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—— Abstract

Parity-SAT is the problem of determining whether a given CNF formula has an odd number of
satisfying assignments. As a canonical @P-complete problem, it represents a fundamental variant
of the exact model counting problem (#SAT). Under the Strong Exponential Time Hypothesis
(SETH), Parity-SAT admits no O*((2 — &)™)-time or O*((2 — €)™ )-time algorithm for any constant
€ > 0, where n and m denote the numbers of variables and clauses, respectively. Thus, breaking the
2™ or 2™ barrier appears impossible in full generality.

In this work, we revisit this barrier through structural restrictions and a refined exploitation of
parity. We study Parity-d-occ-SAT, where each variable appears in at most d clauses, and obtain
three main results. First, we design a randomized O* (Qm(lfl/ O(d)))-time algorithm, thereby breaking
the 2™ barrier for every fixed d. Second, for the special case d = 2, we develop a significantly
sharper branching algorithm running in O*(1.1193™) time or O*(1.3248™) time. Third, leveraging
the structural insights underlying the d = 2 case, we obtain an O*(1.1052")-time algorithm for
general Parity-SAT, where L denotes the formula length. All algorithms use only polynomial space.
Notably, our running-time bounds are better than the best known bounds for the corresponding
exact counting counterparts, highlighting a genuine algorithmic advantage of parity over counting.
Conceptually, our results demonstrate that parity admits finer structural reductions and more
efficient branching than exact model counting, and that bounded occurrence can be systematically
leveraged to circumvent classical exponential barriers.
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1 Introduction

The SATISFIABILITY (SAT) problem, determining whether a given Conjunctive Normal Form
(CNF) formula has a satisfying assignment, is a cornerstone of Computer Science and the
prototypical NP-complete problem [13]. Its counting variant, MODEL COUNTING (#SAT),
requires computing the exact number of satisfying assignments (called models). #SAT is
#P-complete [44] and serves as a fundamental tool in probabilistic inference [38, 3, 39, 11],
network reliability estimation [18], and explainable AI [32]. A significant modular variant of
#SAT is Parity-SAT, which asks whether a formula has an odd number of models. Parity-SAT
is the canonical complete problem for the complexity class @P introduced by Papadimitriou
and Zachos [33] and is shown to be NP-hard under randomized reductions by Valiant and
Vazirani [46]. This problem also plays a pivotal role in the proof of Toda’s theorem [42], a
landmark result in the study of counting complexity.

Given the inherent hardness of these problems, research has shifted toward finding
moderately exponential-time algorithms. Typically, instances are parameterized by the
number of variables n, with the goal of achieving a running time of O*(c¢™) for some constant
¢ < 2. A brute-force search over 2" assignments solves SAT, #SAT, and Parity-SAT in
O*(2™) time. However, it is not easy to break the trivial “2™-barrier”.

Under the Strong Exponential Time Hypothesis (SETH) [27], no O*((2 — €)™) algorithm
exists for SAT for any € > 0. By the isolation lemma [8, 43], this barrier extends to Parity-
SAT as well. These lower bounds have motivated the study of restricted formula classes,
such as k-SAT (where clauses have size at most k) and d-occ-SAT (where variables appear
in at most d clauses). For k-SAT, it has been extensively studied and we provide a review on
it later in this section. In this paper, we focus on d-occ-SAT and denote its counting and
parity counterparts by #d-occ-SAT and Parity-d-occ-SAT, respectively.

It is known that d-occ-SAT can be solved in O*(27(1=1/000gd)) time [9, 16]. Remark-
ably, this upper bound carries over to the exact counting variants: #d-occ-SAT admits a
deterministic algorithm running in O*(27(1=1/00°8d)) time, albeit requiring exponential
space [10]. Naturally, this algorithm also applies to Parity-d-occ-SAT.

The computational landscape shifts significantly when instances are parameterized by the
number of clauses m. While SAT admits an O*(1.2226™)-time algorithm [12], its parity (and
counting) counterparts face a rigid barrier: although they can be solved in O*(2™) time via
Inclusion-Exclusion [28, 30], Cygan et al. [15] showed that this 2-barrier is insurmountable
under SETH even for Parity-SAT. Moreover, for the bounded-occurrence restrictions, to the
best of our knowledge, no known algorithms break the 2™-barrier even for Parity-2-occ-SAT.

Our Results. In this work, we study fast algorithms for Parity-SAT and Parity-d-occ-SAT.
First, we demonstrate that the 2”*-barrier is surmountable for the class of bounded-occurrence
formulas by giving a randomzied O*(2m(1~1/0(d))_time algorithm for Parity-d-occ-SAT.
Second, for the specific case of d = 2, we design a refined algorithm for Parity-2-occ-SAT that
runs in O*(1.1193") time or O*(1.3248™) time. Finally, utilizing the results and algorithmic
ideas developed for Parity-2-occ-SAT, we obtain an O*(1.1052%)-time algorithm for the
general Parity-SAT, where L is the formula length (i.e., sum of the sizes of clauses). We
remark that the parameter L is also well-studied in the literature, as detailed in the related
work discussion later in this section. All our algorithms require only polynomial space,
and our bounds are better than the known results for their counting counterparts. This
underscores that parity counting, being a special case of exact counting, potentially offers
greater tractability. A summary of known results and our contributions is provided in Table 1.
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Table 1 Summary of known results and our results. In this table, “Para.” stands for “Parameter”;
“det.” and “rand.” stand for deterministic and randomized algorithms, respectively; “poly-sp.” and
“exp-sp.” denote polynomial and exponential space.

Para. #SAT | Parity-SAT
L 0*(1.1082%) 0*(1.1052%)
det., exp-sp. [4, 5, 36] det., poly-sp. [Section 6]
Para. #2-occ-SAT #d-occ-SAT ‘ Parity-2-occ-SAT Parity-d-occ-SAT
O*(12282n) O*(Qn(l—l/o(logd))) O*(lllggn) O*(2n(1—1/0(10gd)))
n det., exp-sp. rand., poly-sp. [26] det., poly-sp. rand., poly-sp. [26]
(derived by L < 2n)  det., exp-sp. [10] [Section 5] det., exp-sp. [10]
o*(2™) 0*(1.3248™) O (2m-1/ot)
m det., poly-sp. [28, 30] det., poly-sp. rand., poly-sp.
[Section 5] [Section 4]

Our results mainly rely on the exploitation of parity. A simple example is that if an
unassigned variable appears in no clauses, it acts as a free variable that doubles the total
number of satisfying assignments; consequently, one can immediately infer that the parity
of the formula is zero. Building upon this and other parity-specific properties, we develop
several reduction rules and branching rules used in our algorithms. Furthermore, unlike most
branching algorithms that solely branch on variables, we employ an additional clause-based
branching rule, which may be of independent interest.

Other Related Works. Tt is known that k-SAT can be solved in O*(2"(1=1/O(k)) time [41,
35, 34]. For #k-SAT, the same runtime bound is achieved either deterministically with
exponential space [10] or via a randomized polynomial-space algorithm [26]. Particular
attention has also been given to small values of k. Specifically, 3-SAT admits a randomized
0*(1.306973™)-time [40] and a deterministic O*(1.32793™)-time algorithm [29], and (weighted)
#2-SAT is solvable in O*(1.2377™) time [47] or O*(1.1082™) time using exponential space [36].

