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—— Abstract

We describe a procedure that extracts existential strategies from verification proofs in the Long-

Distance Consensus (i.e., Term Resolution) proof system when augmented with dependency schemes.
We prove that when the standard dependency scheme D™ is used, the extracted strategies are
winning strategies, thus establishing soundness of the proof system LDQ(D***)-Consensus. We show
through a counterexample that this approach fails to show soundness for LDQ(D"*®)-Consensus.
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1 Introduction

Quantified Boolean formulas (QBFs) provide a succinct encoding for problems in PSPACE,
with significant applications in formal verification, synthesis, and planning [4, 9, 11, 17].
While SAT-based approaches remain the state of the art in many cases, QBF solver technology
has advanced rapidly through a variety of new techniques [13, 7, 14], supported by an evolving
theoretical understanding of underlying proof systems [3, 5, 6, 8].

Modern search-based QBF solvers, such as those implementing the QCDCL algorithm [10,
19], generally operate by learning constraints to prune the search space. To establish the
falsity of a formula, solvers learn clauses via (long-distance) Q-resolution, whereas to establish
truth, they learn terms (or cubes) via (long-distance) Q-consensus. In both cases, the solver
is traditionally restricted by the variable dependencies induced by the quantifier prefix.
The solver DepQBF overcomes this in certain cases by using dependency schemes [13, 12],
which identify pairs of independent variables and allow the solver to bypass the prefix order,
significantly expanding the power of decision heuristics.

The addition of dependency schemes to Q-resolution and Q-consensus has been shown to be
sound for D5*¢ and D*** (the standard and reflexive resolution-path dependency schemes) [16],
and long-distance Q-resolution was shown to be sound for normal dependency schemes [15].
(Both D**¢ and D*** are normal schemes.) However, a significant gap remained on the dual
side of the calculus, as there was no proof of soundness for long-distance Q-consensus with
dependency schemes. The soundness proof for Q(D)-Consensus for D € {D5*¢, D***} shows
that countermodels with restricted dependencies are preserved by existential reduction [16],
but this does not work with syntactically contradictory cubes derived by LDQ-Consensus.
Moreover, while LDQ-Res derives clauses directly from the CNF matrix, LDQ-Consensus works
with cubes constructed on the fly from satisfying assignments. Since dependencies are defined
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with respect to the CNF, the soundness proof for LDQ-Res, which relies on a correspondence

between derivable clauses and dependency-inducing connections in the CNF [15], does not

transfer either. In this paper, we resolve this discrepancy:

(a) We provide a proof using strategy extraction that shows soundness of LDQ(D)-Consensus
under the standard dependency scheme.

(b) We provide a counterexample demonstrating where our strategy extraction fails when
the dependency scheme is the reflexive resolution path scheme.

We first show, in Section 3, how strategy extraction can be performed from Q(D)-Consensus

proofs, by adapting the approach of Balabanov and Jiang [1]. Then, in Section 4, we further

modify this approach, building on ideas of Balabanov, Jiang, Janota, and Widl [2], to extract

strategies from LDQ(D*%)-Consensus proofs and establish soundness. It is worth noting

(though we don’t prove it formally) that our strategy extraction can be done in linear time.

2 Preliminaries

2.1 Notation

A literal is either a Boolean variable (a positive literal) or its negation (a negative literal).
For a variable v, the polarity of a literal is pol(v) = 1 and pol(—w) = 0. A clause C is a
disjunction of literals; a cube or term T is a conjunction of literals. A formula in conjunctive
normal form (CNF) is a conjunction of clauses. It is often convenient to view clauses
and cubes as sets of literals, with the disjunction/conjunction implied by the context. A
Quantified Boolean Formula ® in prefix CNF form, referred to as PCNF @BF, consists of
a prefir Q@ in which variables are quantified either existentially (3x) or universally (Vy),
followed by a CNF formula ¢ in these variables, called the matriz. We denote the QBF
succinctly as & = Q.

