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—— Abstract

A variable in a quantified Boolean formula (QBFs) is defined, if its value is uniquely determined by
some other variables. Such definitions are widely exploited in various techniques for QBF solving.
In this work, we formalize the concept of using definitions for reducing variable dependencies by
introducing a novel dependency scheme and investigate its proof-theoretic impact.

Our analysis shows that a definition-based dependency scheme is able to detect independencies
other established dependency schemes cannot and that this can lead to exponentially shorter
refutations. We further demonstrate that our scheme can be combined with any other scheme and
that such a combined use can exponentially outperform using either scheme alone. Moreover, we
study the dynamic application of our definition-based dependency scheme, which leads to another
exponential speedup compared to the static application. Finally, we analyze the computational
complexity of our dependency scheme and introduce a family of tractable variants.
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1 Introduction

Quantified Boolean formulas (QBFs) are a natural extension of propositional formulas by ex-
istential and universal quantification of variables. The satisfiability problem for propositional
formulas (SAT) is the prototypical NP-complete problem. As such it has experienced an
enormous amount of research over the past decades, leading to the development highly effi-
cient SAT solvers [10]. Similarly, deciding the truth of QBFs is a canonical PSPACE-complete
problem, capturing many real-world applications [29].

A major challenge in QBF solving is handling the variable dependencies introduced by
the quantifiers. These dependencies are, however, often overly restrictive, as a variable may
actually not depend on all its preceding variables. This insight led to the development of
dependency schemes [28], a class of methods to detect spurious dependencies in a QBF.
As observed in [4], dependency schemes implicitly transform a QBF into an equivalent
dependency QBF (DQBF) with dependency sets indicated by the given scheme. Numerous
dependency schemes have been proposed in the literature [31, 6, 13] and their properties
have been extensively studied over the past years [20, 2, 25, 3, 14]. Solvers incorporating
dependency schemes, like DepQBF [21] or Qute [23, 24], have proven highly competitive.

This work presents a new dependency scheme that considerably differs from previous
approaches. It is based on the following observation: QBFs arising from real-world applications
are typically translated into prenex conjunctive normal form (PCNF), in which all quantifiers
are placed in a prefiz followed by a propositional formula in conjunctive normal form (CNF),
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called matriz. This transformation is usually performed using Tseitin transformations [33],
where a subformula ¢ is replaced by some freshly introduced Tseitin variable t and a CNF
encoding of the equivalence t <> ¢, known as syntactic or gate definition [15, 16, 35], is
added to the formula. A widespread, though suboptimal, practice is to collect all Tseitin
variables into a single existential quantifier block at the end of the prefix, thereby introducing
lots of artificial dependencies [26]. Ideally, each Tseitin variable should depend only on
the variables in its corresponding subformula. Generalizing Tseitin variables, we consider
semantically defined variables [30]. A variable z is said to be defined in a formula 1 by a set
X C var(¢)) when, in every satisfying assignment of 1), the value of z is uniquely determined
by X. Restricting the defined variable = to depend only on variables in X can drastically
reduce dependencies compared to the prefix order and even other dependency schemes.

Although there are several well-known preprocessing techniques in QBF solving using
some notion of defined variables [35, 30, 26|, there is comparatively little theoretical research
on this. In this paper, we provide a theoretical foundation for definition-based dependency
reductions by capturing such reductions as a dependency scheme D9f and explore its proof
theoretic impact. Our contributions are as follows.

1. Introduction of novel dependency schemes based on defined variables

In Section 3, we revisit the notion of defined variables from [30]. We explain how definitions
can be used for reducing dependencies in QBFs, culminating in the definition of our novel
dependency scheme D%f. Unlike other schemes, our construction does not rely on the
matrix being in CNF. Moreover, our formulation allows us to combine D%f with any
other dependency scheme D* to create a common generalization D**t9¢f. Due to the NP-
completeness of computing Df (Theorem 29), we introduce a family of less general, but
tractable dependency schemes DY) in Section 6, using a syntactic notion of defined
variables with gate definitions of size at most .

2. Proof theoretic comparison with other dependency schemes

In Section 4, we study the effect of adding D% and its variants to the proof systems
Q—Res [18] and QU—Res [34]. We focus on the comparison with one of the most prominent
dependency schemes D™ [31] and show that the systems Q(Df)—Res and Q(D"™)—Res are
incomparable by giving QBF families that admit polynomial-size proofs in one system, but
require exponential-size proofs in the other (Propositions 14 and 15). We further demonstrate
that the combined scheme D"t9¢f can exponentially outperform both schemes simultaneously.
Our results also apply to the well-known scheme D¢ [28] and more recent generalizations
of D™ [6, 13]. Notably, all separations even work with DY) for A > 4 (Theorem 27).

3. New complexity bounds regarding the dynamic use of dependency schemes

Using the framework from [11, 3], we show in Section 5 that, by using D% in a dynamic
way, one can achieve exponentially shorter proofs compared to a static use of even the
combined scheme D"t9f In what seems to be the first result of this kind, we also prove that
there are formulas that still require exponential proofs in dynQU(D™®)—Res (Proposition 21).
Notably, the corresponding formula family admits constant size proofs in the static system
Q(D9f)—Res (Proposition 14). As a side result, we obtain an exponential separation between
dynQ(D™)—Res and dynQ(D*¢)—Res (Theorem 22), thereby generalizing the static version
of this result from [11].
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Figure 1 Separations between static and dynamic proof systems for various schemes D.

Figure 1 provides an overview of our proof-theoretic separations of various dependency
schemes D. An arrow from D to D’ means that the proof system Q(D)—Res is stronger than
Q(D’)—Res. The notation dynD means that we refer to the system dynQ(D)—Res. Dashed
lines indicate incomparability of the corresponding proof systems and numbers refer to the
theorem numbering in this paper. All separations hold analogously for QU(D)—Res.

Related Works

Exploiting definitions is a well-known technique in practical SAT and (D)QBF solving. For
SAT, several efficient, incomplete techniques to detect gate definitions in CNF formulas have
been proposed, see e.g. [15, 16]. The (D)QBF preprocessor HQSpre [35] has a subroutine to

detect gate definitions and either eliminate defined variables or reduce their dependency sets.