Beyond n and m, the formula length L is another widely studied parameter. Currently,
SAT and #SAT can be solved in O*(1.0638%) [37] and O*(1.1082%) [36] time, respectively.
The latter bound is obtained by reducing a #SAT instance of length L to a weighted #2-SAT
instance with m = L clauses [4, 5] and calling the O*(1.1082™) time algorithm for weighted
#2-SAT [36]; while the reduction itself only uses polynomial space, the invoked algorithm [36]
requires exponential space.

We also highlight that the parity counting versions of many classic problems have
been extensively studied, including Perfect Matching [44], Hamiltonian Cycle [7], and k-
Path [14]. Some of these problems admit polynomial-time algorithms, while others remain
computationally hard. Consequently, parity counting problems have attracted significant
attention from the perspectives of classical complexity theory, parameterized complexity, and
fine-grained complexity (see e.g., [2, 45, 14, 23, 1, 6]).

Due to space limitations, proofs of lemmas marked with & are deferred to the full version.

20:3

SAT 2026



20:4

New Algorithms for Parity-SAT and Its Bounded-Occurrence Versions

2 Preliminaries

Notations. Let V be a set of Boolean variables. A Boolean variable (or simply variable)
x € V can be assigned a value of 1 (TRUE) or 0 (FALSE). A variable = has two corresponding
literals: the positive literal x and the negative literal Z. We use T to denote the negation of
literal 2, so Z = x. A clause on V is a set of literals on V. Note that a clause might be empty.
A CNF formula (or simply formula) ¢ = {C1,Cs,...,C,,} over V is a set of clauses on V|
also denoted by ¢ = A“; C;. We denote by var(y) the variable set of . For a literal ¢,
var(¢) denotes its corresponding variable. For a clause C, var(C) denotes the set of variables
appearing in the clause (i.e., € var(C) if z € C or T € C). We say a variable & co-occurs
with a variable y if x and y share a clause.

An assignment for a variable set V is a mapping o : V' — {0,1}. Given an assignment o,
a clause is satisfied by o if at least one literal in it evaluates to 1 under . An assignment for
var(yp) is called a satisfying assignment of ¢ if o satisfies all clauses in ¢. We use Parity(p)
to denote the parity of the number of satisfying assignments of ¢ (i.e., it is 1 if the number
of satisfying assignments is odd, and 0 otherwise).

The degree of a variable z in formula ¢ is the total number of occurrences of literals x
and T in ¢. A variable is called a d-variable if its degree is exactly d, and a d*-variable if
its degree is at least d. A variable x is called (4, j)-variable if literal = appears i times and
literal T appears j times.

The length of a clause C, denoted by |C/, is the number of literals in C. A clause is called
a k-clause (resp. k™ -clause and kT -clause) if its length is exactly k (resp. at most k and at
least k). A formula ¢ is called a k-CNF formula if each clause in ¢ has length at most k.

For a formula ¢, define n(p) = |var(¢)| as the number of variables, m(¢) = |¢| as the
number of clauses, and L(gp) = } ¢ ,|C| as the total length of the formula. We may simply
write n, m, and L if the context is clear.

Branch-and-Search. A branch-and-search algorithm first applies reduction rules to simplify
the instance, and then recursively solves it via branching operations. To evaluate the time
complexity, we associate each problem instance with a non-negative measure u. Let T'(u)
denote an upper bound on the number of leaves in the search tree generated by the algorithm
for any instance with measure at most . A branching operation generates [ subinstances
whose solutions collectively determine the solution to the original instance, and the measure
decreases by at least a; > 0 in the ¢-th branch, yielding the recurrence relation

T(p) <T(p—a1)+ - +T(p—a).

This recurrence is represented by a branching vector (a1, ...,a;). The branching factor of
this recurrence, denoted by 7(a1,...,a;), is defined as the unique positive real root of the
characteristic equation 1 — Zizl x~% = (. If the branching factor of every operation in the
algorithm is bounded by a constant «y, then the overall size of the search tree is bounded
by O*(~v*). For a comprehensive background on exact exponential algorithms, we refer
the reader to [21]. The following standard property allows us to analytically upper-bound

branching factors, which is a direct consequence of Lemma 2.2 and Lemma 2.3 in [21].

» Lemma 1. For any reals ai,az > 0 and p > g > 0, if a1 + az > p and min(aq,a2) > q,
then 7(a1,a2) < 7(p —q,q)-
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3 Reduction Rules and Branching Rules

In this section, we introduce some basic reduction rules and branching rules that will be
frequently used in algorithms in subsequent sections.

Before presenting the rules, we define the notation for the formula simplifications and
modifications involved. For a literal ¢, we use ¢[¢ = 1] to denote the formula obtained
from ¢ by assigning £ = 1. This simplifies ¢ by removing all satisfied clauses (those

containing £) and deleting all falsified literals (occurrences of £) from the remaining clauses.

Accordingly, we define ¢[¢ = 0] = ¢[¢ = 1]. Extending this to a clause C = (£; V ---V {}), we
define [C' = 0] = ¢[¢1 =0,...,¢, = 0] (falsifying C' by assigning all its literals to 0) and
p[C = 1] = ¢ AC (requiring C' to be satisfied by adding it to the formula). We use a combined
notation to represent a sequence of operations in order (e.g., ¢[Cy; = 1,C5 = 0,¢ = 1] denotes
the formula obtained by adding C1, falsifying Cs, and assigning ¢ = 1).

3.1 Reduction Rules

A reduction rule (R-Rule) is correct if it takes a formula ¢ as input and outputs a formula
¢’ with Parity(p) = Parity(¢’), or correctly reports the value of Parity(¢). The correctness
of most rules is easily seen, and we will briefly justify some of them. A formal statement of
correctness is given in Lemma 3 below, and the proof is deferred to the full version. The first
five reduction rules are standard, which can also be applied to exact counting.

» R-Rule 1 (Base case). If formula ¢ contains an empty clause, report Parity(¢) = 0.

» R-Rule 2 (Elimination of duplicated literals). If a clause C contains duplicated literals ¢,
remove all but one £ in C.

» R-Rule 3 (Elimination of tautology). If a clause C' contains two complementary literals ¢
and ¢, remove clause C.

» R-Rule 4 (Elimination of subsumptions). If there are two clauses C and D such that C C D,
remove clause D.

» R-Rule 5 (Elimination of 1-clauses). If there is a 1-clause (£), assign ¢ = 1.
Next, we introduce four rules (i.e., R-Rules 6, 7, 8, 9) that are specific for Parity-SAT.

» R-Rule 6 (Elimination of O-variables). If there is an unassigned variable x that does not
appear in any clause, report that Parity(p) = 0.

The correctness of R-Rule 6 follows from a simple parity-based observation: if there is a
0-variable, then the parity of the number of satisfying assignments is even. This is because
such a free variable doubles the number of solutions of the formula without the variable.

