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—— Abstract

Given an oriented graph D, the inversion of a subset X of vertices consists in reversing the orientation
of all arcs with both endpoints in X. When the subset X is of size p (resp. at most p), this operation
is called an (= p)-inversion (resp. (< p)-tnversion). Then, an oriented graph is (= p)-invertible if
it can be made acyclic by a sequence of p-inversions. We observe that, for n = |V(D)|, deciding
whether D is (= n — 1)-invertible is equivalent to deciding whether D is acyclically pushable, and
thus NP-complete. In all other cases, whenever p # n — 1, we construct a polynomial-time algorithm
deciding (= p)-invertibility.

We then consider the (= p)-inversion number, inv="(D) (resp. (< p)-inversion number, inv<P (D)),
defined as the minimum number of (= p)-inversions (resp. (< p)-inversions) rendering D acyclic.
We show that every (= p)-invertible digraph D satisfies inv=?(D) < |A(D)| for every integer p > 2.
When p is even, we moreover bound inv™=? by a (linear) function of the feedback arc set number,
and rule out the existence of any bounding function for odd p.

Finally, we study the complexity of deciding whether the (= p)-inversion number, or the (< p)-
inversion number, of a given oriented graph is at most a given integer k. For any fixed positive integer
p = 2, when k is part of the input, we show that both problems are NP-hard even in tournaments. In
general oriented graphs, we prove W[1]-hardness for both problems when parameterized by p, even
for k = 1. In contrast, we exhibit polynomial kernels in p + k& for both problems in tournaments.
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1 Introduction

Problems concerned with rendering a digraph acyclic through a small number of operations
are among the most studied in digraph theory. A prominent such operation is arc deletion,
then, a subset of arcs of D whose deletion achieves acyclicity is called a feedback arc
set. The corresponding parameter is the feedback-arc-set number fas(D) of D, defined
as the minimum size of a feedback arc set. On the algorithmic front, the computation of
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fas(D) is the FEEDBACK ARC SET problem, which appears in Karp’s seminal list of 21
NP-hard problems [13]. A well-studied restriction is FEEDBACK ARC SET on tournaments,
which was shown to still be NP-complete by Alon [1] and Charbit, Thomassé, and Yeo [8].
Nevertheless, this restriction admits a polynomial-time approximation scheme, due to Kenyon
and Schudy [14], and linear kernels of size (2 + &)k for every € > 0, as shown by Bessy et
al. [7]. On the asymptotic front, Erdés and Moon [10] initiated the study of fas(n), the
maximum value of fas over oriented graphs of order n. Today, this question is settled as
fas(n) = 1 (3) — ©(n®?), due to results by Spencer [16, 17] and de la Vega [12]. In this paper,
we investigate analogous questions on both fronts, when aiming to render a digraph acyclic
through inversions of bounded size, operations generalizing arc deletions.

Observe that if F' is a minimum feedback arc set in a digraph D = (V, A), then we may
obtain an acyclic digraph from D either by removing the arcs of F', or by reversing them:
replacing each uv € F' with vu. In this sense, FEEDBACK ARC SET can be rephrased as
a problem about arc reversals. Lifting this, Belkhechine et al. [6] introduced inversions,
allowing for the “reversal” of any induced subdigraph. Formally, if X is a set of vertices of D,
the inversion of X consists in reversing the orientation of all arcs with both endvertices
in X. Then, the inversion number inv(D) of a digraph D, is the minimum number of
inversions needed to turn D acyclic. Observe that questions about inv(D) are only of interest
for oriented graphs — digraphs forbidding digons (cycles of length two). Indeed, if a digon
uv, vu exists in D, it will be preserved by any inversion, meaning inv(D) = +oo. On the
other hand, if wv is not part of a digon, then inverting {u, v} corresponds to the reversal of
wv. In particular, a digraph can be rendered acyclic by a sequence of inversions if and only if
it is oriented.

Following the well-established literature on feedback arc sets, inversion number has been
studied both algorithmically and asymptotically. On the algorithmic side, the authors of [6]
proved that determining whether a given tournament 7T satisfies inv(7") < k is in XP, that is,
it is polynomial-time solvable for every fixed k. This was improved upon by Alon et al. [2],
who showed that the problem is fixed-parameter tractable (FPT) with respect to k, meaning
it admits an f (k)no(l) algorithm. In contrast, Bang-Jensen et al. [4] proved that given
oriented graph D, deciding inv(D) < k is NP-complete for k € {1,2}. This was generalized
to all k£ by Alon et al. [2]. On the asymptotic side, the main problem has been to estimate
inv(n), the maximum inversion number over all oriented graphs of order n. Independently,
Aubian et al. [3] and Alon et al. [2] proved n — 2y/nlogn < inv(n) < n — [log(n + 1)].

