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Abstract
In this work we contribute to the study of the fine-grained complexity of problems parameterized by
multi-clique-width, which was initiated by Fürer [ITCS 2017] and pursued further by Chekan and
Kratsch [MFCS 2023]. Multi-clique-width is a parameter defined analogously to clique-width but
every vertex is allowed to hold multiple labels simultaneously. This parameter is upper-bounded by
both clique-width and treewidth (plus a constant), hence it generalizes both of them without an
exponential blow-up. Conversely, graphs of multi-clique-width k have clique-width at most 2k, and
there exist graphs with clique-width at least 2Ω(k). Thus, while the two parameters are functionally
equivalent, the fine-grained complexity of problems may differ relative to them.

As our first and main result we show that under ETH the Max Cut problem cannot be solved in
time n2o(k)

·f(k) on graphs of multi-clique-width k for any computable function f . For clique-width k

an nO(k) algorithm by Fomin et al. [SIAM J. Comput. 2014] is tight under ETH. This makes Max
Cut the first known problem for which the tight running times differ for parameterization by
clique-width and multi-clique-width and it contributes to the short list of known lower bounds
of form n2o(k)

· f(k). As our second contribution we show that Hamiltonian Cycle and Edge
Dominating Set can be solved in time nO(k) on graphs of multi-clique-width k matching the
tight running time for clique-width. These results answer three questions left open by Chekan and
Kratsch [MFCS 2023].
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1 Introduction

The framework of parameterized complexity allows a more detailed study of computational
complexity by expressing problem complexity as a function of both input size n and one or
more parameters. A problem with parameter k is fixed-parameter tractable (FPT) if it can
be solved in time f(k) ·nO(1), and slice-wise polynomial (XP) if it can be solved in time ng(k).
While these definitions allow any dependence on k, it is natural to seek to make this as low
as possible. Moreover, there has been much research activity on fine-grained (parameterized)
complexity, that is to find FPT and XP algorithms with optimal dependence on k subject to
hypotheses such as the (Strong) Exponential-Time Hypothesis (ETH and SETH).1

1 ETH is the hypothesis that there is c > 0 such that 3-SAT cannot be solved in time O(2cn), while
SETH states that for each ε > 0 there is q ∈ N such that q-SAT cannot be solved in time O((2 − ε)n).
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8:2 Tight Bounds for Some W[1]-Hard Problems Parameterized by Multi-Clique-Width

This has been most successful relative to structural parameters of graphs such as
treewidth (tw) and clique-width. For example, many standard problems (e.g., Vertex
Cover, Dominating Set, 3-Coloring) cannot be solved in subexponential FPT time,
i.e., in 2o(tw)nO(1), under ETH [64, 58]. On the other hand, for these problems standard
dynamic-programming algorithms on tree decompositions achieve those bounds implying their
tightness. Similar single-exponential tightness results for treewidth were shown for several
problems, e.g., Feedback Vertex Set, Hamiltonian Cycle, Treewidth [5, 17, 11].
The results of this flavor are not restricted to single-exponential running times. It was
shown that for some problems (e.g., Planar Vertex Cover, Planar Hamiltonian
Cycle) 2Θ(

√
tw)nO(1) is optimal [58], for some other problems (e.g., Vertex Disjoint

Paths, Chromatic Number) 2Θ(tw log tw)nO(1) is optimal [60, 17, 40, 23, 52], and some-
times (e.g., for Metric Dimension, Geodetic Set) even double-exponential running
time 22Θ(tw)

nO(1) is required [61, 53, 4, 31, 39]. ETH was also used to prove some tight
bounds for XP algorithms for W[1]-hard problems. For example, List Coloring and
CSP (with the treewidth of the primal graph) cannot be solved in time no(tw)f(tw) for any
computable function f [25].

For problems solvable in single-exponential time, even finer bounds can be achieved under
the stronger hypothesis, namely SETH. This line of research was initiated by Lokshtanov
et al. [59] who showed that for several standard problems (e.g., Independent Set, Domin-
ating Set, Odd Cycle Transversal), folklore dynamic-programming algorithms on tree
decompositions are optimal under SETH. For instance, Independent Set cannot be solved
in time (2 − ε)twnO(1) for any ε > 0 unless SETH fails. Since then, many results of this flavor
were shown for treewidth (see e.g., [66, 16, 62, 17, 19, 22, 28, 55, 23, 27, 26, 35, 36, 57]).

One of the limitations of treewidth is that only sparse graphs have bounded treewidth,
more precisely, a graph of treewidth k with n vertices contains at most kn edges. To overcome
this limitation, a variety of parameters generalizing treewidth was studied, most importantly
clique-width (cw). The clique-width of a graph is at most k if it can be constructed using
at most k labels where the operations, informally speaking, are such that vertices assigned
the same label may only get the same neighbors in the future, and relabeling is possible
to allow reusing the labels. For clique-width, many (S)ETH-tight results are also known
(e.g., [47, 6, 29, 15, 30, 2, 48, 43, 9, 34, 10, 57]). Even though bounded clique-width generalizes
bounded treewidth, an exponential blow-up is necessary sometimes: there exist graphs of
treewidth k and clique-width 2Θ(k) [14]. Thus, being FPT or XP relative to clique-width
transfers to parameter treewidth, but the same is not true for fine-grained bounds.

With this motivation, Martin Fürer introduced the two parameters fusion-width (fw) [32]
and multi-clique-width (mcw) [33] both generalizing treewidth and clique-width but with no
such exponential blow-up, i.e., the following relations apply:

fw ⩽ cw mcw ⩽ cw fw ⩽ tw + 2 mcw ⩽ tw + 2.

Fusion-width generalizes clique-width by allowing an additional operation which merges
all vertices of a certain label, while multi-clique-width essentially uses the same operations
as clique-width but it allows every vertex to hold multiple labels simultaneously. Even
though the three parameters are functionally equivalent [32, 33], in the context of fine-grained
complexity, the precise choice of the parameter matters. Fürer [32, 33] initiated the study of
the complexity of problems parameterized by these two parameters by considering variants
of the Independent Set problem. Chekan and Kratsch [12] continued this line of research
by first, establishing the relation mcw ⩽ fw + 1 between the two parameters. Second,
they showed that several problems (e.g., q-Coloring, Chromatic Number, Connected
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Vertex Cover) can be solved in the same running time when parameterized by clique-
width and its generalization multi-clique-width. The existing matching lower bounds for
clique-width then imply the tightness of their algorithms under (S)ETH. They left open
though whether Hamiltonian Cycle, Max Cut, and Edge Dominating Set can also be
solved in the same running time as for clique-width. For those problems, they only managed
to achieve the same running time for the weaker parameter fusion-width.

