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Abstract
Stochastic Satisfiability Modulo Theories (SSMT) has traditionally focused on the interplay between
existential and randomized quantifiers, typically relying on numerical sampling or approximations.
We present a generalized SSMT framework that integrates universal quantification, lifting the
formalism to a robust stochastic game-theoretic setting. By treating universal quantifiers as the
adversarial infimum of satisfaction probabilities, our framework enables the exact modeling of
competitive interactions under uncertainty.

Our approach leverages Cylindrical Algebraic Decomposition (CAD) to derive exact symbolic
probability expressions for Nonlinear Real Arithmetic (NRA) formulas, moving beyond the limitations
of linear constraints and point-value estimations. Central to our contribution is a recursive quantifier
elimination algorithm designed to handle variable-dependent domains and non-algebraic expressions
through a variable reparameterization technique.

Experimental evaluation across baseline synthetic formulas, strategic economic models, and
probabilistic program verification benchmarks demonstrates that our framework consistently com-
putes exact symbolic solutions. By achieving a degree of symbolic precision and expressiveness
unattainable by traditional numerical solvers, this work establishes a new baseline for exact reasoning
in stochastic adversarial environments.
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1 Introduction

The exploration of quantified formulas in Satisfiability Modulo Theories (SMT) has historically
followed two divergent paths: Quantified SMT (QSMT) and Stochastic SMT (SSMT). QSMT
research, exemplified by QSAT [3], QSMA [4], and fine-grained SimSat [19], centers on the
deterministic interplay between universal (∀) and existential (∃) quantifiers, typically within
Linear Real Arithmetic (LRA) and Linear Integer Arithmetic (LIA).
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24:2 Exact Symbolic Reasoning for Nonlinear SSMT via CAD

In contrast, SSMT was introduced by Fränzle et al. [8] to handle uncertainty by incorpor-
ating randomized quantifiers ( R), effectively extending Stochastic SAT (SSAT) [14,20] to
hybrid domains. While subsequent research extended this to non-linear arithmetic [23] and
continuous probability distributions [9,10], these traditional approaches are largely restricted
to formulas with only Rand ∃ quantifiers and rely on interval-based numerical approxim-
ations or sampling to estimate satisfaction probabilities. They targeted applications such
as probabilistic hybrid automata [8], networked automation systems [9], and safety-critical
verification [8, 10].

In this work, we introduce a comprehensive SSMT framework that, for the first time,
integrates universal quantifiers (∀) into the stochastic setting. By leveraging Cylindrical
Algebraic Decomposition (CAD), our approach transcends the linear constraints and approx-
imate reasoning of previous research, enabling the derivation of exact symbolic probability
expressions for formulas in Non-linear Real Arithmetic (NRA).

While traditional SSMT models planning under uncertainty via the interplay of existential
(∃) and randomized ( R) quantifiers, the inclusion of the universal quantifier (∀) is essential for
capturing adversarial environments. Mathematically, ∀ represents the infimum of satisfaction
probabilities, establishing a rigorous lower bound on performance under the most unfavorable
conditions. This addition elevates SSMT from a tool for probabilistic reachability to a
stochastic game framework, providing a more expressive language for systems where strategic
decisions, both existential and universal, must be made amidst inherent probabilistic uncer-
tainty. Such expressiveness is vital for high-stakes domains, such as competitive economic
modeling or analysis of security or safety-critical applications, where a system must guarantee
a high success probability against strategic opponents or worst-case perturbations [1, 8].

The rest of this paper is organized as follows. After the preliminaries of Cylindrical
Algebraic Decomposition are introduced in Section 2, Section 3 provides the syntax and
recursive semantics for our generalized SSMT formulas. Section 4 details the main algorithm.
In Section 5, we present extensions for the encoding of Boolean variables and a reparamet-
erization technique for handling specific non-semi-algebraic constraints. The experimental
results are shown in Section 6. Finally, Section 7 concludes this work.

2 Preliminaries

We represent the Boolean constants true and false by ⊤ and ⊥. The notation x |= φ

indicates that the assignment x satisfies the formula φ. The Boolean operators ¬, ∧, ∨, ⊕,
and ↔ are understood according to their standard logical interpretations. In addition, we
employ the if–then–else operator, defined by ite(x, y, z) := (x ∧ y) ∨ (¬x ∧ z).

2.1 Real Closed Fields and Semi-algebraic Sets

A real closed field is an ordered field that shares the same first-order logical properties as the
field of real numbers R. In the context of SMT, this structure is fundamental because the
theory of Real Closed Fields is decidable and admits quantifier elimination [5, 6].

This mathematical structure forms the basis for Nonlinear Real Arithmetic (NRA), the
first-order theory that deals with polynomial constraints over the reals. The fundamental
building blocks of NRA are atomic polynomial predicates (also called literals) of the form
f(x1, . . . , xn) ∼ 0, where f is a real polynomial and ∼ ∈ {=, >,≥}. An NRA formula is
defined as a finite Boolean combination of these literals using operators such as negation (¬),
conjunction (∧), and disjunction (∨).
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In real algebraic geometry, an algebraic set is a subset of Rn defined as the common zero
locus of a finite collection of real polynomials, while a semi-algebraic set is a subset of Rn

obtained from the solution sets defined by polynomial equalities and inequalities using finitely
many set-theoretic operations such as union, intersection, and complement. Equivalently,
semi-algebraic sets are defined by finite Boolean combinations of polynomial equalities and
inequalities [2, 22]. A function f : S → Rm, where S ⊆ Rn, is called semi-algebraic if the set
{(x, f(x)) | x ∈ S} is a semi-algebraic subset of Rn+m [22]. In particular, the solution set of
any quantifier-free NRA formula is semi-algebraic. We refer to such formulas as semi-algebraic
expressions throughout this paper. This property is essential in our framework, as it ensures
that such satisfying regions remain semi-algebraic throughout the elimination process.

2.2 Cylindrical Algebraic Decomposition and Satisfying Cells
A decomposition partitions the n-dimensional real space Rn, whose coordinates correspond to
variables x1, . . . , xn, into a finite collection of disjoint, connected, non-empty subsets called
cells. A decomposition is cylindrical with respect to a given variable ordering x1 ≺ x2 ≺
· · · ≺ xn if, for every i < n, the projection of any cell onto the subspace spanned by the first
i variables (x1, . . . , xi) is either identical to or disjoint from the projection of any other cell.
Intuitively, this means that the cells are arranged in a layered way along the variables: once
the lower-dimensional structure over (x1, . . . , xi) is fixed, the cells extend “above” it along
the higher-order variables, forming a recursive cylindrical structure.

