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—— Abstract

The well-founded semantics (WFS) for logic programs yields a unique three-valued model that
serves as an efficient core for skeptical reasoning, but lacks built-in mechanisms for choice and
case-based reasoning, limiting its expressiveness for problems such as decision making and planning.
Propositional SAT solvers excel at combinatorial problems like the latter but, unlike WFS, do not
naturally support reasoning under incomplete information or encoding transitive closure properties.
We present an integration of a choice operator into WE'S that preserves the suitability of the semantics
for scalable, partial-information reasoning. From a propositional perspective, our semantics gracefully
captures semantically unassigned atoms and constraints; we illustrate this approach in a setting
for reasoning about actions under uncertainty. Furthermore, classical propositional satisfiability
can not only be embedded into our framework, but now also be extended with reasoning over
transitive closures. In terms of program evaluation, we show that the choice operator can be
materialized by a SAT solver while propagating the consequences of choices through an extension
of the alternating fixpoint algorithm for WFS with conflicts that are propagated back to the SAT
solver. To further increase computational performance, we develop clause learning and syntactic
decomposition techniques for logic programs with choices.
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1 Introduction

The well-founded semantics (WFS) [36] provides a three-valued semantics for logic programs
with negation that for ground (propositional) programs is computable in polynomial time,
e.g., by an alternating fixpoint computation. However, its skeptical nature offers only limited
support for decision making, as WFS does not explicitly branch reasoning into alternative
models. A possible way to overcome this limitation is disjunction in rule heads; however,
despite several proposed approaches [1, 9, 17, 57, 62], no broadly accepted solution has
emerged. As an alternative that allows us to capture branching (i.e., nondeterminism)
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in a semantically principled manner, we propose an integration of WFS with the choice
construct [50], whose interpretation under well-founded semantics seems less controversial.
Notably, choice is conceptually different from undefinedness: the former captures controllable
nondeterminism, while the latter can be interpreted as epistemic uncertainty.

The integration can be dually viewed as a method for enriching SAT (and, more generally,
SAT with first-order variables and Herbrand interpretations) with a principled form of least
fixpoint reasoning in an SMT-like fashion. In particular, the well-founded semantics yields
a three-valued approximation of inductive definitions such as reachability and transitive
closure, which are notoriously difficult to express in classical SAT/SMT without resorting to
ad hoc encodings, bounded unfolding, or intricate axiomatizations.

In this paper, we introduce extended logic programs with choice (ELP€) by augmenting
the syntax of extended logic programs (ELP) with an explicit choice operator. We define
the semantics of such programs by extending WFSX [2], i.e., well-founded semantics with
explicit negation. We show how the combination of the choice construct and explicit negation
enables reasoning about actions in a partial information setting, where distinguishing choice
and undefinedness reflects the classical separation of optional actions and incomplete states.

For program evaluation, we present an integration of choices into an WFSX evaluation
algorithm via calls to a SAT solver, which paves the way to a notion of WFSX modulo
theories. Our framework permits grounding on demand during the well-founded derivation,
so no theoretical initial guessing or full instantiation of the Herbrand base is required. This
contrasts with ASP, as stable-model semantics relies on early commitments through global
assumptions on negation by default, even though lazy grounding techniques have been
proposed [53]. Fortunately, WFS is known to behave favorably with respect to grounding,
and is often employed to provide semantic guidance for constraining and simplifying the
grounding process [42].

We further develop two optimization techniques for evaluating ELPC programs, namely,
clause learning and program decomposition. For the former, we present a procedure inspired
by the SLX procedure [3] for a relaxation of WFSX in which contradictory conclusions are
allowed, to learn from contradictions and violations of integrity constraints. For program
decomposition, we build on program splitting [44] and stratified subprograms, structuring
the input program into an alternation of stratified and non-stratified components, which
can be exploited operationally. The stratified parts admit monotone fixpoint constructions
which need no initial “optimistic” interpretation containing all potentially derivable atoms;
as a result, the effective Herbrand base is reduced. By alternating the computation with the
well-founded evaluation of the remaining components, substantial grounding can be avoided.
Notably, there is a unique program splitting that maximizes the stratified layers and caters
for more efficient fixpoint computation.

Finally, we show how to represent arbitrary SAT formulas as ELP€ programs and that the
resulting semantics reconstructs exactly their intended models. We obtain in this way a SAT-
modulo-fixpoint mechanism in which recursive definitions coexist with Boolean connectives in
a uniform and semantically grounded manner. Viewed from this angle, our work contributes
to the long-standing challenge of integrating inductive definitions and transitive closure into
SMT solving, a problem that motivated several extensions such as pZ [40] and approaches
based on Constrained Horn Clauses [6, 39], which however are two-valued and have different
fixpoint semantics. In [48] an implementation of SAT(ID) was reported, where SAT was
extended with inductive definitions, in the style of FO(ID) [22]. Furthermore, as our semantics
assigns each classical literal a well-defined three-valued truth status, it naturally mirrors
the partial assignments used internally by SAT/SMT solvers, enabling a model-construction
process that integrates Boolean propagation coherently with fixpoint reasoning.
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2 Related Work

The well-founded semantics is well-established in the areas of logic programming and knowl-
edge representation. Starting from its introduction [36], it has been studied and extended in
order to address different challenges, for example, through an integration with first-order
theories by extending rule bodies with formulas of a given external theory [23], through an
extension with monotone and antimonotone aggregates [4], or through a combination of the
well-founded semantics with description logic [26, 43]. From a computational point of view,
we recall the top-down XSB system [58], which is closely related to the top-down query-driven
ASP system s(CASP) [7]. A noteworthy approach similar to ours is the one of LDL++ [64],
which considers a syntactic, restricted notion of default negation and aggregates, along with
certain notions of choices.

SAT solvers have been extensively used in the context of logic programming, in particular
by exploiting the characterization of answer set in terms of loop-formulas and completion [46].
Tools that have been designed around this idea include the solvers cmodels [38], sag [47],
clasp [34], smodels.. [63], and wasp [5]. This characterization has recently also been employed
for certifying the decision of ASP solvers using a QBF encoding to accommodate disjunctive
programs [20]. In our work, we propose a procedure for learning propositional formulas from
conflicts encountered by the well-founded model construction that the SAT solver is fed with,
which differs from the classical loop and completion formulas in ASP as it focuses on learning
formulas that prevent choices that could lead to a contradiction. Notably, if our framework
is applied exhaustively, we can compile the set of choices that generate well-founded models
into a classical propositional formula.