In this work, we answer these three questions. First, we show that Max Cut, known to
be solvable in nO(k) for clique-width, cannot be solved in time n2o(k) ·f(k) for any computable
function f for multi-clique-width unless ETH fails. An algorithm with matching running
time can be derived from the nO(k) algorithm for clique-width by Fomin et al. [29] using
the fact that a multi-k-expression can trivially be transformed into a 2k-expression [33].
This makes Max Cut the first and only problem known to separate clique-width and
multi-clique-width in terms of fine-grained parameterized complexity of problems. Also
it contributes to the short list of ETH-based lower bounds of form n2o(k) : to the best of
our knowledge, for structural graph parameters such a lower bound is only known for the
Chromatic Number, b-Coloring, and Fall Coloring problems parameterized by clique-
width (and therefore, of course, also for smaller parameters) [30, 45]. Our construction relies
on cuts forming anti-matchings. Crucially, we find out that “paths of anti-matchings” have
logarithmic multi-clique-width leading to the desired lower bound.

▶ Theorem 1. Unless ETH fails, there is no algorithm solving Max Cut in time n2o(k) ·f(k)
when the input graph G on n vertices is provided with a multi-k-expression of G for any
computable function f .

Second, we show that Hamiltonian Cycle and Edge Dominating Set can both be
solved in time nO(k) for multi-clique-width, i.e., in the same running time as for clique-width,
matching the lower bounds by Fomin et al. [29, 30].

▶ Theorem 2. Given a graph G on n vertices and a multi-k-expression of G, in time nO(k)

we can decide whether G admits a Hamiltonian cycle.

▶ Theorem 3. Given a graph G on n vertices, a multi-k-expression of G, and integer size,
in time nO(k) we can decide whether G admits an edge dominating set of size at most size.

To obtain those algorithms, we rely on the fact that for every vertex, only a constant
number of labels can participate in the creation of incident edges used by a solution.
For Hamiltonian cycles, we show that this idea can be combined with the machinery of
representative sets, which Bergougnoux et al. [2] used to obtain an nO(k) algorithm for
clique-width. As the main technical contribution behind this algorithm, we show that their
representation still applies to the more general operations used for multi-clique-width. To
obtain an algorithm for edge dominating sets, we use a known reformulation of the problem
in terms of vertex covers and matchings. This property is in contrast with the Max Cut
problem for which every edge may, in general, be used by a solution. Hence, one intuitively
needs to keep track of all labels of a vertex motivating the lower bound in Theorem 1.

Related work. (S)ETH-tight bounds have also been actively studied for various further
structural parameters. For example, going below treewidth, size of the modulator to constant
treewidth and related parameters were considered [42, 21]. For cutwidth many standard
problems [46, 65, 38, 7], connectivity problems [8], and several more [62, 63, 37] were studied.
Parameterizations by vertex-cover number [53, 20, 24, 52, 56], treedepth [55, 41, 52], vertex
integrity [54], and feedback-vertex-set number [63] were also studied. As for parameters
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8:4 Tight Bounds for Some W[1]-Hard Problems Parameterized by Multi-Clique-Width

for dense graphs, some results are known for rank-width [3] and modular-treewidth [44].
Recently, Lampis [50, 51, 49] also initiated a line of research devoted to conjectures weaker
than SETH from which the same tight bounds follow, for instance, pw-SETH.

Organization of the paper. In this work some technical details have been omitted due
to space constraints. We refer to the full version of the paper for all proofs [1]. First, we
set up the notation and definitions in Section 2. In Section 3 we present the lower-bound
construction for Max Cut. In Sections 4 and 5 we provide the algorithms for Hamiltonian
Cycle and Edge Dominating Set, respectively. Due to space constraints, some technical
details and full proofs are deferred to the appendix.

2 Preliminaries

For an integer k ∈ N, we define the sets [k] = {i ∈ N : 1 ⩽ i ⩽ k} and [k]0 = [k] ∪ {0}. For a
set S and an integer 0 ⩽ i ⩽ |S|, we define the family

(
S
i

)
= {T ⊆ S : |T | = i}.

Graphs in this paper are finite, simple, and undirected. We refer to [18] for standard graph
terminology. For a graph G and a set Q ⊆ E(G) of edges, the set V (Q) is the set of endpoints
of edges in Q. The subgraph G[Q] induced by the set Q is defined as G[Q] = (V (Q), Q).
A partition of G is a partition of V (G). Every partition in this paper has two parts,
called sides. For two sets A,B, we define the set EG(A,B) of edges crossed by (A,B)
as {uv ∈ E(G) : u ∈ A, v ∈ B}.

For an integer k ∈ N, a multi-k-labeled graph is a pair (H,λ) where H is a graph
and λ : V (H) → 2[k] is called a multi-labeling function. For a vertex v ∈ V (H), the set λ(v) is
called the label set of v (in λ). We will consider the following four operations on multi-k-labeled
graphs.
1. Introduce: For q ∈ N, labels i1, . . . , iq ∈ [k], and an element v, the operator v⟨i1, . . . , iq⟩

creates a multi-k-labeled graph with a single vertex v that has label set {i1, . . . , iq}.
2. Union: The operator ⊕ takes two vertex-disjoint multi-k-labeled graphs and creates their

(disjoint) union. The label sets are preserved.
3. Join: For labels i ̸= j ∈ [k], the operator ηi,j takes a multi-k-labeled graph (H,λ)

satisfying {i, j} ̸⊆ λ(v) for all v ∈ V (H), i.e., the label set of no vertex contains both
labels i and j simultaneously. And it creates the supergraph (H ′, λ) of H on the same
vertex set, i.e., V (H ′) = V (H), such that E(H ′) = E(H) ∪ {uv : i ∈ λ(u), j ∈ λ(v)}.
The label sets are preserved.