In this paper, we are interested in finer variants of inversions by bounding (or even
prescribing) the size of the inverted sets. Inversions of bounded size were recently introduced
by Yuster [18] as (< p)-inversions, which are inversions over sets of size at most p. These
operations range from arc reversals when p = 2, allowing us to express feedback arc sets, to
general inversions when p exceeds the order n. Given a digraph D, the parameter of interest
is the (< p)-inversion number, invS?(D), defined as the minimum number of (< p)-
inversions rendering D acyclic. Yuster investigated the asymptotic behaviour of invSP(n),
defined as the maximum of (< p)-inversion numbers over all oriented graphs of order n.
Observe that invS2?(D) = fas(D), meaning all results on fas apply for p = 2. Asymptotically,
this means we already know that inv<?(n) = 1 (%) — ©(n%2) by [12]. Yuster [18] proved

2

Hn? —o(n?) < invS3(n) < ZEn? + o(n?) and conjectured invS3(n) = Ln? 4+ o(n?). He

also proved that there exists a positive integer pg such that, for every integer p with p > py,
there exist d,,e, > 0 such that

(5515 +00) 72 olo®) < v 0] < (i =)+ olo)

as n tends to +o0o. Until now, the computational aspects of invSP remained largely open.
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1.1 OQutline of the results

We consider both inversions of bounded size and inversions of prescribed size, of which we
initiate the study. An inversion of prescribed size, specifically a (= p)-inversion, is the
inversion of a set size exactly p. Then, the (= p)-inversion number inv="(D) of an oriented
graph D as the minimum number of (= p)-inversions rendering D acyclic. Our contributions
are both algorithmic and asymptotic, and are organized in three sections. In Section 3,

we consider the question of (= p)-invertibility, that is, deciding whether inv=,(D) < oo.

Then, Section 4 deals with asymptotic bounds on inv=" with respects to the order n, as
well as invSP and fas. Finally, in Section 5 we investigate the (parameterized) complexity of
computing both invSP and inv=P, in particular for tournaments.

We motivate here the problems considered for each of these three fronts, and state all
our results. The most significant results are outlined or proved in this short version, with
complete proofs deferred to the full version in the appendix.

1.1.1 Inversions of prescribed size

Section 3 addresses arguably the first question arising when considering (= p)-inversions:
given an oriented graph, is it (= p)-invertible at all? That is, can it be made acyclic using
(any number of) (= p)-inversions? Clearly, this is not the case for oriented graphs of order
at most p that are not already acyclic. But this is not the only obstacle: for every odd p,
there exist oriented graphs of arbitrarily large order which are not (= p)-invertible. A simple
invariant witnessing this when p is odd, is given by the parity of the out-degrees of the vertices
of a tournament, which is preserved under (= p)-inversions. Hence, to be (= p)-invertible, a
tournament of order n must have exactly as many vertices of even out-degree as TT,,, the
transitive tournament of order n, that is [n/2].

We exhibit a dichotomy on the complexity of (= p)-invertibility: given an n-vertex oriented
graph D and a positive integer p, deciding whether D is (= p)-invertible is polynomial, except
if p = n — 1, in which case this problem is NP-hard. In the full version, we show that
(n — 1)-INVERTIBILITY is equivalent to deciding whether a given digraph D is acyclically
pushable. It is thus NP-complete as shown by Klostermeyer [15].

Our main contribution is a proof of the polynomial-time solvability of (= p)-invertibility
whenever p % n — 1. The cornerstone to this is Theorem 1, characterizing the pairs of
tournaments on the same vertex set that can be transformed from one to the other using
(= p)-inversions. To state this, we rely on forward arcs of an (ordered) tournament T’
on [n], which are the arcs ij with ¢ < j. We denote by F(T) the set of forwards arcs in
T and by F(T,i) the set of forwards arcs in T incident with 7 and by F*(T,) the set of
forward arcs in T with tail ¢. For a digraph D and subsets X1,..., X, of V(D), we denote
by Inv(D;{Xi,...,X}), or simply by Inv(D; X1,..., Xy), the digraph resulting from the
successive inversions of X1, ..., X,.

» Theorem 1. Let n,p be positive integers with n > p + 2, and let Ty, Ty be two tour-
naments with vertex set [n]. There exists an (= p)-family X1,...,X¢ C [n] such that
Ty =Inv(Ty; X4, ..., Xe) if and only if one of the following holds:

p=0 mod 4 and |F(T1)| = |F(T2)| mod 2,

p=1 mod 4, |F(T1,i)| = |F(T»,i)] mod 2 for every i € [n —1] and |F(T1)| = |F(T3)].

p=2 mod 4, or

p=3 mod 4, and |F(T1,1)| = |F(T2,)| mod 2 for every i € [n — 1].

This immediately yields the following algorithmic result.

7:3
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» Corollary 2. Given an integer p > 2 and two tournaments Ty, Ty with vertez set [n], where
n = p+2, one can decide in linear time whether there exists an (= p)-family X of subsets of
[n] such that Inv(Ty; X) = Ts.

Based on Theorem 1, we characterize (= p)-invertible n-vertex tournaments (see full
version).

» Theorem 3. Let p > 2 and let n > p+2. Let T be a tournament with vertex set [n]. The

tournament T is (= p)-invertible if and only if p is even or |{i € [n] | d¥ (i) even}| = [%].
Then, we extend Theorem 3 to an algorithm deciding (= p)-invertibility for general
oriented graphs (see full version).