▶ Example 1. Consider the cell

c1 = {(x, y) | 0 < x < 1,−
√

1− x2 < y <
√

1− x2}.

Let x ≺ y. Projecting c1 onto the x-axis yields the interval (0, 1). For each x in this interval,
the corresponding set of y values forms a vertical segment between y = −

√
1− x2 and

y =
√

1− x2. This illustrates the cylindrical structure: the cell is obtained by taking a base
interval on the x-axis and extending it along the y-direction according to boundary functions
of x. In this sense, the cell “stacks” above the x-interval, forming a structure analogous to a
vertical cylinder.

Cylindrical Algebraic Decomposition (CAD) [6] is a method that takes as input a finite set
of polynomials in n variables and partitions Rn into a finite set of connected semi-algebraic
cells. Within each cell, every input polynomial in the input set has a constant sign (positive,
negative, or zero). This cylindrical structure makes CAD particularly useful for tasks such
as quantifier elimination [5] and solving polynomial inequalities.

▶ Definition 2 (CAD). Let P = {f1, . . . , fk} be a finite set of polynomials in R[x1, . . . , xn] and
let O be a variable ordering x1 ≺ x2 ≺ · · · ≺ xn. A Cylindrical Algebraic Decomposition
of Rn with respect to P and O, denoted as CAD(P,O), is a finite partition of Rn into
connected semi-algebraic cells {c1, . . . , cm} such that:
1. Sign-Invariance: Each polynomial fj ∈ P is sign-invariant (positive, negative, or zero)

on every cell ci.
2. Cylindricality: The decomposition is cylindrical with respect to O; that is, for every

i < n, the projection of any two cells ca, cb onto the first i coordinates is either identical
or disjoint.

While CAD(P,O) operates on a set of polynomials to create a geometric partition, our
algorithm requires identifying the specific regions where a logical formula φ holds. We
introduce a formula-induced CAD as follows.
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▶ Definition 3 (Formula-Induced CAD). Given a quantifier-free NRA formula φ and a variable
ordering O, let Pφ = {f1, . . . , fk} be the set of polynomials appearing in φ. We refer to the
subset of CAD induced by φ as:

CADφ (O) = {c ∈ CAD(Pφ,O) | ∃e ∈ c, e |= φ}. (1)

▶ Remark 4. Since CAD ensures that the truth value of φ is invariant over each cell
(Definition 2), CADφ effectively filters the geometric partition to retain only those cells where
φ is true. Membership in CADφ can be determined by evaluating φ at a single sample
point from each cell.

▶ Example 5. Consider the formula φ = (x2+y2 < 1)∧(x > 0) in R2 with Pφ = {x2+y2−1, x}
and O = x ≺ y. It can be checked that CAD(Pφ,O) partitions R2 into 23 cells. Among
them, some examples include:

Let c1 = {(x, y) | 0 < x < 1,−
√

1− x2 < y <
√

1− x2}. Since any sample point in c1
satisfies both x2 + y2 < 1 and x > 0, c1 ∈ CADφ(O).
Let c2 = {(x, y) | −1 < x < 0,−

√
1− x2 < y <

√
1− x2}. Although c2 satisfies

x2 + y2 < 1, it fails x > 0; thus c2 /∈ CADφ(O).
Let c3 = {(x, y) | x > 1, y ∈ R}. This cell fails x2 + y2 < 1; thus c3 /∈ CADφ(O).

Note that CADφ contains only one cell, namely c1, in contrast to the 23 cells of CAD(Pφ,O).
In fact, using CADφ, instead of CAD(Pφ,O), can significantly reduce the number of cells
considered in our quantifier elimination procedure.

3 SSMT Syntax and Semantics

3.1 Syntax
An SSMT formula Φ is defined in prenex form as Φ = Q : φ, where Q is a quantifier
prefix and φ is a quantifier-free matrix. The prefix consists of a sequence of quantifiers
Q = Q1x1 ∈ dom(x1), . . . , Qnxn ∈ dom(xn), where each Qi ∈ {∃, ∀,

R

πi
}. Here, ∃ and ∀

denote existential and universal quantifiers, while R

πi represents a randomized quantifier
associated with an integrable probability density function (PDF) πi such that∫

dom(xi)
πi(xi) dxi = 1.

The matrix φ is an SMT formula over quantifier-free nonlinear real arithmetic (NRA),
described as a finite Boolean combination of atomic polynomial predicates of the form
f(x1, . . . , xn) ∼ 0, where ∼∈ {=, >,≥}.

A variable in Φ is said to be bound if it lies within the scope of a quantifier in the prefix
Q, and free otherwise. An SSMT formula is called closed if it contains no free variables,
and open if it contains free variables. In the latter case, the free variables are regarded as
externally fixed parameters. Unless otherwise stated, we assume an SSMT formula is closed,
that is, every variable occurring in the matrix φ is quantified in the prefix Q.

The domain dom(xi) for each variable is a real interval specified by semi-algebraic con-
straints, meaning that dom(xi) is described by a set of polynomial equalities and inequalities
whose feasible set is semi-algebraic. For each i, let Di(x1, . . . , xi) denote the quantifier-free
NRA formula characterizing dom(xi). Notably, these domains may be variable-dependent,
meaning the interval for xi can be restricted by the values of previously quantified variables
x1, . . . , xi−1. For example, a formula might specify y ∈ [0, x]. Such dependencies are permit-
ted because Cylindrical Algebraic Decomposition (CAD) is capable of processing general
semi-algebraic relations among quantified variables.



J.-C. Lin, C.-H. Su, J.-H.-R. Jiang, and H. Unno 24:5

For randomized quantifiers, for simplicity, the notation R

x ∼ U(a, b) is used to denote
a uniform distribution when R

πx ∈ [a, b] and π(x) = 1
b−a . We restrict our attention to

probability density functions for which integration over CAD-induced cells can be carried out
symbolically within the semi-algebraic framework. In particular, this includes the polynomial
density functions considered in our implementation and experimental benchmarks. This
restriction is necessary because eliminating a randomized quantifier introduces integral terms,
and the resulting probability expressions must remain representable as finite case distinctions
compatible with CAD-based quantifier elimination.

Lastly, as the proposed approach relies on CAD, the framework is restricted to real-valued
variables within real closed fields. Consequently, other SMT theories such as integers, bit-
vectors, arrays, or uninterpreted functions are currently unsupported. However, Boolean
structures are supported at the propositional level and can be encoded as polynomial
constraints over the set {0, 1} when necessary (Section 5.1).

3.2 Semantics
We define the semantics of an SSMT formula Φ = Q : φ as its probability of satisfaction
Pr(Φ) ∈ [0, 1].

We assume Φ is in prenex form, i.e., all quantifiers appear at the front and the matrix
φ is quantifier-free. All quantified variables have unique names. Each quantifier domain
dom(xi) may depend on previously quantified variables and is a real interval.