A common argument for ASP solving is that SAT solving cannot naturally handle
acyclicity /reachability properties well. Hence, there is a growing interest in developing
techniques for handling such constraints within SAT. For example, approaches based on
custom SAT constraint propagators for acyclicity constraints have beenproposed [32]. Other
solving techniques for the same problem use a vertex elimination graph, and resort to an
instance-dependent encoding into SAT [56]. These techniques have been fruitfully applied to
encode of ASP into SAT modulo acyclicity [31]. A recent study [51] compares two possible
implementations of assumption-based argumentation (ABA) reasoning, comparing the two
techniques above for solving SAT under acyclicity constraints. In the context of planning,
existing approaches combine MaxSAT and a cycle elimination technique [55]. Acyclicity
constraints have been proven to be useful also in the context of analyzing the propagation of
faults of components in the presence of circular dependencies [13].

When compared to ASP, a main difference of our approach is that it allows precise
control over an ASP-style total choice versus leaving literals undefined in the fashion of
the well-founded semantics. This corresponds to the 0-approzimation principle in reasoning
about actions [8], where undefinedness represents explicitly the information that cannot
be derived without case-based reasoning. More specifically, our framework can represent
and reason about actions in settings with incomplete information. In particular, incomplete
information is not necessarily modeled epistemically with a set of possible states, but in
the style of [24, 60], where the values of some fluents, i.e., state variables, are considered
to be unknown and no case-base reasoning is involved. Closely related to this setting are
approaches that encode incomplete information into a classical planner [52].
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3 Preliminaries

We recall relevant concepts and definitions from previous works on well-founded semantics.

3.1 Well-Founded Semantics with Explicit Negation

We recall the syntax of logic programs with explicit negation [37], followed by the definition
of the well-founded semantics for such programs [2, 35, 54].

We assume a signature (set) P of atoms, and define objective literals as L = {p, —p | p € P}
and default literals as df L = {L,not L | L € L}; here, “~" stands for explicit (strong, classical)
negation and “not” for default (weak) negation. These two kinds of negation are a well-known
key feature in knowledge representation; for example, a rule of the form “if a driver does not
have evidence that a train is not approaching, they should wait” can be captured by the rule
wait < not —~train., which is more cautious than wait < train.

» Definition 1 (Extended Normal Logic Program [37]). An extended normal logic program
(ELP, or simply a logic program) is a set of rules of the form:

r : By <+ Bi,...B,,not By 1,...n0t B,,. n,m >0, Bje L for0<j<m.

We denote by H(r) = By the head and by B(r) = BT(r) U B~(r) the body of r, where
r

U
Bt(r)={Bui,...,B,} and B~ (r) = {Bn+1,.--, Bm}; if B(r) =0, r is a fact.

We also consider logic programs with function-free first-order literals, where rules are
treated as abbreviations for ground instances. As is common, we assume safe negation, i.e.,
each variable in a rule » must occur in BT (r) [25].

An interpretation for P is a set I C df L of default literals; I is consistent if { L,not L } € T
for every L € L and if I satisfies the coherence principle, meaning for each objective literal L,
=L € [ entails not L € I, where ——L stands for L. We call L and =L complements to each
other. An interpretation is total, if for each p € P, either p € I, —p € I, or {not p,not -p} C I.

For any not-free program 7, we denote by Cn(w) the C-minimal set of objective literals
s.t., for each rule r € 7, if B(r) C Cn(w), then H(r) € Cn(r). Note that Cn(7) may contain
p and —p, but we do not enforce explosion (i.e., Cn(w) = L) in this case.

We follow the common definition of the semantics based on a program reduct and semi-
normal programs to implement the coherence principle [2], but deviate insofar that we confine
ourselves to consistent models. As an intuitive example consider the following program.

» Example 2. Consider 7 = {p < not =p. —p < notp. u< p. u< —p.}. There is no
clear evidence to derive either p or —p, and the undefinedness of p and —p propagates to u.
Hence, the well-founded model [2] is S = (). When adding p as a fact, i.e., 7’ =7 U {p. },
the well-founded model becomes S’ = {u, p, not —p, not —u }.

Wesaythat I L, I =T, I|=lforle Lifpel,and ] =notlforle Lifl &1

» Definition 3 (GL reduct). Let 7 be a logic program and I a consistent set of objective literals.
The GL-reduct of © modulo I is 71 = {H(r) +~ B*(r) | I = notb forb€ B~(r),r € 7}.

» Definition 4 (Semi-normal Program). The semi-normal version 75 of a program 7 is given
by ms ={rs: H(r) < B(r),not-H(r)|ren}.

We can now introduce the well-founded semantics as follows:
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» Definition 5 (WFSX, [3]). For any logic program =, define the transfinite sequence {I,}
by (i) Io =0, (ii) Inpr = Cn(w™)) with 7' = 7l for each successor ordinal o+ 1, and
(iii) Is = Upqes Lo for each limit ordinal 0, and let I, be its least fixpoint. If I, C Cn(wi”),
then WFMX(7) = I, U not(L\ Cn(wi”) is the well-founded model of m; otherwise m is
contradictory and has no well-founded model.

We refer to I, in Definition 5 as fizpoint interpretations. Later, we will use a notion of even
and odd interpretations I;, where the even ones corresponds to the sequence of interpretations
from Definition 5 and the odd ones are defined as the least fixpoint obtained after applying the
reduct of the semi-normal version of the program with respect to the last even interpretation.

The condition I, C C’n(wiw) is equivalent to {p,~p} Z I, for all p € P [3, Theorem 5.3,
as illustrated by a simple example.

» Example 6. The semi-normal version of 7 = {p., —p. } is 75 = { p < not =p., =p < notp. }.
As 75 = for every set S, we have I, = [; = Cn(m) = {p, —p }; this results in Cn(wi”) =0,
violating the condition I, C Cn(ﬂ"g”).

To further demonstrate the role of the semi-normal transformation in defining well-founded
models, consider the following example:

» Example 7. The semi-normal version of 7 = {r0: q + notp., r1: —q., r2: p < notq.}
is mg = {705 : q 4 notp,not—q., rly: —q ¢ notq., 725 : p < notg,not—p.}. We find
that I; = {—q} after the first iteration; however, computing the least fixpoint yields
I = {—q,p} and, therefore, to WFMX(7) = {—q,p,notq,not —p}. This model is pre-
ferred as it adheres to the coherence principle, which states that an explicit negation —q
should entail the corresponding default negation not q.