We denote by var(f) the variable corresponding to a literal, and by var(y) the set of
variables appearing in a formula . (In particular, var(C) or var(T) for a clause or cube
is the set of variables appearing in it.) For a PCNF QBF ® = Qg, the set of existentially
quantified variables is denoted vars(®) or F, and the set of universally quantified variables
is denoted vary(®) or U. By var(®) we mean F U U. For a variable v in ®, qtype(v) is its
quantifier type, in {3,V}. We denote by L(v) and R(v) the variables (strictly) to the left and
right of v in the quantifier prefix, respectively. Note that « € L(v) if and only if v € R(z),
and we also denote this by = < v.

For a set of variables S and a cube T, we denote by T|s the sub-cube obtained by
discarding from T those literals ¢ with var({) ¢ S.

An assignment of a set of variables S is a function o : S — {0,1}. We say that o satisfies
a literal ¢ if o(var(¢)) = pol(¢), and that o satisfies a clause (or cube) if it satisfies at least
one (respectively, every) literal in it.

An ezistential strategy for ® is an indexed family F' = {f.}.cr of Boolean functions,
where each f. has assignments of the variables in L(e) as its domain. An assignment o of
EUU is consistent with F if f.(0|r)) = o(e) for each e € E. The strategy I is winning
(for existential) if every assignment consistent with F' satisfies the matrix.

By ITE(test, b, bs) we mean the branching rule “If the condition in test is satisfied,
then pick value b1, else pick value bsy.”

A decision list computing a function f : {0,1}™ — {0,1} is a sequence of rules of the
form (f;, v;), where each f; is a Boolean function, each v; is in {0,1}, and the final rule has
a function that is always true. On an assignment o, the value computed by the list is v;,
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where f; is the first function evaluating to true on o. While the decision list (f,1),(T,0)
trivially computes f, typically the functions f; used in the list are restricted to be much
“simpler” than f in some computational sense, and hence the list is longer.

Given a PCNF QBF Qy, the universal reduction of a clause C' is the reduced clause
C\{{ € C|var(f) € vary(®); for all ¢’ € C with var(¢') € varz(®), var(¢') < var(()}.

2.2 Dependency Schemes

A dependency scheme D maps each PCNF formula & to a subset of the pairs of variables in
(ExU)U(U x E).

» Definition 1 (Trivial Dependency Scheme). The trivial dependency scheme D™V maps each
PCNF formula @ to the relation

DY = {(z,y) € var(®) x var(®) | z < y, qtype(z) # qtype(y)}.

» Definition 2 (X-Path). Let X C var(®). An X-path in ¢ is a sequence Ci,...,C,
of clauses from ¢ such that consecutive clauses share variables in X ; that is, var(C;) N
var(Ciy1) N X # 0 for 1 <i <r. We say that variables © and y are connected with respect
to X if there is an X -path C1,...,C, such that x € var(Cy) and y € var(C,).

» Definition 3 (Standard Dependency Scheme). The standard dependency scheme D¢ maps
each PCNF formula ® to the relation

DY = {(x,y) €DYF" |z and y are connected with respect to R(z) Nvars(®)}.

The reflexive resolution-path dependency scheme D*™*® is defined as follows [16].

» Definition 4 (Resolution Path). Let X C varg(®). A resolution path in ® via X is a
sequence {1, . .., Loy of literals satisfying the following properties:

1. For alli € [k], there is a clause C; € @ such that la;_1,02; € C;.

2. For alli € [k], var(f2,—1) # var(ly;).

3. Foralli€ [k —1], var(fy;) € X.

4. For alli € [k —1], —ly; = lai41.

We say that €1 and fo) are connected by resolution in ® with respect to X.

» Definition 5 (Dependency Pair). Let x,y € var(®). We say {z,y} is a dependency pair of
O with respect to X C vars(®P) if at least one of the following conditions holds:

z and y, as well as —x and —y, are connected by resolution with respect to X.

x and —y, as well as —x and y, are connected by resolution with respect to X.