▶ Definition 6. Let Φ = Q : φ with Q = Q1x1 ∈ dom(x1), . . . , Qnxn ∈ dom(xn). The
semantics of Φ is defined recursively as follows.

Case Φ′ = φ: Pr(Φ′) =
{

1 if φ is satisfiable,
0 otherwise.

(2)

Case Φ′ = ∃xi : Ψ: Pr(Φ′) = sup
v∈dom(xi)

Pr(Ψ[v/xi]), (3)

Case Φ′ = ∀xi : Ψ: Pr(Φ′) = inf
v∈dom(xi)

Pr(Ψ[v/xi]), (4)

Case Φ′ = R

πixi : Ψ: Pr(Φ′) =
∫

dom(xi)
Pr(Ψ[v/xi])πi(v) dv. (5)

The formula Ψ above is an open SSMT formula with free variable xi, and Ψ[v/xi] denotes
the formula obtained by substituting every appearance of variable xi by v in Ψ.

The randomized-quantifier case is restricted to instances for which the integral expressions
introduced by quantifier elimination remain symbolically representable within the semi-
algebraic framework. Also, allowing domains to depend on previously quantified variables is
essential to enrich our SSMT’s semantics.

▶ Example 7. Consider the two formulas:

Φ1 = R

x ∼ U(0, 1), ∀y ∈ [0, x]. (x ≥ y), and
Φ2 = R

x ∼ U(0, 1), ∀y ∈ [0, 1]. (x ≥ y).

These formulas illustrate that variable-dependent domains can lead to different semantic
values. In the first formula, the domain of y depends on x, restricting y to values not
exceeding x. Hence, for every x ∈ [0, 1], the inner universal condition holds, and therefore
Pr(Φ1) = 1.

In contrast, in the second formula, the domain of y is independent of x. For any fixed
x < 1, there exists y ∈ [0, 1] such that y > x, so the universally quantified formula only
holds for x = 1, and therefore Pr(Φ2) = 0. Consequently, the two formulas receive different
semantic interpretations.

SAT 2026
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3.3 Game-Theoretic Interpretation
The recursive semantics of the satisfaction probability defined in Section 3.2 can be formally
interpreted as a zero-sum stochastic game played between two competing players. This
interpretation is rooted in game-theoretical semantics (GTS), which identifies the truth of a
quantified formula with the existence of a winning strategy for a specific player [11].

In the SSMT framework, the game is played between an existential player and a universal
player. In this setting, the existential player controls the variables quantified by ∃ and
attempts to pick values that maximize the satisfaction probability Pr(Φ). In contrast, the
universal player, acting as an adversarial spoiler, controls the variables quantified by ∀ and
seeks values that minimize this probability. The randomized quantifiers ( R) represent moves
by a non-strategic chance player, where values are drawn according to the specified PDF
π. This framework extends traditional QSMT games [3, 19] by introducing probabilistic
uncertainty, where the value of the game corresponds to the exact symbolic probability
derived by CAD.

4 Algorithm

Our approach computes the probability of satisfaction Pr(Φ) by recursively eliminating
quantifiers from the SSMT formula. Given a formula Φ = Q1x1 . . . Qnxn : φ, we process
the quantifier prefix from the innermost variable xn to the outermost variable x1. This
elimination follows the variable ordering O = x1 ≺ x2 ≺ · · · ≺ xn derived from the quantifier
prefix.

Given a semi-algebraic cell ci, let ϕci
denote a quantifier-free NRA formula such that

x ∈ ci if and only if x |= ϕci
. During quantifier elimination, formulas are transformed into

probability expressions, which are finite case distinctions of the form

F =
∑

i

Jϕci
K · fi, (6)

where ϕci
is the NRA formula of cell ci, J·K denotes the Iverson bracket [13], and each fi

is the probability function associated with that cell. In the sequel, we refer to each term
Jϕci

K · fi of the above probability expression as a branch, denoted as a pair (ci, fi), and refer
to Jϕci

K as the guard of the branch. By the equation, quantifier elimination is applied to
each branch independently, and the results are combined by a summation.

Algorithm 1 outlines the computation procedure, which is detailed in the following
sections.

4.1 General Recursive Framework
We define the kth-step intermediate probability expression during quantifier elimination as

Fk(x1, . . . , xk) = Pr(Qk+1xk+1 . . . Qnxn : φ[x1, . . . , xk]), (7)

where the variables in the brackets indicate the free variables that determine the domain of
the probability expression. The quantifier elimination for formula Φ = Q : φ proceeds from
the initial case by using the formula-induced CAD with respect to the matrix φ and variable
ordering O following the prefix:

Fn(x1, . . . , xn) =
∑

c ∈ CADφ(O)

JϕcK · 1. (8)

The expressions Fn−1, . . . , F0 are then computed recursively, with the final value F0 = Pr(Φ).
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Algorithm 1 Exact SSMT via CAD.

Input: A closed SSMT formula Φ = Q1x1 Q2x2 · · ·Qnxn : φ, the variable ordering
O = x1 ≺ x2 ≺ · · · ≺ xn, and the induced probabilistic expression
Fn =

∑
c ∈ CADφ(O) JϕcK · 1.

Output: The exact satisfaction probability F0 = Pr(Φ).

k ← n

while k > 0 do
F ′ ← 0, Z ← ∅
if Qk = Rthen

for every branch JϕiK · fi in Fk do
// let ϕi be ϕ′

i(x1, . . . , xk−1) ∧ ℓi(x1, . . . , xk−1) ≤ xk ≤ ui(x1, . . . , xk−1)
F ′ ← F ′ + Jϕ′

iK ·
∫ ui(x1,...,xk−1)

ℓi(x1,...,xk−1) fi(x1, . . . , xk)πk(xk) dxk

else
if Qk = ∀ then

Z ← ProjectUncoveredRegion(Fk, xk) // find uncovered xk regions
Oθ ← x1 ≺ · · · ≺ xk−1 ≺ θ ≺ xk

for every branch JϕiK · fi in Fk do
Ci ← CADϕi∧θ=fi(Oθ)
for every cell cij ∈ Ci do

// extract the projected guard ϕ′
ij and the θ-bounds ℓij , uij from cij

if Qk = ∃ then
F ′ ← F ′ +

q
ϕ′

ij

y
· uij(x1, . . . , xk−1)

if Qk = ∀ then
F ′ ← F ′ +

q
ϕ′

ij

y
· ℓij(x1, . . . , xk−1)

Fk−1 ← MergeBranchesByGuard(F ′, Qk, Z)
// merge branches with the same guards

O ← O \ {xk}
k ← k − 1

return F0

The calculation of Fk−1 from Fk depends on the quantifier associated with xk:

Case ∃xk: Fk−1(x1, . . . , xk−1) = supxk
Fk(x1, . . . , xk) (9)

Case ∀xk: Fk−1(x1, . . . , xk−1) = infxk
Fk(x1, . . . , xk) (10)

Case R

πk
xk: Fk−1(x1, . . . , xk−1) =

∫
dom(xk) Fk(x1, . . . , xk) · πk(xk) dxk. (11)

The elimination of any quantifier Qk is performed by processing each branch (ci, fi) of
the probability expression Fk independently. After processing, the resulting probability
expression for Fk−1 is rebuilt by aggregating the contributions of each branch. While the
overarching recursive structure remains the same, the specific CAD constructions vary
depending on the quantifier type, as detailed in the following sections.