4. Relabel: For labels i ∈ [k] and S ⊆ [k], the operator ρi→S takes a multi-k-labeled
graph (H,λ) and creates the multi-k-labeled graph (H ′, λ′) satisfying H ′ = H and

λ′(v) =
{

(λ(v) \ {i}) ∪ S if i ∈ λ(v)
λ(v) otherwise

for every vertex v ∈ V (H). Informally speaking, the operation replaces every occurrence
of the label i by the set S. Note that it is in particular allowed to have i ∈ S or S = ∅.

A well-formed sequence of these four operations is called a multi-k-expression which we treat
as a rooted tree where the nodes naturally correspond to operations of the expression. A
multi-k-expression is linear if for every union-node at least one of the children is an introduce-
node. For a node x of this tree, the multi-k-labeled graph arising in the subtree rooted at x is
denoted by (Gx, λx). And Vx and Ex denote the sets of vertices and edges of Gx, respectively.
Then for the root r of the expression, the (unlabeled) graph Gx is a subgraph of Gr for every
node x. Hence the number of vertices and edges in Gx is upper-bounded by |Vr| and |Er|,
respectively. Chekan and Kratsch [13] simplified multi-expressions as follows:
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▶ Lemma 4 (Lemma 37 in [13]). Let ϕ be a multi-k-expression of a graph G on n vertices.
Then given ϕ in time polynomial in |ϕ| and k, we can compute a multi-k-expression ξ of G
such that in ξ there are at most O(k2 · n) nodes and for every node x the following holds.
If x is a ρi→S-node for some label i ∈ [k] and some label set S ⊆ [k], then we have S = ∅
or S = {i, j} for some j ̸= i ∈ [k]. And if x is a v⟨S⟩-node for some label set S ⊆ [k] and
some vertex v, then we have |S| = 1.

In the view of the previous lemma, we say that an operation of form ρi→∅ forgets label i. And
an operation of form ρi→{i,j} adds label j to label i. We always assume that the number of
labels used by an expression is upper-bounded by the number of vertices in the arising graph,
i.e., k ⩽ n. The best known FPT-approximation of multi-clique-width goes via rank-width
and has a double-exponential approximation ratio [12]. For this reason, as usual for results
of this flavor, in our algorithms we assume that a multi-k-expression is a part of the input.

A multigraph is a pair M = (V,E) where every element of the set E is a pair (e, {u, v}),
called a (multi-)edge, with u, v ∈ V . We require that for any (e, {u, v}) ̸= (e′, {u′, v′}) ∈ E,
we have e ≠ e′. Then e is an identifier of the multi-edge (e, {u, v}), thus we sometimes call u
and v the endpoints of e. For two vertices u, v ∈ V , the multiplicity of {u, v} is the number
of edges with the endpoints u and v. For a vertex v ∈ V , the value degM (v) is the degree
of v in M , i.e., degM (v) =

∑
(e,{u,w})∈E α(v, {u,w}) where

α(v, {u,w}) =


0 if v /∈ {u,w}
1 if v ∈ {u,w} and {u,w} ≠ {v}
2 if {u,w} = {v}.

3 Lower bound for Max Cut

This section is devoted to the proof of Theorem 1. In the Max Cut problem, given a
graph G and a value cut, we are asked whether there exists a partition (V1, V2) of the graph G
satisfying |EG(V1, V2)| ⩾ cut. As a starting point of our reduction we use Multicolored
Independent Set. There we are given a graph G = (U1 ∪ · · · ∪ Uk′ , E) where U1, . . . , Uk′

are pairwise disjoint equal-sized independent sets, each of size n′. The goal is to find a
multicolored set X – a set that contains exactly one vertex from each of the sets U1, . . . , Uk′ –
that is an independent set in G. The following lower bound is well-known: 2

▶ Theorem 5 (Theorem 5.2 in [58]). Unless ETH fails, there is no f(k′) · (n′)o(k′) time
algorithm for Multicolored Independent Set for any computable function f .

We define the value n as n = n′ − 1. In the following, we introduce some basic gadgets, then
we present a high-level overview of our reduction, after that we formalize the construction,
and sketch its correctness.

Basic gadgets. For a graph Q, the value opt(Q) is defined as the maximum |EQ(V1, V2)| over
all partitions (V1, V2) of Q. A partition (V1, V2) of Q is called optimal if |EQ(V1, V2)| = opt(Q),
and it is suboptimal otherwise. In our construction we use two values C and D such that the
number of edges crossed by a suboptimal partition of one gadget Q is at most opt(Q) −D.
We choose C and D sufficiently large (but still polynomial in n′ and k′) so that every optimal
partition of our final graph needs to respect the properties imposed by all the gadgets.

2 The lower bound in [58] is stated for Multicolored Clique but there is a trivial parameter-preserving
reduction from Multicolored Clique to Multicolored Independent Set which simply flips
adjacencies between all pairs of sets Ui and Uj with i ̸= j.
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u

. . .

u

. . .

v v

u

v

w

F ′(u, v) F ′(v, w)

F ′(u,w)

(a) F (u, v) (b) F ′(u, v) (c) T (u, v, w)

Figure 1 Gadgets (a) F , (b) F ′, and (c) T .

The following two gadgets were introduced by Fomin et al. [29]. An F -gadget F (u, v) is
a graph consisting of C vertex-disjoint paths, each of length 2, between u and v. An F ′-
gadget F ′(u, v) is defined analogously using paths of length 3 (see Figure 1 (a) and (b)). The
properties of F and F ′ are summarized in Table 1. The gadget F or F ′ can thus guarantee
that the vertices u and v are on the same side of a partition or on different sides, respectively.

Table 1 Maximum value of |EQ(V1, V2)| over the partitions (V1, V2) of Q depending on whether u

and v on the same side, or on different sides. This follows from [29, Lemma 4.2].

Gadget Q u and v on the same side u and v on different sides
F (u, v) opt(F ) = 2C opt(F ) − C

F ′(u, v) opt(F ′) − C opt(F ′) = 3C

We define an T (u, v, w)-gadget to consist of an F ′-gadget between u and v, an F ′-gadget
between u and w, and an F ′-gadget between v and w (see Figure 1 (c)). Every partition
of u, v, w either puts all three vertices on the same side, in which case all F ′-gadgets are
“falsified” and the maximum number of edges crossed is 3 · opt(F ′) − 3C, or it puts precisely
two vertices on the same side, i.e., falsifies exactly one F ′-gadget and can cross 3 ·opt(F ′)−C

edges. This gadget can thus guarantee that not all vertices u, v, w are on the same side.
We generalize the “Hs,t-gadget” by Fomin et al. [29]: for integers 1 ⩽ α ⩽ t ⩽ n

and pairwise distinct vertices x1, . . . , xt, y, z, we define H if
α,t(x1, . . . , xt, y, z) as sketched in

Figure 2. The vertices x1, . . . , xt, y, z are called the entry points of H if
α,t(x1, . . . , xt, y, z).