In [26], several existing tools are used to detect and move syntactically defined variables right
after their last defining variable in the prefix. This approach already achieved significant
solving speedups on the QBFEVAL’20 benchmarks for multiple QBF solvers, despite still
potentially exhibiting spurious dependencies compared to reducing dependency sets to just
defining variables. The works [30, 27] consider semantic definitions to obtain unique strategy
functions, both in preprocessing and as part of a DQBF solving paradigm.

Complementary to these practical works, our focus lies on the complexity theoretic effect
of such techniques. The works by Beyersdorff and Blinkhorn [2, 3, 12] extensively discuss the
effects of adding dependency schemes to resolution- and expansion-based QBF proof calculi,
usually with a focus on the schemes D¢ or D'™. Recently, two more general dependency
schemes based on resolution paths have been proposed [6, 13].

2 Preliminaries

Quantified Boolean Formulas

We study quantified Boolean formulas (QBFs) in prenex normal form (PNF), which can be
defined as follows: A literal ¢ is a Boolean variable z or its negation . We write var(¢) = x
if £ € {x,z}. A clause is a disjunction of literals. A propositional formula v in conjunctive
normal form (CNF) is a conjunction of clauses. When convenient, we identify a clause with
the set of its literals and a CNF formula with the set of its clauses. For a clause C we write
var(C) == Ueo var(f), and for a CNF formula ¢ write var(y) :== g, var(C). A clause C
is a tautology if there is some variable z with x,z € C. Tautologies can be removed from
a CNF formula without affecting its truth value. Throughout this paper, we assume that
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all tautologies have been removed from the considered formulas. A QBF in PNF has the
form I1.¢), where 11 = Q1 - - - Qn 2y, is the prefiz with quantifiers Q; € {V,3} over Boolean
variables z; and v is a propositional formula with var(¢) = {x1,...,2,} = var(¥) called
the matriz. If ¢ is in CNF, then the QBF is said to be in prenex conjunctive normal form
(PCNF). Note that we only consider closed formulas. A variable x; is universal if Q; =V and
existential if QQ; = 3. We write Uy and Ey for the set of universal and existential variables
of W, respectively. The prefix II induces a linear order on the variables with z; <1 z; if
and only if ¢ < j. For any variable € Ey the set D, = {u € Ug: u <p «} is called the
dependency set of x. Throughout this work, we assume QBFs to be in PNF, usually even
PCNF, although examples may be presented in non-CNF form for better readability.

An assignment to a set of variables X C var(¢y) of a CNF ¢ is a function o: X — {1, T}
from X to the truth values L (false) and T (true). We may interpret o as the set containing
xz if o(x) = T and z if o(x) = L. The restriction of ¢ by o, denoted v[o], is obtained
by replacing in ¢ every x € X by o(z) and simplifying according to the semantics of
propositional logic. The formula v is satisfied by an assignment o to all variables var(v) if
Y[o] = T. In this case, o is a satisfying assignment for ¢. The restriction of a QBF ¥ = I1.¢
by some assignment o to variables X C var(¥), denoted ¥[o], is obtained by removing every
x € X from the prefix along with its quantifier and replacing the matrix by ¥[o].

A Skolem set for a QBF ¥ = I1.9) is a set { fy }wecmy of Skolem functions f,. Each f, maps
assignments of the variables of dependency set D, to {L, T} such that for every assignment
o to Uy the extension ¢’, defined by ¢'(u) = o(u) for u € Uy and o’(z) :== f.(o|p,) for
z € Fy, is a satisfying assignment for ). A QBF W is true if it admits a Skolem set and false
otherwise. We may identify Skolem functions f, as propositional formulas in the variables
of D, such that substituting every existential variable x in ¥ by f, yields a tautology. A
Skolem function f, depends on a universal variable u, if there is some assignment to all
universal variables for which changing the value of u changes the value of f,.

» Example 1. The QBF Va,b3z. (@VbVz)A(aVbV ) is true and a possible Skolem set is
{fz}, with f, = a. The Skolem function f, does not depend on b. Note that the Skolem
function is not unique, other possible choices are f, =b or f, =a Ab.

QBFs can be naturally generalized to dependency quantified Boolean formulas (DQBF),
where the total order of the prefix is turned into a partial one by making dependencies explicit.
More precisely, a DQBF in PNF is of the form Yuq,...,uyn3x1(Dy,), ..., Tn(Dy, )1, where
D,, C{uy,...,un} is the dependency set of x;. Note that a QBF ¥ = II.¢) can naturally be
interpreted as a DQBF using D, = {u € Uy : u <i1 «}. The notions of truth and falsity of
QBFs lift to DQBFs. If there is some u € D, such that f, does not depend on w, then u can
be omitted from D, without changing the truth of the DQBF.

Dependency Schemes

An existential variable z in a QBF or DQBF is said to depend on a universal u, if u appears
in the dependency set D, of x. As seen in Example 1, however, this does not yet imply
that any Skolem function for z also depends on w. Dependency schemes [28] are a way to
filter out such spurious dependencies in a formula, usually by looking at the structure of the
matrix. We only consider dependence of existential from universal variables.

» Definition 2. A dependency scheme is a function D that maps any (D)QBF VU to some set
Dy C {(u,z) € Uy X Ey: u € Dy}. For any x € Ey, write Dy(z) == {u € Ug: (u,x) € Dy}
and for u € Uy write Dy (u) := {u}. A dependency scheme D is more general than another
dependency scheme D', denoted D > D', if Dy C Dy, for every V. If neither D > D’ nor
D < D', then D and D' are incomparable.
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A dependency scheme D transforms a (D)QBF ¥ into a DQBF D(¥) by replacing
each dependency set D, by its subset Dy (x). The following property ensures that this
transformation preserves truth, i.e., that ¥ and D(¥) are equivalent [4]. It suffices to formulate
this for true formulas, as reducing dependency sets can never make a false formula true.

» Definition 3 ([2]). A dependency scheme D is fully exhibited if every true (D)QBF ¥
admits a Skolem set { fx }zemy in which each f, only depends on variables u with (u,z) € Dy.

If D is a fully exhibited dependency scheme, then any scheme D’ < D is also fully
exhibited [6, Proposition 3.6]. We collect some examples of well-known dependency schemes,
all of which are fully exhibited [2, Theorem 18].