▶ Example 8. Consider the SSMT formula

∃x ∈ [0,∞)∀y ∈ [0, 10] R

z ∼ U(0, 20). ite(y ≥ x, x+ y ≥ z, x ≤ z).

SAT 2026
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Let O = x ≺ y ≺ z. We obtain CADφ(x,y,z)(O) = {0 < x ≤ 10 ∧ x ≤ y ≤ 10 ∧ 0 ≤ z ≤ x+y,
0 < x ≤ 10 ∧ 0 ≤ y < x ∧ x ≤ z ≤ 20, 10 < x ≤ 20 ∧ 0 ≤ y ≤ 10 ∧ x ≤ z ≤ 20} and F3 =
J0 < x ≤ 10 ∧ x ≤ y ≤ 10 ∧ 0 ≤ z ≤ x+ yK ·1 + J0 < x ≤ 10 ∧ 0 ≤ y < x ∧ x ≤ z ≤ 20K ·1
+ J10 < x ≤ 20 ∧ 0 ≤ y ≤ 10 ∧ x ≤ z ≤ 20K · 1.

4.2 Elimination of Randomized Quantifiers
For a randomized quantifier R

πk
xk, the elimination process leverages the fact that integration

does not require comparing the functional values of fi across different cells. Since each ci is
a cylindrical cell with respect to O, the cylindricality property of Definition 2 ensures that
the cell itself provides the precise integration bounds (ℓ(x1, . . . , xk−1), u(x1, . . . , xk−1)) for
the variable xk.

Specifically, for a randomized quantifier R

πk
xk, each branch (ci, fi) defines a cylindrical

region over the variables (x1, . . . , xk), where fi has a fixed semi-algebraic form. For each such
cell, the cylindricality property of the CAD with respect to O ensures that the projection
onto the xk-dimension yields a single interval

xk ∈ (ℓ(x1, . . . , xk−1), u(x1, . . . , xk−1)),

where ℓ and u are semi-algebraic functions determined by the CAD. The contribution of the
cell is obtained by integrating fi with the density function:∫ u(x1,...,xk−1)

ℓ(x1,...,xk−1)
fi(x1, . . . , xk)πk(xk) dxk. (12)

In this work, we focus on instances for which the integrals are well-defined and admit symbolic
representations compatible with our semi-algebraic framework. Summing the contributions
of all cells produces a new probability expression in terms of variables (x1, . . . , xk−1).

▶ Example 9. Continuing Example 8, we eliminate the quantifiers iteratively. Since∫ x+y

0

1
20 dz = x+ y

20 ,

∫ 20

x

1
20 dz = 1− x

20 ,

it follows that F2 = R

πz. F3 = J0 < x ≤ 10 ∧ x ≤ y ≤ 10K · x+y
20 +J0 < x ≤ 10 ∧ 0 ≤ y < xK ·

(1− x
20 ) + J10 < x ≤ 20 ∧ 0 ≤ y ≤ 10K · (1− x

20 ).

4.3 Elimination of Strategic Quantifiers
In contrast to randomized quantifiers, eliminating existential (∃xk) and universal (∀xk)
quantifiers requires computing the supremum or infimum of fi within the cylindrical cell ci.
Since the value of the function fi may vary over the cell, we must track the range of fi. To
achieve this, we introduce an auxiliary variable θ to represent the value of fi, and construct
an extended CAD for each branch (ci, fi).

Since fi is semi-algebraic, the relation θ = fi(x1, . . . , xk) is representable by a quantifier-
free NRA formula. Hence, the extended CAD is constructed from the polynomials defining
ci together with those appearing in this representation, using an extended variable ordering
Oθ = x1 ≺ · · · ≺ xk−1 ≺ θ ≺ xk. We write θ = fi as shorthand for this NRA representation.
This specific ordering ensures that the range of possible values for fi is captured as an interval
for θ, allowing us to identify the supremum or infimum relative to the remaining variables.

Specifically, for existential (∃xk) and universal (∀xk) quantifiers, a CAD is constructed
over the variables (x1, . . . , xk−1, θ, xk) using the polynomials defining ci and those in θ = fi.
The specific variable ordering Oθ is crucial to the elimination process. By placing θ before
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xk, the CAD algorithm treats xk as the variable to be projected away, while θ remains in
the resulting lower-dimensional space. The cylindricality property then ensures that the
projection of the constraint fi(x1, . . . , xk)−θ = 0 onto the (x1, . . . , xk−1, θ)-space yields a set
of cells in which the bounds of θ are expressed by semi-algebraic functions of the preceding
variables (x1, . . . , xk−1). This structure guarantees that the range of fi is captured as a
semi-algebraically described interval for θ, allowing the direct extraction of the supremum or
infimum. Each resulting CAD cell contained within ci determines a feasible range for the
auxiliary variable θ of the form

θ ∈ (ℓ(x1, . . . , xk−1), u(x1, . . . , xk−1)),

where ℓ and u are semi-algebraic functions derived from the CAD.
To eliminate θ, we select the upper bound u(x1, . . . , xk−1) in the case of ∃xk, corresponding

to the supremum of fi and the lower bound ℓ(x1, . . . , xk−1) in the case of ∀xk, corresponding
to the infimum of fi. The selected bound determines the value of the probability expression
on the projection of the cell onto (x1, . . . , xk−1). Summing the contributions of all relevant
cells yields a probability expression for Fk−1 as a finite case distinction over (x1, . . . , xk−1).

A probability expression represents only the branches retained during its construction.
Points satisfying none of the branch guards are therefore represented implicitly with value 0.
Although such zero-valued regions can be ignored under integration and supremum, they
cannot be ignored when computing an infimum.