» Theorem 4. There is a polynomial-time algorithm that, given a positive integer p and an
oriented graph D of order distinct from p+ 1, decides whether D is (= p)-invertible.

The dichotomy between the even and odd cases for p, outlined in Theorem 3 for tourna-
ments, extends to oriented graphs. Indeed, while there exist non-(= p)-invertible oriented
graphs of every order at least 3 when p is odd, every oriented graph of order at least p + 2 is
(= p)-invertible when p is even.

» Theorem 5. Let p be a positive even integer. Every oriented graph of order at least p + 2
is (= p)-invertible.

1.1.2 Asymptotic bounds on inv™?

Once we know that an oriented graph D is (= p)-invertible, we can ask the question of how
many (= p)-inversions are needed to render it acyclic, that is its (= p)-inversion number,
denoted by inv=P(D), is the minimum number of (= p)-inversions rendering D acyclic, or
+o0 if D is not (= p)-invertible. Clearly, inv="(D) > invSP(D) and inv=2(D) = invS?(D) =
fas(D). For every integer n, we let inv="(n) be the maximum of the (= p)-inversion number
over all the (= p)-invertible oriented graphs of order n.

Our next contribution, in Section 4, is to provide upper bounds on the (= p)-inversion
number. We begin in Subsection 4.1 by upper bounding inv=" in terms of the size of the
oriented graph.

» Theorem 6. Let D be an oriented graph and let p be an integer. If D is (= p)-invertible,
then inv=P(D) < |A(D)]|.

We then restrict our study to the case of even p. Then, recall that all the oriented
graphs of order at least p 4+ 2 are (= p)-invertible by Theorem 5. We establish a collection
of incomparable upper bounds on the (= p)-inversion number as a linear function of the
feedback-arc-set number and a corrective factor depending on the order. The smaller the
linear function, the larger the corrective factor.

» Theorem 7. Let p > 4 be a fized even integer and D an oriented graph of order n. Then

i) (2p — 2) fas

i7) 2 fas

( +0(1) ifn>p+2 Theorem 17),
inv=?(D) < E
(

) (

) +0(n) ifn=zp+2 (full version),
) +OMYEY ifn > p42k+2  (full version),
) +o(n?) (Theorem 20).

1i1) fas

) 1
W)ty fes
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Observe that the bound (iv) in this theorem is asymptotically tight. Indeed, if D is a
bipartite oriented graph, then each (= p)-inversion reverses at most [p/2] - [p/2] arcs, and
so inv=P(D) > W fas(D).

The upper bound (i) of Theorem 7 has several consequences. The first one is that inv="(n)
and invSP(n) are close to each other when p is even.

» Corollary 8. Let p be an even positive integer. Then inv=P(n) = invSP(n) + O(n).
_ 1
Together with Yuster’s bound from [18], this implies inv="(n) < (2 - €p> n? 4 o(n?) for
p
some positive €, when p is even and at least 4.
A second consequence of (i) is that, for any fixed even positive integer p, inv=" and inv<?
are (linearly) tied.

» Corollary 9. Let p > 4 be an even integer, and let D be an oriented graph with at least
p + 2 vertices and at least one directed cycle. Then,

inv<P(D) < inv=?(D) < (4p — 4) (Z) inv<r(D).

A third consequence is the following.

» Theorem 10. Let p > 4 be an even integer and let D be an oriented graph of order
n>p-+2. Then,

inv=P(D) < 7‘A(D)| + 2p°n.

p—1
This improves on Theorem 6 for oriented graphs with a superlinear number of arcs.

In Subsection 4.3, we investigate whether analogous results to the ones obtained for even
values of p hold when p is odd. It turns out that this is not the case for the upper bound (i)
of Theorem 7: in Theorem 22, we prove that the (= p)-inversion number cannot be upper
bounded by any function of the feedback arc-set number. This implies that, unlike in the
case where p is even, inv=" and invS? are not tied when p is odd. This further accentuates
the dichotomy between even and odd values of p. The existence of upper bounds on the
(= p)-inversion number analogous to the bounds (ii) to (iv) of Theorem 7 is left as open
problems.

1.1.3 Complexity

Finally, in Section 5, we study the complexity of computing the (< p)-inversion number and
the (= p)-inversion number. A (< p)-decycling (resp. (= p)-decycling) family of a digraph D
is a family of subsets of V(D) of size at most p (resp. exactly p) whose inversions make D
acyclic. Specifically, we are interested in the two following general problems, taking k and p
as inputs, and some of their restrictions.

PRESCRIBED SIZE INVERSION
Input: An oriented graph D and two positive integers p and k
Question: Does D admit a decycling (= p)-family of size at most k?

BOUNDED S1ZE INVERSION
Input: An oriented graph D and two positive integers p and k

Question: Does D admit a decycling (< p)-family of size at most k?

7:5
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Fixing p yields the following restrictions.

(= p)-INVERSION
Input: An oriented graph D and a positive integer k
Question: Does D admit a decycling (= p)-family of size at most k?

(< p)-INVERSION
Input: An oriented graph D and a positive integer k
Question: Does D admit a decycling (< p)-family of size at most k?