» Example 4. Fix some DQBF ¥ = I1.20. The most basic dependency scheme is the trivial
dependency scheme D', which gives exactly the dependencies indicated by the prefix, i.e.,
DY = {(u,z) € Uy X Eg: u € D, }. By definition, every dependency scheme is more general
than D%V, The standard dependency scheme D% [28] is defined by (u,x) € DF if and
only if u € D, and there is a sequence of clauses C1,...,Cy € 1 such that u € var(Cy),
x € var(Cy) and for each ¢ = 1,...,k—1 there is some existential variable y with v € D, and
y € var(C;) Nvar(C;11). Its generalization, the reflexive resolution path dependency scheme
D (31, 32] is defined by (u,z) € Dy® if and only if there exists a resolution path connecting
u and z. A resolution path is a sequence of clauses C1,...,Cy € ¢ with u € Cy,u € Cy,
and for which there are existential literals £y,...,¢x_1 such that: (1) u € Dya,) and
b € Ciyl; € Ciyq fori=1,...,k—1, (2) var(¢;) # var({;41) for i = 1,...,k — 2, and (3)
x = var((;) for somei=1,...,k—1.

Proof Calculi

Informally, a (D)QBF proof calculus P is a system of inference rules for deriving new clauses
from a (D)QBF ¥ in PCNF. We focus on proofs for false formulas. A P-refutation of ¥ is
a derivation of the empty clause from ¥ using the rules of P. The calculus P is sound if it
only refutes false formulas and it is (refutationally) complete if every false formula admits a
P-refutation. The size of a P-refutation 7, denoted by |x|, is the number of rule applications.
A proof calculus P simulates another calculus Q, if there exists a polynomial p such that for
every Q-refutation 7 of any false (D)QBF W, there is a P-refutation of ¥ with size at most
p(|7|). If additionally Q does not simulate P, then P is stronger than Q. If neither of them
simulates the other, then P and Q are incomparable.

There exists a whole plethora of (D)QBF proof calculi in the literature, see [1] for a
survey. We focus on generalizations of one of the most studied ones, Q—Res [18] (short for
Q-Resolution). Given an arbitrary dependency scheme D, we consider the parametrized proof
calculus Q(D)—Res [32], defined by the rules in Figure 2. Its extension QU(D)—Res is defined
analogously, but additionally allows resolution over universal variables. The calculus Q—Res
corresponds to Q(D™)—Res and analogously QU—Res corresponds to QU(D'"™)—Res. Note
that QU(D)—Res simulates Q(D)—Res for any D. Moreover, Q(D)—Res simulates Q(D’)—Res
for all D’ > D [11, Section 3.2], and the same holds for QU—Res. If D is fully exhibited,
then Q(D)—Res and QU(D)—Res are sound [2, 4] for QBF and DQBF. Both calculi are also
refutationally complete for QBF, but incomplete for DQBF as observed in [9].
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(Axiom) — where C is a clause of ¥

(Resolution) % where z is an existential variable and C V D is not a tautology

(Reduction) ot where u = var(¢) is universal with (u,z) ¢ Dy for all z € var(C)

Figure 2 Rules of the Q(D)—Res calculus.

3 Dependency Reductions for Defined Variables

In this section, we investigate the notion of defined variables from [30, 19] and demonstrate
how it can be used to reduce dependencies in a (D)QBF. Intuitively, an existential variable x
is defined in a formula if its value is uniquely determined by the values of some other variables.
This occurs, for example, when Tseitin transformation [33] is used to transform the matrix
into CNF. The following notion generalizes this in an semantic way.

» Definition 5. Let ¢ be a propositional formula, x € var(y), and X C var(y) with x ¢ X.
The variable x is (semantically) defined by X in 1, if for all satisfying assignments o, of 9
with o|x = T|x, we have o(x) = 7(x). In this case, X is a defining set for x in . We define

def(¢, x) = {X Cvar(y)\{z}: = is defined by X in 1}.

The concept of defining sets allows us to reduce the dependencies of defined variables in
a sound manner, i.e., while preserving the truth of the formula. Recall that a QBF ¥ = .9
can naturally be viewed as a DQBF with dependency sets D, = {u € Uy: u <gp x} for
existential variables z. For convenience, we also write D,, = {u} for universals u € Uy.

Suppose an existential variable z in a (D)QBF ¥ = I1.¢) is defined by a set X C var(¢)
in 9. Then the variable = should only depend on variables appearing in X. So we aim to
reduce the dependency set D, using X. Note that we cannot simply take D, N X as new
dependency set, since X may contain existential variables and dependency sets must consist
only of universals. Instead, we replace each existential z € X by its dependency set D, and
reduce D, to D!, =D, N Uz€ x D, which is a subset of Uy. Let us consider an example.

» Example 6. Consider the QBF

U =Va3daVb,cy. (aVeVE)A(aVeVa)A gV AgVz)A(yVbV ).
5

The prefix induces the dependency sets D, = {a} and D, = {a,b,c}. The variable y is
defined by X = {b, x}, as the clauses § encode y +> (b A x). Using the defining set X, we can
reduce the dependencies of y to D} = D, N ({b} U {a}) = {a,b} without changing the truth
of the formula. Indeed, ¥ admits a Skolem set {f5, f,} with f, =a Aband f, = a.

A formula might contain multiple defining sets for the same variable x. In particular, if =
is defined by some set X, then it is also defined by every superset X’ O X. To reduce the
dependencies for z, it is therefore natural to consider the intersection over all defining sets.
Extending the construction discussed above, we reduce D, to

D,=D.n () | D- (1)

Xedef(¢,x) z€X
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In other words, we remove those variables u from D, for which there is some defining set
X for z in which no variable depends on u. Note that this reduction is trivially sound for
false formulas, as decreasing dependencies cannot turn a false formula into a true one. In
particular, if the matrix v is unsatisfiable then the empty set is defining for any variable, so
we always obtain D/, = @. We will show that the reduction is also sound for true formulas in
Theorem 10 below. In Theorem 29 we show that finding the set D/, is in general NP-complete.
Before formalizing our observations into a new dependency scheme, we illustrate the idea by
another example.

» Example 7. Consider the DQBF
U = Vu,v,wdz({u,v,w}),y({v}),z{w}). (x & (uVoVy) Az (uVwVz)).