Every optimal partition of this gadget either puts y and z on different sides, or y and z are
on the same side Vi for some i ∈ [2] and at most α vertices from {x1, . . . , xt} are on the
other side V3−i. Furthermore, every suboptimal partition crosses at least D edges less.

High-level overview. We may assume that k′ =
(

k
k/2

)
/2 holds for some integer k. Let the

integer k ∈ O(log k′) thus be fixed in the remainder of this section. We define the sets:

S =
{
S ∈

(
[k]
k/2

)
: 1 ∈ S

}
S̃ =

{
S ∈

(
[k]
k/2

)
: 1 /∈ S

}
with |S| = |S̃| = k′. And we fix an arbitrary bijection ϕ : [k′] → S. For a set S ⊆ [k], the
complement set S is defined as [k] \S. And for every integer i ∈ [k], let Ui = {uγ

i : γ ∈ [n]0}
be the vertices of the independent set Ui.
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x1

y

n− α

z

F

F

F

αt

P1 P2n

r1 rn−α

D

n− t

F

F

xt

F

F

F

F

F

F

F

F

F

F

F

F

F

F

F

F

F

F

F

F

F

F

F

F

F

F

F

F

F

F F

T T

Figure 2 Gadget H if
α,t(x1, . . . , xt, y, z) (adapted Figure 2 in [29] by Fomin et al.). There is a

complete bipartite graph between any two columns Pi and Pj with i ̸= j ∈ [2n].

Now we sketch the construction of the instance (G∗, cut) of Max Cut (see Figures 3
and 4 for an illustration). Even though we rely on some gadgets introduced by Fomin et
al. [29], our reduction is quite different to theirs. For instance, we start with a different
problem and we do not preserve the structure of the graph G. The main component of our
graph G∗ is a selection gadget such that every optimal partition (V1, V2) of this gadget is
associated with a multicolored set X of G; we say that (V1, V2) selects X on this gadget. The
graph G∗ has a copy of this selection gadget for each edge of G. These copies are connected
in a path-like way so that every partition (V1, V2) of G∗ with |EG∗(V1, V2)| = cut selects
the same set in each selection gadget. Moreover, each selection gadget associated with an
edge viwi of G is connected to a combination of five H if -gadgets forcing the set X to contain
at most one of the endpoints vi and wi of this edge.

We start by describing how a single selection gadget works. The function ϕ is a bijection
such that each of the independent sets U1, . . . , Ut of the graph G = (U1 ∪ · · · ∪ Uk′ , E)
corresponds to a set S = ϕ(i) from S. Therefore, we start by adding a set AS on n vertices
forming a clique to the graph G∗. In our reduction, selecting a vertex uγ

i ∈ Ui into a
multicolored set X of G transfers to placing precisely γ vertices of AS to the side V1 of a
partition (V1, V2) of G∗, i.e., having the equality |AS ∩ V1| = γ.

The optimal partitions of the clique AS are the ones where precisely half (i.e., n/2) of
the vertices of AS are in V1. But our aim, for now, is to allow selecting any vertex of Ui,
i.e., to place any number of vertices of AS into V1 and still potentially be able to extend it
to an optimal partition of G∗. To achieve this, we add a set BS of n new vertices to G∗ so
that AS ∪BS forms a clique. Now no matter what the partition of AS is, it is possible to
“compensate” it by partitioning BS accordingly so that the clique AS ∪BS is crossed optimally.
In this case AS and BS are partitioned in a complementary way, i.e., |AS ∩ V1| = |BS ∩ V2|.

Next we ensure that the vertices selected in each of the sets U1, . . . , Uk′ induce an
independent set in G. For every edge uα

i1
uβ

i2
of G, we are allowed to select at most one vertex

among the endpoints uα
i1

and uβ
i2

of this edge. So in the graph G∗, we forbid that at the
same time, exactly α vertices of Aϕ(i1) and exactly β vertices of Aϕ(i2) are put into V1. In
other words, at least one of the following four cases has to apply:

at most α− 1 vertices of Aϕ(i1) are put into V1,
or at least α+ 1 vertices of Aϕ(i1) are put into V1,
or at most β − 1 vertices of Aϕ(i2) are put into V1,
or at least β + 1 vertices of Aϕ(i2) are put into V1.
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A{1,2}

A{3,4}

A{1,3}

A{2,4}

A{1,4}

A{2,3}

B{3,4}

B{1,2}

B{2,4}

B{1,3}

B{2,3}

B{1,4}

H if

H if

H if

H if

H if

Figure 3 A selection gadget for n = 3 and k = 4. For every set S ∈
([4]

2

)
, there are 3 vertices

in each of the sets AS and BS . Each white rectangle is a clique. Each vertex in the set AS is
connected by an orange F ′-gadget to its counterpart in AS . Between A- and B-vertices, there
is a gray “thickened anti-matching”, i.e., almost all edges are present, but there are no edges (in
dashed red) between AS and B

S
for every set S. The attached H if-gadgets handle an edge of G

with one endpoint in Uϕ−1({1,2}) and the other in Uϕ−1({1,4}). Dotted lines sketch the connections
from those H if-gadgets to their entry points. We emphasize that those dotted lines are not simply
edges/non-edges but rather the more involved H if -connections sketched in Figure 2.

We use an H if -gadget to implement a disjunction of those cases. And to capture each of the
cases, we also use a H if-gadget. Now if we attach the gadgets for all non-edges (there may
be Ω(n2) of them) to the same selection gadget, we get a huge number of “neighborhoods”
preventing an expression of low multi-clique-width.