The restriction of the above problems to instances in which the input oriented graph is a
tournament are named with a TOURNAMENT preceding the name of the general problem.
For example, the restriction of (< p)-INVERSION to tournaments is named TOURNAMENT
(< p)-INVERSION.

Note that (= 2)-INVERSION and (< 2)-INVERSION correspond to the problem of computing
the feedback-arc-set number of an oriented graph, which we recall is already NP-complete,
even for tournaments. In Subsection 5.1, we show that TOURNAMENT (= p)-INVERSION
and TOURNAMENT (< p)-INVERSION are also NP-complete for any fixed p greater than 2.
(Theorem 23).

On the other hand, it is not difficult to see that deciding whether the (< p)-inversion
number (resp. (= p)-inversion number) of an oriented graphs is at most &k can be solved in
polynomial time when both k£ and p are fixed. In light of these results, we investigate the
parameterized complexity of the problems.

We begin in Subsection 5.2 by showing the following hardness result.

» Theorem 11. Given an oriented graph D and an integer p, the following problems are
W 1]-hard parameterized by p:

deciding whether D can be made acyclic by a single (< p)-inversion,

deciding whether D can be made acyclic by a single (= p)-inversion.

This theorem implies that PRESCRIBED S1ZE INVERSION and BOUNDED Si1ZE INVERSION
are W[l]-hard when parameterized by p even for k = 1. Therefore, it is W{[1]-hard when
parameterized by p + k.

In contrast, we prove that both problems admit a linear kernel:

» Theorem 12. For any fivred ¢ > 0, TOURNAMENT BOUNDED SIZE INVERSION and
TOURNAMENT PRESCRIBED SIZE INVERSION admit a kernel of size at most (1 + ¢)k*p?.

As a consequence, these problems are FPT when parameterized by k + p. It is also worth
noting that the problem of deciding whether a given tournament 7" admits a decycling family
(without restriction on the size of its members) of size at most & has been shown to be FPT
when parameterized by k by Alon et al. [2]. Nevertheless, the existence of a polynomial
kernel for this problem is still open.

It is natural to ask about the complexity of PRESCRIBED SIZE INVERSION and BOUNDED
S1zE INVERSION when p is fixed and k is taken as the parameter. This corresponds to
studying the complexity of (= p)-INVERSION and (< p)-INVERSION parameterized by k.
When k£ = 2, both problems are FEEDBACK ARC SET, which is known to be FPT by a result
of Chen et al. [9]. The case of larger values of k remains open.

» Problem 13. For any integer p > 3, is (= p)-INVERSION (resp. (< p)-INVERSION) fixed-
parameter tractable when parameterized by k7
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2 Notations and definitions

Digraph notation not given below is consistent with [5]. For an oriented graph D, let
0 = (v1,v2,...,0,) be an ordering of the vertices of D. An arc v;v; is forward (according
to o) if i < j and backward (according to o) if j < i. It is well-known that an oriented
graph is acyclic if and only if it admits an acyclic ordering (sometimes called topological
ordering), that is, an ordering of its vertices with no backward arcs.

For two sets X1, X5, we denote by X7 A X5 the symmetric difference of X; and X5, that
is the set (X7 U X2)\ (X1 N X32). An (= p)-set (resp. a (< p)-set) is a set of cardinality
exactly p (resp. at most p). Let D be an oriented graph and X be a family of subsets of
V(D). We say that X is an (= p)-family (resp. a (< p)-family) if all members of X are
(= p)-sets (resp. (< p)-sets). We denote by Inv(D; X) the oriented graph obtained after
inverting all sets of X one after another. Observe that this is independent of the order in
which we invert those sets: Inv(D; X) is obtained from D by reversing exactly those arcs
for which an odd number of members of X' contain both endvertices. If X = {X} for a set
X C V(D), then we write Inv(D, X) for Inv(D; X). A decycling family of an oriented
graph D is a family X' of subsets of V(D) such that Inv(D; X)) is acyclic.

3 (= p)-invertibility

In this section, we sketch the proof of Theorem 1, crucial to Theorems 3 and 4. We recall its
statement, which characterizes pairs of tournaments that can be transformed into one-another
using (any number of) (= p)-inversions, according to the value of p modulo 4.

» Theorem 1. Let n,p be positive integers with n > p + 2, and let Ty, T> be two tour-
naments with vertex set [n]. There exists an (= p)-family X1,...,X¢ C [n] such that
Ty = Inv(Ty; Xy, ..., Xe) if and only if one of the following holds:

p=0 mod 4 and |F(T1)| = |F(T2)| mod 2,

p=1 mod 4, |F(T1,i)| = |F(Ts,i)| mod 2 for every i € [n — 1] and |F(Ty)| = |F(T%)|.

p=2 mod 4, or

p=3 mod 4, and |F(T1,1)| = |F(T2,)| mod 2 for every i € [n — 1].