The variable z is defined by {u,v,y} and {u,w, z}, as well as by all their supersets. The
dependency reduction according to (1) gives D/ = {u}. Note that this set is itself not
defining for x. Nevertheless, reducing D, to D! does not change the truth of the formula.
Indeed, ¥ admits a Skolem set { fs, fy, f-} with f, = f, = f. = T. This also illustrates that
the reduced dependency set D’ is not necessarily minimal.

The above observations can be generalized by applying the reduction (1) not to the
original dependency sets, but to the ones obtained from the application of another dependency
scheme D*. Based on this idea, we now introduce a family of dependency schemes.

» Definition 8. For any D* dependency scheme its definition-based generalization D**def
is defined as follows: For any (D)QBF ¥ = I1.¢), we have (u,x) € Df;'def if and only if
u € D} (x) and for each X € def(y), z) there is some z € X with w € D}, (2). The definition-
based dependency scheme is DIf .= Dtvtdef ;o the special case where D* = D,

Note that, unlike for most other dependency schemes, the scheme D%f does not rely on
the matrix being in CNF due to our general notion of defined variables. Our construction
of D*tdef corresponds to the application of DYf, respectively the dependency reduction
from (1), after the application of D*. In particular it holds Df;'def C D, NDYEF for any ¥ and
thus D**+9f is always more general than both D* and Df. The dependencies of non-defined
variables remain unchanged in D*t9¢f compared to D*. Interpreting dependency schemes as
maps from (D)QBF to DQBF [4], our above definition gives D*td¢f = DIf o D* We provide
a small example to illustrate that the order in which the schemes are applied can make a
difference. It is a priori not clear which application order is best. A solution to this is to
alternate the applications several times until no more changes occur.

» Example 9. Consider the QBF ¥ = Vu, v3xz,y. (z <> (v Vy)) A (z V v) and some D* with
Di (z) = {u,v} and D}, (y) = @. Then we get D (z) = {u}. In contrast, D*f alone would
not change neither dependency set, so applying D* after Df does not remove v from D,.

On the other hand, consider D* = D' and the QBF ¥ with prefix Yu, v, w3z, y and
matrix (uVy)AyVu)A@wVyVw)A(yVezVw)A(@VoVw). One can easily check
(v,2), (v,y) € D and DI (y) = {u}, but z is not defined in the matrix. Hence, v only gets
removed from D, if D' is applied after D9,

Let us now prove that D*t9¢f preserves the truth of formulas, whenever D* does so.

» Theorem 10. For any fully exhibited dependency scheme D*, the dependency scheme
D*+def s fully exhibited.

22:7

SAT 2026



22:8

Definition-Based Dependency Schemes

Proof. Removing dependencies can never turn a false formula into a true one, thus it is
enough to show that true formulas remain true. To this end, fix a true DQBF ¥ = I1.%.
Since D* is assumed to be fully exhibited, there exists a Skolem set {f,}.cg, for ¥ in
which every f, only depends on variables u € D} (z). Now let © € Ey be a defined variable
and fix some u € D (2)\ Dy (z). By the construction of D**¢f this means that there
is some defining set X for = with u ¢ (J,.x Dy(2). We have to show that the Skolem
function f, does not depend on u. Fix some assignment ¢ to all universal variables. Since
{f.}- is a Skolem set, the matrix ¢ must be satisfied under the extended assignment given
by o'(z) = f.(o|p.) for any existential z. Let 7 be the assignment to all universals that
agrees with o, but flips the value of u, and let 7 be its extension to all variables. Due to
u ¢ U,cx Dy(2), we have u ¢ X. Moreover, since each f. only depends on variables in Dy (z)
it holds 0/(2) = f.(c|p.) = f.(7|p.) = 7'(2) for every existential z € X. Together this shows
o'|x = 7'|x. Since z is defined by X, it follows that f.(o|p,) = o'(z) = 7/(x) = fz(7|D,)-
So f. does not depend on wu. <

Full exhibition of D is sufficient for soundness of the (D)QBF calculi Q(D)—Res and
QU(D)—Res. Note that their completeness is not given for DQBF [4, 9].

» Corollary 11. For any fully exhibited scheme D*, the (D)QBF proof calculi Q(D*+9¢f)—Res
and QU(D*T9) —Res are sound. For QBF they are also complete.

4 Exponential Separations

In this section, we compare DYf with other dependency schemes in terms of proof complexity.

We provide exponential separations, showing that using one scheme can yield exponentially

shorter proofs than another in Q—Res or QU—Res. We always state the strongest possible

separation by using the weakest proof system admitting polynomial refutations and the

strongest system requiring exponential refutations. For notational convenience, we stick to a

QBF presentation in this section, but all results naturally carry over to the DQBF setting.
We often use the following two observations.

» Lemma 12 (cf. [14, Proposition 3.3]). Let D, D’ be dependency schemes and ¥ a QBF with
Dy =Dy. Then any QU(D)—Res refutation of ¥ is also a QU(D’)—Res refutation.

Analogous to the restriction of a QBF by an assignment o to some existential variables,
the restriction of a refutation 7, denoted m[o], is obtained by substituting the assigned values
in each clause, simplifying, and discarding true clauses [5].

» Lemma 13 ([5, Proposition 3.2]). Let m be a Q—Res (resp. QU—Res) refutation of a QBF
U and let o be a partial assignment to some existential variables of U. Then 7[o] is @ Q—Res
(resp. QU—Res) refutation of ¥[o].

For our first exponential separation, we consider the formula family QParity [8]. Using
the notation xor(a,b,c) = (aVbVe)A(aVbVe)A(aVbVe)A(aVbVe) to encode a CNF
of a & (b® ¢), we define for n > 2

n
QP,, == 3z1,...,2,Yuts, ..., t,.x0r(t2, 1, 22) A /\ xor(ti, i tic1) A (uVt,) A(uVty).
i=3

» Proposition 14. The QBF family {QP,,},>2 admits constant size Q(D)—Res refutations,
but requires QU(D')—Res refutations of size exponential in n.
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Proof. Note that each ¢; for i > 2 is defined by {z1,...,z;}, as the structure of the matrix
encodes t; <> @;:1 x;. Since the variables z; do not have any dependencies, taking the

intersection over all defining sets for ¢; always yields the empty set, and so DdQeF‘:n =g. In

particular, we have (u,t,) ¢ DdQean. Thus, in Q(Df)—Res we are allowed to reduce u from
the last two clauses and derive the empty clause via resolution over t,,. This is a refutation
in only three steps, independent of n. On the other hand, we have Dgp, = Dg‘,én, see [14,
Section 4.1]. Hence, any QU(D"*)—Res refutation of QP,, is actually a QU—Res refutation

by Lemma 12, which is known to require exponential size [8, Theorem 14]. <

Another interesting example is KBKF [18]. This family requires exponential QU(D5¢)—Res
refutations [11], but a similar proof as above shows that it admits polynomial Q(D?f)—Res
refutations. KBKF also admits polynomial Q(D™)—Res refutations [3].