We show next how a semi-normal program version can capture reductio ad absurdum [3].

» Example 8. Consider the program m = {r0 : p < notp., r1: —p.}. As ms = {r0s : p +
not p,not —p., rls : =p < notp.}, we derive from 77? both p and —p, and then from 7 On(r)
only —p, thus I; = {-p}. In the next iteration, we derive from 7t only —p and then both
p and —p, which is a contradictory model. Intuitively, if we have an assumption not p that
would lead to a contradiction (having both p and —p in the model Is = {p, —p}), then we
can reject it. As Example 6 shows, for a program that entails contradictory propositions
that are not derived by rejectable assumptions, this is different.

Finally, we recall that WFSX conservatively extends WFS.

» Theorem 9 (Relation to WFS [3]). For ezplicit negation-free logic programs, WFSX
coincides with WFS as defined in [36].

3.2 SAT/SMT Paradigm

Despite the NP-hardness of propositional satisfiability solving, modern SAT solvers are
capable of solving highly complex boolean formulas. Building upon the success of SAT
solvers, Satisfiability Modulo Theories (SMT) solvers [10] find satisfying assignments for
formulas over a first-order theory. Depending on the choice of the (fragment of the) theory,
unlike boolean satisfiability checking, SMT checking is not necessarily decidable.

Unless a SAT/SMT formula is unsatisfiable, the SAT /SMT solver will produce a concrete
assignment for all free variables. In other words, even if a formula can be falsified, the solver
will always choose a satisfying assignment as long as one exists. Propositional formulas
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generally are two-valued in SAT/SMT, and any subformula will be either true or false when
interpreted under this concrete assignment. For example, a partially solved Sudoku puzzle
can be naturally encoded in both WFS and SAT/SMT. However, a natural encoding in
SAT/SMT will lead the solver to choose some valid solution, whereas a natural encoding
in WFS will lead to a fixpoint that accurately represents uncertainty through undefined
assignments. The semantics that we will introduce in Section 4 combines nondeterministic
choices, such as those made by SMT solvers, with the notion of uncertainty in WFS.

4 SAT Modulo Well-Founded Semantics

In this section, we introduce a novel integration of nondeterministic choices into the Well-
Founded Semantics (with explicit negation).
4.1 Syntax

We enrich the syntax of ELPs (see Definition 1) with a choice operator (ELP®) of the form

C{pr;...ipetu (1)

where p1,...,pr € P and ¢,u € N are natural numbers such that 0 < ¢ < u < k. Informally,
(1) holds whenever (i) at least ¢ and at most « atoms p; from the set S = {p1,...,pr} hold
and (ii) the explicit negations —p; of all others atoms in S hold.

» Definition 10 (ELP Programs). An Extended Normal Logic Program with a Choice
operator (ELPY) 7 (or simply, a logic program with choices) is a set of rules of the form:

r : By < Bi,...Bp,not B11,...n0t By,. n,m >0,

where By is either an objective literal or a choice operator and {By,...,By,} C L are
objective literals; H(r), B(r) etc. are as in Definition 1.

For convenience, we define L < body(c). as a shorthand for the two rules p + body(c).
—p < body(c). so that whenever the body of the constraint ¢ holds, we derive a contradiction.

» Example 11 (Action choice). A typical use of the choice operator arises in action domains,
where an agent must select exactly one action to execute at a time. For instance, the rule

1{move;pick_up;wait }1 + notgoal.

states that exactly one of move, pick_up, or wait must hold unless the goal has been
achieved. Once an action is executed we can encode inertia in an ASP-like way such as

next(fluent(X)) < fluent(X) A not -next(fluent(X))
—next(fluent(X)) < fluent(X) A notnext(fluent(X))

The applicability of each action can then be regulated by rules expressing its preconditions, as
well as abnormality conditions that may prevent the action from being chosen. For example:

—move < not pre_move. —move < ab_move.
—pick up < notpre pick up. —pick up < ab pick up.

—wait < notpre_ wait. —wait < ab_wait.
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Intuitively, rules of the form —a < notpre_a. and —a < ab__a prevent choosing action a
if either its preconditions pre_ a are not fulfilled or abnormal conditions ab__a prevent it.
Furthermore, we want to be able to express qualitative uncertainty about the environment
similarly to other planning frameworks such as [24, 60]. Such uncertainty can be captured by

fluent(p) < not ~fluent(p). —fluent(p) < not fluent(p).

which leads to an undefined truth value for both fluent(p) and —fluent(p). Such unde-
finedness is propagated by an encoding of the inertia rule, unless an action effects that
fluent(p) or ~fluent(p) is true. Together with the global choice 1{ move;pick_up;wait }1,
the program states that ezactly one admissible action must be selected unless a goal condition
is met, and that abnormality literals can dynamically block actions depending on the context.

We revisit Example 7.4 from [36] showing how the undefined truth value can be used to
capture ill-defined relations. When relations are recursively defined, undefinedness faithfully
propagates. As we have a choice operator, some factual input can be treated as optional,
allowing us to test whether the relations are well-defined for each possible input; this can
be seen as the computational problem of checking whether a set of properties or norms is
well-defined for all possible input instances.

» Example 12 (Handling cyclic precedence relations.). In the following setting, we are
provided with a set of properties identified by a property id and their content. For instance,
prop(44, red) means that property 44 states red, while —prop(32, red) stands for property
32 states —red. We furthermore introduce a precedence relation over properties which can
be used to prevent contradictory properties from being derived in case the prec relation
happens to be acyclic. However, if two properties are contradictory and there is a mutual
precedence relation between them, then the following schema allows us to conclude holds(P)
and —holds(P) to be undefined. If instead two contradictory properties do not have any
precedence relation between them, then the program is contradictory.

holds(P) < prop(ID, P),not overwritten(ID).
—holds(P) + —prop(ID, P),not overwritten(ID).
—holds(P) + prop(ID, P),not —overwritten(ID).
holds(P) + —prop(ID, P),not ~overwritten(ID).
overwritten(ID) < —holds(P), prop(ID, P), =prop(ID’, P),prec(ID, ID").
—overwritten(ID) < holds(P), prop(ID, P), —prop(ID’, P), prec(ID’,ID).
prec(ID, ID”) + prec(ID,ID’), prec(ID’,ID").