Let p,n be integers with p > 2 and n > p+2. When we want to go from a tournament on
vertex set [n] to another tournament with the same vertex set using (= p)-inversions, several
obstructions appear, depending on the value of p modulo 4. When p is odd, for any vertex v,
d*(v) mod 2 is invariant under (= p)-inversions. Moreover, when () is even (that is when
p=0mod 4 or p =1 mod 4), the parity of the number of backward arcs with respect to the
natural ordering (the arcs ji with ¢ < j) is also invariant under (= p)-inversions. We actually
show that these two invariants are essentially the only ones, which gives a characterization
of tournaments reachable from any given tournament via (= p)-inversions. To prove that, we
use an algebraic representation of the problem.

We shall do all operations in the two-element field F5. For convenience, we index the
vectors of the vector space FgQ) by the (= 2)-sets of [n]. Thus the coordinates of a vector
ue€ FgQ) are named as uy; ;3 for every pair of distinct integers 4, j in [n].

We start by defining a representation of (labelled) n-vertex tournaments by (5)-

dimensional vectors over Fy. Let T be a tournament with vertex set [n]. We define ar € ng)
by (ar)g ;3 = 1if ji € A(T) and (ar)y; j = 0 if ij € A(T), for every 4,5 € [n] with i < j.

77
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Let X C [n], and let ix € ]F§2) be defined by (ix) ;) = 1if 4,5 € X, and (ix)g 3 =0
otherwise, for every i,j € [n] with ¢ # j. The point of these definitions is the following
observation.

» Observation 14. For every tournament T on [n] and for every X C [n], amy(r,x) = ar+ix.
The proof of Theorem 1 will consist in defining a linear mapping 7: Fg2) — Y for some
nonnegative integer ¢t such that for all tournaments 7", 7 on [n],

there exists an (= p)-family & C 2" such that Inv(T; X) = T’
if and only if 7(ar) = w(ar).

Such a function will be called an inversion-equivalence function. Informally, inversion-
equivalence functions map tournaments to the most general quantity which is invariant under
(= p)-inversions. In order to describe an inversion-equivalence function in all relevant cases,
we establish the following result which is a criterion to test whether a given mapping is an
inversion-equivalence function. It can be proved using basic tools from linear algebra.
» Lemma 15. Let n,p, and t be nonnegative integers and : FgQ) — F% be a linear function
such that all of the following hold:

(i) = is surjective,

(ii) 7(ix) =0 for every (= p)-set X C [n],

(i) dim(Span{ix | X C [n],|X| = p}) > (3) — .
Then 7 is an inversion-equivalence function.

The construction of an inversion-equivalence function 7 is split into four cases, according
to p mod 4.

If p=2 mod 4, then we set t =0 and 7: u+ 0.

If p=0 mod 4, then we set t =1 and 7: u— Zi,je[n],i<j ug; iy

If p=3 mod 4, then we set t =n—1and 7: u+— (Zje[n]\{i} u{iﬁj}) _—
i€[n—
If p=1 mod 4, then we set t = n and

U ((Zje[n}\{i} u{iJ})ie[nfl] » i jeln] i<i u{i,j}) :

In each case, we show that 7 is indeed an inversion-equivalence function using Lemma 15.
This yields Theorem 1. From this, we characterize (= p)-invertible tournaments in Theorem 3,
and derive an algorithm deciding (= p)-invertibility of general oriented graphs in Theorem 4.

4 Bounds on the (= p)-inversion number

4.1 First bound in terms of the size

The algebraic point of view used in Section 3, has an immediate consequence on the number
of (= p)-inversions to go from an oriented graph to another (when possible):

» Theorem 16. Let G be a graph, and let 81,82 be two orientations of G. For every
family X1,..., X, CV(G) such that G = Inv(G2; X1,..., Xy), there exists X{,..., X, €
{X1,...,X¢} such that 81 = Inv(ag; X1,...,Xp) and U < |E(G)].
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Proof. Let a € ]Ff(G) be defined by a. = 0 if e has the same orientation in 81 and 82, and
a. = 0 otherwise. for every e € F(G). Moreover, for every X C V(G), let ix € FQE(G) be
defined by (ix)yw =1 if u,v € X, (ix)uw = 0 otherwise, for every uwv € E(G). Then we have,
for every Xy,..., X, CV(G),

a=Y ix, & G = v(Ga Xy, Xo).

JE[L]

Let X1,..., Xy € V(G) such that 81 = Inv(ag;Xl,...,Xz). Consider Xi,..., X}, €
{X1,..., X} such that 81 = Inv(62;X{,...,Xé,) and ¢ is minimal. We claim that
¢ < |E(G)|. Suppose for contradiction that ¢ > |E(G)|. Since ¢’ > |E(G)| = dime(G),
the family (ix,); is dependent over FQE(G)
Zje]iX;- = 0. It follows that a = Zje[e,]\‘,ix]f_, and so 81 = Inv(ag;(Xj’.)je[e,]\J),

contradicting the minimality of ¢'. <

, so there exists J C [¢] nonempty such that

This theorem directly implies Theorem 6 stating that inv=?(D) < |A(D)| for every
(= p)-invertible oriented graph D.

4.2 Bound in terms of the feedback-arc-set number and consequences

The aim of this subsection is to prove the upper bound (i) of Theorem 7, restated more
precisely below, and its consequences.