Next, we show that D™ can also outperform Df and even its combination with D,
For this we consider the formula family Equality [5] given by

n
EQn = Elyl,...,ynVul,..wunElsl,‘..,sn. (51\/\/sn)/\/\(§1VyZVUZ)/\(§1vglv&l)
i=1

» Proposition 15. The QBF family {EQ,,}n>1 admits O(n) sized Q(D"™)—Res refutations,
but requires QU(D=9+9eH) _Res refutations of size exponential in n.

Proof. It can be verified that Dgg = @, but DEtSn = Dgg,» see [11]. Thus, in Q(D"*)—Res
one can reduce all u;’s from the formula and resolve over each y; and s; to get a refutation
of size O(n). On the other hand, we still have DsEtS:def = DEg,» as none of the variables s;
is defined. So the claim follows from Lemma 12, since EQ,, requires exponential QU—Res
refutations by [5, Theorem 3.5]. <

By combining the two families QParity and Equality, one can show that the combination
of the two dependency schemes D™ and DYf can outperform using only one of them.

» Corollary 16. There is a QBF family that admits linear size Q(D™t9f) —Res refutations,
but requires both exponential QU(D"™)—Res and QU(D*)—Res refutations.

Proof. For n > 2, denote P, = xor(t2,z1,22) A \i_zxor(t;,x;, t;—1) and let E,, be the
matrix of EQ,,. Consider the QBF family {¥, },>2 with

U, =3a,T1,...,Tn,Y1,--.,YnVuIts, ..., tyVuy, ..., up3sy, ..., Sp.
P, AN(uVit,Va)A(uVit,Va)A(E,Va).

Using a similar argumentation as in the proofs of Proposition 14 and Proposition 15, one
can verify that DY = {(u,t;): i =2,...,n} and D = {(u;, s;): i,j =1,...,n}. Since the
intersection of the schemes is empty, it follows that fojdef = @. The latter implies that ¥,
admits linear Q(D'rs"’dEf)—Res refutations, because we can reduce u, resolve over t,, and a,
and finally refute E,, like in the proof of Proposition 15. However, neither D' nor Df alone
are enough to ensure this: By Lemma 13, any formula restricted by a (partial) assignment to
some of its existential variables admits a refutation of at most the same size as the original
formula. Restricting ¥, by the assignment a = | leads to the formula QP,,, which requires
exponential QU(D™™®)—Res refutations by Proposition 14. The assignment a = T gives the
true formula 3x4,...,z,,t2,.. ., t,.P, conjunctively combined with EQ,,. Since these two
parts do not share any variables and true formulas cannot be refuted in a sound calculus,
this formula still requires exponential QU(D?f)—Res refutations by Proposition 15. <
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Our results even transfer to some strong generalizations of D™. Recall that a dependency
(u, z) in D™ is defined through the existence of a resolution path connecting u and z. The
idea behind the generalizations of D™ is that a resolution path does not exhibit an actual
dependency between u and z, if some of its intermediate clauses are always satisfied.

In [6], a whole family of generalizations of D' based on this idea is introduced, the
so-called implication—free dependency schemes. By [6, Lemma 5.9], the most general example
is DF(R‘:, 00). In this scheme, resolution paths in the matrix ¢ are not considered, if the
involved clauses contain some literals £1, ..., /) that are free, in the sense that Dy, ,) = &,
and for which the implication ¢ — \/i?:1 ¢; is valid. Another generalization of D™ is
DVpure [13]. Here, a resolution path connecting u and z is discarded, if u or u appears in any
intermediate clause of the path.

By careful inspection, one can check that the formulas of the QParity family, used in
Proposition 14, do not exhibit any non-trivial independencies in DF (R, c0) or DYP*"®. This
is because we can always find a resolution path from the only universal variable u to any of
the existential variables ¢; in which the free variables x; appear only with positive polarity
and u does not appear in any intermediate clauses. Similar considerations show that the
more general schemes do also not alter the dependencies in Proposition 15 and Corollary 16
compared to D™. Thus, we obtain the following result.

» Theorem 17. Let D* be any of the implication-free dependency schemes or D* = DYPure,
Then the proof systems QU(D*)—Res and QU(DYf)—Res are incomparable and the system
QU(D**9f)—Res is stronger than both of them.

Ddef «—— pstdtdef «—— prrs+def «— pHF+-def

DVpure — DVpure+def

Figure 3 Relationships between various dependency schemes with arrows from more to less
general schemes. D" stands for any of the implication-free dependency schemes (# D™).

Figure 3 summarizes the relationships between the discussed dependency schemes D
and the separations between of the corresponding proof systems QU(D)—Res. Two schemes,
respectively the corresponding proof systems, are incomparable, if there is no directed path
between them in the figure, for example, Dst4+9f and DYPUe are incomparable.

5 Dynamic Dependency Schemes

A dynamic use of dependency schemes was introduced in [11] to model the recomputation of
dependencies during the solving procedure of a QCDCL-based solver. In this section, we
demonstrate that using D9f dynamically can yield exponentially shorter proofs compared
to using it in the classical static way. We further generalize the results from the previous
section by showing that the static use of Df can even outperform the dynamic use of D'®.

In our proof-theoretic framework, the dynamic use of a dependency scheme D is realized
as the QBF proof system dynQ(D)—Res, an extension of Q(D)—Res by the so-called reference
rule defined in Figure 4 below. This rule allows to introduce clauses that are learned
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from subproofs, which refute restrictions of the formula under an assignment to some of its
variables. The size of a dynQU(D)—Res refutation is defined recursively by adding the sizes
of the subproofs to the overall proof size. If the scheme D is fully exhibited, then the QBF
calculus dynQ(D)—Res is sound and refutationally complete [3, Theorem 5.6]. Analogous
definitions and results apply for the proof system dynQU(D)—Res. More details can be found
in [11, 3, 12].