» Definition 6 (Reflexive Resolution-Path Dependency Scheme). The reflexive resolution-path
dependency scheme D™ maps each PCNF formula ® = Qg to the relation

D5° = {(x,y) € DYV | {x,y} is a dependency pair of ® w.r.t. R(x) Nvars(P)}.

2.3 Consensus Proofs

A cube T is said to be a hitting cube or initial cube for ® if it contains at least one literal
from every clause of .

Consensus (cube resolution) on the cubes Ty U {u} and To U {—u} results in the cube
T =Ty UT;,. Here u is referred to as the pivot.

12:3
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For a dependency scheme D, existential reduction (with respect to D) of a variable e € E
from a cube T removes all literals of e from T', provided no literal of universal variable u
with (e,u) € Dg appears in 7. Since this paper deals exclusively with cube derivations, we
often abbreviate this to reduction and omit D when it is clear from context.

A Q(D)-Consensus proof, or verification, of ® is a sequence of non-contradictory cubes
Ty, Ty, ..., Ty, where Ty = (), and for each i € [k], T; is either an initial cube for @, or is
obtained from T} for some j < i by existential reduction, or is obtained from 7} and T} for
some 7,7’ < i by consensus.

Long-distance consensus allows derived cubes that contain literals e, —e for an existential
variable e; the literals are considered to be merged, sometimes denoted e*. This is allowed
if u < e holds, where u is the pivot. This can be generalized with a dependency scheme D
by requiring (e,u) ¢ Dg. More precisely, long-distance D-consensus can be applied on the
cubes T1 U {u} and T U {—wu} resulting in the cube T' = T} U T, provided that, for each
e € varg(P) with e € Ty and —e € Ty, or e € T} and e € Ty, (e, u) ¢ Dg.

An LDQ(D)-Consensus verification of ® is a sequence of cubes ending with the empty
cube, where each cube is either an initial cube, or is obtained from earlier cubes through
either existential reduction or through long-distance D-consensus.

The Q-Consensus proof system — essentially Q(D)-Consensus with D = D*V — was first
introduced in [1]. In [16], non-trivial dependency schemes were added and the Q(D)-Consensus
proof system was first defined. In these papers, as well as in much of the subsequent literature,
the system is called Q(D)-term resolution. However, Consensus has also been used in the
literature for term-resolution, and we use that nomenclature here. The Long-Distance
Resolution proof system was considered in [18, 1], and was extended with the use dependency
schemes to LDQ(D)-Res in [15]. The LDQ(D)-Consensus proof systems defined above are the
direct consensus analogues of the LDQ(D)-Res proof systems.

3 Q-Consensus with Standard Dependencies

Let ® = Qp be a PCNF formula. Without loss of generality, we assume that each clause
in ¢ is universally reduced (using ordinary universal reduction, not the dependency-aware
version). Let P =T1,..., T, be a Q(D*¢)-Consensus proof. Without loss of generality, we
will assume that existential reduction is applied as early as possible and starting with the
rightmost variable.

3.1 Strategy Extraction for Q-Consensus with Standard Dependencies

For each existential variable e, define the set
D(e) ={e}U{z € L(e) | x and e are connected with respect to R(z) Nvarg(P)}.

That is, D(e) is the set of variables e depends on, according to the standard dependency
scheme, including existential variables whose dependencies are included in those of variable e.

» Lemma 7. Let e and y be existential variables such that y € D(e). Then D(y) C D(e).

Proof. For ¢ = y the statement is trivial. Now consider y # e. Since y € D(e), y and e are
connected with respect to R(y) Nvarsz(P). For any x € D(y),  and y are connected with
respect to R(x)Nvarz(®). Because R(y) C R(z), we can compose the corresponding paths to
conclude that x and e are connected with respect to R(x) N varg(®), proving z € D(e). <«
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We extract decision lists representing an existential strategy from P with a slightly modified
version of the approach of Balabanov and Jiang [1]. Their strategy extraction algorithm
considers existential reduction steps in their order of appearance in the proof. For an
existential reduction step that derives T; from T; = T; A ¢ (where j < i), a rule (T3, pol(¥)) is
added to the decision list of var(¢). Our only modification is that we restrict the condition
T; to D(e) and add a rule (Ti|p(e), pol(¥)), where e = var(£). Since D(e) \ {e} C L(e), the
function computed by such a decision list only depends on variables to the left of e.