For the elimination of a universal quantifier ∀xk, Algorithm 1 first checks, for each fixed
assignment to x1, . . . , xk−1, whether the branch guards cover the entire domain of xk, that
is, whether

∀xk ∈ dom(xk).
∨

i

ϕci(x1, . . . , xk)

holds. If this condition does not hold, the formula-induced CAD for

Dk(x1, . . . , xk) ∧
∧

i

¬ϕci
(x1, . . . , xk)

is used to identify its projection onto x1, . . . , xk−1. The universally quantified expression has
value 0 on this projection. Elsewhere, the lower-bound construction described above applies.
In Algorithm 1, ProjectUncoveredRegion(Fk, xk) returns Z, the projection of the portion of
dom(xk) not covered by any branch guard. Z equals ∅ if the guards cover the entire domain.
During merging, the resulting expression is assigned value 0 on the projection region Z.

Section 4.3 can be concluded by the following lemma.

▶ Lemma 10. Let

F (x1, · · · , xk−1) = Qxk JϕK · f, Q ∈ {∃,∀}, Oθ = x1 ≺ · · · ≺ xk−1 ≺ θ ≺ xk.

Suppose a cell in CADϕ ∧ θ=f (Oθ) is characterized by

ϕ′(x1, . . . , xk−1) ∧ ℓ(x1, . . . , xk−1) ≤ θ ≤ u(x1, . . . , xk−1) ∧ ψ′(x1, . . . , xk−1, θ, xk).

For the universal case, let ϕZ(x1, . . . , xk−1) characterize the projection of Dk(x1, . . . , xk) ∧
¬ϕ(x1, . . . , xk) onto x1, . . . , xk−1. Then the contribution induced by this cell isJϕ′K · u(x1, . . . , xk−1) if Q = ∃,

Jϕ′ ∧ ¬ϕZK · ℓ(x1, . . . , xk−1) if Q = ∀.
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4.4 Merging of Equivalent Regions
In rebuilding the probability expression, distinct cells in Rk may have the same projection
onto Rk−1. In such cases, multiple branches of the probability expression will share the same
guard, but may be associated with different probability functions.

To preserve a canonical finite case distinction, we merge such branches according to the
semantics of the eliminated quantifier as follows.

For an existential quantifier (∃xk), we take the maximum of the associated values,
corresponding to the supremum operation.
For a universal quantifier (∀xk), we take the minimum of the associated values, corres-
ponding to the infimum operation.
For a randomized quantifier ( R

πk
xk), we sum the associated contributions, in accordance

with the linearity of integration.

This merging step ensures that the resulting probability expression remains a well-defined
finite case distinction with mutually disjoint guards. Although the minimum and maximum
of semi-algebraic functions are themselves semi-algebraic, these operators can be eliminated
to maintain a standard piecewise representation. To do so, one can use CAD to partition the
domain according to the relative ordering of the functions involved. By constructing a CAD
sign-invariant for the differences fi − fj , the space is divided into cells where the inequality
fi ≥ fj (or fj ≥ fi) holds constantly, allowing the minimum or maximum to be replaced by
the appropriate function on each cell.

▶ Example 11. Continuing Example 9, to eliminate the universal quantifier, we compute
extended CADs for the branches of F2. For the first branch (c1, f1), the decomposition yields

CADϕc1 ∧(f1=θ)(Oθ) = {c′
1}

for ϕc′
1

= (0 < x ≤ 10 ∧ x
10 ≤ θ ≤

x+10
20 ∧ y = 20 θ − x). Applying the same construction to

branches (c2, f2) and (c3, f3), we obtain new cells c′
2 and c′

3 with ϕc′
2

= (0 < x ≤ 10 ∧ θ =
1− x

20 ∧ 0 ≤ y < x) and ϕc′
3

= (10 < x ≤ 20 ∧ θ = 1− x
20 ∧ 0 ≤ y ≤ 10). By the extended

ordering Oθ, we identify the lower bounds of θ as functions of x, yielding the intermediate
probability expression

J0 < x ≤ 10K · x10 + J0 < x ≤ 10K · (1− x

20) + J10 < x ≤ 20K · (1− x

20).

The first two branches have the same projected guard 0 < x ≤ 10, so they are merged by
taking the minimum of their associated values:

∀y. F2 = J0 < x ≤ 10K ·min( x10 , 1−
x

20) + J10 < x ≤ 20K · (1− x

20)

If it is necessary to eliminate min operators, CAD may also be employed to systematically
remove such operators. For ϕ = 0 < x ≤ 10, f1 = x

10 , and f2 = 1− x
20 , we have

CADϕ ∧ (f1≤f2)(x) = {0 < x ≤ 20
3 } and CADϕ ∧ (f1>f2)(x) = {20

3 < x ≤ 10},

yielding

F1 = ∀y. F2 =
s

0 < x ≤ 20
3

{
· x10 +

s
20
3 < x ≤ 20

{
· (1− x

20).

Finally, to eliminate the outermost existential quantifier ∃x, we construct extended CADs
for the branches (c1, f1) and (c2, f2) of F1 with

CADϕc1 ∧ (f1=θ) (θ ≺ x) = {0 < θ ≤ 2
3 ∧ x = 10 θ} and

CADϕc2 ∧ (f2=θ) (θ ≺ x) = {0 ≤ θ < 2
3 ∧ x = 20− 20 θ}.
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To finalize the elimination, we select the upper bounds of θ and merge the branches using
the max operator, yielding

∃x. F1 = max(2
3 ,

2
3) = 2

3 .

4.5 Strategy Extraction
Beyond identifying the bounds for θ, the cylindrical structure of the extended CAD facilitates
the explicit synthesis of winning strategies for the existential and universal players. Since
xk is the innermost variable in the ordering Oθ, each cell c′ ⊆ ci in the (x1, . . . , xk−1, θ, xk)-
space provides a semi-algebraic description of xk as a function of the preceding variables
and the auxiliary variable θ. Consequently, the strategy σxk

is obtained by extracting the
xk-component of the satisfying cells, which may correspond either to a unique algebraic
value or to an interval of valid assignments. Although the CAD initially represents xk as a
function of both the preceding variables and the auxiliary variable θ, the final strategy σxk

is derived by substituting θ with its optimal bound: u for ∃xk and ℓ for ∀xk. This yields a
direct mapping from the assigned variables to the player’s move, thereby eliminating the
dependence on the auxiliary variable θ. As a result, the solver can output not only the final
satisfaction probability but also the corresponding sequence of strategies that achieves it.

▶ Example 12. Continuing Example 11, we can extract the strategy for y as

σy(x) =


20 · x

10 − x = x 0 < x ≤ 20
3

[0, x) 20
3 < x ≤ 10

[0, 10] 10 < x ≤ 20

and the strategy for x as

σx = 10 · 2
3 = 20

3 .