Instead, as standard in lower-bound constructions of this flavor, we copy selection gadgets.
Namely, for every edge of G, we create a copy of

⋃
S∈S AS ∪BS and attach the corresponding

five H if -gadgets to this copy. It remains to ensure that an optimal partition of the final graph
selects the same multicolored set on each of, say m, selection gadgets. So for every j ∈ [m−1]
and every vertex of BS in the j-th copy, we connect this vertex and its counterpart in
the j + 1-st copy of AS by an F ′-gadget so that these vertices appear on different sides of
the partition. This ensures that any optimal partition (V1, V2) splits j-th copy of BS and
the j + 1-st copy of AS in a complementary way. Since the j-th copies of AS and BS also
need to be split this way, the partitions on the j-th and the j + 1-st copy of AS coincide,
and therefore the same selection is made on any two consecutive copies.

As it is now, the multi-clique-width of the construction is very high. In every copy there
is an induced matching of size k′ using one edge between AS and BS for each S ∈ S. Also,
from every vertex in BS , there is an F ′-gadget to its counterpart in the next copy of AS .
And on the level of cuts of the expression, each F ′-gadget behaves similarly to an edge of an
induced matching: it yields a private neighborhood disjoint from the neighborhoods of the
other vertices. So there is a long sequence of cuts with large induced matchings and large
numbers of F ′-gadgets. To overcome this issue, we finally adapt every copy as follows.

First, we extend the whole construction from the family S to the family S ∪ S̃. And we
add an F ′-gadget between every vertex of AS and its counterpart in AS in the same copy to
enforce complementary behavior. In every copy of a selection gadget we make a clique of each
set AS ∪BT satisfying S, T ∈ S ∪ S̃ and T ̸= S. Observe that because S ∪ S̃ =

( [k]
k/2

)
holds,

for every set S ∈ S ∪ S̃, the only set T ∈ S ∪ S̃ with S ∩ T = ∅ is precisely the set T = S. In
other words, the set AS ∪BT does not become a clique only if S and T are disjoint sets. This
characterization will be useful to construct a multi-expression in a moment. This way, the
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j j + 1
BA

S1 S1

S1S1

S2 S2

S2S2

S1S1

S1 S1

S2S2

S2 S2

BA

S1 S1

S1S1

S2 S2

S2S2

S1S1

S1 S1

S2S2

S2 S2

j + 2 j + 3
BA BA

Figure 4 Part of the lower-bound construction for four copies between j and j + 3. Between A

and B of the same copy all edges are present except when having one endpoint in some AS and
the other in B

S
. There is an F ′-gadget between every vertex of BS and its counterpart in the

next copy of AS . Five H if -gadgets handling the corresponding edge of G are attached to each copy.
Between Ui1 and Ui2 with i1 ̸= i2, there may be multiple edges of G. So there may be multiple
copies (e.g., j and j + 1) where the H if-gadgets are attached to the vertices of AS for the same
sets S ∈ S ∪ S̃ – the actual connections sketched with dotted lines differ for different edges though.

cut between
⋃

S∈S AS and
⋃

S∈S BS of the same copy from a “thickened matching” becomes
a “thickened anti-matching”, i.e., there are all edges except for the ones with one endpoint
in AS and the other in BS for some set S ∈ S ∪ S̃.

Crucially, we can now create the edges of the graph G∗ in a multi-expression using O(k)
labels only. Essentially, every vertex of the set AS or BS gets label set {qA : q ∈ S}
or {qB : q ∈ S}, respectively. And we join qA with qB for every q ∈ [k]. Now there is a
complete bipartite graph between AS and BT if and only if there is a value q ∈ S ∩ T , i.e.,
if T ̸= S. We also ensure that, vaguely speaking, the F ′-gadgets between the j-th copy of BS

and the j + 1-st copy of AS do not belong to the same cut of the expression. Thus we can
reuse a constant number of labels for all F ′-gadgets. At most five H if-gadgets are attached
to every copy and a constant number of reusable labels suffices to create those edges too.

Construction. Now we formally define the instance (G∗, cut). Let m = |E| be the number
of edges in G and let E = {v1w1, . . . , vmwm} be those edges. We start the construction
of G∗ with two vertices d1 and d2 connected by an F ′-gadget. And we add a vertex d′

2 and
connect it to d2 by an F -gadget. The aim of these gadgets is to ensure that in any optimal
partition of G∗, the vertex d1 is on the one side and the vertices d2 and d′

2 are on the other
side. So the function of the vertices d1, d2, d

′
2 is to be the reference vertices for the sides of a

partition. Then we proceed as follows for every index j ∈ [m].
For every S ∈ S ∪ S̃, we add the sets

AS(j) = {ai
S(j) : i ∈ [n]}, BS(j) = {bi

S(j) : i ∈ [n]}

of n new vertices each such that AS(j) induces a clique and BS(j) induces a clique. For
every set S ∈ S and every index i ∈ [n], we add an F ′-gadget between ai

S(j) and ai
S

(j). Also
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for all pairs of sets S, T ∈ S ∪ S̃ satisfying T ̸= S and all indexes i, i′ ∈ [n], we add the
edge ai

S(j)bi′

T (j). And we define the sets

A(j) =
⋃

S∈S∪S̃

AS(j), A =
⋃

j∈[m]

A(j), B(j) =
⋃

S∈S∪S̃

BS(j), B =
⋃

j∈[m]

B(j).

The pair vjwj ∈ E is an edge of G. So let the indices i1(j) ̸= i2(j) ∈ [k′] and α(j), β(j) ∈
[n]0 be such that vj = u

α(j)
i1(j) and wj = u

β(j)
i2(j). Further let S1(j) = ϕ(i1(j)) ∈ S and S2(j) =

ϕ(i2(j)) ∈ S be the sets from S corresponding to the independent sets Ui1(j) and Ui2(j)
containing the vertices vj and wj , respectively. We add the set

Z(j) =
{
z

<α(j)
1 (j) : α(j) ̸= 0

}
∪

{
z

>α(j)
1 (j) : α(j) ̸= n

}
∪

{
z

<β(j)
2 (j) : β(j) ̸= 0

}
∪

{
z

>β(j)
2 (j) : β(j) ̸= n

}
of pairwise distinct new vertices. Note that each of these four sets consists of at most one
vertex: for example, the first set consists of a single vertex z<α(j)

1 (j) if α(j) is non-zero, and
it is empty otherwise. So the set Z(j) contains at most four vertices. Also note that due
to n′ > 1, i.e., n > 0, the set Z(j) consists of at least two vertices.