The reference rule uses the following terminology: Given a dependency scheme D, an
assignment o to some variables X of a PCNF V¥ is called a D-assignment if u € X whenever
there is some = € X with (u,z) € Dy.

o ={l1,...,4} is a D—assignment for V.
R 7 is a dynQ(D)—Res refutation of ¥[o].
R is the clause £1 V - - - ng.

Figure 4 Reference rule ref(o, 7) for Q(D)—Res.

We first provide exponential separations showing that the dynamic uses of Df, respec-
tively D™, can outperform the static use of Dstdef,

» Proposition 18. There is a QBF family that admits constant dynQ(D*)—Res refutations,
but requires exponential QU(D'™+9f) —Res refutations.

Proof. Consider again {QP,},>2 from Proposition 14 and define ¥,, = Yv.(QP, V v)
(transformed into PCNF'). This formula is still false, as QP,, is false and v is universal. Since
the variable v appears only in positive polarity, it holds (v, ) ¢ Dy for any z. Moreover,
the formula ¥,, does not contain any defined variables, as every clause can be satisfied by
setting v = T. Therefore Dgsjdef =Dy = {(u,t;): i =2,...,n}. Now, if ¥, admitted
a polynomial QU(D*9f)—Res refutation, then we could get a polynomial QU(D™)—Res
refutation for QP,, by first reducing v from every clause in linear time. But such short
refutations are not possible as seen in Proposition 14. In the dynamic setting, however, we
get ¥, [o] = QP,, under the assignment o = {v}. So, by Proposition 14, the restriction ¥,,[o]
admits a constant size Q(Df)—Res refutation 7. Now the reference rule ref(o, ) allows
us to introduce the unit clause v, which we immediately reduce to the empty clause. The
overall size remains constant. <

» Proposition 19. There is a QBF family that admits polynomial dynQ(D"®)—Res refutations,
but requires exponential QU(D"™+9F) _Res refutations.

Proof. Consider again EQ,, from Proposition 15. In [3, Theorem 5.11], the formula

lock(EQy,) :==3a. | (EQ, Va)AaA /\ (u; VsjVa)A(u; Vs Va)l,
ij=1

again transformed into PCNF, is shown to admit polynomial dynQ(D"*)—Res refutations,
but to require QU(D™)—Res refutations exponential in n. Due to the big conjunction, it
holds (u;, s;) € D{(’fck(EQ ) for all 4,5 =1,...,n. And since the formula does not contain any

defined variables, except for a, it does not admit any non-trivial independencies in D"s+def,

By Lemma 12, the exponential lower bound also applies to QU(D+4¢f) _Res. <
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Next, we show that the exponential lower bound for the QParity family in QU(D"®)—Res
from Proposition 14 still applies to the dynamic version of the calculus. For this purpose, we
generalize the ideas from [11, Theorem 17] and [3, Theorem 5.7] to prove that if a formula
never exhibits any new independencies under any assignment, then its dynamic and static
refutations are essentially the same. As usual, the statement also applies to Q—Res.

» Lemma 20. Let ¥ =11.¢) be a false QBF and D a dependency scheme such that for every
D-assignment o to V := var(c) it holds that Dy, = Dy \{(u,z): uw € Vorxz € V}. Then
any dynQU(D)—Res refutation of ¥ can be transformed into a QU(D)—Res refutation with
no increase in size.

Proof Sketch. The proof is by induction on the reference degree d of a dynQU(D)—Res
refutation 7, which is the maximal recursive depth of subproofs of 7. The case d = 0 is trivial,
as it corresponds to a QU(D)—Res refutation. So let w be a dynQU(D)—Res refutation of ¥ of
reference degree d > 1. Let R be the first reference clause derived in 7 by the application of
ref(o, '), where o is some D-assignment and 7’ is a dynQU(D)—Res refutation of ¥[o]. Note
that U[o] still satisfies the dependency assumption from the claim, since for any assignment
o’ to variables V' C var(¢y)\V we have

Dy(o)j0'] = Puouo] =D (v, 2): u € VUV'or & € VUV'} =Dy o\{(u, x): u € Vior x € V'}.

Hence, we can apply the induction hypothesis to 7/, which has reference degree < d, to
transform it into a QU(D)—Res refutation p of ¥[o] with size |n’|. Next, we want to show that
appending the clause R =\/,, ? to each clause of p gives a valid QU(D)—Res derivation of
R. Appending R does not create any tautologies in p, since the literals from R do not appear
in p and are only added with a single polarity. Appending R to p does also not invalidate
any reductions of universals u ¢ V' in p with respect to Dy: Indeed, for any existential = ¢ V'
with (u,x) ¢ Dy[,) our dependency assumption ensures (u,r) ¢ Dy, and if z € V, then we
also have (u,z) ¢ Dy, as o is a D-assignment. So there is a valid QU(D)—Res derivation p’
of R with size |p|. From here on the argument is analogous to [11, Theorem 17] (respectively
the journal version [3, Theorem 5.7], which uses a more technical, equivalent definition of
dynQU(D)—Res). There it is argued that p’ can be transformed into a QU(D)—Res derivation
of R from ¥ with no increase in size using subsumption of clauses. Repeating this for every
reference clause yields a QU(D)—Res refutation of ¥ of same size. |

» Proposition 21. The family {QP,,},>2 requires exponential dynQU(D™)—Res refutations.

Proof. By Proposition 14, it suffices to verify the dependency assumptions of Lemma 20
for QP,,. Let o be any D™ -assignment to some variables V' of QP,,. Inspecting the matrix,
we see (u,t;) € Dgp, for every i =2,...,n, since there is a resolution path from u to ¢; via
the literals t,,t,_1,...,t; and then back to u in reverse order and polarity. If u € V, then
Dap, (o] =92 = Dgp, \(V x Eqge,,), as u is the only universal variable in QP,,, so we are done. If
u ¢V, then we cannot have ¢t; € V for any i > 2, since o is a D"—assignment. Furthermore,
even if x; € V for some i > 2, then two of the clauses (t; V @; V t;_1), (t; V 2; V t;_1),
(t; VZ; Viti_1), and (t; V x; Vt;_1) get deleted in QP,,[o]. But then there is still a resolution
path connecting w and ¢;_;. So, in this case Dg;n[a] = Dgﬁ,n. |

The above separation seems to be the first example of a formula family requiring exponen-
tial dynQU(D"*)—Res refutations in the literature. Our inspection of the resolution paths at
the end of Section 4 shows the exponential bound generalizes to the implication-free schemes
and D"PU¢. Hence, the static use of the scheme D’ can outperform even the dynamic use
of D™ and its generalizations. This is summarized in Figure 1.
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An analogous argument as above using Lemma 20 shows that the family Equality from
Proposition 15 requires exponential dynQU(D%*9)—Res refutations. This yields the following
dynamic analog of [3, Theorem 4.12].