» Definition 8. Let T1,Ts, ..., Ty be a Q(D5*?)-Consensus proof of Qp. For a variable e € E,
let 41,12, ...,4p be the existential reduction steps: for s € [p] and js < is, the cube T, is
derived from the cube T;. = T; N L5, where £s € {e,—e}. The strategy for e is the following
decision list:

(T3, | p(eys POL(41)), (Tiy [ D(ey> POL(£2))s (Tis|D(e), POL(€3)), - - -5 (T, [ D(e), POL(£p)), (T, 1).

» Lemma 9. Let o : var(®) — {0,1} be an assignment that is consistent with the extracted
strategy from Definition 8. For each existential variable e, there is an initial cube T such
that o satisfies T'|pye)-

Using Lemma 9, we can prove that the strategy is winning for existential.

» Theorem 10. Let Ty, Ty, ..., Ty be a Q(D5*?)-Consensus proof of & = Q. Any assignment
o :var(®) — {0,1} consistent with the strategy extracted as per Definition 8 satisfies the
matriz .

Proof. (Assuming Lemma 9) Let C' € ¢ be an arbitrary clause in the matrix. We have to
show that o satisfies C. Let e € var(C) be the rightmost existential variable in C. Since
we assume ¢ is universally reduced, var(C) C L(e) U {e}, and each literal of C is trivially
connected to e, so var(C) C D(e). By Lemma 9, there is an initial cube T" such that T'| p )
is satisfied by o. Since T is a hitting set for the clauses, it must contain a literal ¢ € C, and
var(¢) € D(e) by choice of e. So £ € T'|p(), and o satisfies C. <

Now, we prove Lemma 9.

Proof of Lemma 9. Let e be an existential variable and ¢ an assignment consistent with
the extracted strategy from Definition 8. Consider the restricted cube sequence 17, ..., T},
where T] = Ti|p(e). Let r be the smallest index such that o satisfies 7. Note that r is
well-defined, since T}, = ) is always satisfied. We will show that T} is an initial cube.

Suppose, to the contrary, T, is a derived cube. We consider two cases based on how T,
was derived:

1. T, is derived from T; and T; by consensus (resolution). Let u be the universal pivot
variable, so that T, = (T; UTj) \ {u, ~u}.

If u ¢ D(e), then T, = T} AT}, so o satisfies both T} and Tj. If u € D(e), then one of T}
and TJ{ is satisfied (whichever contains the u-literal satisfied by o).

Since i, j < r, either way, the minimality of r is contradicted. So T, cannot be derived
through consensus.

2. T, is derived from T; = T, A £ by existential reduction, for some ¢ < r. Let y = var({). By
choice of r, o satisfies T, but falsifies T}, so y € D(e) and o falsifies . Also, by Lemma 7,
D(y) € D(e).

By construction, the decision list for y contains a rule (77| p(y), pol(£)). Since D(y) € D(e),

and since o satisfies 77| p(e), it also satisfies 17| p(,). So the condition in this rule is met.

If this rule were invoked, then o would set y to satisfy £ and thus 77, a contradiction. So
some earlier rule in the decision list for y must have been invoked to set y to satisfy —¢.

12:5

SAT 2026



12:6

Long-Distance Q(D5*?)-Consensus Is Sound

2 1 3,4 5 4 2 1 5 3
(3) e2 Aes Aua Aeg (5) u1 Aea Aes A—ug A —eg
2 1 5 1 3 red red
(1) —u1 A ez A ez A —es A\ —eg (4) U4 (6) w1 N\ U4
(2) red (7) cons(uq)
U u
! ®) 0 ! cons(u)

Figure 1 A Q(D™®)-Consensus proof of the formula ® from Section 3.2. Line numbers indicate
the topological ordering used for strategy extraction. In each initial cube, an index i above a literal
indicates that it hits clause C;.