The following semantics for the choice construct satisfies the action choice intended behavior.

4.2 Semantics

In order to soon obtain a definition of well-founded models for ELP€ programs, we first
introduce the notion of choice-resolved ELPC programs.

» Definition 13 (Choice-resolved ELP¢-program). Given an ELPC-program =, for each rule
r € m whose head is a choice of the form {p1;...;px}u, let C. C{p1,...,pr} be arbitrary
with £ < |Cy| < wu, and replace r with the k many ELP rules

{pi < B(r). | pi € Cr} U{~p; < B(r). | pj € {p1,---. o} \ Cr }.

The resulting program is a choice-resolved program for w, denoted CR-7.

15:7
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By construction, CR-7 is an ELP as per Definition 1, and the standard WFSX semantics
(see Definition 5) can be applied to it; however, clearly, CR-7 is not unique in general.

» Definition 14 (WFSX®). Given an ELP program , the well-founded model WFMX (7")
of any choice-resolved program 7' of 7 is a well-founded model of w. We denote the set of all
such models as WFMXC ().

This construction provides a decompositional view of the choices in a program: each choice
is resolved syntactically and contributes a deterministic component to the resulting CR-
program. Such a decomposition is closely aligned with ordered disjunction—based extensions
in which possible actions, world states, and desired outcomes induce a preference ordering over
models via ordered disjunction [14]. The syntactic treatment of choices in our setting suggests
a clear path to adapting similar preference mechanisms, in contrast to ASP’s inherently
model (assumption)-based treatment of choices through the reduct.

» Example 15. Consider the program m = {1{p; q}1 < notp. }. Choice resolution (per
Definition 13) permits two decompositions of m into deterministic programs:
If we choose p (and thereby —q), we obtain m; = {p + notp.,—~q < notp.}. The next
fixpoint iteration step produces the empty set. Hence, both p and —q remain undefined
in the well-founded model.
If we choose q (and thereby —p), we obtain 19 = {q + not p., =p + not p.}. Subsequent
fixpoint iterations yield —p and q. The well-founded model is { not p, —p, q, not -q }.

It may be desirable to impose additional integrity constraints [3, Definition 7.1] on the
well-founded model that otherwise cannot be expressed using regular rules. For instance, in
planning problems, we may want to impose that a necessary precondition of an action must
not be undefined if that action is chosen.

» Definition 16 (Integrity constraints). An integrity constraint is a statement of the form
¢ : LyV---V Ly Lgy1,...,Ly., where all L; are default literals. A well-founded model
W satisfies ¢ if { L1,..., Ly } "W # 0 or { Lgy1,...,Ln } € W. A well-founded model W
satisfies a set C' of integrity constraints if it satisfies each integrity constraint ¢ € C'.

Integrity constraints, unlike regular rules within an ELP® program, do not (directly)
contribute to model construction; they merely serve to select a subset of the models in
WFMXC. In particular, integrity constraints do not derive literals. For example, we may
require that for each action a the integrity constraint a V nota <— T holds, which rules out
well-founded models in which whether or not a is chosen is undefined; however, this integrity
constraint by itself does not derive either a or not a during model construction.

We end this section with a useful property that we will take adantage of in order to
simplify the evaluation of ELP® programs.

» Definition 17 (Choice-NF). An ELP® program 7 is in Choice-Normal Form (Choice-NF)
if every rule r € ™ whose head is a choice is a fact (i.e., has an empty body).

» Theorem 18. Every ELPC program © over atoms Py C P can be transformed, using a set
A C P of augiliary atoms with ANP, =0 and |A| < |Px|* |x|, into an ELP® program 7' in
Choice-NF such that the models of ™ and 7' coincide modulo A.

4.3 Relation with ASP and SAT

The notion of choice was originally introduced with a stable model characterization [50],
and naturally extends to an answer-set characterization that admits explicit negation. For
completeness, we adapt the following definition and property from [3] to our setting.
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Table 1 Recursive translation ¢r of propositional formulas into ELPC rules.

Formula ¢ Rules for zy in tr Formula Rules for z, in tr

P=1P1 A AU xwiexw.(lgigk) Y1V Vg ww%xwi.(lgifk})
Top = Topyy v s Topy - g, ;.. s Ty e < Ty
O{zy,;. . ;xy, f(E—1) < —xy. Ly 4= Ly e ey L
Loy £ TTop, - (ISZSIC) TLqp; S T (1§Z§k)

» Definition 19 ((Partial) Stable Model). Let 7 be an ELPY program. A consistent set S C df L
of default literals is a partial stable model of 7 if S = Cn(7'"S"%) Unot(L \ COn(r'5"%)) for
some CR-resolved program w' for w. Moreover, such S is an answer set or stable model of 7
if S is total, i.e., if for each literal | € L either [ € S ornotl € S holds.

The well-founded semantics with choices is a sound approximation of the answer-set semantics.

» Theorem 20. Let 7’ be any CR-resolved program for an ELPCprogram w. If W is the
well-founded model of © and S an arbitrary answer set of ©, then W C S.

We moreover note that it is also possible to capture answer set semantics.

» Theorem 21. For every ELP program m over L, C L there exists an ELPC program
7' over L. UL, where L. = {L' | L € L}, such that the answer sets of m coincide with

T

WEFMXC(7) modulo L.

Proof. We can rewrite an ELP program 7 into 7’ as follows: for each literal L € L, we add
a choice 0{ L' }1 for L'; this selects some S as in Definition 19. For each rule r € 7, we replace
B~ (r) with By (r) = {=L' | L € B~(r)} to obtain a new rule 7' : H(r) <= B¥(r), By(r)
without default negation. By adding constraints | < L,—L’. and L < not L, L’. we can

SNL coincide with S. Thus, the answer sets of 7

enforce that consequences of the reduct 7
coincide with those of 7/ modulo £/.. By Theorem 32 below, the answer sets of 7’ coincide

with the well-founded models of 7/, which then yields the result. |

Considering SAT now instead of ASP, we note that in our semantics, we can express
arbitrary propositional formulas under classical semantics. Given a propositional formula
o, a Tseitin-style translation tr, shown in Table 1, rewrites ¢ into an equisatisfiable set of
ELPC rules by introducing auxiliary atoms as needed.