4.6 Algorithm Correctness
The correctness of the proposed elimination method is asserted by the following theorem.

▶ Theorem 13 (Correctness of Quantifier Elimination). Let Φ = Q1x1 . . . Qnxn : φ be a closed
SSMT formula, and Fk be the intermediate probability expression produced after eliminating
Qn, . . . , Qk+1. Assume that all CAD operations are exact and that every intermediate
integral remains symbolically representable within the semi-algebraic framework. The recursive
elimination of quantifiers in the order of Qn, . . . , Q1 through the construction of extended
CADs correctly implements the infimum, supremum, and integration semantics of Definition 6,
and the final computed value F0 equals the satisfaction probability Pr(Φ).

Proof. We prove the claim by backward induction on k, from k = n to k = 0. For
k = n, Fn is constructed from the formula-induced CAD of the quantifier-free matrix φ. It
assigns value 1 to the cells satisfying φ and value 0 elsewhere. Hence, for every assignment
a = (a1, . . . , an), Fn(a) = 1 if a |= φ, and Fn(a) = 0 otherwise, which establishes the base
case. For the inductive step, assume that Fk correctly represents the semantics of the suffix
Qk+1xk+1 · · ·Qnxn : φ. We show that eliminating Qkxk produces the correct expression
Fk−1. Let Fk(x1, . . . , xk) =

∑
i JϕciK · fi be a probability expression. By the inductive

hypothesis, Fk correctly represents the probability of satisfaction for the remaining suffix.
We show the correctness for each quantifier Qk:
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1. Randomized Quantifier ( R

πk
xk): According to the semantics, Fk−1 is the integral of Fk

over dom(xk) weighted by the density πk. For each branch (ci, fi), the algorithm utilizes
the fact that ci is a cylindrical cell with respect to O. Due to the cylindricality property
with respect to O, for any fixed values of x1, . . . , xk−1, the set of values xk within the cell
forms a single interval (ℓ(x1, . . . , xk−1), u(x1, . . . , xk−1)). For any xk outside this interval,
the Iverson bracket JϕciK evaluates to zero. Therefore:∫

dom(xk)
Jϕci

K · fi · πk(v) dv =
∫ u(x1,...,xk−1)

ℓ(x1,...,xk−1)
fi(x1, . . . , xk−1, v) · πk(v) dv

The linearity of integration ensures that summing these contributions across the cells
resulting from the projection of ci yields the correct value for Fk−1.

2. Existential and Universal Quantifiers (∃xk,∀xk): For each branch (ci, fi), the extended
CAD is constructed using the polynomials defining the cell ci and those in θ = fi. Due
to the property of this decomposition with respect to Oθ = x1 ≺ · · · ≺ xk−1 ≺ θ ≺ xk,
every resulting cell c′ that projects into ci provides a range for θ. For any fixed values of
x1, . . . , xk−1, this range is an interval (ℓ, u) representing the values attained by fi within
that portion of the cell.

If Qk = ∃xk, the semantics require the supremum of Fk. The upper bound u(x1, . . . ,

xk−1) identifies the supremum of the values that fi can take within the cell.
If Qk = ∀xk, first suppose that the branch guards cover the complete domain of xk.
In this case, the lower bounds obtained from the extended CADs give the infima
over the represented cells, and taking their minimum gives the infimum over the
complete domain. If the guards do not cover the complete domain, the formula-induced
CAD of the uncovered region described in Section 4.3 identifies its projection onto
x1, . . . , xk−1. On this projection, some admissible value of xk satisfies no branch guard,
so Fk = 0 there. Since probability values are nonnegative, the infimum is 0; outside
this projection, the lower-bound construction applies.

Finally, the merging step combines the values associated with branches whose guards
correspond to the same region in Rk−1. For universal quantification, the additional zero-
valued projection identified in Section 4.3 accounts for portions of the domain not covered
by any branch guard. Thus, Fk−1 agrees with the semantics of Qkxk in every case. By
backward induction, F0 = Pr(Φ). ◀

5 Extensions

5.1 Encoding of Boolean Variables
Although our problem formulation assumes that all variables range over the real numbers,
Boolean variables can be accommodated through a real-valued threshold encoding. Let
Φ = Q : φ be an SSMT formula containing a set of variables that are intended to be Boolean.
For each such Boolean variable b, we introduce a new real variable xb with the interval [0, 1]
as its domain.

We distinguish the treatment of Boolean variables according to the type of quantifier:
Strategic Quantifiers. For a Boolean variable b quantified by ∀ or ∃, its Boolean literals
are then translated into arithmetic constraints by interpreting literal b as (xb ≤ 1

2 ) and
literal ¬b as (xb >

1
2 ).

Random Quantifiers. For a Boolean variable quantified as a random variable, denotedRpb, we first transform it into a real-valued random variable xb ∼ U (0, 1). Boolean literals
are then translated into arithmetic constraints by interpreting literal b as (xb ≤ p) and
literal ¬b as (xb > p).
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Under this encoding, Boolean reasoning is reduced to reasoning over real-valued con-
straints, allowing the original algorithm and solver to be applied without modification. A
proof of the correctness of the encoding is provided in Appendix A.

▶ Example 14. The SSMT formula

∃b ∈ {⊤,⊥},

R

y ∼ U(0, 1). (b ∧ y > 4
5) ∨ (¬b ∧ y < 1

5).

can be converted to

∃xb ∈ [0, 1], R

y ∼ U(0, 1). (xb ≤
1
2 ∧ y >

4
5) ∨ (xb >

1
2 ∧ y <

1
5).

5.2 Variable Reparameterization
Since our algorithm relies on CAD, we require constraints in SSMT formulas to be semi-
algebraic. Nevertheless, under certain conditions, formulas involving non-semi-algebraic
expressions can still be handled by reparameterizing quantified variables.

We allow reparameterization of quantified variables in SSMT formulas. Specifically, if a
quantified variable appears in the matrix only through a derived term, then the quantifier
may be reparameterized to range directly over the value of that term. This allows non-
semi-algebraic expressions to be removed from the matrix while preserving the semantics of
existential and universal quantifiers and remaining within the theory of real closed fields. For
randomized quantifiers, however, such a reparameterization is not sound in general, since
it changes the induced probability distribution and may require introducing a transformed
density function that is not semi-algebraic.

For Φ = Q1x1 ∈ dom(x1), . . . , Qixi ∈ dom(xi), . . . , Qnxn ∈ dom(xn) : φ, assume that
Qi ∈ {∃,∀}, and that there exists a function f(x1, . . . , xi−1, xi) and a quantifier-free formula
φ′ such that

φ ≡ φ′(x1, . . . , xi−1, f(x1, . . . , xi−1, xi)),

where the variable xi does not occur free in φ′ except through the argument f(·); that is,
the matrix depends on xi only via the derived term f(x1, . . . , xi−1, xi). We introduce a fresh
variable y and define the induced domain

dom(y) := f
(
dom(xi)

)
.