Let the rule invoked in the decision list for y correspond to the derivation of a cube
T, with s < r. Suppose T} is derived from T; = T A = by existential reduction. The
corresponding rule in our decision list is (7| p(y), pol(—F)).
For this rule to be active, its condition T|p(,) must be satisfied by . By choice of
r, however, o does not satisfy Ts|p(). This means that T contains a literal £, with
var({;) = x € D(e) \ D(y), that is falsified by o.
If ¢ € L(y), i.e., z < y, then we can compose the path connecting = and e with respect
to R(x) Nvar3z(®) and the path connecting e and y with respect to R(y) Nvarz(®) C
R(z) Nvarg(®) to obtain a path connecting x and y with respect to R(x) N varg(®),
contradicting = ¢ D(y). Hence it must be the case that y < z <.
There are two cases to consider:
a. z is a universal variable.
We can again compose the path connecting y and e with respect to R(y) Nvarg(®) and
the path connecting e and = with respect to R(z)Nvarz(®) C R(y)Nvars(P), to obtain
a path connecting y and z with respect to R(y) Nvar3(®). But then (y,z) € D5 is a
standard dependency, and ¢, € T} forbids y from being reduced in 7}, a contradiction.
b. z is an existential variable.
We have assumed that existential reduction is applied eagerly starting from the right.
So, if y is reduced from T} before x, there must be a universal variable v € var(Ty)
such that (z,v) € D, blocking reduction of z. We can compose
(1) the path from y to e (with respect to R(y) N varz(®)),
(2) the path from e to = (with respect to R(z) Nvars(®) C R(y) Nvars(P)), and
(3) the path from x to v (with respect to R(z) Nvars(®) C R(y) Nvars(P))
to get a path from y to v with respect to R(y) N varz(®). That is, (y,v) € D§F? is a
standard dependency that would block reduction of y in T}, a contradiction.
Since both cases led to a contradiction, 7, cannot be derived by reduction.

Since T, cannot be derived by either consensus or reduction, it must be an initial cube. <«

3.2 Counterexample for D™

In this section, we show that the strategy extraction algorithm from Section 3 does not
generalize to the reflexive resolution-path dependency scheme D**°. Consider the PCNF
formula ® = Q¢ with prefix Q = Vuj;des, esVuydes, eg and matrix

o= (—eaVesz)A(—uy Ves)A(ugV —eg) A(ur VgV —es)A(—es V-ug Veg) .
—_———

Cl Cz C3 04 CS

The only dependency in DF® is (u4, €s). Figure 1 shows a Q(D**®)-Consensus proof of ®. The
first existential reduction step derives To = (—uy) from T; by reducing es, e3, es5, eg. Since

(ua, eq) is the only dependency in DF®, none of the existential variables depend on i, so
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D(e;) = {e;i} for each i € {2,3,5,6} and the conditions T3|p(.,) are empty. Since this is
the first reduction step in the proof, the corresponding rule appears first in the decision
list for each variable, and its empty condition is always satisfied, making the decision lists
constants regardless of any later reduction steps. The extracted strategy therefore sets
es = e3 = e5 = eg = 0 unconditionally. But under the assignment u; = 1, setting es = 0
falsifies clause Cy = (—uy V eg), so the extracted strategy is not winning for existential.

4 Long-Distance Q-Consensus with Standard Dependencies

We generalize the strategy extraction algorithm for LDQ-Consensus by Balabanov, Jiang,
Janota, and Widl [2]. This involves associating each occurrence of contradictory literals e, —e
in a cube T with a phase function 1(e), and replacing existential literals in cubes with their
phase functions to obtain shadow cubes which are then used in the decision lists.

4.1 Definition of Phase Functions, Shadow Cubes, and the Strategy

The phase function is either undefined or a Boolean circuit that determines which of the two
literals e and —e would end up in the cube under a restriction of the proof by an assignment
of the universal pivot variables.

» Definition 11. Let TY,..., T}y be an LDQ(D*?)-Consensus proof of a PCNF formula ®. Let

e be an existential variable.