» Proposition 22. Given a formula ¢, the ELPC program tr(y) U { xy. } UU,cp 0{p}1. is
satisfiable if and only if ¢ admits a classical model, where xy, denotes the propositional atom
introduced by the tr translation to represent the formula .

The following example shows how ELPC can combine classical constraints and reachability.

» Example 23 (SAT guessing with fixpoint reachability). Let V = {1,...,n} be a finite set
of nodes, that are expressed as facts v(1),...,v(n). Edges of a directed graph are guessed
via choices 0{e(U,V)}1 < v(U),v(V). The guessed graph can be constrained by classical
(non-recursive) SAT-style conditions; for instance, L < e(U,V),e(V,U),U # V prevents
two-cycles. Reachability is then defined inductively:

reach(X, X) + v(X). reach(X,Z) < e(X,Y), reach(Y, 2).

Given Proposition 22, we can express a SAT formula ¢ by encoding it into an ELP® program,
furthermore, we may use the predicate reach in ¢, which is defined and governed by the
well-founded semantics.
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Algorithm 1 Computing WFSX® for ELP® programs in Choice-NF.

1: Initialize the SAT solver
2: for each choice £{p1,...,pr } v in the head of a rule r do

3: for each 1 <i <k do
4: | introduce a SAT variable ¢ for selecting p; in r
5: | add the corresponding cardinality constraints £ < (-, _,_, ¢i) < wu > following [59]
6: loop
7 if the SAT solver returns UNSAT then
8: | return failure > no well-founded model exists
9: W < WFSX(SAT choice resolution) > Definition 5
10: if W = _1 then
11: ‘ add clauses preventing the current conflict
12: else if W violates the integrity constraints then > Definition 16
13: ‘ add clauses preventing this integrity constraint violation
14: else
15: | return W > Definition 14

5 Evaluating ELP® Programs

We present an SMT-like solving procedure for ELPC programs in Choice-NF that relies on a
SAT solver. We use an encoding of cardinality constraints based on sequential counters, as
presented by Sinz [59], that is not minimal in terms of the number of clauses or auxiliary
variables but decidable by a CDCL solver almost entirely via unit propagation.

Algorithm 1 sets up the choice encoding (lines 2-5) and then selects in a loop a choice
resolution (line 7) and checks whether the resulting model W is contradiction-free and satisfies
all integrity constraints; if not, it adds clauses ruling out the current choice resolution (lines
10-13). The naive version of this algorithm only adds a single clause at a time, ruling out only
the current choice resolution. In the next section, we show how to optimize this exhaustive
search by introducing clause learning for a more efficient handling of contradictions and
integrity constraint violations. Then, in Subsection 5.2, we show how we can use a syntactic
analysis on the program to decompose it into subprograms to speed-up the computation.

5.1 Clause Learning for Contradiction and Integrity Constraints

We present a SLX-inspired clause learning procedure, where SLX is a top-down procedure
originally proposed in [3] for a relaxation of WFSX where contradictory conclusions are
allowed, adapting similar techniques from related frameworks [12, 18, 19]. SLX consists of
the sub-procedures SLX-T and SLX-TU that derive whether an objective literal [ is true
(SLX-T) or whether [ is true or undefined (SLX-TU). Thus, checking whether not{ holds
amounts to checking whether the SLX-TU derivation for [ fails.

We adapt SLX as the basis of our clause learning procedure: (i) we remove the infinite
loop detection for the recursion through default negation, as we have a partial interpretation
obtained from given fixpoint iteration steps, and (ii) we collect the choices that have been
relevant to the current contradictory derivation.

Preliminaries: For readability, throughout this section, we let 7 be some fixed ELP®
program in Choice-NF. Let C' C L be the set of objective literals such that their atoms
appear in a choice head in 7. Given this program, we define the following procedures.
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» Definition 24 (BLOCK and DERIVE). Let i > 0 and S be a set of visited literals. Then,
the procedure BLOCK(I, 4, S) produces a formula for literal | € L as follows:
-lifle C andi > 0;
Tifl ¢ C, and eitherl € S ori=0;
otherwise a conjunction of subformulas for all rules r € 7 if i is odd resp. v € 7s if i is
even, such that H(r) =1, given by

\/ Brock(b,i,SU{l}) v \/ Derive(bi-1,0).

beB+(r) beB—(r)

the procedure DERIVE(L, 1, .S) produces a formula for literal I € L as follows:
lifleC andi>0;
L ifl g C, and eitherl € S ori=0;
a disjunction over the subformulas for each rule r € 7 if i is odd resp. r € w5 if i is
even such that H(r) =1, given by

/\ DERIVE(b, 7, S U {l}) A /\ BLOCK(b, i — 1, 0).

beB+(r) beB~(r)

Given a sequence I, I, ... of fixpoint interpretations, as soon as we obtain an interpreta-
tion I; with ¢ even that contains contradictory literals p and —p, we generate a formula

CONSISTENT(p, i) := BLOCK(p, i, }) V BLOCK(—p, 7, })
that is added to the SAT solver context via a standard Tseitin transformation.

» Example 25. Consider the program
m={-p+ p.,p+ —p.,0{b}1l.,p+ b,notc.,—p+ —b,notc.}

and choose —b to be true. Then, fixpoint iteration yields Iy = 0, I; = {p, —p, —b}, I» = I,
which is contradictory. The naive version of Algorithm 1 would now block this particular
choice, and the SAT solver would attempt choosing b next, which ultimately would lead to
the same conflict. With our clause learning procedure, however, CONSISTENT(p, 2) returns a
formula equivalent to bA —b (i.e., L), which immediately makes the SAT context unsatisfiable
and thereby a second model construction attempt unnecessary.

The generated formula is sound, meaning that it does not rule out any choice resolution
that could lead to a consistent model. The following lemma is useful to prove it.

» Lemma 26 (Effect of BLOCK and DERIVE). Let J: C — { T, L }. Then J |= DERIVE(], i, )
(respectively, J |= BLOCK(l,,0)) iff the set of choices induced by J entails that | appears
(respectively, does not appear) in the i-th interpretation according to Definition 14.

» Theorem 27 (Effect of CONSISTENT). Let J: C — { T, L} and I; a fizpoint interpretation
with i even, such that p,—p € I; for some atom p. Then, J = CONSISTENT(p, ) iff the set
of choices induced by J entails that p and —p do not both appear in the i-th interpretation.