We add the gadget H if
|Z(j)|−1,|Z(j)|(Z(j), d2, d

′
2) denoted by H if(Z(j)). Because the

vertices d2 and d′
2 may be assumed to be on the same side of the partition of G∗ as argued

before, this gadget ensures that at most |Z(j)| − 1 out of |Z(j)| vertices of Z(j) are on the
different side, i.e., at least one of them is on the same side as d2. Informally speaking, this
employs the distinction of the cases of how at least one of the endpoints vj and wj of the
current edge may be not selected. To handle these cases, we add the following gadgets.

If z<α(j)
1 (j) ∈ Z(j), add H if

α(j)−1,n(AS1(j)(j), d2, z
<α(j)
1 (j)).

If z>α(j)
1 (j) ∈ Z(j), add H if

n−(α(j)+1),n(A
S1(j)(j), d2, z

>α(j)
1 (j)).

If z<β(j)
2 (j) ∈ Z(j), add H if

β(j)−1,n(AS2(j)(j), d2, z
<β(j)
2 (j)).

If z>β(j)
2 (j) ∈ Z(j), add H if

n−(β(j)+1),n(A
S2(j)(j), d2, z

>β(j)
2 (j)).

To understand the function of these gadgets, imagine that the vertex z
<α(j)
1 (j) is on the

same side as d2. Then the first gadget ensures that at most α(j) − 1 vertices of AS1(j)(j)
are placed on the different side. In particular, this number is not equal to α(j) and the
vertex vj is not selected as desired. Further, if the vertex z>α(j)

1 (j) is on the same side as d2,
then the second gadget ensures that at most n− (α(j) + 1) vertices of A

S1(j)(j) are on the
different side. And because the partitions of AS1(j)(j) and A

S1(j)(j) are “complementary”
due to F ′-gadgets, at most α(j)+1 vertices of AS1(j)(j) are on the different side of d2, i.e., vj

is, again, not selected. The last two gadgets have an analogous function for the endpoint wj .
We define the value cut(j) as the sum of opt(H) over these at most five H if-gadgets.

Finally, for j ∈ [m− 1], i ∈ [n], and S ∈ S ∪ S̃, we add an F ′(bi
S(j), ai

S(j + 1))-gadget. This
concludes the construction of the graph G∗. We define the value cut as follows.

cut = N · opt(F ′) + opt(F ) +
( ∑

j∈[m]

cut(j)
)

+m · (L1 + L2) where

L1 = k′ · (2k′ − 2) · n2 L2 = 2k′ · n2 N = 1 +m · k′ · n+ (m− 1) · 2k′ · n.

Here the value N is precisely the number of F ′-gadgets in G∗ not contained in larger gadgets.
The sum defining the value cut reflects partitioning every gadget (not contained in a larger
gadget) optimally and crossing m · (L1 + L2) further edges. We show that m · L1 edges are
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a1S(j) a1
S
(j) b1S(j − 1) b1

S
(j − 1)

A(1) A(2) ∪B(1) A(3) ∪B(2) . . . A(m) ∪B(m− 1) B(m)d1 d2 d′2(a)

(c) a2S(j) a2
S
(j) b2S(j − 1) b2

S
(j − 1) . . .

AS1
(j) ∪ A

S1
(j) ∪

BS1
(j − 1) ∪ B

S1
(j − 1) . . .

AS|S|
(j) ∪ A

S|S|
(j) ∪

BS|S|
(j−1)∪B

S|S|
(j−1)

z<αj r1 . . . rαj−1 . . . z>αj . . ...
.

. . .(b)

H if(z<αj ) H if(Z(j))

..
.

Figure 5 Order of the introduce-nodes in the constructed linear multi-expression. Gadget
connections are sketched with dotted lines. Three blue diamonds depict a column of an H if -gadget.
An orange hexagon is an F ′-gadget and a red triangle is a T -gadget. (a) High-level overview. (b)
Order for fixed j ∈ [m − 1]. (c) Order for fixed j ∈ [m − 1] and fixed S ∈ S.

crossed once F ′-gadgets are “satisfied”, and crossing m · L2 further edges requires making
complementary choices on AS(j) and BS(j). Using this property, we show the correctness of
the reduction. A linear multi-O(k)-expression of G∗ is sketched in Figure 5. This expression
can be computed in time polynomial in n′ and k′. In particular, the size of the graph G∗ is
also polynomial in n′ and k′. From this Theorem 1 follows.

Fomin et al. [29] gave an nO(k) algorithm parameterized by clique-width. It is straight-
forward to transform a multi-k-expression into a 2k-expression [33] so we obtain an nO(2k)

algorithm for multi-clique-width implying the tightness of our lower bound under ETH.

4 Algorithm for Hamiltonian Cycle

In the Hamiltonian Cycle problem, one is asked whether a graph G contains a Hamiltonian
cycle, i.e., a cycle visiting each vertex of G precisely once. We show that the problem can
be solved in time nO(k) on graphs provided with multi-k-expressions. The crux behind the
algorithm can be sketched as follows. Every vertex is incident with precisely two edges in
any Hamiltonian cycle. And a partial solution of this problem is usually a path packing of
the subgraph created in the expression so far. So for every endpoint of a path in a path
packing, it suffices to guess one label “responsible” for the creation of the missing incident
edge of the sought Hamiltonian cycle later. Here, for a path on a single vertex, we treat
this vertex as two independent endpoints. With this idea in hand, we are able to adapt the
algorithm by Bergougnoux et al. [2] working on clique-expressions to multi-expressions.

Clique-expressions are essentially multi-expressions where no vertex holds multiple labels
simultaneously. To solve the problem, Bergougnoux et al. [2] study the unique auxiliary
multigraph of a path packing of the current graph. In this multigraph, the vertex set is equal
to the label set [k] of the provided clique-expression. And for every path, say with endpoints
u and v, of the path packing it contains one multi-edge between the labels of u and v. Even
though the number of possible auxiliary multigraphs can be nΘ(k2) – for every pair of labels
the multiplicity of the corresponding edge can vary between 0 and n – Bergougnoux et al. [2]
apply the technique of representative sets to argue that what really matters about such
an auxiliary multigraph is its degree sequence and the set of connected components. This
reduces the number of relevant partial solutions to nO(k). For multi-k-expressions, every path
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{1, 2} {1, 3}

{2} {1, 4}

{2, 3}

(a) (b) (c)

1

3

2

4

1

3

2

4

Figure 6 (a) A path packing of a graph and (b), (c) two examples of auxiliary multigraphs for it.

packing now yields multiple auxiliary graphs: any label of an endpoint of a path packing
can be used at a join-node to create the missing incident edge. Crucially, the number of
types of auxiliary multigraphs based on their degree sequences and connected components
remains bounded by nO(k). In the remainder of this section, we sketch the details behind
the algorithm idea and its correctness. We stick to the notation introduced by Bergougnoux
et al. [2]. From now on the graph G on n vertices and a multi-k-expression of G are fixed,
and all multigraphs have vertex set [k].