We say that a literal x dominates a variable y (where y # var(x)) if every clause
containing variable y also contains literal x. Observe that assigning x = 1 makes y a
O-variable in the resulting formula [z = 1]. This implies that Parity(¢[z = 1]) = 0 and so
Parity(p) = Parity(¢[z = 0]). Thus, we have the following two reduction rules:

» R-Rule 7 (Elimination of 1-variables). If there is a 1-variable x and let (xV C) be the clause
containing x, then assign r = 1 and assign all literals in C to 0.

» R-Rule 8 (Domination). If there is a literal x that dominates some variable y, assign x = 0.

20:5
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Technically, R-Rule 7 is a special case of R-Rule 8. If variable x solely appears in (z V C),
R-Rule 8 assigns all literals in C to 0 (as they dominate z), leaving () and forcing = 1 via
R-Rule 5. We state R-Rule 7 explicitly for conceptual clarity and frequent subsequent use.

Two literals ¢, and ¢, (where var(¢,) # var(fp)) are twins if every clause in ¢ contains ¢,

(resp., £,) if and only if it also contains £, (resp., £;).

» R-Rule 9. If two literals £, and £, are twins in @, remove the variable var(¢y) from the
variable set (i.e., remove £y and l, from the clauses, and var(yp) < var(y) \ {var(¢,)}).

The following two rules, R-Rule 10 and R-Rule 11, are also applicable for exact counting.

» R-Rule 10. If there is a clause (£ C) and another clause (€ V C'V D), remove the literal
? from (v CV D).

For two literals ¢, and ¢, setting £, = £, means replacing all occurrences of £, with /¢
(and ¢, with £;) in the formula, and then removing the variable var(¢,) from the variable set.

» R-Rule 11. If there are two 2-clauses (x V y) and (TVY) in @, set x = 7 and apply
R-Rule 3 exhaustively.

We use brute-force(y) to denote the brute-force algorithm that returns the parity of the
number of satisfying assignments of formula ¢ by enumerating all possible assignments. Note
that brute-force(y) runs in O(1) time if ¢ has only a constant number of variables.

» R-Rule 12 (isolate). If formula ¢ can be partitioned into two non-empty subformulas o1
and @2, i.e., p = 1 N\ pa, with var(pr) Nvar(pz) = 0 and |var(p1)| < 10, do the following:
(1) p < brute-force(v1); (2) If p = 0, report Parity(¢) = 0; (3) Remove 1 from .

» R-Rule 13 (semi-isolate). If formula ¢ can be partitioned into two non-empty subformulas o1
and pa, i.e., = p1 A pa, with var(p1) Nvar(psz) = {x} and |var(p;1)| < 10, do the following:
(1) p1 < brute-force(p[x = 1]) and po < brute-force(p1[x = 0]); (2) If p1 = po = 0, report
Parity(¢) = 0. (8) Remove o1 from ¢; (4) If po =1 and p1 =0, assignx = 0. If po =0
and p1 =1, assign x = 1. If po = p1 = 1, leave x as an unassigned variable.

Since o1 and @9 share only the variable x, they become disjoint once z is assigned. Thus, the
parity calculation splits over the two possible assignments to z: Parity(p) = Parity(p1[z =
0]) - Parity(p2[z = 0]) + Parity(¢1[x = 1]) - Parity(¢2[x = 1]) (mod 2). Substituting py and
p1, we obtain Parity(y) = po - Parity(¢s[xz = 0]) + p1 - Parity(pa[z = 1]) (mod 2). The four
cases directly evaluate this equation for all possible combinations of (pg, p1).

We remark that the threshold number 10 in the above two rules is chosen arbitrarily to
exclude small isolated or semi-isolated subformulas in our subsequent analysis. It only needs
to be a sufficiently large constant; using a larger or smaller safe value will not affect the
current analysis.

» Definition 2 (reduced formulas). We use R(yp) to denote the resulting formula after
exhaustively applying the above reduction rules on ¢. A formula ¢ is reduced if ¢ = R(¢p).

Lemma 3 (&). All the reduction rules are correct, i.e., Parity(p) = Parity(R(yp)).
Lemma 4 (&). It takes polynomial time and space to transform any formula ¢ to R(y).

>
| 4
» Lemma 5 (& properties of reduced formula). For a reduced formula ¢, it holds that
1. All variables in ¢ are 2% -variables;

2. All clauses in ¢ are 27 -clauses;

3. Any two clauses in ¢ have at most one common 2-variable;

4. Any two 2-clauses can have at most one common variable;

5. For any subformula ¢" with |var(¢’)| < 10, it holds that |var(p’) Nvar(e \ ¢')| > 2.
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3.2 Branching Rules

Let « be a variable in formula . The simplest branching rule is to branch on = 0 and
x = 1, following from Parity(p) = Parity(¢[x = 0]) @ Parity(p[z = 1]); we refer to this as
simple branching. We also utilize the following branching rule based on a variable:

» Lemma 6 (& variable branching). Let x be a d-variable in formula ¢ that is contained in
clauses (by 1V C1), Uy 2V C2), ..., (lya V Cq), where Uy ; € {x, T} for each i € [d]. Then

d
Parity(¢) = @Parity(gp[Cl =---=Ci.1=1,C;,=0,0,,; =1]).

i=1
Apart from branching on variables, we can also perform branching based on clauses.

» Lemma 7 (clause branching). Let C be a clause in formula . Let ¢\ {C} denote the
formula obtained by removing C' from . Then

Parity(p) = Parity (¢ \ {C}) ® Parity((¢ \ {C})[C = 0]).

Proof. Let S be the set of satisfying assignments for the relaxed formula ¢\ {C'}. We partition
S into two disjoint sets: Ssat = {0 € S | 0(C) = 1} and Supsat = {0 € S | o(C) = 0}.
Observe that S, is exactly the set of satisfying assignments for ¢, and Sypsat corresponds
to the satisfying assignments for (¢ \ {C})[C = 0]. Since |S| = |Ssat| + |Sunsat|, the lemma
follows by taking modulo 2. |

In what follows, we assume any branched formula ¢ is reduced; a formula ¢ created in a
sub-branch is not necessarily reduced, so we use R(¢’) to denote its reduced one.

4  Faster-than-2™ Algorithms for Parity-d-occ-SAT

In this section, we present algorithms for Parity-d-occ-SAT that improve upon the 2™-barrier,
where m is the number of clauses. To this end, we first give a Turing reduction from the
general Parity-SAT (which includes Parity-d-occ-SAT) to its restricted version on positive
formulas, i.e., formulas containing only positive literals. We note that Parity-SAT on positive
formulas cannot be solved in subexponential time under the randomized Exponential Time
Hypothesis (see Appendix A for details).

» Lemma 8. Suppose there is an algorithm Ayos that solves Parity-SAT on positive formulas
in time O*(r™). Then, Parity-SAT can be solved in time O*(max(1.6181,7)™).