1. For an initial cube T;, the phase function 1;(e) is defined as ¥;(e) == T if e € Ty,
Yi(e) := L if me € T;, and ¥;(e) := undef otherwise. This is well defined since initial
cubes are non-contradictory.

2. IfT; is derived from T; by reduction of variable e, then 1;(e) := undef, and ¥;(y) = ¥;(y)
fory e E\{e}.

3. If T, is derived from T; 2 {u} and T; O {—u} by consensus on pivot variable u, we
distinguish three cases:

a. If one of ;(e) and v;(e) is undefined (i.e., if there is no merge), we set ¥, (e) to the
other (possibly also undefined) phase function.

b. Otherwise, if (u,e) ¢ D4, then 9,.(e) == ¥;(e).!

c. Otherwise, 1, (e) := ITE(u,¥;(e), ¢;(e)). (That is, ¥ (e) := [(uA;(e))V (muA;(e))].)

The shadow cube S; for cube T; is obtained by replacing each existential variable in the cube

with its phase function.

S; = /\ N /\ e < ;(e).

LeT;var(£)eU ecvar(T;)NE

(Strictly speaking, this is not a cube but a function; in the terminology of [2], it has effective
literals.)

Note that any initial cube is equivalent to its shadow cube. Note also that ;(e) is
undefined exactly when e ¢ var(T;).

We again extract a decision list for each existential variable by processing reduction
steps in order, but using phase functions and shadow cubes S; instead of polarities and
cubes T;. More specifically, for an existential reduction step that derives T; from T} by
removing variable e € var(7}) \ var(7;), the rule (Si|p(e),?;(e)) is added to the decision list

! The choice between t; and 1; is arbitrary, but must be applied consistently to all existential variables
merged in this consensus step.
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for variable e. Intuitively, instead of satisfying a fixed literal, the strategy function must
satisfy the polarity of e given by the phase function. Since D(e) \ {e} C L(e), the function
computed by such a decision list is a potential winning (for existential) strategy.

» Definition 12. Let Ty, T5,..., Ty be a LDQ(D5*?)-Consensus proof of Qy. For a variable
e€ E, let iy, is,...,1, be the existential reduction steps: for s € [p| and js < is, the cube T;,
is derived from the cube T;, = T; N {5, where {5 € {e,—e}. The strategy for e is the following
decision list:

(Siy|p(e), Vi (€)), (Sizlp(e)s ¥z (€)), (SislDeys Vs (€)), - -+ (Siy | Diey, ¥y, (€)), (T, 1).

4.2 Correctness of the Extracted Strategy

Before turning to the formal argument, we sketch the intuition behind the construction in
Definition 11. When the two literals of an existential variable e are merged in a consensus
step on pivot u, a strategy for e in the derived cube has to be chosen from the strategies
in the two antecedents. The definition does this in one of two ways: either by combining
them with an ITE guarded by u (case 3(c), used when (u,e) € D§?), or by taking the phase
function from one of the antecedents (case 3(b), used when (u,e) ¢ D3?). With dependency
schemes, one might worry that both cases apply in the same consensus step. Consider a step
on pivot u that merges variables e; and ey with e < u < eg, (e1,u) ¢ D and (u, e) € D5F4:
the phase function of e; is taken directly from one antecedent, while that of ey is built with
an ITE. It is not clear this yields a consistent strategy.

The soundness proof shows that this does not happen when we look at the variables in
D(e) for a single existential e. If ej,eq € D(e), then e; is connected to e with respect to
R(ey)Nvarz(®), e is connected to ez with respect to R(ez)Nvarg(®) C R(ey)Nvars(P), and
u is connected to ep with respect to R(u) Nvarg(®) C R(e1) Nvarg(P) (using e; < u < e3).
Composing these paths gives (e, u) € D59, contradicting the assumption that e; could be
merged. So within D(e) all merged variables fall under the same case, and picking the phase
function from a fixed side gives a consistent strategy.

We now prove an analogue of Lemma 9 for LDQ(D*¢)-Consensus.