» Theorem 17. Let p > 4 be an even integer and let D be an oriented graph with at least
p + 2 vertices. Then inv=P(D) < (2p — 2)(fas(D) + 1).

Proof. Let D; be the acyclic oriented graph obtained by reversing every arc of a minimum
feedback arc set of D and let D5 be an acyclic oriented graph obtained from D; by reversing
exactly one arc. Then D disagrees with one of Dy, Ds in a set E’ of arcs such that |E’| is
even and |E'| < fas(D) + 1.

Using the facts that with 2p — 2 (= p)-inversions, one can reverse any two adjacent arcs
and no others, and that with 4p — 4 (= p)-inversions, one can reverse two non-adjacent
arcs and no others, one can reverse the arcs of |E’| two by two using at most (4p — 4)‘%‘
(= p)-inversions. Thus inv="(D) < (2p — 2)(fas(D) + 1). <

A first consequence of Theorem 17 is that, when p is even, inv="(n) and invSP(n) are
close to one-another.

» Corollary 8. Let p be an even positive integer. Then inv="(n) = inv<P(n) + O(n).

Proof. Let n be an integer with n > p+2. The lower bound inv="(n) > invSP(n) is clear. For
the upper bound, consider a tournament 7" on n vertices, and let A be a set of p — 2 vertices
in T. Consider a decycling (< p)-family X of T — A of size at most invSP(|V(T — A)|) <
invSP(n). Without loss of generality, every member of X has size at least 2. Then, for
every X € X, consider the (= p)-set obtained from X by adding p — |X| vertices of A,
and let X’ be the family of all these sets. Observe that Inv(T, X’) — A = Inv(T — A, X),
which is acyclic. Hence, fas(Inv(T, X’)) < (p;Q) +(n—(p—2))(p-2). It follows from
Theorem 17 that inv="(Inv(T; X")) < 2(p — 1) ((*3%) + (n — (p — 2))(p — 2)) = O(n), and
so inv=P(T) < |X'| + inv=P(Inv(T; &")) < invSP(n) + O(n). <

7:9

WG 2026



7:10

Making an Oriented Graph Acyclic Using Inversions of Bounded or Prescribed Size

Since invSP(D) > fa;f,)D), another consequence of Theorem 17 is that, for a fixed even
2

positive integer p and an oriented graph D on at least p -+ 2 vertices, inv=(D) and invSP(D)
are linearly tied.

» Corollary 9. Let p > 4 be an even integer, and let D be an oriented graph with at least
P+ 2 vertices and at least one directed cycle. Then,

invSP(D) < inv™P(D) < (4p — 4) (]2)) invS?(D).

A third consequence of Theorem 17 is the following improvement over Theorem 6.

» Theorem 18. Let p > 4 be an even integer and let D be an oriented graph of order
A(D
n = p+2. Then, inv=P(D) < ‘ ( 1)|—|—22

4.2.1 Improved bounds for very dense oriented graphs
In this subsection, we show Theorem 20, which yields the upper bound (iv) of Theorem 7.

» Theorem 19 (Yuster [18]). Let p be an integer with p > 2. There exist constants o, and
ep with €, > 0 such that the following holds. Let n be a positive integer, and let E C ([g]).

There exists an integer £ with { < %, and a family X4,...,Xe C [n] of (= p)-sets
such that

X1 X
s (%)a.a(%)
fas(D)

» Theorem 20. Let p be a fized even integer with p > 2. Then, inv=P(D) < Tt o(n?)
for every oriented graph D of order n.

< ay-n’or,

=N P

Proof. Let D be an oriented graph of order n and F' a minimum feedback arc set of D.
By Theorem 19 applied to F, there is an (= p)-family X of size at most ¢ < % of
subsets of V(D) such that the set of arcs reversed in the inversion of X differs from F' in
o(n?) arcs. Hence, setting D1 = Inv(D, X), we have fas(D;1) = o(n?). Thus, by Theorem 17,

inv="(D;) = o(n?). Hence inv=?(D) < |X| + o(n?) < % + o(n?). <

[A(D)]

» Corollary 21. Let p be a fized integer with p > 2. Then invSP(D) < e 1p7a] T o(n?)

for every oriented graph D of order n.

4.3 No bounds in terms of feedback arc set number for odd p

A natural question is whether the results established for even p admit analogues when p
is odd, in particular Theorem 17. An analogue to the latter would be the existence of a
function f, such that inv=?(D) < f,(fas(D)). We rule out this possibility, even when D is a
tournament and p = 3.

» Theorem 22. Let p be an odd integer with p > 3. There is no function f, such that
inv=P(T') < fp(fas(T)) for all (= p)-invertible tournament T.