Proof. First, for any variable x that appears solely as negative literals T in ¢, we flip the
variable (i.e., replace every occurrence of T with x). If the formula ¢ (with variables flipped)
is already a positive formula, we directly apply algorithm Ao to solve it in O*(r™) time.
Otherwise, there must exist a variable x that has both positive and negative literals, i.e.,
z is a (a,b)-variable with a,b > 1. Let C be a clause containing the literal x. There exists
at least one other clause D containing the complementary literal Z. We apply the clause
branching rule in Lemma 7 on C. In the first branch (¢ \ {C}), the clause C' is removed, so
the number of clauses decreases by 1. In the second branch (¢[C' = 0]), all literals in C' are
assigned to 0. In particular, x is assigned to 0 and clause D is satisfied. Thus, both C' and D
are removed. The number of clauses decreases by at least 2. This yields a branching factor of
7(1,2) < 1.6181. The overall running time is therefore bounded by O* (max(1.6181,7)™). <
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The above lemma suggests that, to break the 2™-barrier, it suffices to solve this restricted
version efficiently. In our case, we will use the following corollary:

» Corollary 9. Suppose there exists an algorithm A,os that solves Parity-d-occ-SAT
on positive formulas in time O*(r]*). Then, Parity-d-occ-SAT can be solved in time
O*(max(1.6181,74)™).

Now we are left with solving Parity-d-occ-SAT on positive formulas. We observe that
applying the variable branching from Lemma 6 to positive formulas yields a running time
of O*(2m(1=1/02")) " Specifically, applying this rule on a variable of degree d results in a
measure decrease of d — ¢ 4 1 in the i-th branch (where d clauses are satisfied and i — 1
clauses are added back). This generates a branching factor of ¢4 = 7(d,d — 1,...,1). Here,
¢4 is the unique real solution of x%(2 — ) = 1 in the interval (1,2), known as the d-th order
Fibonacci constant, which is 20=1/02") With this simple algorithm for positive formulas,
we conclude that Parity-d-occ-SAT can be solved in time O* (¢") C O*(2m(1=1/02")) That
is, for any fixed d, the running time has a base strictly smaller than 2.

Next, we demonstrate that by leveraging existing results, we can improve the asymptotic
bound to O* (271 =1/0D)) " ag desired.

» Theorem 10. There is a randomized algorithm that solves Parity-d-occ-SAT with m clauses
in O*(2m=1/0W)) time and polynomial space.

Proof. By Corollary 9, it suffices to give an O*(2m(1=1/0(d))_time algorithm for Parity-d-
occ-SAT on positive formulas. To this end, we reduce this problem with m clauses to #d-SAT
with N = m variables via a chain of reductions, and then apply the randomized algorithm
in [26] to solve the instance in O*(2N1~1/0(d)) time and polynomial space.

We first formalize the intermediate problems that will be used in the chain of reduction.
Given a universe U and a family F of subsets of U, a hitting set of (U, F) is a subset H C U
such that for every S € F, HN S # (0, while a set cover of (U, F) is a subcollection C C F
such that (Jg.o S = U. The Parity-HS (resp. Parity-SC) problem asks to compute the
parity of the number of hitting sets (resp. set covers) of (U, F). We denote by Parity-d-occ-
HS the restriction of Parity-HS where each element v € U occurs in at most d sets of F.
Furthermore, we define Parity-d-HS and Parity-d-SC as the restrictions of Parity-HS and
Parity-SC, respectively, where each set S € F has size at most d.

An overview of the chain of reductions is illustrated in Figure 1.

Positive Primal Dualit; Dual Parity. Dual
Parity-d-occ-SAT Parity-d-occ-HS Parity-d-SC [identity [Parity—d—HS ST

Figure 1 The chain of reductions from Parity-d-occ-SAT on positive formulas to #d-SAT.

Consider a positive formula ¢ with variable set V' and clause set C (where |C| = m). We
can view ¢ as a set system (V,C). Since each variable appears at most d times, computing
Parity(¢) is equivalent to solving Parity-d-occ-HS on (V,C). To solve this, we consider the
dual set system (C,V*), where the universe is the set of clauses C, and V* contains, for
each variable x € V', the set of clauses containing x. Crucially, hitting sets in the primal
system (V,C) correspond bijectively to set covers in the dual system (C, V*). Moreover, the
frequency constraint in the primal system implies that every set in the dual family V* has
size at most d. Thus, the problem is equivalent to Parity-d-SC on a universe of size m.

It was shown by Cygan et al. [15, Theorem 4.3] that for any set system, the parity of the
number of set covers equals the parity of the number of hitting sets. Applying this identity
to our dual system, we are left with solving Parity-d-HS on the universe C of size m. Finally,
this naturally reduces to solving #d-SAT with m variables, which completes the proof. <«
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5 An Algorithm for Parity-2-occ-SAT

In this section, we present a fast algorithm for Parity-2-occ-SAT. We analyze the time
complexity of this algorithm with respect to two parameters: the number of variables n and
the number of clauses m, showing that Parity-2-occ-SAT can be solved in O(1.1193™) time
or O*(1.3248™) time. We remark that Parity-2-occ-SAT typically lies in the domain where
m < n. Let k be the average clause length; then the formula length is km < 2n. Since unit
clauses can be eliminated (e.g., by our R-Rule 5), we have k > 2, which implies m < n. Thus,
a runtime bound of O*(2") for some constant c is not as good as a bound of O*(2°™) for
Parity-2-occ-SAT. Besides, we note that this problem cannot be solved in subexponential
time under the randomized Exponential Time Hypothesis (see Appendix A for details).

Our algorithm consists of two steps that utilize the clause branching in Lemma 7. In the
first step, we deal with 4T-clauses, and directly branch on a clause with the largest size. In
the second step, all clauses have a size of at most 3, and we employ a branching strategy that
aims to decompose the formula into disjoint subformulas so that we can efficiently solve it in
a divide-and-conquer manner. Specifically, the selection of the clause we branch on is guided
by a bisection (i.e., a balanced separator) of a specific graph representation of the formula
(the definitions will be given later). We note that this paradigm of utilizing graph bisections
to guide branching decisions has been successfully applied to design fast polynomial-space
algorithms for various problems (e.g., [22, 25, 24]).

5.1 Dealing with 4"-clauses

In this step, we pick up a 47-clause C and branch on: (B1) remove clause C; (B2) remove
clause C' and set all literals in C' to 0.

Two clauses C, D € ¢ are called neighbors if they share at least one common variable,
i.e., var(C) Nvar(D) # 0. For a clause C' € ¢, we let N,(C) denote the set of its neighbors,
and define N,(C,2) :=={D | D € N,(C),|D| = 2} to be the set of 2-clauses adjacent to C'.

» Lemma 11. Let C be a clause in formula . Let o1 = ¢\ {C} and g2 = p[C = 0]\ {C}.
It holds that

m(p) —m(R(e1)) 2 |C]+1 and m(p) —m(R(p2)) > 1.

n(p) = n(R(p1)) 2 [var(C'U Ny (O))] and n(p) = n(R(p2)) = |C| + |Ne(C,2)].

Proof. We first note that the exhaustive application of the reduction rules introduces
neither new clauses nor new variables. Thus, for any intermediate formula ¢', it holds that
m(R(¢")) <m(g') and n(R(¢')) < n(g").