Given the tree-shaped recursive nature of the BLOCK and DERIVE procedures, the size of
the resulting formulas may be of concern. However, repeated invocations of these procedures
with the same arguments lead to the same formulas, thereby allowing efficient caching.
Through a combination of basic formula simplifications, formula reuse, and short circuiting,
the number of recursive invocations and the size of the learned formula are both bounded.

15:11
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Notably, we can further extend this technique to also generalize from a choice that leads
to a particular integrity constraint violation (see Definition 16). Unlike conflicts during the
computation of the well-founded model, integrity constraints generally can only safely be
evaluated after the model has been fully constructed. Once we determine that the computed
well-founded model does not satisfy a particular integrity constraint

c:LyV---VLg<4+ Liy1,...,Ly,

with Ly,..., L, € df L, we therefore construct a formula INTEGRITY (¢, i), where 4 is the last
fixpoint interpretation index (and necessarily even):

INTEGRITY(c, i) = \/ . INMODEL(L;, ) V \/ NOTINMODEL(Lj;, i),

1<5< k+1<j<n

where

DEeRIVE(L, 4, 0), forle L,L =1
INMODEL(L, ) :{ (I Qi or

Brock(l,i —1,0), forle€ L,L =notl

Brock(l, 1, 0), forle L,L=1

NoTINMODEL(L, i) =
DErIVE(l,i — 1,0), forl e L, L =notl.

However, it may not be possible to satisfy the integrity constraint within the number of
fixpoint iterations that were computed prior to reaching the alternating fixpoint. For instance,
an integrity constraint ruling out undefinedness for a literal c, written ¢ V not ¢ - T, might
be entirely unsatisfiable within k fixpoint interpretations, and may only become satisfiable in
a future interpretation, which however was not computed as part of the model construction.

» Example 28. Consider the program
m={0{p}l., g+ notp., r + nots., s+ nott., t < g,notr., c < nots.}

and the integrity constraint ¢ V not ¢ < T. There are two possible choice resolutions. If we
choose —p, then we obtain the following sequence of interpretations:

I = ®7 L = {q,S,I‘, Cat,_'p}a L = {qv _‘p}v I3 = {CL cr,t, Sa_‘p}a I, = {CL _‘P}-
Such a computation leads to the well founded model
W_p = {=p, 9, not ~c, not ~q, not —r, not =s, not -t, not p},

which means that the set { ¢, r, s, t } of literals is undefined, hence, W_; violates the integrity
constraint. If we instead choose p, the computed sequence of fixpoint interpretations is

Iy = (07 L = {r7q7tvcap7s}7 I = {p}a I3 = {p,I‘,C,S}, I, = {Svp}v
I5 = {S7p}7 IG = {S7p}7

which translates into the well-founded model
W, = {p, s, not ¢, not ~c, not —p, not ~q, not —r, not =s, not =t, not q, not r, not t.},

which satisfies the integrity constraint (notc € W;). However, the number of alternations
increased with respect to the computation of W_,. Therefore, any attempt of satisfying the
integrity constraint within the original number of alternations would have failed.
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In other words, adding INTEGRITY(c, %) to the SAT context might make it unsatisfiable,
even if the integrity constraint could perhaps be satisfied for a different choice resolution that
would have increased the number of fixpoint iterations. We solve this issue by weakening the
formula before adding it to the SAT context in the following way:

WEAKINTEGRITY(c, i) := INTEGRITY(c, %) V FUTUREFIXPOINT(¢), where

FUTUREFIXPOINT(7) := \/leL (Brock(l,i — 2,0) A DERIVE(,4,0)) .

The resulting formula produced by WEAKINTEGRITY(c,4) indeed achieves that any
choice assignment satisfying the formula satisfies the integrity constraint ¢ at the i-th fixpoint
interpretation or leads to a longer sequence of fixpoint interpretations. We add this formula
to the SAT context through a standard Tseitin translation as well.

Conveniently, all of these procedures produce formulas in Negation Normal Form (NNF),
which means that weakening any subformula may weaken the formula as a whole, but can
never strengthen it. We can take advantage of this property as follows.

For even i > 2, if [ € I;,_o, then BLOCK(l,¢) = BLOCK(l,i — 2). Because | € I;_o, the

formula Brock(l,7 — 2) will still rule out the current choice assignment (Lemma 26).

Therefore, in this case, we can compute and use BLOCK(I, i — 2) instead of BLOCK(I, 7).
Similarly, for odd ¢ > 1, if | ¢ I,_, then DERIVE(],7) = DERIVE(],i — 2), and we can
compute and use DERIVE((, ¢ — 2) instead of DERIVE(], 7).
These shortcuts can significantly reduce recursion depth, especially when they can be
applied repeatedly. The formulas produced by CONSISTENT (in case of a conflict) and
WEAKINTEGRITY (in case of an integrity constraint violation) may now be weaker (but not
stronger), however, they still — at least — rule out the current choice assignment and therefore
are sufficient for guiding the SAT solver toward a satisfying assignment, if one exists.

5.2 Program Decomposition

Resorting to standard analysis on syntactic dependencies of a logic program [28], we adapt
two such techniques with beneficial implications in the solving phase. First, we make use

of splitting [45], which allows to divide a program into a bottom and a top subprogram.

The well-founded model of the entire program can then be obtained by aggregating the
well-founded models of these subprograms. Second, we show how a program with stratified
use of default negation [36] allows computing the well-founded model via a single fixpoint
procedure that also behaves favorably in terms of grounding. We later combine the two
techniques to structure the program into stratified and unstratified subprograms. We start
by introducing a notion of splitting sets.

» Definition 29 (Splitting Set). A set U C L is a splitting set for an ELP® program = if (i)
for every rule r € w, if H(r)NU # 0, then (B(r)UH(r)) CU, and (i) -l €U forl € U.

The set of rules r € 7 satisfying (B(r) U H(r)) C U is denoted as by () and called bottom
of m with respect to U. This partition allows one to induce sets of rules (subprograms) that
are closed-by-definition, meaning that the truth values of atoms they derive cannot be altered
by upper subprograms, as they do not syntactically depend on them.