We then define the reparameterized formula

Φ′ = Q1x1 ∈ dom(x1), . . . , Qi−1xi−1 ∈ dom(xi−1),
Qiy ∈ dom(y), . . . , Qnxn ∈ dom(xn) : φ′(x1, . . . , xi−1, y, . . . , xn).

This reparameterization is sound for existential and universal quantifiers because the
matrix does not distinguish between different values of the quantified variable xi that yield
the same value of the derived term. Consequently, quantifying directly over the range of that
term preserves the semantics of the original formula while simplifying the structure of the
matrix.

▶ Example 15. An SSMT formula

∀x ∈ R,

R

y ∼ U(0, 1). sin(x) ≥ y

can be reformulated as

∀x′ ∈ [−1, 1], R

y ∼ U(0, 1). x′ ≥ y,

which no longer contains non-semi-algebraic functions.

SAT 2026



24:14 Exact Symbolic Reasoning for Nonlinear SSMT via CAD

While randomized quantifiers remain restricted to densities whose integrals admit repres-
entations compatible with our semi-algebraic framework, the reparameterization technique
above provides a way to handle certain non-semi-algebraic expressions. Non-semi-algebraic
distributions, such as the Gaussian distribution, remain a significant challenge due to their
transcendental nature. However, our reparameterization technique in Section 5.2 demon-
strates how certain non-semi-algebraic components can be mapped into a semi-algebraic
representation, providing a potential pathway for future extensions to a broader class of
probability distributions.

6 Experimental Evaluation

6.1 Implementation Details
Our SSMT framework was implemented using a combination of specialized symbolic and
numerical computing tools. Specifically, we leveraged Wolfram|Alpha [15] as the primary
engine for Cylindrical Algebraic Decomposition (CAD) and Z3 [7] as the underlying SMT
solver to perform satisfiability checks. Additionally, SymPy [16] was employed for high-
precision numerical and symbolic calculations throughout the integration process.

A key component of our implementation is to take advantage of the Cylindrical
Decomposition function in Wolfram|Alpha to compute the formula-induced CAD, defined
in Definition 3. Specifically, given a Boolean+NRA formula and a predefined variable
ordering, the engine identifies the set of cylindrical cells within which the formula consistently
evaluates to true, providing the necessary geometric foundation for the subsequent quantifier
elimination steps.

To enhance computational efficiency, we incorporated an optimization strategy designed
to minimize redundant CAD invocations, which are typically the most expensive component
of the process. Before invoking the CAD procedure, our solver heuristically employs Z3
to check the satisfiability of some Boolean formulas. If the SMT solver determines that a
formula is unsatisfiable (⊥), the framework skips the corresponding CAD computation for
that branch, thereby significantly reducing the overall execution time.

6.2 Benchmark Evaluation
We evaluated our SSMT framework using a curated suite of benchmarks categorized into three
distinct groups, designed to test the correctness, expressiveness, and practical applicability
of our solver.

6.2.1 Group 1: Baseline Synthetic Formulas
To test the logical and numerical robustness of our framework, we collected a suite of
synthetic benchmarks. These instances serve as a baseline regression test to ensure that the
CAD-based elimination procedure correctly handles diverse structural configurations, such as
various quantifier prefixes and variable-dependent domains, before evaluating high-complexity
strategic models.

6.2.2 Group 2: Strategic Economic Models
To assess the framework’s ability to model high-level strategic interactions, we utilized
benchmarks representing strategic economic competition. These instances model a duopoly
price-setting game where two competing agents (Leader and Follower) must choose optimal
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strategies under environmental uncertainty. Such models require the solver to handle
interdependent existential, universal, and randomized quantifiers within a profit-maximizing
context, providing a rigorous test for our solver’s support for full quantifier interplay.

6.2.3 Group 3: Probabilistic Program Verification

Finally, to demonstrate the broader utility of our framework in software analysis, we incor-
porated benchmarks derived from the ProbInG suite [17,21]. We significantly adapted the
original probabilistic programs to leverage the expressive power of our SSMT framework in
two key aspects:

Domain Transformation. Since our framework operates over real closed fields to ensure
exact algebraic reasoning, we relaxed the discrete variables found in certain ProbInG
programs into the real domain. This allows for the application of CAD-based symbolic
integration to compute exact satisfaction probabilities for non-linear real arithmetic
(NRA) properties.
Introduction of Strategic Nondeterminism. We introduced nondeterministic inputs
(modeled via nondet()) into the programs to represent strategic environmental factors
or controlled system parameters. This transformation enables the use of existential (∃)
and universal (∀) quantifiers to model adversarial or cooperative interactions within the
stochastic execution.

From these adapted programs, we extracted six representative system characteristics and
reformulated them into NRA-based SSMT formulas. Since the original benchmarks contain
loops, we performed finite loop unrolling to translate them into quantifier-free matrices. While
specialized verification tools such as Polar [18] or Prodigy [12] can compute exact moments
or distributions for certain programs, our framework is uniquely designed to handle the
strategic interplay of existential and universal quantifiers within an SSMT setting, showcasing
the effectiveness of combining strategic quantification with stochastic reasoning.

▶ Example 16. Given the probabilistic program

x = 0
a = nondet()
assert 0 <= a < 1
b = nondet()
assert a < b <= 1
while true:

y = Uniform(a,b)
x = x + y

end

Assume the input a is controlled by ∃ with a ∈ [0, 1), and b is controlled by ∀ with b ∈ (a, 1].
Although the original program contains an unbounded loop, our framework can analyze
bounded executions via finite loop unrolling. For example, after unrolling three iterations,
the probability of x ≥ 2 can be encoded as the following SSMT formula:

∃a ∈ [0, 1) ∀b ∈ (a, 1] R

πy1,

R

πy2,

R

πy3. y1 + y2 + y3 ≥ 2

where yi ∈ [a, b] and π = 1
b−a .
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Table 1 Formula and Performance Statistics.

Formula Statistics Performance Statistics
Group #Inst #Quant #Cell Time (s) CAD % #CAD #Cell ∃ ∀
Base 17 2.29 2.53 10.79 98.80% 3.29 1.76
Game 21 3.00 6.81 33.34 95.14% 12.00 4.71
Prob 6 3.67 14.83 31.35 91.71% 6.50 3.83

6.3 Results and Analysis
Our framework successfully solved all 44 benchmarks (Group 1: 17, Group 2: 21, Group 3: 6)
within a 100-second timeout limit. The solver derived exact symbolic probability expressions
for all cases, achieving symbolic precision that is unattainable by traditional numerical or
sampling-based SSMT solvers.