Proof. Let n be a positive integer. Let T'T,, be a transitive tournament on n vertices. Let
(v1,...,vy) be the unique acyclic ordering of T'T,,. We denote by T, the tournament obtained
by reversing the arc vyv, (so invSP(T,) = fas(D) = 1). Note that, for even n, T}, has n/2

out-even vertices, and by Theorem 3, T, is (= p)-invertible.
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Towards a contradiction, suppose that there is a function f, such that inv=>(T,) <
fo(fas(T,)) = fp(1), for every even integer n with n > p + 2. Then there is an even integer
n greater than p + 2 such that inv=?(7,,) < "773. Let X be a decycling (= p)-family of T,
of cardinality at most "Tj?’. There is a vertex v; for 2 < i < n — 1 that does not belong to
any set in X. Thus X is also a decycling (= p)-family of T,, — v; = T,,—1, and so T,,_1 is
(= p)-invertible. But, since n — 1 is odd, T}, has less than [(n — 1)/2] out-even vertices, a
contradiction to Theorem 3. <

5 Complexity of computing the (= p)-inversion number and the
(< p)-inversion number

5.1 NP-completeness of TOURNAMENT (= p)-INVERSION and
TOURNAMENT (< p)-INVERSION

Given a tournament T and an integer k, deciding whether T has a feedback arc set of size
at most k is NP-complete [1, 8]. Thus TOURNAMENT (= p)-INVERSION and TOURNAMENT
(< p)-INVERSION are NP-complete when p = 2. We show this generalizes to any p.

» Theorem 23. TOURNAMENT (= p)-INVERSION and TOURNAMENT (< p)-INVERSION are
NP-complete, for any fized integer p greater than 2.

Our reduction will be from a hypergraph edge-colourability problem. A hypergraph H
consists of a vertex set V() and a multiset £(H) of subsets of V' (#{), called the hyperedges
of H. For some nonnegative integer k, we say that H is k-uniform if |e| = k holds for every
e € E(H) and k-regular if every v € V(#H) is contained in exactly k hyperedges. For some
positive integer k, a k-edge-colouring of a hypergraph # is a mapping ¢: E(H) — [k].
If ¢(e) # ¢(e’) holds for each pair of distinet hyperedges e, e’ with e N e’ # (), then we say
that ¢ is a proper k-edge-colouring. We say that a hypergraph is k-edge-colourable if it
admits a proper k-edge-colouring.

A hypergraph is p-special if it satisfies the following four properties: it is p-uniform;
it is 3-regular; |e Ne’| < 1 for all distinet hyperedges e, e’ € E(H); for all triples (v,v’,v")
of distinct vertices, if each of {v,v'},{v,v"}, and {v/,v"”} is contained in a hyperedge of H,
then {v,v’,v"} is contained in a hyperedge of H.

Our reduction is from p-SPECIAL HYPERGRAPH 3-EDGE-COLOURABILITY, in short (p, 3)-
SHEC, the problem of deciding whether a given p-special hypergraph H is 3-edge-colourable.
We first prove that this problem is NP-hard.

» Lemma 24. (p, 3)-SHEC is NP-hard for every p > 2.

We need the following notation : given two disjoint sets of vertices A and B in an oriented
graph D, we write A = B if A(D) contains all possibles arcs with tail in A and head in B.

Proof of Theorem 23. Let H be a (p — 1)-special hypergraph and let (vi,...,v,) be an
arbitrary ordering of V(H). We further set k = |E(#H)|. We now create a tournament 7'
We first let V(T') contain V(H). Further, for all distinct ¢, € [n] with i < j, we let A(T)
contain v;v; if {v;,v;} C e for some e € E(H), and v;v;, otherwise. Next, for ¢ € [n], we let
V(T) contain a set W; of pk + 1 vertices and we let A(T) contain arcs such that T'(W;) is
a transitive tournament. We set W = {J;c,; Wi. Next, for i € [n], we add arcs such that
{v1,...,v;-1} = W; and W; = {v;,...,v,} in T. Further, for all distinct ¢, € [n], with
i < jwelet W; = W; in T. Finally, we let V(T) contain a set Z = {z1,22,23}. We let
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Z = W and V(H) = Z in T. Finally, we add some arcs such that T'(Z) is a transitive
tournament. This finishes the description of T. Observe that the size of T is polynomial in
the size of H.
We prove that the following three statements are equivalent:
(i) H is 3-edge-colourable;
(if) inv=P(T) < k;
(iii) invSP(T) < k.

This equivalence directly implies both hardness results. |

5.2 W/1]-hardness with parameter p

In this subsection, we show the hardness of BOUNDED SIZE INVERSION and PRESCIBED SIZE
INVERSION parameterized by p, which is captured in the following.

» Theorem 11. Given an oriented graph D and an integer p, the following problems are
W 1]-hard parameterized by p:

deciding whether D can be made acyclic by a single (< p)-inversion,

deciding whether D can be made acyclic by a single (= p)-inversion.

Proof. We prove this statement by a reduction from the MULTICOLOURED CLIQUE problem,
which is W1]-hard [11].