Given a consistent set .S C df L of default literals and a splitting set U for a program ,
we construct the top program ey (m, S) as follows: we include all rules r’ resulting from some
r € m\ by (m) by replacing each literal [ € U in B*(r) with (i) T if { € S, (i) L if notl € S,
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and (iii) a fresh literal u otherwise!, and replacing not ! in B(r) with [ € U with (i) Lif[ € S,
(if) T if notl € S, and (iii) u otherwise. If u was used, we add the rule u < notu, which
derives u in the first step of fixpoint iteration but not in the second etc.; this captures exactly
the undefinedness truth value. Our main result on program splitting is then as follows.

» Theorem 30 (Splitting theorem). Let U be a splitting set for an ELPC program w. Then S
is a partial stable model of 7 iff both (i) Sy is a partial stable model of by (7) and (ii) Ss is a
partial stable model of ey (m,51), where S; = SN (U U notU) and S; =S\ (UU notU).

The proof of this theorem follows [45], adapted to our three-valued setting. Note that we
introduced condition (ii) in Definition 29 as, when applying the semi-normal transformation
of the program in the computation of the well-founded model, each rule with head p contains
not —p in the body. For example, given m# = {rg:p « notq., r1:q < notp., ro:—p}, if
{p,q} were a splitting set, then the well-founded model of the bottom subprogram {rg,r}
would leave both p and q undefined, but we would later find —p to be true. However, the
well-founded model of the whole program 7 is { —p, g, not p, not =q}.

We repeatedly apply splitting to partition the program into smaller subprograms and
combine the resulting partial stable models according to Theorem 30. Within each subpro-
gram, we exploit another decomposition technique based on stratification. To this end, we
introduce dependency graphs for ELP® programs in Choice-NF.

» Definition 31 (Dependency Graph). The dependency graph G of an ELP® program w in

Choice-NF is the directed graph whose vertices are all objective literals occurring in w, and

whose edges represent dependencies induced by rule bodies as follows: for each rule r € 7,
add for each objective literal | in H(r) and each literal I' € BT (r) a positive edge | =+ 1';
add for each objective literal | in H(r) and each literal I' € B~ (r) a negative edge | —~ 1.

If there are no cycles in the dependency graph G, of a program 7 passing through a
negative arc, we say that the program 7 is stratified. This allows us to further partition £ into
strata Py, ..., Py that permit an iterative fixpoint computation. We obtain this partitioning
by computing the strongly connected components of G and sorting them in some topological
order. Fix some CR-version 7’ of m. Let m, C 7’ be the set of rules whose head atoms
belong to P;. We compute Sp as Cn(n()). For i > 0, given the interpretation S<; = Uj<i S;
computed at lower strata, we evaluate 7} as S; = Cn(r><"), where T
per Definition 3. The interpretation of the entire program = is then S = Uf:o S;. If Sis

consistent, let W™ = S U {notl |l € L, \ S} be the stratified model of 7’.

S<i is the reduct as

» Theorem 32 (Stratified Fixpoint). Let 7 be a stratified program in Choice-NF and ©' any
CR-version of w. Then the stratified model W™ coincides with both the well-founded model
of ©' and every answer set of ©’. In particular, ™ has a unique answer set, and this answer
set is total and equal to the well-founded model of 7'.

We can combine Theorem 30 and Theorem 32 to compute the stable model of a program
7 as follows. Let myg = m and Wy = (). Starting at 7 = 0, if 7; is empty, then W, = W; is a
stable model of 7 and the final element of the sequence. Otherwise, let U; be a splitting set
for m;. If the bottom slice by, (;) is stratified, apply the stratified fixpoint construction to
obtain S; per Theorem 32; otherwise, use the regular alternating fixpoint computation to
obtain S;. Let ;41 be the top slice ey, (m;, S1) and let W1 = W; U S;.

! Replacing a positive literal with u can be performed on grounded programs; if the grounding occurs on
the fly, then this replacement should not occur and we would add a rule ! <— not [ for such a literal.
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This procedure localizes those portions of the program that require a full alternating
fixpoint construction.

» Example 33 (Stack of subprograms). Let m = 7 U my U w3, where m; = {p + notp,p.},
ma = {s + notp., r < z,nots., z < r.,q < —p}, and 73 = {L < notm,r}. Here, m; is
the bottom of 7 w.r.t. the splitting set {p, -p} and 72 the bottom of the remainder 7 \ m1
w.r.t. the splitting set {r,—r,s,s,z,-z}. Thus, 71,72, 75 form a bottom-up evaluation
stack of subprograms of w. While 7y is unstratified, 7y is stratified and maximal, i.e., cannot
be enlarged while remaining stratified; we thus obtain the following partitioning of literals:
P., ={p,—p}, P;z = {s,q,s,q}, PT%Q = {r,z,—r,~z}, where P}

., P2, are strata of .
Similarly to the computation of stratification, we can efficiently compute splitting sets for
the whole program 7 by computing the strongly connected components of G, while ignoring
edge polarity and ensuring condition (ii) of Definition 29 by adding edges in both directions
between p and —p for each atom p. We can now compute a topological order of these strongly

connected components. Any prefix of this sequence of components forms a splitting set of .

6 Implementation and Experiments

We have implemented the algorithm described in the previous sections in C++4, using
CaDiCal [11] as the SAT solver. Our source code is publicly available: see [29].

Due to the novelty of the semantics, there is no established approach that we can directly
compare this implementation against. Nevertheless, the WFSX® semantics can be encoded
in a natural and straightforward manner for an ASP solver. We experimentally test the
performance of our SAT-based algorithm against an ASP encoding of the WFSX® semantics
(also available in [29]), on a graph problem which requires a three-valued solution.

Namely, we revisit the graph-winning game [35, 61], which is played by two players, A
and B, on a directed graph G = (V, E) who alternate on moves, which must transit a token
from a node to a neighbor. The winning positions are the nodes where no move of the token
is possible. It is well known that WFS captures the problem with a single rule:

w(X) + arc(X,Y),notw(Y).

where arc is a binary relation provided as a set of facts.

We extend the game with sets of arcs that we can add to or remove from the graph,
represented by binary predicates add and remove, and a set of states that we want to be
winning states. For each such state X, we add the rules

¢+ notw(X)., —c<«c.,

which cause a conflict if X is not a winning state, and the integrity constraint
cVnotc<+ T.,

which rules out models in which w(X) and hence ¢ is undefined.

