs.2026.115811.

7 Paola Bertolazzi, Giuseppe Di Battista, Carlo Mannino, and Roberto Tamassia. Optimal
upward planarity testing of single-source digraphs. SIAM J. Comput., 27(1):132–169, 1998.
doi:10.1137/S0097539794279626.

8 Václav Blazej, Jirí Fiala, and Giuseppe Liotta. On edge-length ratios of partial 2-trees. Int. J.
Comput. Geom. Appl., 31(2-3):141–162, 2021. doi:10.1142/S0218195921500072.

9 Václav Blazej, Boris Klemz, Felix Klesen, Marie Diana Sieper, Alexander Wolff, and Johannes
Zink. Constrained and ordered level planarity parameterized by the number of levels. J.
Comput. Geom., 16(2):26–90, 2024. doi:10.20382/JOCG.V16I2A2.

10 Manuel Borrazzo and Fabrizio Frati. On the planar edge-length ratio of planar graphs. J.
Comput. Geom., 11(1):137–155, 2020. doi:10.20382/JOCG.V11I1A6.

11 Guido Brückner and Ignaz Rutter. Partial and constrained level planarity. Theor. Comput.
Sci., 1045:115291, 2025. doi:10.1016/J.TCS.2025.115291.

12 Timothy M. Chan. A near-linear area bound for drawing binary trees. Algorithmica, 34(1):1–13,
2002. doi:10.1007/S00453-002-0937-X.

13 Giordano Da Lozzo, Giuseppe Di Battista, and Fabrizio Frati. Extending upward planar graph
drawings. Comput. Geom., 91:101668, 2020. doi:10.1016/J.COMGEO.2020.101668.

14 Giuseppe Di Battista, Peter Eades, Roberto Tamassia, and Ioannis G. Tollis. Graph Drawing:
Algorithms for the Visualization of Graphs. Prentice-Hall, 1999.

15 Giuseppe Di Battista and Enrico Nardelli. Hierarchies and planarity theory. IEEE Trans.
Syst. Man Cybern., 18(6):1035–1046, 1988. doi:10.1109/21.23105.

16 Giuseppe Di Battista and Roberto Tamassia. Algorithms for plane representations of acyclic
digraphs. Theor. Comput. Sci., 61:175–198, 1988. doi:10.1016/0304-3975(88)90123-5.

17 Emilio Di Giacomo, Walter Didimo, Giuseppe Liotta, Henk Meijer, Fabrizio Montecchiani,
and Stephen K. Wismath. Bounds on the edge-length ratio of 2-outerplanar graphs. Comput.
Geom., 129:102192, 2025. doi:10.1016/J.COMGEO.2025.102192.

18 Vida Dujmovic, Michael R. Fellows, Matthew Kitching, Giuseppe Liotta, Catherine McCartin,
Naomi Nishimura, Prabhakar Ragde, Frances A. Rosamond, Sue Whitesides, and David R.
Wood. On the parameterized complexity of layered graph drawing. Algorithmica, 52(2):267–292,
2008. doi:10.1007/S00453-007-9151-1.

19 Peter Eades, Qing-Wen Feng, Xuemin Lin, and Hiroshi Nagamochi. Straight-line drawing
algorithms for hierarchical graphs and clustered graphs. Algorithmica, 44(1):1–32, 2006.
doi:10.1007/S00453-004-1144-8.

20 Fabrizio Frati. On minimum area planar upward drawings of directed trees and other
families of directed acyclic graphs. Int. J. Comput. Geom. Appl., 18(3):251–271, 2008. doi:
10.1142/S021819590800260X.

21 Fabrizio Frati. Upward planarity testing of biconnected outerplanar DAGs solves partition.
Theor. Comput. Sci., 998:114541, 2024. doi:10.1016/J.TCS.2024.114541.

22 Emden R. Gansner, Eleftherios Koutsofios, Stephen C. North, and Kiem-Phong Vo. A
technique for drawing directed graphs. IEEE Trans. Software Eng., 19(3):214–230, 1993.
doi:10.1109/32.221135.