For a node x of the expression, a path packing P of x is a spanning (i.e., containing
all vertices of Gx) set of vertex-disjoint paths in Gx. A path labeling ϕ of P in x is a
mapping ϕ : P →

([k]
1

)
∪

([k]
2

)
such that the following holds for every path P ∈ P . Let u and v

be the endpoints of P (with u = v if and only if P has length 0) and let i, j ∈ [k] be such
that {i, j} = ϕ(P). Then we either have i ∈ λx(u) and j ∈ λx(v), or i ∈ λx(v) and j ∈ λx(u).
So for every endpoint of a path in P, the mapping ϕ remembers one label. The pair (P, ϕ)
is a partial solution of x. The set Π(x) is defined as the set of all partial solutions of x. In
the auxiliary multigraph aux(P, ϕ) of (P, ϕ), the multiplicity of {i, j} in aux(P, ϕ) is equal
to

∣∣ϕ−1({i, j})
∣∣ for all i, j ∈ [k]. So for every path P in P, aux(P, ϕ) contains one edge with

endpoints in ϕ(P ) (see Figure 6). We define the set aux(x) = {aux(P, ϕ) : (P, ϕ) ∈ Π(x)}.
For multigraphs A and B, we write A ≃ B if for every vertex i ∈ [k], we have degA(i) =

degB(i) and the sets of connected components of A and B coincide. For a set A of multigraphs,
the operation reduce(A) returns a subset of A with precisely one element from each equivalence
class of A/ ≃. The output has a bounded size as shown by Bergougnoux et al. [2]:

▶ Lemma 6 (Lemma 2 in [2]). For every A ⊆ aux(x), we have |reduce(A)| ⩽ nk · 2k(log2(k)+1)

and we can moreover compute reduce(A) in time O(|A| · nk2 log2(nk)).

Let C be a multigraph each of whose edges is colored red or blue. A red-blue Eulerian
trail of C is a closed walk visiting each edge of C precisely once such that red and blue edges
alternate on this walk. Red edges will represent paths of partial solutions created so far
while the blue edges correspond to hypothetic paths possibly created later in the expression.

For two multigraphs A and B, we use A⊎B to denote the edge-disjoint union of A and B.
Now let A and B be two families of multigraphs such that the edges of those multigraphs are
colored red. We write A ≲ B if for every multigraph M whose edges are colored blue, the
following holds: if there is a multigraph B ∈ B such that B ⊎M admits a red-blue Eulerian
trail, then there also exists a multigraph A ∈ A such that A ⊎M admits a red-blue Eulerian
trail. In this case, we also say that A represents B. Observe that ≲ is a transitive relation.
Bergougnoux et al. [2] showed that the operation reduce preserves the relation ≲, namely:

▶ Lemma 7 (Lemma 6 in [2]). For every family A ⊆ aux(x), it holds that reduceH(A) ≲ A.
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We focus on the computation, for every node x, of a bounded-size family Ax ⊆ aux(x)
satisfying Ax ≲ aux(x). For an introduce-node, there is one auxiliary multigraph whose
computation is straightforward. In the remainder, we sketch how the desired set Ax can be
computed from such sets of the children of x. If x forgets a label i, it suffices to discard the
multigraphs in which the degree of i is non-zero. We show that this maintains representation.

Let i ̸= j ∈ [k] be two labels. To handle an add-label operation ρi→{i,j}, we define the
mapping Ri→j : [k] → 2[k] as Ri→j(i) = {i, j} and Ri→j(ℓ) = {ℓ} for every label ℓ ≠ i ∈ [k].
And for a multigraph A, we define the family Ai→j consisting of all multigraphs A′ for
which there exists a bijection ψ : E(A) → E(A′) with the following property. For every
edge

(
e, {a, b}

)
of A, let

(
e′, {a′, b′}

)
= ψ

(
e, {a, b}

)
, then we have e′ = e and either a′ ∈

Ri→j(a), b′ ∈ Ri→j(b) or a′ ∈ Ri→j(b), b′ ∈ Ri→j(a). Now if a node x of the multi-expression
adds label j to label i, for every endpoint of a path in a path packing mapped to i, we can
decide whether it remains mapped to i or “switches” to j. So on the level of the auxiliary
multigraph A, for every endpoint i of some edge of A, we can freely decide whether this
endpoint remains in i or switches to j. The definition of the family Ai→j then reflects all
possibilities for such switches. And this process maintains representation.

▶ Lemma 8. Let (Gx, λx) = ρi→{i,j}(Gy, λy) for some i ≠ j ∈ [k]. Further, let a subset Ay ⊆
aux(y) satisfy Ay ≲ aux(y). We define the set Ax as

Ax =
⋃

A∈Ay

Ai→j .

Then we have Ax ⊆ aux(x) and Ax ≲ aux(x).

If the node x is a union-node, the partial solutions for x are simply given by pairwise
unions of partial solutions of the children. And this, in fact, also maintains representation.

It remains to process join-nodes. Suppose we want to add an edge between a vertex
containing label i and a vertex containing label j to some path packing so that it remains
a path packing. In an auxiliary graph, this corresponds to taking two distinct edges, one
with endpoints in i and some label a and the other with endpoints in j and some label b,
and replacing them with a single edge with endpoints a and b. At most n− 1 edges can be
added to a path packing this way without breaking the acyclicity. However, applying the
described “combine-operation” n− 1 times might explode the size of the computed set of
auxiliary multigraphs. To avoid this, after every single application of this combination, we
will apply the operation reduce. Now we set up the required notation.