» Example 34 (Graph winning with choices). Consider the instance of extended graph-
winning where (i) the set of arcs is {arc(a,b), arc(b, ¢), arc(a,d),arc(d,b)}, (ii) the possible
additions are described by rules arc(d, e) < add(d, ¢)., arc(e, d) < add(e, d). and choice facts
0{add(e, d)}1., 0{add(d, e)}1., (iii) no removals are possible, and (iv) the only required winning
state is b, expressed by the rules ¢ < b. and —c < c. plus the integrity constraint c V not c.
Figure 1 shows three possible labelings of the nodes according to the following sets of choices
(left to right): {—add(e,d),—add(d,e)}, {add(e,d),add(d,e)}, and {—add(e,d),add(d,e)}.
Only the last one results in a model that satisfies the integrity constraint.
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Figure 1 Different choice outcomes for Example 34. Dashed blue nodes mark undefined nodes,
dotted red nodes mark losing nodes, and solid green nodes mark winning nodes.

Experimental setup

We generated random graphs with a parametric number of nodes, with edges chosen at
random, and a subset of the edges was selected at random to be removable (by choice rules
of the form 0{ remove(u,v) }1.) while other edges were randomly selected to be addable (by
0{ add(u,v) }1.). A small number of nodes was selected as winning states. We generated
50 graphs for each parameter set; all of the instances are also publicly available [29]. The
parameters are as follows:

10 nodes, 30 edges (22 fixed, 4 addable, 4 removable), two fixed winning nodes,

15 nodes, 50 edges (40 fixed, 5 addable, 5 removable), two fixed winning nodes,

50 nodes, 580 edges (500 fixed, 40 addable, 40 removable), four fixed winning nodes,

150 nodes, 1360 edges (1200 fixed, 80 addable, 80 removable), five fixed winning nodes,

200 nodes, 2200 edges (2000 fixed, 100 addable, 100 removable), five fixed winning nodes,

250 nodes, 2740 edges (2500 fixed, 120 addable, 120 removable), five fixed winning nodes.

We ran all four evaluation approaches, i.e., (1) the ASP encoding (as solved by clingo
5.8.0 [33]), (2) the naive version of Algorithm 1, (3) its variant with Clause Learning (CL),
and (4) the further extension with splitting via dependency graph and splitting sets, on all
graphs. We conducted the experiments on a Linux 6.12 system with an Intel i7-1185G7
processor and 16 GiB of memory and with a timeout of 90 seconds per graph.

Experimental results

Table 2 show the resulting execution times (in seconds) and the number of timeouts. We
observe significant differences between the four methods. Unsurprisingly, the exponential
nature of the exhaustive search performed by Algorithm 1 without clause learning leads to
timeouts except for the smallest numbers of nodes. Adding clause learning is crucial for
timely termination, and while then the runtime still grows with the size of the instances,
even the biggest instances were solved within seconds. We further see that splitting indeed
succeeds in decomposing complex instances into smaller sub-problems that can be solved
more easily, resulting in another significant reduction of runtime, especially for large number
of nodes. The ASP encoding also performs well and, while our approach with clause learning
(and splitting) generally appears faster, its runtime does not nearly increase as quickly as
the one of the naive algorithm.

7 Conclusion and Future Work

We have presented a novel semantics for logic programs that augments Extended Normal
Logic Programs with an explicit choice operator, thereby allowing case-based reasoning
and non-deterministic choices while maintaining the scalability and skeptical reasoning
capabilities of the Well Founded Semantics. To showcase the benefits for modeling problem,
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Table 2 Performance comparison of evaluation methods on random instances of extended
graph-winning, with all runtimes in seconds.

Random graphs, 10 nodes Random graphs, 15 nodes
Method Best Mean Variance Timeouts Method Best Mean Variance Timeouts
ASP encoding 0.024 0.064  0.001 - ASP encoding 0.058 0.140  0.003 -
Naive 0.000 0.021  0.000 - Naive 0.000 0.152  0.002 -
Clause learning (CL) 0.000 0.001  0.000 - Clause learning (CL) 0.000 0.001  0.000 -
CL and splitting 0.000 0.001  0.000 - CL and splitting 0.000 0.001  0.000 -
Random graphs, 50 nodes Random graphs, 150 nodes
Method Best Mean Variance Timeouts Method Best Mean Variance Timeouts
ASP encoding 1.144 1.524  0.140 - ASP encoding 13.190 16.676  8.850 -
Naive 50 Naive - - - 50
Clause learning (CL) 0.029 0.031  0.000 - Clause learning (CL) 1.906 2.534  0.667
CL and splitting 0.008 0.009  0.000 - CL and splitting 0.367  0.501 0.064 -
Random graphs, 200 nodes Random graphs, 250 nodes
Method Best Mean Variance Timeouts Method Best Mean Variance Timeouts
ASP encoding 29.398 34.450 13.538 - ASP encoding 59.663 66.626  38.103 5
Naive 50 Naive 50
Clause learning (CL) 6.049 7.793  2.746 - Clause learning (CL) 17.576 22.890 19.923 -
CL and splitting 1.188 1.586 0.519 - CL and splitting 3.056  3.882 0.756 -

we have considered an application for reasoning about actions and planning. Furthermore, we

have proposed an algorithm for evaluating logic programs according to the ELPC semantics.

Through the integration of a SAT solver for making choices, the efficient encoding of cardinality
constraints, and — most importantly — the development of a clause learning procedure to
propagate information about contradictory fixpoint results back to the SAT solver, this
algorithm is capable of handling complex logic programs. In our experiments, it generally

outperforms an ASP encoding of the same semantics, solved by a state-of-the-art ASP engine.

We further have extended existing splitting techniques to ELPC semantics and thereby
enabled the decomposition of logic programs into stratified and unstratified components to

aid in solving; our experiments confirmed a beneficial effect on the performance of evaluation.

Our work gives rise to several promising research directions. Recently, there has been an
increasing interest in the integration of first-order theories into logic programs, with semantics
being developed to facilitate such an integration [15, 16, 27, 41], as different semantics capture
different intuitive behavior and use cases. A prominent example is difference logic [10, 21],
which is a tractable fragment of linear arithmetic that plays a central role in planning [49] with
durative action and scheduling [41] under time constraints, while having partial information
on the truth value for the fluents. The ELPC semantics that we presented is well-suited for
an SMT-like integration of first-order theories.

Lastly, while the algorithm presented in this work directly interfaces a SAT solver, it
would likely benefit from an even tighter integration, e.g., through the recently proposed
Satisfiability Modulo User Propagators framework [30], in which case conflicts could be derived
and clauses could be learned from partial SAT assignments.
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