In the first branch, let ¢1 = ¢ \ {C}. The explicit removal of C' decreases the number of
clauses by 1. Because ¢ is a reduced formula, every variable in var(C) is a 2-variable and
has exactly one other occurrence outside of C. By Property 3 of Lemma 5, any two clauses
share at most one 2-variable. Thus, the remaining |C| occurrences of the variables in var(C)
belong to exactly |C| distinct clauses in N,(C'). Upon the removal of C, all variables in
var(C) become 1-variables. According to R-Rule 7, each 1-variable x is assigned a value of 1,
which satisfies and removes its unique remaining clause in N, (C). Since these |C| clauses
are mutually distinct, their removal yields m(¢) — m(R(¢1)) > |C| + 1. Furthermore, by
R-Rule 7, all other literals in the clause containing = are set to 0. Since this process iterates
over all z € var(C), all variables in var(N,(C)) are assigned and eliminated. Therefore,
n(p) —n(R(e1)) > [var(C U N, (C))|.

20:9
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In the second branch, let v3 = p[C = 0] \ {C'}. The explicit removal of C' immediately
yields m(p) — m(R(p2)) > 1. For the number of variables, all literals in C' are assigned to 0;
thus, the |C| variables in var(C') are eliminated. We then consider the clauses in N, (C, 2).
For each 2-clause D € N,(C,2), let var(D) = {x,y} where z € var(C) and y ¢ var(C).
The assignment to x either satisfies D or falsifies the literal of x in D. If D is satisfied, it
is removed; the remaining 2-variable y loses an occurrence, becomes a 1-variable, and is
subsequently assigned and eliminated via R-Rule 7. If the literal of x is falsified, D shrinks
to a 1-clause, forcing y to be assigned and eliminated via R-Rule 5. In either case, the other
variable y in D is eliminated. This guarantees an additional decrease of at least |N,(C,2)|
variables. Consequently, n(yp) — n(R(p2)) > |C| + |N,(C,2)]|. <

» Lemma 12 (&). Let C be a clause with |C| > 4 in a reduced formula . Branching on C
yields a branching factor of at most 7(5,1) < 1.3248 with respect to the number of clauses.

» Lemma 13. Let C be a clause with |C| > 4 in a reduced formula p. Branching on C yields
a branching factor of at most 7(9,4) < 1.1193 with respect to the number of variables.

Proof. Let 1 = ¢\ {C} and @2 = ¢[C = 0]\ {C}. Let A, ; and A, 5 be the decreases
in the number of variables in the respective branches. By Lemma 11, we have A, >
[var(C' U N, (C))| and A, 2 > |C] 4+ |N,(C,2)].

Let E = var(N,(C)) \ var(C) be the set of external variables, and ¢ = |N,(C,2)|. Since
|C| >4, we have A, o > |C|4+c2 >4 and A, 1 > |C|+ |E| > 4. To get the desired branching
factor 7(9,4) via Lemma 1, it suffices to show that their sum A, ; + A, 2 > 13. Since
Ap1+ Ay 2 >2|Cl 4 ca + |E| > 8+ co + |E|, it remains to prove ¢z + |E| > 5.

Assume for contradiction that co + |F| < 4. We partition E into two sets based on
their occurrences in N,(C'): ky variables appearing exactly once, and ko variables appearing
exactly twice. Thus, |E| = k; + k2 < 4. Counting the literal occurrences in N,(C'), the
|C| clauses require at least 2c2 + 3(|C| — ¢2) = 3|C| — ¢ occurrences. These are supplied
by var(C) (exactly |C| occurrences) and E (exactly ki + 2ka occurrences). This yields
3|C‘ — C2 S |O| + kl + 2]€2, which simpliﬁes to 2|C| S Cco + kl + 2](12

Recall that we assume for contraidction that co + |E| = c2 + k1 + ko < 4. Because
|C| > 4, we have 8 < 2|C| < (ca + k1 + ko) + ko < 4 + ko, which implies ko > 4. With
k1 4+ ko = |E| < 4, we have ky = 4, k; = 0, and ¢ = 0 (along with |C| = 4). However, k;
represents the number of variables shared between the induced subformula C'U N, (C) and
the rest of . If ky = 0, this subformula, which contains exactly |C| + |E| = 8 < 10 variables,
shares 0 variables with the rest of the formula. This contradicts Property 5 of Lemma 5,
which states that any small subformula must share at least 2 variables with the rest.

Therefore, co + |E| > 5. Consequently, A, 1 + Ay, 2 > 13. With min(A,, 1, A, 2) > 4, the
branching factor is at most 7(13 — 4,4) = 7(9,4) < 1.1193. <

5.2 Solving 3-CNF instances via a Bisection Approach

Now there are only 3-clauses and 2-clauses. We adopt a graph-theoretic approach to design
and analyze the algorithm. In what follows, we first introduce the specific graph representation
used throughout the algorithm and then present the algorithm.

Graph Representation. The dual graph G, of a formula ¢ is the graph where each vertex
corresponds to a clause in ¢, and two distinct vertices C; and C; are connected by an edge if
and only if var(C;) Nvar(C;) # 0. Lemma 5 ensures that any pair of clauses shares at most
one 2-variable. Since every variable appears exactly twice, each variable corresponds to a
unique edge between two clauses.
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Dy, D3

Dual Graph G, Multigraph G,

Figure 2 An illustrative example of the dual graph G, (left) and the multigraph G¢, (right) for
¢, which consists of four 3-clauses C1 = (z1 VZa Vy1),Co = (Tt Va2 Vy2),Cs = (z2 Vaz Vys),Cy =
(z3 V24 Vya) and four 2-clauses D1 = (g1 V 21), D2 = (21 Vy2), D3 = (y3 V 22), Da = (Z2 V y4). Each
edge in G, corresponds to a single variable; in G7,, chains of 2-clauses are replaced with (potentially
parallel) edges by smoothing out all degree-2 vertices D;.

For any clause C, consider the effects of either removing it from the formula or assigning
values to its variables. Let D be a neighboring clause of C' and x be the shared variable
between C' and D. If C is removed, the shared variable x becomes a 1-variable, triggering
R-Rule 7 to assign values to other variables in D to satisfy and remove D. If the shared
variable z is assigned a value, D is either satisfied or reduced in length by at least one; in
particular, if D is a 2-clause, shrinking to a 1-clause triggers R-Rule 5 to assign a value to its
remaining variable. Thus, if D is a 2-clause, it is eliminated in both scenarios and affects
its other neighbor in the same manner. Ultimately, this results in the removal of a chain of
2-clauses (i.e., a path of degree-2 vertices in G,).

Given the above chain reaction, we construct a multigraph G7, = (V*, E*) by smoothing
out all degree-2 vertices in G, where

the vertex set V* consists of the ms(p) degree-3 vertices in G, (i.e., all 3-clauses in ¢);

for two vertices C;, C; € V*, each edge between them in E* corresponds to a distinct

connection in G, which is either a direct edge (i.e., sharing a variable) or a path of
degree-2 vertices (i.e., a chain of 2-clauses).
See Figure 2 for an illustrative example.

Note that any connected component in G, consisting entirely of degree-2 vertices is
absent from G7,. This is harmless, as it induces an isolated 2-CNF formula, which can be
solved in polynomial time by the following lemma.

» Lemma 14 (&). Parity-2-occ-SAT on 2-CNF formulas can be solved in polynomial time.