23 Michael R. Garey and David S. Johnson. Computers and Intractability: A Guide to the Theory
of NP-Completeness. W. H. Freeman, 1979.

24 Ashim Garg and Roberto Tamassia. Upward planarity testing. Order, 12(2):109–133, 1995.
doi:10.1007/BF01108622.

25 Jr. H. W. Lenstra. Integer programming with a fixed number of variables. Mathematics of
Operations Research, 8, 1983.

26 Lenwood S. Heath and Arnold L. Rosenberg. Laying out graphs using queues. SIAM J.
Comput., 21(5):927–958, 1992. doi:10.1137/0221055.

https://doi.org/10.1016/j.tcs.2026.115811
https://doi.org/10.1137/S0097539794279626
https://doi.org/10.1142/S0218195921500072
https://doi.org/10.20382/JOCG.V16I2A2
https://doi.org/10.20382/JOCG.V11I1A6
https://doi.org/10.1016/J.TCS.2025.115291
https://doi.org/10.1007/S00453-002-0937-X
https://doi.org/10.1016/J.COMGEO.2020.101668
https://doi.org/10.1109/21.23105
https://doi.org/10.1016/0304-3975(88)90123-5
https://doi.org/10.1016/J.COMGEO.2025.102192
https://doi.org/10.1007/S00453-007-9151-1
https://doi.org/10.1007/S00453-004-1144-8
https://doi.org/10.1142/S021819590800260X
https://doi.org/10.1142/S021819590800260X
https://doi.org/10.1016/J.TCS.2024.114541
https://doi.org/10.1109/32.221135
https://doi.org/10.1007/BF01108622
https://doi.org/10.1137/0221055


P. Angelini et al. 6:19

27 Michael D. Hutton and Anna Lubiw. Upward planar drawing of single-source acyclic digraphs.
SIAM J. Comput., 25(2):291–311, 1996. doi:10.1137/S0097539792235906.

28 Bart M. P. Jansen, Liana Khazaliya, Philipp Kindermann, Giuseppe Liotta, Fabrizio Montec-
chiani, and Kirill Simonov. Upward and orthogonal planarity are W[1]-hard parameterized
by treewidth. In Michael A. Bekos and Markus Chimani, editors, 31st Int. Symp. on Graph
Drawing and Network Visualization (GD’23), volume 14466 of Lecture Notes in Computer
Science, pages 203–217. Springer, 2023. doi:10.1007/978-3-031-49275-4_14.

29 Michael Jünger, Sebastian Leipert, and Petra Mutzel. Level planarity testing in linear time.
In Sue Whitesides, editor, 6th Int. Symp. on Graph Drawing (GD’98), volume 1547 of Lecture
Notes in Computer Science, pages 224–237. Springer, 1998. doi:10.1007/3-540-37623-2_17.

30 Boris Klemz and Günter Rote. Ordered level planarity and its relationship to geodesic planarity,
bi-monotonicity, and variations of level planarity. ACM Trans. Algorithms, 15(4):53:1–53:25,
2019. doi:10.1145/3359587.

31 János Pach and Géza Tóth. Monotone drawings of planar graphs. J. Graph Theory, 46(1):39–47,
2004. doi:10.1002/JGT.10168.

32 Kozo Sugiyama, Shojiro Tagawa, and Mitsuhiko Toda. Methods for visual understanding
of hierarchical system structures. IEEE Transactions on Systems, Man, and Cybernetics,
11(2):109–125, 1981. doi:10.1109/TSMC.1981.4308636.

WG 2026

https://doi.org/10.1137/S0097539792235906
https://doi.org/10.1007/978-3-031-49275-4_14
https://doi.org/10.1007/3-540-37623-2_17
https://doi.org/10.1145/3359587
https://doi.org/10.1002/JGT.10168
https://doi.org/10.1109/TSMC.1981.4308636

	1 Introduction
	2 Lower Bounds
	3 Upper Bounds
	4 NP-Hardness
	5 Algorithms for Graphs with a Bounded Number of Sources
	6 Parameterized Algorithms
	7 Conclusion