» Theorem 22. The proof system dynQU(D"™)—Res is stronger than dynQU(D¢)—Res.

6 Syntactic Definitions

The notion of defined variables from Section 3 that we used to define Df is a very general
semantic one. In this section, we explore a less general syntactic notion that requires the
existence of an explicit CNF encoding of a gate definition x <+ ¢ within the matrix. The
advantage of such syntactic definitions is that they are easier to detect, for example, by
pattern matching or unsatisfiable core extraction [15, 16]. In [26], this is used to shift Tseitin
variables in the prefix, which is essentially a weaker version of the dependency scheme we
introduce below. By bounding the size (i.e., the number of clauses) of definitions, we can

ensure polynomial complexity. Throughout this section we assume (D)QBFs to be in PCNF.

» Definition 23. Let v be a CNF formula. A variable x € var(v) is said to be syntactically
defined in v if there exists a set of clauses § C 1), each containing x or T, such that every
assignment o to var(0)\{z} there is exactly one value for x to satisfy 6[c]. In this case, § is

called a syntactic or gate definition for x in . Given a parameter A € NU {oc}, we denote
def(v, 2, A) == {0: & is a syntactic definition for x in 1 with |§] < A}.

Some examples of gate definitions and their corresponding syntactic definitions are given
in Table 1. Note that every syntactically defined variable x with syntactic definition § C 1
is also semantically defined in ¢ by var(d)\{z}. However, not every semantically defined
variable is also syntactically defined. For instance, (zVy) A (yV z) A (2 V Z) is not a syntactic
definition for x (as not every clause contains x), but both y and z semantically define z.

Table 1 Examples of gate definitions with CNF encodings of different sizes .

A ‘ Gate definition Corresponding syntactic definition § for =
T T x
2 Ty (zVy)A(ZVy)
3 T YAz (ZVy)A(@V2)A(xVGVZ)
T yVz (Ve Az VZ)AN(ZVYV2)
4 T ydz @ZVYVZEIAN(EVyYyV2)A(zVyVz)A(zVyV2)

We use syntactic definitions to construct a dependency scheme DM analogous to
the construction of Df: Given a syntactic definition § of size at most A for an existential

variable z, we can again remove any variable from D, that does not appear in Uzevar( S} D,.

One thing that changes is that it might be necessary to reduce dependency sets multiple
times, as each reduction can potentially enable further reductions. As an example, consider
the QBF Vu3ty,...t,. t1 A /\Ll(ti > t;y1). Here, every variable ¢; is semantically defined
by the empty set and does not depend on u. But since the only syntactic definition for ¢;4;
is ¢; <> ti31, the variable u can only be removed from Dy, , after removing it from Dy, .
We model these iterated reductions via a chain of dependency sets (D%*);>0: Fix some
dependency scheme D*; a (D)QBF in PCNF ¥ = I1.¢) and some A € NU{oo}. If x € Uy, we
set DA := {z} for all i. For existential x we inductively define D%* := D}, (x) and for i > 1

D =Di""n ) U b
dedef(p,z,\) z€var(d)\{z}
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For every variable x, we get a descending chain D% D DA D .... Since the first set is
finite, the chain stabilizes after finitely many steps, i.e., there exists some N such that for all
i > N and all z it holds that D%* = DY, Denote the minimal such N by Ng. Note that
we can ensure Ny < |Ug| - |Eyg/, as this is the maximal number of dependencies in .

» Definition 24. For any dependency scheme D* and A € NU {oo}, the dependency scheme
D*+def(N) s defined by D:;rdef(k) — {(u7x): 2 € Ey,uc€ Di\[\p,)\} for any (D)QBF U. We
write DI a5 a shorthand for Dv+def(d)

The fact that every syntactically defined variable is also semantically defined indicates
that DIV is a less general scheme than Df. To prove this, we observe that the above
chain stabilizes after one step if semantic definitions are used. In other words, applying D9
twice does not change anything, i.e., Ddeftdef — pdef,

» Lemma 25. For any dependency scheme D*, any (D)QBF ¥ = 11.¢), and any variable
x € Ey, we have fodef(x) =Dy (z)N nXedef(w,x) U.ex Dfi,"'def(z).

Proof. The inclusion “2” holds, as, by definition, D}, (2) C D} () for any 2. For the other
inclusion, consider some universal u € D} () that is not in the right-hand side. Then there is
some X € def(1), ) such that u ¢ D*T9f(2) for all z € X. Assume there is some z € X with
u € D} (%). Then v must have been removed from this set, which means that there is some
set X, € def(¢, z) such that v ¢ D} (y) for all y € X,. Thus, z ¢ X, and (X\{z})UX, is a
defining set for . Repeating this argument for every z € X with u € D} (2) yields a defining
set X' for x with u ¢ D (y) for every y € X’. This shows u ¢ D} (x). <

» Proposition 26. For any scheme D* and p < \, we have D*+def(1) < pridef(A) < pxtdef
In particular, the scheme D* 9t s fully exhibited, whenever D* is fully exhibited.

Proof. We have to show D9 C D) ¢ pridefi) g1 overy (D)QBF W = IL1p. The
full exhibition then follows from Theorem 10. The second inclusion is clear. For the first
inclusion, it suffices to show D*T¢f(z) C Di* for i > 0 and any existential . For 4 = 0 this
is clear, as ’D:;fdef(x) C D}, (x). Now suppose the claim holds for any variable at step ¢ — 1.
For any u € Di~1A\ DiA there must be some syntactic definition § € def(¢), z, \) such that
u ¢ D1 for all 2 € var(d)\{z}. By the inductive hypothesis, we have u ¢ D} (2). Now
as x is semantically defined by var(5)\{z}, Lemma 25 implies u ¢ D} (x). <

The above result shows that we have the following hierarchy of dependency schemes:
Ddef(l) < Ddef(2) <...< Ddef(oc) < Ddef.