Furthermore, G, might contain self-loops if a 3-clause C'= (z V y V 2) connects to itself
via a chain of 2-clauses with endpoints y and z. To eliminate such loops, let ¢; be the
subformula formed by C and this chain, and ¢ = ¢\ ¢1. Note that var(y;) Nvar(ps) = {z},
and both [z = 0] and ¢1[z = 1] are 2-CNF formulas. This allows us to apply R-Rule 13,
with the only modification that Parity(¢1[z = 0]) and Parity(¢1[z = 1]) are computed in
polynomial time via Lemma 14. Thus, there is no self-loop in G, for a reduced formula ¢.

Bisection. A bisection of a graph G = (V, E) is a partition (V1,V2) of the vertex set V' such

that their sizes are as equal as possible, i.e., ViU Vo =V, Vi NV, =0 and ||V1] — |Va]| < 1.
The size of a bisection is the number of edges with one endpoint in V; and the other in V5.
The minimum size over all possible bisections of G is called the bisection width of the graph.

We rely on the following upper bound on the bisection width of cubic graphs.
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Algorithm 1 Bisection-Solve(p, A, B).

Input: A reduced formula ¢, and a disjoint partition (A4, B) of the 3-clauses in (.
Output: The parity of the number of satisfying assignments of ¢ (1 for odd, 0 for even).

> Let € > 0 be a fixed small constant and n. be the integer defined in Theorem 15.

1. if [V(G})| < n. then

2: Solve the instance by iteratively branching on 3-clauses and solving the resulting
2-CNF instances using Lemma 14, and return the result.

3: if B = () then > bisection step

4: (A’, B') <~ Monien-Preis(G?);

5: return Bisection-Solve(yp, A’, B);

6: if there are no edges between A and B then > divide-and-conquer step

7: Let ¢4 and pp be the disjoint subformulas induced by A and B, respectively.

8: return Bisection-Solve(pa, A,0) A Bisection-Solve(yp, B,0).

> branching step

9: Select an edge between A and B, and pick its endpoint 3-clause C € AU B, alternating
the selection of C' between A and B at each successive level of the recursion.

10: Let o1 = ¢\ {C} and g2 = ¢[C = 0] \ {C}.

11: for i € {1,2} do

12: Exhaustively apply reduction rules on ¢;.

13: Let A; C A and B; C B be the subsets of clauses that remain as 3-clauses in ;.

14: return Bisection-Solve(p1, A1, By1) @ Bisection-Solve(ps, A2, Ba).

» Theorem 15 (Monien and Preis [31]). For any e > 0, there exists an integer n. such that
for any cubic graph G with |V (G)| > ne, the bisection width of G is at most (3 +€)|V(G)|.

As noted in [20, 22], there is a polynomial-time algorithm (denoted by Monien-Preis(G)) that
computes the corresponding bisection. We note that this result also applies to multigraphs
(a proof of this claim is deferred to the full version).

The Algorithm. Now we are ready to describe our algorithm, presented in Algorithm 1.
The algorithm follows a divide-and-conquer strategy where the branching process is guided
by a partition initialized as a bisection of the multigraph G7,. Specifically, it maintains this
disjoint partition (A, B) of the 3-clauses, aiming to eliminate variables shared between these
sets (i.e., edges between them) through branching. The algorithm is initially called with A
being the set of all 3-clauses and B = (). Thus, initially or whenever the partition becomes
trivial (i.e., B = (), the Monien-Preis procedure is invoked on G, to compute a bisection
of guaranteed size. If no edges exist between A and B, the formula decomposes into two
disjoint subformulas ¢4 and g, and the algorithm recursively solves them as independent
instances. Otherwise, the algorithm selects an edge connecting A and B, and applies clause
branching on an endpoint 3-clause C' of this edge. Here, we alternate the selection of C
between A and B across recursion levels to better balance the number of 3-clauses eliminated
in both sides, which is crucial for bounding the overall worst-case running time.

The Analysis. Let m3(p) be the number of 3-clauses in . Then we have [V(G7,)| = ma(p)
and L(p) > 3mgs(p). Since we are considering Parity-2-occ-SAT, L(p) < 2n(y). Thus,
m3(p) < 2n(p). We will first obtain a running time bound in terms of m3(¢) and then
transform it to a running time bound in terms of m(p) or n(yp).
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» Lemma 16. Parity-2-occ-SAT on 3-CNF formulas can be solved in O*(1.1487™3) time,
where mg is the number of 3-clauses.

Proof. Let us fix a sufficiently small constant ¢ > 0 (e.g., € = 107?) and let n. be as defined
in Theorem 15. If the formula ¢ has ms(¢) < ne, we can solve it in polynomial time by
exhaustively applying clause branching on this constant-sized set of 3-clauses (in each branch,
m3 () decreases by at least one) and solving the resulting 2-CNF instances by Lemma 14.

When ms(p) > ne, the algorithm executes Line 3 onwards. Before delving into the
detailed proof, we provide a high-level outline. We will first define a new measure p that is
initially bounded by mgs(¢). Thus, establishing a runtime bound of O*(+*) for some v > 1
yields a runtime bound of O*(7™3(#)). We then demonstrate that (i) the bisection step
(Line 3) does not increase the measure; (ii) the divide-and-conquer step (Line 6) does not
affect the exponential part of the time complexity; and (iii) the branching step yields a
branching factor of at most 1.1487.

We adopt the following measure for any valid input (p, A, B) of the algorithm:

ple, A, B) = max(|A],|B]) + (3 - £)|S],

where |A| and |B| are the number of 3-clauses in the respective partitions, and |S] is the
number of edges between A and B. We choose ¢’ such that (3—¢’)(§+¢) < 1—-L <11

n 2 ms(p)”

Crucially, since the algorithm is initially invoked with B = () and A = V(Gi), the initial
measure is exactly p(p, 4,0) = |A| = ms(p). Furthermore, all reduction rules do not
introduce new variables or clauses; thus, applying them does not increase the measure p.
We first show that the bisection step does not increase the measure. When B = (),
the algorithm applies the Monien-Preis procedure on G7,, generating a new partition

(A, B’) and the corresponding S’ with |A’|,|B’| < @ + 1 and |S'| < (3 +¢)|A|. Since

B-e)g+e)<3i- mal(w) =1- ﬁ, the new measure p(p, A’, B') is bounded by:
A 1 A A
plp, A, B") < (|2|+1> +(3-¢) <6+5> |A| < %—Fl—i—%—l =|A| = p(p, A, B).

Let T'(p) be the maximum number of leaves in the search tree generated by the algorithm
on a state with measure p, and let v > 1 be the largest branching factor generated by the
subsequent branching step. We will prove that T'(p) € O*(+*).

We show that the divide-and-conquer step does not affect the exponential part of the time
complexity in terms of our measure p. To this end, we prove by induction on the measure p
that T'(p) < m3(¢)y” € O*(y”). In this step, S = 0, and the formula decomposes into disjoint
subformulas ¢4 and ¢p. Let pa := p(pa, A,0) and pp := p(pp, B,0) be the measures of
the two subproblems, respectively. Since p = max(|A4|,|B|), we have py = |A] < p and
pp = |B| < p. By the inductive hypothesis, the total cost of solving these two subformulas
independently is:

T(p) < T(pa)+T(pp) < |Aly*2 4 |B]y*E < (|A] + |B|)y” = ms(0)y”.