» Lemma 13. Let o : var(®) — {0,1} be an assignment that is consistent with the extracted
strateqy as per Definition 12. For each existential variable e, there is an initial cube T such
that o satisfies T|pe)-

Proof. Let e be an existential variable and ¢ an assignment consistent with the extracted
strategy. We consider the restricted sequence S7, ..., S}, of shadow cubes, where Sj = S;|p(e)-
Let  be the smallest index such that o satisfies S’.. This r is well-defined because the final
restricted shadow cube S}, is empty and trivially true. We show that T, is an initial cube.
Since initial cubes are equivalent to their shadow cubes, the lemma follows.
Suppose, to the contrary, T;. is a derived cube. We consider two cases based on how T,
was derived:
1. T, is obtained by existential reduction.
This case can be ruled out following exactly the same argument as used in proving this
case in Lemma 9, but using shadow cubes instead of cubes. (In that proof, this is the
second case.)
2. T, is derived from T; and T} by consensus on pivot variable v € U. Assume that u € T;
and —u € T}, so that u € S; and ~u € S;. By choice of r, we know that o satisfies S,
but falsifies both S; and S7. So there is some literal ¢ € T; with var({) = z € D(e),
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and some literal ¢’ € T; with var(¢') = w € D(e), such that o falsifies ¢;(z) and ¢;(w).

In particular, ;(z) and 1;(w) are not undefined. (Note that w,z could be the same

variable.) All universal literals in S} and S%, other than u, —u, also appear in S}, so ¢, ¢’

cannot be any of those. So z must be either u, in which case u € D(e), or an existential
variable in D(e). Similarly for w; however, z = w = w is not possible since ¢ cannot

falsify both v and —u.

a. Suppose u ¢ D(e). So z is an existential variable in D(e) because it appears in var(S}).
Since o satisfies 1,.(z) but not ¥;(z), it must be the case that 1, (z) # ¥;(z). This
means cases 3(a) and 3(b) of Definition 11 did not apply, so it must be the case that
(u, z) € D5, Composing the paths from u to z and from z to e gives a path from u to
e, contradicting our assumption that v ¢ D(e).

b. Suppose u € D(e). For every existential variable y € D(e), the paths from u to e and
from y to e can be combined to get a path between u and y. So either (u,y) or (y,u) is
in D§4. If y is merged in this consensus step, then (y,u) ¢ D§, since that would block
the consensus. So for every existential variable y € D(e) merged in this consensus,
(u,y) € D3,

Suppose w, the falsified variable in T}, is w = u. Then o sets u to true, and falsifies
1;(z) for an existential z while satisfying ¢,-(z). So z must be merged in this step. By
the above discussion, (u,z) € D%, So cases 3(a),3(b) of Definition 11 do not apply,
and v, (z) is defined by case 3(c). Hence 9,(z) = ITE(u, ¥;(2),¥;(2)) which equals
1;(z) in this case, a contradiction.

So the falsified variable in Tj is not w, which means o sets u to false. Then w is an
existential variable in D(e), and o falsifies 1;(w) while satisfying 1, (w). If w is not
merged in this step, then by case 3(a) of Definition 11, ¢, (w) would equal ¢;(w), a
contradiction. So w is merged, and by the above discussion (u,w) € D5*¢. Hence case
3(b) is ruled out. By case 3(c), ¥, (w) = ITE(u, ¥;(w), ¥;(w)). But this too evaluates
to ¢j(w), a contradiction.

Thus T, cannot be derived through consensus.

Since both cases lead to contradictions, T;. cannot be a derived cube; it must be an initial
cube. |

» Theorem 14. The proof system LDQ(D5*¢)-Consensus is sound.