With increasing A, the scheme D) is able to capture increasingly complex gate definitions.
From Table 1, we see that the scheme D94 can reduce dependencies of variables defined
by xor gates. Since these are exactly the definitions used in QParity, we can generalize our
results from Section 4. Again, the same result applies for the strong generalizations of D™*.

» Theorem 27. For any \ > 4, the proof systems Q(Df(M))—Res and Q(D™)—Res are
incomparable, while Q(D"T4F(N\)) _Res is stronger than both of them.

7 Computational Complexity

We now turn to the computational complexity of the definition-based dependency schemes.
Generally, deciding dependence between variables is PSPACE-complete for QBF [28, Proposi-
tion 2] and even NEXPTIME-complete for DQBFs [35, Theorem 11]. This causes a tradeoff
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between generality and computational complexity of dependency schemes. While D™ can be
computed in linear time in the size of the formula [31], some of its generalizations are known to
be computationally harder. For example, the computation of the implication-free DF(R.:, 00)
is NP-complete [6], while some of its less general variants DY (R, \) can be computed in
polynomial time with exponent A < co. A similar picture emerges for D9f(M)

Our analysis for D%f is based on the following characterization of defining sets.

» Proposition 28 (Padoa's Theorem [30, 22]). Let ¢ be a propositional formula, x € var(vy),
and X C var(v) with x ¢ X. Let o)’ be the formula obtained by replacing every y € var(¢)\ X
by a fresh variable y'. Then x is defined by X in 1 if and only if Y Ax AP’ AT’ is unsatisfiable.

» Theorem 29. Given a (D)QBF V in PNF, deciding (u,z) € DEF is NP-complete.

Proof. We first show that for any (D)QBF ¥ = II.4) and any u,z € var(¥) with u € D,,
the problem of deciding u € DI (z) lies in NP. We have u ¢ D3f() if and only if there
is some defining set X for  such that u ¢ D, for all z € X. Since supersets of defining
sets are again defining, this is true if and only if Xo = {z € var(¥): z # z,u ¢ D,} is a
defining set for x. By Proposition 28, this is equivalent to the unsatisfiability of the formula
Yo =Y Az Ay AT with all variables y € var(¥)\ X, replaced by new ones in ¢’. By
negating the previous conditions, we get (u,x) € DI if and only if vy is satisfiable. So we
have a polynomial reduction to a problem in NP.

For the NP-hardness, fix an arbitrary propositional formula ¥ with variables y1, ..., yn.

Consider the QBF ¥ = Vyi,...,y,3z.(x V ¢»). Note that x has a defining set in = V 9
if and only if v is unsatisfiable, and in this case, the empty set is defining for x. Hence,
(y1,7) € DI if and only if 1 is satisfiable. So we have polynomially reduced the NP-complete
problem SAT to the computation of DY, <

A similar argument shows that the computation of D™t9ef is NP-complete. For the
weaker schemes D)) we can achieve polynomial runtime with exponent linear in A\. We

prove this using the following characterization of syntactic definitions, adapted from [26].

We say that a CNF ¢ is propositionally blocked on a variable x if for every C' € ¢ with x € C
and every D € ¢ with Z € D, there is some literal ¢ with var(f) # = and £ € C and / € D.

» Proposition 30 (cf. [26]). Let x be a variable in a CNF formula v and let § C ¢ be a set
of clauses, all containing x or x. Then § is a syntactic definition for x if and only if § is
propositionally blocked on x and {C\{x,z}: C € 0} is unsatisfiable.

The blockedness condition says that there is always at least one value for = to satisfy §,
while the unsatifsiability condition ensures that there is at most one. Using these two
conditions, we can detect all definitions of bounded size A in a formula in polynomial time
with exponent linear in A. In the terminology of parameterized complexity [10, Chapter 17],
deciding membership in DIV is XP-tractable parameterized by .

» Proposition 31. For any 1 < XA < oo, given a (D)QBF ¥ in PCNF of size n and some
variables u, x, deciding (u,x) € D?;f('\) can be done in n®N many steps.

Proof. Fix a formula of size n with matrix 1. Since every variable needs to appear in 1
there are at most n variables and clauses. So, for fixed z, we can take each of the O(n?)
many subsets § C 9 of clauses with |§] < A\ and use the characterization from Proposition 30
to check if § is a definition for . The blockedness condition can be checked in quadratic
time by iterating over 4. The formula §' = {C\{z,z}: C € ¢} is satisfiable if and only if we
can pick one literal ¢; from each clause of ¢’ in such a way that ¢; # ¢; for all 4,5. Since &’
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has at most A\ many clauses with n variables, there are O(n) many possible choices and we
can perform the unsatisfiability check by testing every choice. Overall, we see that we can
determine all definitions for a fixed variable x in O(n?*) steps. We repeat this procedure for
each variable to compute all definitions within the formula. Given those definitions, we can
compute DY) by reducing the involved dependency sets D%*. Since there are at most n?
dependencies within the formula, we need at most n? steps for i. <

A similar proof as in Theorem 29 shows that the computation of D9f(>°) is NP-hard.
Using Proposition 30 and the iterative construction of the scheme, one can see that its
computation is possible using polynomially many NP-oracle calls.

8 Conclusion and Qutlook

We have introduced a novel dependency scheme D%f for (D)QBFs that models reducing
dependencies of defined variables. The scheme D%f is sound for Q-Resolution and can be
combined with other dependency schemes. Since DYf only reduces dependencies of defined
variables, it should not be seen as a competing approach, but rather as an addition to improve
other dependency schemes. Our proof-theoretic considerations have shown that using D9ef
can lead to exponentially shorter refutations in resolution-based proof systems compared to
virtually any other established dependency scheme.

We expect our proof-theoretic results to also apply to other proof calculi in which
dependency schemes can be incorporated, like VExp+Res [17], LDQ-Res [8], or QCDCL [7].
One major drawback of the dependency scheme D% is its high computational complexity.
However, due to its motivation from Tseitin transformations, we still expect its (partial)
computation to be very feasible in many real-world formulas. This belief is supported by
empirical findings [26, 30], but more experiments using our framework are required. In
particular, a sophisticated study of the polynomial schemes DM for different values of
would be interesting, both in terms of theoretical and practical aspects.
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