It remains to show that the branching step generates a branching factor of at most
v < 1.1487. As established in the paragraph “Graph Representation”, when a clause is
removed from the formula or its variables are assigned, the operation triggers a chain reaction
that propagates through its shared variables. In the multigraph G, this corresponds to the
deletion of the corresponding vertex and the removal of all its incident edges.
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When S # (), the algorithm selects an edge in S connecting C4 € A and Cp € B. Assume
that we branch on Cy4. Let o1 = ¢\ {C4} and 3 = ¢[C4 = 0]\ {Ca}. For each branch
i € {1,2}, let A; and B; be the subsets of clauses that remain as 3-clauses in R(yp;). To
formalize the measure drop, let A; 4 = |A| — |Ai|, Asg = |B| — |Bil, and A; s = |S| — |54
denote the reductions in the respective parts. We show that for each branch i € {1, 2}, either
Ai,S Z 2, or Ai,S = 17 ALA Z 3 and ALB 2 1.

If C'4 is incident to two or more edges in S, the chain reaction in both ¢; and @9 removes
at least two edges from S, guaranteeing A; ¢ > 2 for i € {1, 2}.

If C4 is incident to exactly one edge in S, since C4 is a 3-clause, its two remaining
incident edges must connect to other clauses within A. If they connect to distinct clauses, the
chain reaction in either ; propagates along both edges, satisfying or shrinking at least two
additional clauses in A, yielding A; 4 > 3. Alternatively, if the two internal edges connect
to the same clause C’y, the chain reaction either removes C’; or shrinks C; to a 1-clause.
In the latter case, the 1-clause will also be removed. Because C’; is a 3-clause, its removal
triggers a further chain reaction along its third incident edge and removes or shrinks a third
3-clause. If this third 3-clause belongs to A, we have A; 4 > 3; otherwise, we remove one
more edge in S and have A; ¢ > 2. Furthermore, the chain reaction propagates along the
single edge in S connecting C4 to C. This eliminates the edge in S, yielding A; ¢ > 1, and
eventually satisfies or shrinks Cg, ensuring A; g > 1. Consequently, for both i € {1,2}, we
guarantee that either A; ¢ > 2, or A; g =1, A; 4 >3 and A; p > 1.

Recall that the algorithm employs a two-level alternating branching strategy. It first
branches on C'4 € A to obtain ¢ and ys. Then, in each resulting subformula ;, it selects
a clause in B; incident to S and branches on it to generate subformulas ¢; ;1 and ¢; 2. Let
A;ja, Aijp, and A; ;s denote the respective component reductions in this second step for
j € {1,2}. By the same argument as above, the second level guarantees that either A; ; g > 2,
or A; ;s >1,A;;p >3, and A; ; 4 > 1. Combining the two levels across any of the four
branches in the search tree, it holds for the cumulative reduction for A, B, S that either (a)
Ai,S + A@jﬂg >4; or (b) Ai7A + Ai,]}A > 1, Az’,B + Ai,j,B > 1, and Ai,S + Ai7j75 > 3; or (C)
Aja+Di 54 >4, 8 p+A; 5B >4,and A; g+A; ;¢ > 2. The total measure drop in terms of
pis at least min{4(3—¢’), 14+3(3—¢’),4+2(3—¢’)} = 10—3¢’. This uniform drop across all four
branches yields a branching factor of at most 7(10—3¢’,10—3¢’,10—3¢’,10—3¢’) < 1.1487. <«

Since m3(¢) < m(p) and mz(p) < 2n(y), by Lemma 16 we have
» Lemma 17. Parity-2-occ-SAT on 3-CNFs with m clauses and n variables can be solved
using polynomial space in O*(1.1487™) time or O*(1.0969™) time.
5.3 The Final Results

By Lemma 12, branching on 4" -clauses yields a branching factor of at most 7(5,1) < 1.3248
with respect to the number of clauses m, which dominates the O(1.1487™) time bound for
solving the resulting 3-CNF instances given by Lemma 17. Thus, we have

» Theorem 18. Parity-2-occ-SAT with m clauses can be solved in O*(1.3248™) time and
polynomial space.

Similarly, the branching factor of 7(9,4) < 1.1193 in terms of the number of variables n from
Lemma 13 dominates the O(1.0969™) bound for 3-CNF instances. Thus, we obtain

» Theorem 19. Parity-2-occ-SAT with n variables can be solved in O(1.1193™) time and
polynomial space.
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6 An Algorithm for Parity-SAT in Terms of L

In this section, we present an algorithm for the general Parity-SAT problem that runs in
0(1.1052F) time and polynomial space. Our algorithm processes variables in decreasing
order of their degrees. By iteratively branching on and eliminating variables of high degrees,
the algorithm ultimately reduces the given instance to Parity-2-occ-SAT. At this stage, we
invoke the algorithm developed in the Section 5 to solve the remaining part. In our analysis,
we employ the measure-and-conquer method [19]. Due to space limitations, the detailed
algorithm /branching steps and the analysis are deferred to the full version. In what follows,
we first introduce the measure used in our analysis, and then present what each step of the
algorithm handles and its complexity.

6.1 The Measure

For a formula ¢, let n;(¢) be the number of i-variables. We adopt the following measure:

w(p) = Zwi -n; (), where w; = 0,we = 1.5,and w; = i for i > 3.

i>1

Since w; <4 for all ¢ > 1, it holds that u(¢) < >,5;7-ni(¢) < L(p). Thus, a running-time
bound of O*(c*(¥)) for some ¢ > 1 implies a running-time bound of O*(c4(¥)),

Intuitively, since our algorithm processes variables in decreasing order of their degrees
and relies on an efficient subroutine for Parity-2-occ-SAT, this measure allows us to smoothly
propagate the efficiency from the low-degree base case up to higher degrees.

For every integer ¢ > 1, let ; := w; — w;_1 denote the marginal weight, i.e., the decrease
in the measure when a variable’s degree drops from i to ¢ — 1. By the definition of the weights,
we have § = 03 = 1.5 and §; = 1 for all i > 4. Furthermore, the following properties hold:

w3 = 2wg, we =93, and §; < §;—1 for every i > 3.

» Lemma 20 (&). For any formula ¢, applying any reduction rule does not increase pu(p).
6.2 The Algorithm

Table 2 Overview of branching factors for each step in the algorithm.

Steps Branching Objects Vectors Factors
Step 1  4%-variables (12,4) 1.1003
Step 2 4%-clauses containing 3-variables  (7.5,7.5) 1.0969
Step 3 3—variables with b.oth .positive Step 3.1: (6,9) 1.0983
literals and negative literals Step 3.2: (10.5,4.5) 1.1031
Step 4  3-variables contained in 2-clauses  (10.5,4.5) 1.1031

Step 5.1: (13.5,3) 1.1052*

Step 5 Remaining 3-variables
Step 5.2: (15,12,9)  1.0983

2-variables 1_1193%
Step 6 (reduce to Parity-2-occ-SAT) (Theorem 19) 10781
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Our algorithm consists of six steps. An overview of the branching objects, vectors, and
the resulting factors for each step is summarized in Table 2.