Let i ̸= j ∈ [k] be two labels. For a multigraph A, we define the family A + {i, j}
of multigraphs in two steps. First, it contains A as a subset. Second, let a, b ∈ [k] and
let (e, {a, i}) and (e′, {b, j}) be two distinct edges of A. The multigraph obtained from A by
removing the edges e and e′ and adding a new edge (e′′, {a, b}) belongs to A+ {i, j}. Let us
emphasize that we allow any of e and e′ to be a loop. And we also allow e and e′ to have the
same set of endpoints: in this case, both edges have endpoints i and j. It is important that e
and e′ are distinct: this way, we remove two edges and replace them with a new one. For the
joining sketched above, this corresponds to the fact that we never connect two endpoints of
the same path (i.e., “close a cycle too early”) but rather make a longer path consisting of two
old paths and one new edge. For a family A of multigraphs, we define the family A + {i, j}
simply as A + {i, j} =

⋃
A∈A A + {i, j}. We also define the family A + 0 · {i, j} = A and

for a positive integer q, we define the family A + q · {i, j} =
(

A + (q − 1) · {i, j}
)

+ {i, j}.
Following Bergougnoux et al. [2] we show that this maintains representation:
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▶ Lemma 9. Let (Gx, λx) = ηi,j(Gy, λy). Let a subset Ay ⊆ aux(y) satisfy Ay ≲ aux(y).
Let A0

x = Ay and for q ∈ [n−2]0 let Aq+1
x = reduce(Aq

x+{i, j}). Then we have An−1
x ⊆ aux(x)

and An−1
x ≲ aux(x).

With this, in a bottom-up fashion we compute a family Ar ≲ Π(aux(r)) for the root-node r.
At each node x, we apply the reduce-operation to keep the size of the family Ax bounded.
Similarly to Bergougnoux et al. [2], we show that computing Ar suffices to solve the problem.

Fomin et al. [30] showed that under ETH no algorithm solves Hamiltonian Cycle
in time f(k) · no(k) for any computable function f when the input graph is provided with
a k-expression. Since a k-expression of a graph can trivially be transformed into a multi-k-
expression of the same graph [33], our algorithm is tight under ETH.

5 Algorithm for Edge Dominating Set

For a graph G, a set Q ⊆ E(G) of edges is called an edge dominating set if the sub-
graph G[V (G) \ V (Q)] is edgeless. We will rely on a folklore equivalence. A graph G admits
an edge dominating set of size at most size if and only if there exists a pair (S,M) where
the set S is a vertex cover of G, the set M is a matching in G with V (M) ⊆ S, and we
have |M | + |S \ V (M)| ⩽ size (see Figure 7).

(a) (b) (c)

Figure 7 (a) An orange edge dominating set of a graph. (b) A purple minimal edge dominating
set Q. (c) Green vertex cover V (Q) and green matching M with one edge per connected component
of G[Q] satisfy |Q| = |V (Q)| − |M |.

Then for a node x of the expression, a partial solution of x is a pair (S,M) such that S
is a vertex cover of Gx and M is a matching of Gx satisfying V (M) ⊆ S. The crucial idea
behind bounding the number of relevant footprints (defined in a moment) is that for every
vertex in S \ V (M), it suffices to “guess” one label that will later lead to the creation of
an incident edge added to M (if such an edge will exist at all). So a label choice for the
partial solution (S,M) of x is now a mapping ϕ : S \ V (M) → [k] such that ϕ(v) ∈ λx(v) for
all v ∈ S \ V (M), i.e., ϕ maps every vertex of S “not matched” by M to one of its labels.

For a partial solution (S,M) of x and a label choice ϕ of (S,M), the footprint in x is
the triple (I, ψ, ℓ) defined as follows. The set I =

⋃
v∈Vx\S λx(v) of all labels of vertices

in Vx \ S is used to ensure that Vx \ S remains an independent set at join-nodes. The
mapping ψ : [k] → [n]0 with ψ(i) =

∣∣ϕ−1(i)
∣∣ for all i ∈ [k] remembers how many vertices

are mapped to each label from [k]. First, the mapping ψ is used to create matching edges
at join-nodes and second, it is relevant to keep track of the size of the corresponding edge
dominating set. And ℓ = |M | is the cardinality of the matching. The set Sx of footprints
of x is defined as footprints of all partial solutions of x and all their label choices. Crucially,
the number of possible footprints is bounded by nO(k) for every node. For every node type
we provide a procedure that computes the footprints of a node from the footprints of its
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child(ren). This way we compute the set Sr of footprints of the root-node r. Then the graph
admits an edge dominating set of size size if and only if the set Sr contains a footprint (I, ψ, ℓ)
with ℓ+

∑
i∈[k] ψ(i) ⩽ size. This proves Theorem 3.

Fomin et al. [30] showed that under ETH no algorithm solves Edge Dominating
Set in time f(k) · no(k) for any computable function f when the input graph is provided
with a k-expression. Since a k-expression of a graph can trivially be transformed into a
multi-k-expression of the same graph [33], our algorithm is tight under ETH.

6 Conclusion

We have answered three open questions left by Chekan and Kratsch [12] about the fine-
grained complexity of Max Cut, Hamiltonian Cycle, and Edge Dominating Set with
respect to multi-clique-width. For Max Cut we ruled out time n2o(k) assuming ETH, while a
matching algorithm can be obtained by using that multi-clique-width k implies clique-width
is at most 2k. In contrast, for Hamiltonian Cycle and Edge Dominating Set we
were able to give algorithms with the same time bound nO(k) as for clique-width, which
matches known lower bounds that extend to multi-clique-width. It would be interesting
to study further problems that are XP (but likely not FPT) and have tight bounds with
respect to clique-width and to determine such tight bounds relative to multi-clique-width and
fusion-width. Are there problems that separate two or even all three of these parameters?

The same question can also be posed for problems that are FPT for clique-width. So
far, for a small selection of problems, the same tight bounds were obtained for all three
parameters [32, 33, 12]. It would similarly be interesting to find separations between them.

The fact that multi-clique-width generalizes treewidth (and clique-width) with only
a constant increase in value arguably makes it an attractive parameter for fine-grained
parameterized complexity. This would be much strengthened if there were a better way to
approximate it, say in FPT time. So far, only a doubly-exponential approximation follows
from its relation to clique-with. Can this be improved?
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