Proof. The proof is identical to that of Theorem 10, except that we use Lemma 13 instead
of Lemma 9. It thus establishes that the strategy extracted from an LDQ(D*¢)-Consensus
proof using shadow cubes and phase functions is a winning strategy for existential. This
implies that the QBF is true, and so the proof system LDQ(D%*?)-Consensus is sound. <

4.3 An lllustrative Example
Consider the PCNF formula ® = Qp with prefix Q = Vu; Jes Vug Jey, e5 and matrix

© = (u1 Vea)A(—up V-ex)A(usVes)A(—ug Ves)A(—eqV—es).
—_——— —  ——
Cy Cy Cs Cy Cs

The clauses C7,Cs share no variables with C3, C4,C5. As a result, we get the following
standard dependencies: D5 = {(u1, e2), (us, €4), (u3, e5)}. In particular, D(es) = {ea,u1),
D(eq) = {e4,u3), and D(e5) = {es, eq,us3), while (e2,u3) is not in D5

Figure 2 shows an LDQ(D%*¥)-Consensus proof of ®. The only step using the standard
dependency scheme is the consensus step merging e, on pivot ug. This is allowed since w3
does not depend on es.

12:9
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(1) (3) (6) (8)

1 2 3 5 4 2 1 3 5 4 1 2 4 3 5 2 1 4 3 5
w1 AN—ea Auz A—eq/\es —ui Aeag Auz A—eq/\es w1 AN—e2 A—usANeqgA—es —ui Aea A—uzANeg\—es

(2) ur A —ea2 Aus (4) ~u1 A ez Aus (7) u1 A —ea A —us (9) ~u1 A e2 A —u3
(5) e5 Aus (10) e5 A —us
() &
(12) 0

Figure 2 An LDQ(D**?)-Consensus proof of the formula ® from Section 4.3. Line numbers indicate
the topological ordering used for strategy extraction. In each initial cube, an index i above a literal
indicates that it hits clause C;.

Phase functions and strategy

The initial cubes give 11 (e2) = ¥e(e2) = L and ¥3(ea) = ¥s(e2) = T, preserved by the
reductions to lines (2), (4), (7), (9). At the long-distance step deriving (5), both 1a(e2) = L
and t4(ez) = T are defined and (uy,e2) € D59, so case 3(c) of Definition 11 applies:

YPs(e2) = ITE(u1, ¥2(e2), Ya(e2)) = ITE(ug, L, T) = —wuy,

and analogously ¥1(e2) = —uy. At step (11), both ¢5(e2) and ¥19(e2) are defined and the
pivot ug satisfies (ea,u3) ¢ D5, so case 3(b) applies and we have to pick one of the phase
functions from the premises. Here, they agree, giving ¥11(es) = —uy regardless of which side
we choose. The final reduction step contributes the rule (T, —uy) to the decision list for e,
and the resulting strategy function is es = —uy.

The strategies for e, and e5 come from reductions at the initial cubes, where each phase
function is simply the polarity of the variable in the cube. Strictly speaking, e is reduced first,
as it is innermost. Restricting to D(es) = {es, e4,us} yields two distinct rules: (usz A —eq, T)
from steps (2) and (4), and (—ug A eq, L) from (7) and (9). Reducing e4, and restricting to
D(eq) = {eq,us}, yields (us, L) and (—us, T) (each derived twice), so e4 = —ug. Substituting
into the decision list for es simplifies uz A —(—u3) to uz and —uz A (—ug) to —us, giving
(us, T) and (—ug, L), that is, es = us. It is readily verified that es = —uy,e4 = —us, e5 = us
is an existential winning strategy.

5 Conclusion

We have shown that LDQ(D*¢)-Consensus is a sound proof system for true QBFs, by giving
a linear-time strategy extraction algorithm. Prior to this work, no polynomial-time strategy
extraction was known even for the weaker system Q(D5*?)-Consensus (soundness there was
established only indirectly, via preservation of countermodels [16]). Our result has a direct
practical implication for solvers such as DepQBF [14]: long-distance resolution can now be
combined with the standard dependency scheme and a winning strategy for the existential
player can be extracted efficiently from the resulting proof when the QBF is true. Whether
LDQ(D**®)-Consensus is sound remains open. As shown in Section 3.2, our strategy extraction
already fails for Q(D™®)-Consensus, so settling this will require a different technique.
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