In the algorithm, Step 1 first applies simple branching to eliminate all 4*-variables.
Next, Steps 2-5 deal with 3-variables, which is the core of the algorithm, by progressively
purifying their local structures. Specifically, Step 2 applies clause branching (Lemma 7) to
eliminate 4" -clauses. Step 3 handles variables with both positive and negative occurrences,
applying clause branching if the negative literal appears in a 3-clause (Step 3.1) and simple
branching if it is in a 2-clause (Step 3.2). Step 4 applies simple branching to 3-variables
contained in 2-clauses. Finally, Step 5 resolves the remaining well-structured cases, where
all 3-variables are positive and appear only in 3-clauses. Step 5.1 applies simple branching
to any 3-variable whose clauses either contain a 2-variable or share another 3-variable. For
the remaining variables, whose three clauses contain only distinct 3-variables, Step 5.2
applies a tailored variable branching (Lemma 6). After eliminating all 3-variables, Step
6 reduces the instance to Parity-2-occ-SAT. At this point, the remaining formula consists
entirely of 2-variables, meaning p(p) = wan(yp) = 1.5n(p). Consequently, it can be solved in
0*(1.11934%) C 0*(1.0781#¥)) time.

The bottleneck of the algorithm arises in Step 5.1, which yields a worst-case branching
factor of 1.1052.

» Theorem 21 (&). Parity-SAT can be solved in O(1.1052L) time and polynomial space,
where L is the formula length.

At a high level, our analysis quantifies the measure decrease in each branch. We trace
which variables are assigned or experience a degree drop to compute the measure decrease.
Recall that dealing with 3-variables constitutes the core part of our algorithm. Setting
03 = d3 = we = 1.5 significantly simplifies the analysis in these steps: in many cases, we
do not need to distinguish whether a variable’s degree drops from 3 to 2, or from 2 to 1,
because both cases yield the same measure decrease of ws = 1.5. We primarily exploit the
cascading measure drops from two specific scenarios: (1) when a clause shrinks into a 1-clause,
triggering R-Rule 5 to assign its variable; and (2) when a variable becomes a 1-variable
(e.g., when a 2-variable loses one occurrence due to the removal of clause containing it, or a
3-variable loses two occurrences simultaneously), triggering R-Rule 7 to force assignments
on variables in its remaining clause. Other reduction rules are mainly used to guarantee
certain structural properties of the reduced formula, enabling us to deduce tighter bounds.
The detailed branching steps and their analyses are deferred to the full version.

7 Conclusion and Discussion

In this paper, we investigated algorithms for Parity-SAT and its bounded-occurrence ver-
sion, Parity-d-occ-SAT. By systematically exploiting the properties of parity, we developed
polynomial-space algorithms that achieve better running time bounds than the best-known
bounds for their exact counting counterparts. Specifically, we broke the 2™-barrier for
Parity-d-occ-SAT for any fixed d with an O*(2m(1=1/0(d))_time algorithm, achieved re-
fined bounds of O(1.1193™) and O*(1.3248™) time for Parity-2-occ-SAT, and established an
0O(1.1052%)-time algorithm for general Parity-SAT.

A natural question is whether one can break the 2"-barrier for #d-occ-SAT, even for
the base case of d = 2. In the parity setting, Lemma 8 allows us to safely restrict our
attention to positive formulas. It is worth noting that since the clause branching rule in
Lemma 7 inherently preserves the exact number of satisfying assignments, a counting variant
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of Lemma 8 indeed holds. However, our subsequent algorithms for handling these positive
formulas rely fundamentally on parity: the simple O* (271 ~1/ O(zd)))—time algorithm applies
the parity-specific variable branching in Lemma 6, while the improved O*(2m(1_1/ O(d)))—time
algorithm exploits the parity equivalence between hitting sets and set covers. Neither of

these techniques can be directly lifted to the exact counting counterpart.
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A A Hardness Result for Parity-2-occ-SAT

The randomized Exponential Time Hypothesis (rETH) states that there is a constant € > 0
such that no randomized algorithm can decide 3-SAT in time O*(2°™) with error probability
at most 1/3 (see also [17, Section 1.3]).

» Theorem 22. Under rETH, there is no randomized algorithm that solves Parity-2-occ-SAT
on positive formulas in 2°) time, where n is the number of variables.

Proof. Let G = (V, E) be a graph with n, = |V| vertices and m = |E| edges. A vertex
cover of G is a set of vertices that includes at least one endpoint of every edge of G. An

independent set of G is a set of vertices such that there is no edge between any two vertices.
It is a basic property that S C V is a vertex cover if and only if V' \ S is an independent set.

An edge cover of G is a set of edges such that every vertex of G is an endpoint of at least
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one edge of the set. For a vertex v € V', we denote by §(v) = {e € E | v € e} the set of edges
incident to v. Parity-Vertex-Cover (resp., Parity-Independent-Set, Parity-Edge-Cover) is the
problem of determining whether the number of vertex covers (resp., independent sets, edge
covers) of G is odd. Let #vc(G) denote the number of vertex covers of G and #ec(G) the
number of edge covers of G.

It is known that under rETH, Parity-Independent-Set cannot be solved in 2°(™) time,
where m is the number of edges [17, Proof of Theorem 1.2]. Since the complement of an
independent set is a vertex cover, Parity-Independent-Set is equivalent to Parity-Vertex-Cover,
which also implies a 2°0™) lower bound for the latter. We first show that Parity-Edge-Cover is
equivalent to Parity-Vertex-Cover. Then, we reduce Parity-Edge-Cover to Parity-2-occ-SAT
on positive formulas in a natural way. We claim that

#vc(G) = #ec(G)  (mod 2). (1)

Then, the equivalence of Parity-Vertex-Cover and Parity-Edge-Cover follows from Eq. 1. The
correctness of Eq. 1 follows from [15, Theorem 4.3]. Here, we note the proof for our case for
completeness. Consider the following Inclusion-Exclusion formulation of #ec(G):

#ec(@) = 9lE(@)] _ Z olE(G—{up)| 4 Z olE(G—{uo})| _ ..
ueV(Q) u,veV(G)

= 3 (1Sl gEG-,

SCV(G)

Thus, we have

#ec(G) = Z 1= #ve(G) (mod 2),
SCV(G)
|[E(G=S)|=0
which completes the proof of Eq. 1. Next, we reduce Parity-Edge-Cover to Parity-2-occ-SAT.

Given a graph G = (V, E), for each edge e € E we create a variable z.. The formula is
then defined as ¢g = /\UE‘,(G)(\/ee(;(U) z.). Clearly, each variable appears twice positively,
and each satisfying assignment to ¢ corresponds to an edge cover of G and vice versa.

In terms of parameters, the number of variables in ¢ is n = |E| = m. Since Parity-Vertex-
Cover on m edges requires 22(™ time under rETH and our reduction is parity-preserving
with n = m, any algorithm solving Parity-2-occ-SAT in 2°(™ time would directly imply a
20(m) algorithm for Parity-Vertex-Cover, contradicting rETH. <

We note that the above reduction also applies to show the @P-Completeness of Parity-2-occ-
SAT on positive formulas.
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