The experimental data, summarized in Table 1, confirms that Cylindrical Algebraic
Decomposition (CAD) is the dominant factor in execution time. We report the CAD %,
defined as the percentage of total execution time consumed by the CAD procedure. In Group
1, this metric averaged 98.80%, with peak values reaching 99.95% (e.g., gen1_12). Similarly,
Group 2 showed an average CAD percentage of 95.14%. These high percentages provide
strong empirical support for our optimization strategy. Since CAD is the most expensive
component, our heuristic use of Z3 to prune unsatisfiable branches and reduce the number of
CAD invocations is critical for scalability.

While quantifier depth and the initial number of satisfying cells are intuitive measures of
a formula’s complexity, our empirical results show they are inconsistent predictors of total
execution time. Quantifier depth alone does not account for the varying computational costs
of different quantifier types, as the symbolic integration used for randomized quantifiers ( R)
is significantly more efficient than the extended CAD required for strategic quantifiers (∃,∀).
Similarly, the initial cell count, the number of branches in Fn, can be misleading because
the integration phase often simplifies the probability expression, merging or eliminating cells
before the algorithm reaches the strategic bottleneck.

Consequently, we identify the Strategic Branching Factor as the primary determinant of
computational cost. This metric is defined as the number of active branches in the probability
expression Fk at the moment the algorithm encounters the first strategic quantifier during
its innermost-to-outermost elimination process. As shown in Figure 1, runtime correlates
strongly with this factor because each strategic branch necessitates the construction of
an extended CAD with auxiliary variables, which represents the dominant performance
bottleneck of the solver. By focusing on branching at this specific transition point, we filter
out the initial decompositions and efficient integration steps, providing a precise measure of
the workload passed to the most expensive symbolic procedures.

We additionally conducted limited comparisons with related tools on restricted classes of
problems. For pure quantifier elimination instances without randomized quantifiers, Z3 [7]
generally achieved lower runtimes, as expected, since such solvers are specifically optimized
for classical quantifier elimination tasks and do not construct the symbolic probability
expressions required in our setting.

We also evaluated Polar [18] on related probabilistic-program benchmarks as an additional
point of comparison. While Polar is effective for moment computation and probabilistic
inference, it does not support the strategic interaction between existential and universal
quantifiers considered in SSMT. These comparisons highlight that the considered approaches
are designed for different classes of probabilistic reasoning problems.
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Figure 1 Scatter plot showing the relationship between the number of strategic branches and
execution time for the baseline synthetic formulas (Base), strategic economic models (Game), and
probabilistic program verification (Prob) benchmarks.

7 Conclusion

We have presented a novel SSMT framework that achieves full quantifier support. By
incorporating universal quantification, we have transformed SSMT from a simple reachability
tool into a stochastic game solver capable of capturing system performance in adversarial
environments or under worst-case perturbations. Based on CAD for symbolic quantifier
elimination, the satisfaction probabilities can be computed exactly, in contrast to the
inaccuracies inherent in sampling-based approaches. Furthermore, our implementation
demonstrates that combining specialized symbolic tools, such as Wolfram|Alpha for CAD
and SymPy for integration, with Z3-based pruning, leads to a robust and efficient solver.

For future work, while our current framework is tailored for algebraic density functions
and real-valued variables, the variable reparameterization method provides an opportunity
to extend to transcendental distributions and non-semi-algebraic constraints.
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A Correctness Proof of the Boolean Encoding

Recall that we replace a Boolean variable b in an SSMT formula Φ with a real variable
xb ∈ [0, 1] such that every appearance of literal b (respectively, ¬b) in the matrix of Φ is
replaced with xb ≤ τb (respectively, xb > τb), where

τb =
{

1/2, if b is quantified by ∃ or ∀,
p, if b is quantified by Rp.

▶ Theorem 17 (Semantic Preservation of Boolean Encoding). Let Φ be an SSMT formula
whose variables are partitioned into real-valued variables and Boolean variables. Assume
that Boolean variables appear as literals, b or ¬b, in the Boolean structure of the quantifier-
free matrix, and do not appear elsewhere (e.g., in arithmetic terms, polynomial constraints,
probability density functions, or quantifier-domain bounds). Let enc(Φ) denote the real-valued
SSMT formula obtained via the threshold encoding described above. Then,

Pr
Bool

(Φ) = Pr
Real

(enc(Φ)).

Proof. We prove the claim by induction on the length of the quantifier prefix. For the base
case (quantifier-free formulas), fix an assignment to all real-valued variables. The encoding
does not modify any arithmetic atoms involving only real-valued variables. For every Boolean
variable b, the encoding partitions [0, 1] into two regions Tb = [0, τb] and Fb = (τb, 1]. By
construction, b evaluates to true exactly on Tb, and ¬b evaluates to true exactly on Fb.
Hence, under any fixed assignment to the real-valued variables, the encoded quantifier-free
matrix has the same truth value as the original Boolean matrix under the corresponding
Boolean assignment induced by the partition.

For the inductive step, assume the claim holds for all suffix formulas with strictly fewer
quantifiers, and consider a formula with leading Boolean quantifier Qb.Ψ. For the case of
Q = ∃, in the encoding, the Boolean variable b corresponds to a partition of [0, 1] into Tb

and Fb, and the encoded formula is constant on each region. Therefore,

sup
xb∈[0,1]

Pr
Real

(enc(Ψ)) = max{Pr
Bool

(Ψ[⊤/b]), Pr
Bool

(Ψ[⊥/b])},

which coincides with the Boolean semantics of ∃b.Ψ.
For the case of Q = ∀, the argument is analogous, replacing sup /max with inf /min,

which agrees with the Boolean semantics of ∀b.Ψ.
For the case of Q = Rp, the encoding interprets b as a random variable xb ∼ U (0, 1), with

Tb = [0, p] and Fb = (p, 1]. By the induction hypothesis,∫ 1

0
Pr
Real

(enc(Ψ)) dxb =
∫ p

0
Pr
Bool

(Ψ[⊤/b]) dxb +
∫ 1

p

Pr
Bool

(Ψ[⊥/b]) dxb

= p Pr
Bool

(Ψ[⊤/b]) + (1− p) Pr
Bool

(Ψ[⊥/b]),

which is exactly the Boolean semantics of Rpb.Ψ.
For the case of real-valued quantifiers, quantifiers over real variables are unaffected by

the Boolean encoding, and thus the claim follows directly from the induction hypothesis.
Therefore, the encoding preserves the satisfaction probability of the formula. ◀
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