MULTICOLOURED CLIQUE (MCC)

Input: A graph G, along with a partition (V,..., V) of V(G)
Parameter: k

Question: Does G contain a clique with exactly one vertex from each V7

Let (G, (V4,..., V%)) be an instance of MCC. We now create an instance (D, p) of the
inversion problem. For i € [k], let ¢; = |V;| and let v}, ..., v} be an arbitrary enumeration
of V;. For every i € [k] and j € [¢;], we let V(D) contain two vertices wi and xf and for
every i € [k], we let A(D) contain arcs such that wlzlw? ... w¥z¥w} is a directed cycle,
which we denote by C;. Further, we denote by F' the set of all ordered pairs (vflﬂvfj) with
1 <41 <ig < k,j1 €[q,],72 € [gi,) and such that E(G) does not contain an edge linking vfll
and vfj We let V(D) contain a set Z that contains a vertex zy for every f € F. Further,
for every f = (vfl1 , vfj) € F, we let A(D) contain the arcs wfll 2, szfj, and will wfj Finally,
we set p = 2k. This finishes the description of (D, p). For an illustration, see Figure 1.

It is easy to see that (D, p) can be constructed in polynomial time from (G, (V4,...,Vi))
and clearly, p is bounded by a computable function of k.

We prove that the following three statements are equivalent, implying both hardness
results:

(i) (G, (V1,..., V%)) is a yes-instance of MCC.
(ii) inv=?(D) < 1
(iii) invSP(D) < 1. <

5.3 A O(k?p®) kernel for TOURNAMENT BOUNDED SIZE INVERSION
and TOURNAMENT PRESCRIBED SIZE INVERSION

As mentioned in the introduction, the problem of deciding whether a tournament admits
a feedback arc set of size k has a (2 4 )k vertex kernel for every ¢ > 0 [7]. In our
language, this kernel is a kernel for TOURNAMENT (= 2)-INVERSION and TOURNAMENT
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G

Figure 1 An illustration of an instance (G, (V1, V2, V3)) of MCC and the corresponding oriented
graph D. The vertices of V1, V2, and V3 are marked in blue, red, and green in G, respectively. For
i € [3], the directed cycle C; in D is marked in the same colour as V; in G. All vertices of Z and
arcs of D incident to Z are marked in black. The names of the vertices in Z have been omitted due

to space restrictions.

(< 2)-INVERSION. This kernelization relies on reduction rules to output an equivalent instance

of size subquadratic in k, then employs the polynomial-time approximation scheme of [14].

Recall that a minimization problem admits a PTAS if for any fixed ¢ > 0, there exists an

algorithm running in polynomial time and outputting a (1 +¢)-approximation for the problem.

We now prove the existence of kernels for TOURNAMENT BOUNDED SIZE INVERSION and
TOURNAMENT PRESCRIBED SIZE INVERSION. Our proof also begins with the approximation
of [7] to find a feedback arc set F' of size bounded by a function of p and k. Then, T\ F is
acyclic, and we consider the positions of the arcs of F' in T to prune vertices inside large
enough “gaps” between their endpoints, while preserving an equivalent instance. This pruning
forms our reduction rule, encompassed in the following lemma, which we prove in the full
version.

» Lemma 25. Let e > 0 be fized, let p > 2 and k be nonnegative integers and let T be a
tournament on at least (2(1+¢)k(}) + 1)(pk + 2) vertices. Then, in polynomial time, we can
compute a tournament Ty with |V (T1)| < |V(T)| such that:

invSP(Ty) < k if and only if invSP(T) < k
inv=P(Ty) < k if and only if inv=P(T) < k

Lemma 25 allows us to conclude the main theorem of this section, showing both kernels
at once.

» Theorem 12. For any fized ¢ > 0, TOURNAMENT BOUNDED SIZE INVERSION and
TOURNAMENT PRESCRIBED SIZE INVERSION admit a kernel of size at most (1 + ¢)k?p>.

Proof. Without loss of generality, we may suppose that € < % Let (T, p, k) be an instance of

TOURNAMENT BOUNDED SIZE INVERSION or TOURNAMENT PRESCRIBED SIZE INVERSION.

First, if p < 1 or k = 0, we can clearly decide whether (T, p, k) is a yes-instance and output
an appropriate kernel in polynomial time. Next, if kp < %, we solve the instance by a brute
force approach in n@®k) (polynomial) time, and output an appropriate kernel. We may
hence suppose that kp > 22, Next, observe that if [V/(T)| < (2(1+ §)k(5) + 1)(pk + 2), since
kp > 3?0 and ¢ < %, we obtain that:
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It follows that (T, p, k) is a trivial kernel of appropriate size.

We may thus assume in the following that [V (T)| > (2(1 + £)k(5) + 1)(pk + 2). Then,
starting with 77 = T, we recursively apply Lemma 25 and update 77 with the resulting
tournament as long as [V (T1)| > (2(1+ £)k(5) +1)(pk+2). This eventually yields an instance
(T1,p, k) of TOURNAMENT BOUNDED SIZE INVERSION or TOURNAMENT PRESCRIBED SIZE
INVERSION, respectively. Then, [V (T3)| < (2(14 £)k(5) +1)(pk+2) which by the inequalities
above yields |V (T1)| < (1 + €)k?p? as required. Since each application of Lemma 25 runs
in polynomial time, and the size of T decreases by at least 1, the entire algorithm for our
theorem runs in polynomial time. <

Theorem 12 implies that TOURNAMENT BOUNDED SIZE INVERSION and TOURNAMENT
PRESCRIBED SI1ZE INVERSION are FPT with parameters p and k.
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